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Abstract

The main result of this paper is that, for x € (0, 4], whole-plane SLE,; satisfies reversibil-
ity, which means that the time-reversal of a whole-plane SLE, trace is still a whole-plane
SLE,, trace. In addition, we find that the time-reversal of a radial SLE,, trace for x € (0, 4]
is a disc SLE, trace with a marked boundary point. The main tool used in this paper is a
stochastic coupling technique, which is used to couple two whole-plane SLE,; traces so that
they overlap. Another tool used is the Feynman-Kac formula, which is used to solve a PDE.
The solution of this PDE is then used to construct the above coupling.

1 Introduction

The stochastic Loewner evolution (SLE) introduced by Oded Schramm ([I7]) describes some
random fractal curves in plane domains that satisfy conformal invariance and Domain Markov
Property. These two properties make SLEs the most suitable candidates for the scaling limits
of many two-dimensional lattice models at criticality. These models are proved or conjectured
to converge to SLE with different parameters (e.g., [11][12][18][19][21][22]). For basics of SLE,
the reader may refer to [7] and [16].

There are several different versions of SLEs, among which chordal SLE and radial SLE are
the most well-known. A chordal or radial SLE trace is a random fractal curve that grows in a
simply connected plane domain from a boundary point. A chordal SLE trace ends at another
boundary point, and a radial SLE trace ends an interior point. Their behaviors both depend
on a positive parameter k. When k € (0,4], both traces are simple curves, and all points on
the trace other than the initial and final points lie inside the domain. When x > 4, the traces
have self-intersections.

A stochastic coupling technique was introduced in [26] to prove that, for x € (0, 4], chordal
SLE, satisfies reversibility, which means that if 3 is a chordal SLE, trace in a domain D from
a to b, then after a time-change, the time-reversal of S becomes a chordal SLE,; trace in D
from b to a. The technique was later used ([27][28]) to prove Duplantier’s duality conjecture,
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which says that, for k > 4, the boundary of the hull generated by a chordal SLE, trace looks
locally like an SLE;g,, trace. The technique was also used to prove that the radial or chordal
SLEs can be obtained by erasing loops on a planar Brownian motion ([31]), and the chordal
SLE(k, p) introduced in [I1] also satisfies reversibility for k € (0,4] and p > k/2 — 2 (|29)]).
Since the initial point and final point of a radial SLE are topologically different, the time-
reversal of a radial SLE trace can not be a radial SLE trace. However, we may consider whole-
plane SLE instead, which describes a random fractal curve in the Riemann sphere C=CuU {0}
that grows from one interior point to another interior point. Whole-plane SLE is related to
radial SLE as follows: conditioned on the initial part of a whole-plane SLE, trace, the rest
part of such trace has the distribution of a radial SLE, trace that grows in the complementary
domain of the initial part of this trace. The main result of this paper is the following theorem.

Theorem 1.1. Whole-plane SLE,, satisfies reversibility for k € (0,4].

The theorem in the case k = 2 has been proved in [30]. The proof used the reversibility of
loop-erased random walk (LERW for short, see [6]) and the convergence of LERW to whole-plane
SLEs. In this paper we will obtain a slightly more general result: the reversibility of whole-
plane SLE(k, s) process, which is defined by adding a constant drift to the driving function for
the whole-plane SLE, process. This is the statement of Theorem

To get some idea of the proof, let’s first review the proof of the reversibility of chordal SLE,
in [26]. We constructed a pair of chordal SLE, traces 71 and 7, in a simply connected domain
D, where vy grows from a boundary point a; to another boundary point as, v grows from as to
a1, and these two traces commute in the following sense. Fix j # k € {1, 2}, if T}, is a stopping
time for 7y, then conditioned on . (t), t < T}, the part of ; before hitting ~;(¢)((0, Tk]) has
the distribution of a chordal SLE, trace that grows from a; to v4(T}) in Dy(T}), which is a
component of D\ v,(¢)((0,7}]). In the case k < 4, a.s. y; hits v4()((0,T}]) exactly at v (T}),
so y; visits v, (7)) before any ~x(t), t < T}. Since this holds for any stopping time T}, for v,
the two traces a.s. overlap, which implies the reversibility.

To prove the reversibility of whole-plane SLE,, we want to construct two whole-plane SLE
traces in D = @, one is 1 from a; to ag, the other is v from as to aj, so that 41 and
commute. Here we can not expect that they commute in exactly the same sense as in the above
paragraph. Note that conditioned on 7j(t), t < T}, the part of y; before hitting v4(t), t < Ty,
can not have the distribution of a whole-plane SLE,; trace in Dy (T}) fromAal to vk (T)) because
now the complementary domain Dy(T