Integrsls %

! s Volume Suppose A(x) is the cross-sectional area
of the solid § perpendicular to the z-axis, then
the volume of 5 is given by

b
= /jz slglly  v= [ e as[n bl
Suppose f(x) is a force function. The

work in moving an object from a to b is given by:

.
W= / flz) da :ﬁe‘- S%:*:«Agv)({g

e /i.ﬂu dz =In|secx| +C (LI?JD() %(X

@

for a == 1

E:Integration by Partsj

/ U o = uw — / v du
L: Arc Length Formula.\

I
.L:/

Derivatives

& ~—{sinha) = coshx ~—{coshx) = sinh

dx

¢ Inverse Trigonometric Functions:

ax

e If f is a one-to-one differentiable function with
v Il L= — i p—
inverse function f~* and f (f~{a)) # 0, then
the inverse function is differentiable at ¢ and

s /secrr dz = nlsecz + tan x| + C’! [QQ(X){?;W{QQX

Hyperbolic and Trig Identities

e Hyperbolic Functions

et — ™" 1
sinh{z} == cechiz) =
sinh(z) 2 (@) sinh x

e 1
coshi{z) = ———— sechix) = -

() 2 (=) - coshix
sinh x cosh &

tanhi{z) = coth(xr) =
nh(z) cosh x () sinhx

. 2
e cosh?r —sinh?z =1

2

e sin®x = (1 — cos2x)

b g)«c ﬂluj)e, A

2

e cos® z = =(1 + cos2z)

tapem B3I

e sin{2z) = 2sinzcosz
o sinAcos B = £[sin(A — B) +sin(4 + B)]
e sin Asginf = —;—Ecos(A — B) — cos(A + B)!

e cos Acos B = [Cc}s(é B + cos(A + B

Parametric

Y=ot FbeXs)

_ ar oy
= [ G) (@)

& Arc Length: L

1y 1
L(f 9= T |

$

o y= o
o -@’“KTH%’{’S rm/{

_ Polar
R
@ x=—rcosf  y=rsind 6“\7))» )[ St
e 7% =z° +y? tanf = 2
xz cox , et }bx ,

> g = 46 I j?,;s = _,__,,. 30& \n{ﬂj
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Series

MW

s { nth term test for divergence: If lim a, does
T—FOC

ol
not exist or if lim a, # 0, then the series E G,
00 .
(=2t
ig divergent.

Ll
& ZThe p»«ser_ieg: E — is convergent i p > 1
n

n=1

and divergent if p < L.

fo.o)
a
e ZGeometric.‘ Ifir] < 1 then E ar® = PR
—r

==l

s The Integral Test: Suppose [ is a continuous,
positive, decreasing function on {1, cc) and let
tn = f(n). Then

iy ¥ / Fiz) dz is convergent,
1

then ;S_ 0y, 18 convergent.

n=1
o0
(i) If f flz) dx is divergent,
1

then Z ay, 18 divergent,

n=1
e The Comparison Test: Suppese that > a,
and > by, are series with positive terms.
(i) If 37 by, is convergent and a, < b, for all n,
then > a,, is also convergent.

(ify I > b, is divergent and a, > b, for all n,
ther 3 g i8 also divergent

e The Limit Comparison Test: Suppose that
3 an and > by, are series with positive terms. If

where ¢ is a finite number and ¢ > 0, then either
both series converge or both diverge.

¢ Alternating Series Test: If the alternating

(s 9]
geries E (=1)""1b, satisfies
=1

(1) 0 < bn-—i—l S bn
(i1} tim by =0

NG

for all n

then the series is convergent.

’ E The Ratio Tesi \

11

= [, < 1) then the series

g a,, 18 absohitely convergent.

me]
P [ STE T | ents]
(i) If dim =22 =L > 1or lim |22 =,
n—=ou | (g =00 |y |
oK
then the series Gn 18 divergent.
n=1}

a'n-i-l :

(i) Tf lim 22D =1 the Ratio Test is

TL b DO ‘ (7%
inconclusive.

[e.o) (n) \
¢ Maclaurin Series: f(x) = E ! ‘(0) "
n!

1z=(}

¢ Taylor’s Inequality If | F" () < M for
\z — ! < d, then the remainder £, () of the
Tayior series satisfies the mequality

M
B ()] < sl — o] for g —af < d
o n 1) |
e Some Power Series
o :L.’n/
0 & =) = R = oo
el
. 2n+1
o sing = s P oo
2 ‘
o ) .‘L‘Q’n
e = S -
n=0 R '
oo | T'ﬂ.
nii+az) = et Pl
n(i+az) ;( ) -
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Practice Final Version A, Sec61

Q1[Secs. 2, rotating solid]

(a)thorizontal axis | Sketch the region R bounded by y = ¢,y = 0, » =0, o =2. Set up an integral
for the volume of the solid rotating R about theZz:-—axisl Do not evaluate the integral.

{L Rzt A= 2R = m-[ex]lzz.éx

(b)[vertial axis | Sketch the region K bounded by y = e, = 0, y = 2. Set up an integral for the

volume of the solid rotating R about theZy%xxis? Do not evaluate the integral,

Q2[S8ecs.4, Water-Pumping] A conical water fank with a top diameter of 8 feet and height of 10 feet is
standing at ground level as shown in the sketch below. Water weighing 60 pounds per cubic foot is pumped
from the tank to an outiet the top of the tank. If the tank is full, how many foot-pounds of

work are required to pump all of the water from the tank?
Sime /alr 7‘%}?& :

A3 2
gz ~J0 f)!"::g:g

Aé@:ﬁ}’l r@/ﬁ:y)z

40

W

i

'GG-S%)-A?\%{
:féo-(f%j)‘?cp{%g/)’"cfg
xéo.m.i%.f:(gwg)gacéj/

= ¥ fuy-gdy




Q3[Sech. 1, derivative formula for inverse functions] Let f(z) = zlnz +2* — 1,z > 0. Find (f~1)(0).

i e = (s ks = 7 <[ L
e T = 4 g s =) 3

fo=0 2 £16)=] fiy= 3
( +]+2z=
7E/()C\§: /X-é)5<+)(3—~/>}: [/nX +?C'5<£" T“QX} ! } | +

Q4|Sec6.2-6.4, exp/log functions] Find the derivative of the following functions.

(a)lexp- dlfferenhal rule |

Inf{e®+1 l: W j
fla) = (secx) ) *, 50" [)6—4,./ /n ferX + %(XEH) WX}

s = e = [ o)
Tike diposles bah sder. ’

e

%>
Vf;g = 25 hwoc +hove). g pgax.

= B e + i) Bax ;
(b)[log-property |

flz) :ln(.,a:i )= /nX ~- /g’zén—f)c

Q5{Sec6.5/9.3, initial value problem| Consider the following differential equation

dy

%ec:z“am««?\f-—[} y((}) 4
Find the solution of v = y{z)
W_X.ﬁ— = .\@ H(oﬁ:ir-s <Y X:O%I:Qs i
e L= L 4 gﬂ:ﬁm@—%@

Jg‘ (X

= f%:iﬁ = e d
= Ijiﬁﬁj@%& ~

= Q.Jg = s +C . g

= CT-ZLJZ}:LF_
W? éJE:5ﬂD<+§L‘
> [ 4= (o) |




Q6{Sec6.8/10.1, L' Hospital's Rule

| Evaluate the following Limits.

In(ri
(a)[oo"-type ] ‘ = N
i VT :@Qeln () :li"‘;‘oe N @O :\\,'
b £ Hap e
lim “’%ﬂ:ﬂtmwztﬁ\ﬂw /m)
s P /W’ =B p n+) b=
L 2
= 5w =0
(b)[oo - O-type | b= =0
f}inéo nin ( cOS ED
A INCES
= fim
"}'."}f""
0 Hes ek %
::El}ﬂ’} f"gbf};ﬁ (9ﬂ(n)> ( 7 . / “ﬁﬁ(;-{») “‘"5}/\70
h2p= T e e - WO -
.%1/ hape {a&{‘%) Z Y / m@

(¢)[oo/oc-type or leading term rule |

e

lHm
Q"&.
- / -
Dy e
{)1
]
o iﬂ’) ——
s ot €
/")3}-
- f ! B
= lm
ho b Q..-t-‘z“-—

MJXD%—Z ‘L«/ 2002 J__L - |
A :
Lﬂ’\ ::‘.Lyé‘ﬁ 5‘% -

[t 1&"\% '2.,

~ =
TN N e e i s e —



Q6[Sec?. 1-7.2, integration by parts and trig-integral] Evaluate the following integrals.

(a)[Sec?.1,IBP for polynomialx sin / cos [exp-type]
/(z+1)smz dx o Ay

- Mlvﬂﬁ, ow/ wsx+]  dus d
ﬁa/ - 52)'96 Eéé V= "@X ;:.‘:;y'- .
S X ) - j () <

= (X DAX +/@§<.55><

=[O0 GBX + s + C |

(b)[Sec?.1,IBP for ln/tan™ /sin™'-type] = /ﬁX , C{U: (24 Lﬂx .
(Zz+1)Inz do w
v ‘-&-J M%chw : V:(xﬁ.x“).@&

= - (ax) - [6000- 3 de
= hx (%) /(X +) 3%6

Ltz -ind + (|

(¢)[Sec7.2, Odd/Even rule for sin — cos-type]
/6
/ (2 + cos6)* dF

:.:/0 3+ il + 36 b

= l+@26
f4~+§i~m9+ =

- /}iw@wi-w%@-

;@ + 45 + & iSznZQ/% 32‘; +'%ng;+ %5""5 @

i



QT[Sec?.3-7.4, trig-sub and partial fraction decomposition]| Evaluate the following integrals.

(a) [U-5ub VS trig-sub]
/:E3vl —z? dz

Wb kXt D X T
A= 2 dx

me‘“Jﬁ-f_{gé—

= ftru).Ja. &

= 4wt de

= 4{23- Fu) e
”‘F% ()4 ;L(m}gz

(b)[Sec7.3, sin™! formula]
100

) dr
T ora

jﬁ/cf(/~ )l
= w-l%._-———-m(gx

7. [~ 2%
4.1/ :

P —

- Lo e

i

4

R Sht x=se e = @586@@ \/(0*3’@ = 3f
‘- ﬂfﬁr\eﬂw P @a@c@@ I

::fm?g w636 4o

= [ k0dp  aDuk: U=

L U S

k=

:_L[ﬁg‘uz_% a,/;,w -ShG .

”/-—SI)L%@ uw 6%/& “'5;41(9 505@'-"/ (/{ }
-—ﬂbL D di
= [tk du= 20~ + C=dea-Lals

:‘% N ff&:% 2 0&(1:%—5&&
l%f - Sdu

= M-E-Sxﬂuu%c

e

L) o

(c)[SecT.4, P F.D. linear product type]

N PR
tz-—l
2 B L .
rLD. —t*?:—i = D6 T "A‘ Pt e () bh s,
2 = Al + B
t= - 2= A0+ B D E:—m\
t= | 2282+ 0 DAL=

Jert = [s7 -4

At :} ln)vt—-l\ B P E’,}




Q8i{Sec?. 8, improper integral] Determine whether each of the improper integral is convergent or divergent

Evaluate the improper integral if it is convergent

{(a)[critical at oo |

/ - jﬁiz dr zié‘wo\/g H#‘Y& Lm /% J‘Mﬁx{}/ Pﬁ[ﬁm ;"L ‘W_{[Qﬁﬂ
TN 0&( | . = - _L. ST/
b ..&%-; =

l+ 4-X I+ X
- L= (ﬂx
DEW .

¢
0€‘>< ji -F(B'&' Ko M{:&X\-PC

f1dw =x
U=2X
o b = i - S Sy

{b)critical at finite |

/2 1
e {2
/o (1 — 2u)1/3 tzgz(:zg:

S [ Ly
Ea

Ny
f (z—zx)i”g" Dok, ¥ u3
= [ W
= & g

= =3 (1,20
/(,Wlw— 3203 / = 30233 (nF = 2020F,3

QY| Sec8.1, arc-length formula| Find the arc-length of the curve y = (T + 132 fromz =1tox =2
rn

%’ = ~.§_(><+1) -~(><+D y ::[(Xma] = %)

A»cwlesﬁ‘b)\: f \/]-"f' %@& jJ \0& ﬁjm@&




Q10{Seci1.2] Determine whether each of the series is convergent or divergent. Please show your work and
name any test{s) that are used.

(a)[Secll 2,n- th term test for DIV]

ngz

I 55 = (A5 =0 = | &0
Aworc@u’? to @,@mfeﬁ&y@ra&\»fw
2.l 3n;> 6@

)[Secii 4, (Izmzt) Comparison Test]

Zsm(
Jet, Ga= ﬁn(5n§ b= i
j?m "/'fh 50(3.!7”> / %(30") 3;)3
P n o / =iy T —
Z R f"”‘ “”3‘(3&) =62 = [0
2— -~ >
n 23:’} i P WMP&>/ ler&?wt 7@%& M
(c)[SecII 4, (limit) Compamson Test]
2WW~1 wz bn MM rn ﬁ
[Jm“%”f;:[?m“’ﬂ:“'ﬁﬂ Ly 220 = b =
b=l B0 b s ki s v

Zé)nﬂ- Jzﬂ S C&f‘lﬂﬁ%’b (BM LWJV)“‘

(d)/Sec1i.6, Ratiok\ Test]

18 W
T ___D;__ a’_w}: v;’_.‘h:l-. _@.ﬁﬁ: nﬂi‘ N

- = p N
o S 4 . - i ]
2 2!’? ;2.9 ) 5 04,, Zm, r) - 2 n .

ne=1




Q11[Secii.6,11.8, ratio test for the radius of convergence of power series| Consider the following power
series, Find its center and radius of convergence.
oo Bn(m e 5)7?

Z -1

n=1

(ewtww = Xt 520 & X=X (uwr s (_——_S\[
by R Tert o Qam G g o3 ™ ey

h+1 2 U n+2.
) e, 3™ ey
Lm { ﬁn/“ /m/ ) . nﬂ""‘/:#é’" 3(”2’}#}) /X E/

hapo PEYE N2 3" Rt
ﬁ o . = 3/x+E) |
ffi@’@‘; to Ko [est, prer Seres S @m% ‘f é@/%/:%ﬁ-é/ </

he. 3o+t < | &> [)g_g/ </3L/

The. badyr ?ﬁ c«m?ma I @
Q12(Sec11.8/11.10, power series representation and its integral]

§ N e 2
Let F(WL)W‘/O o

Find the first four non-zero terms of the Maclaurin series for F(x) and F(—x).
2 2 ] ! 2 4N
é)@ .S %}S—é : - . T vt - )
P" Jd 2t 2 £. - L
+t | oo %- [~(- %\) ( 2.,

=[~% TL/H&)"L/.Z.

. 3 3
Ficy = /ZIW{”& /%iv*%«;?%uo&
X
.ﬂgz;ft&/
= L2
[ﬁo Yo g - 3;_><ﬁ

Fod = o - %(%xﬁﬁ *,;é-éxf —~ J\-/nx)‘f‘.fm -

02 2 0 o0 b ]

if
™
ok
—
k-
#
\,_
~
b
<
und




Q12, Taylor series Let f(z) = cos(z). Consider its Taylor series at = = 7/4.

(a)[Sec11.10, n-th degree Taylor polynomial, derivative table | Find T3(z), the 3rd degree Tay-
lor polynomial of f(x) centered at w/4.

Rriverke Table . (o:t%;:' up to ador 3

e ﬂ[ﬂm(m /FM{ %)

Mo X %
n=l s -&
NsA L (aY ,_J%
n=3 SHOG . %
AR 17
Jo= 2 {5’1)- (-0
e +

Tsed>= —f‘!oJ) “+ "F 0 (e + 'ﬁ@ b + ’J_L'_'@

- fob S £ o]

(b)[Seci1.11, Taylor’s Inequality | Use Taylor’s Inequality to estimate the maximum possible error
in approximating f{z) by T3(x) for z € [0, /2]

'ﬂfw Tt = B

+)
/’a{‘ (;H) x- ) o xelo, %ﬂ &> lxw%f ﬁ-%

vhe M= madmn | ]C(E‘“\(x\)i fr e lo. X

PPy = J\\ 0eX

’Aﬂ"l{#f&) A= ] og 3
W fwe

[Rutrs | < % e %/‘* < “L,./ _K/‘*




Q13[Sec10.1,10.2, derivative formula for parametric eguations] Find the tangent line to the
parametric curve

az(ﬂ)mlﬂ(til), y(t) =vt+3 at  t=1
¢, XO=h2 | U= =2

X/m:a&@,. [ had>-btY = g5 -4, %= doj=-2

bt
Po-e (Y= hpy | yoedokad BEC

7'7% m:@: 2= Flh2) = - dx 7‘“2‘*‘5%/”2\)

Q14[5ec10.8,10.4, polar curve] Consider the [ollowing polar curves given by r = 2{1 +sinf), and
Vo = 2.

(a}|Circle and Cardioid in polar coordinates | Sketch both curves ry and rs.

(b)[Area in polal coordinates | Set up the integral for the area of the region bounded by v, ¢ = 0
and # = —Z. (Do not ev: Jduate.) )

(¢)[Region bounded by two polar curves | Find the area of the region inside r; and outside ry.

h:.?;(/-ﬁﬁé)léés (5

ha .

o hrtnly
= [4btma) 15 &
xfz(ua@)“mz de |-
:f2+4ﬁﬂt@v+zﬂ3€ -'16@

J
{

= o 4}LQ>+»,2/”%2Q | :
f

I
v
é
7

&

&
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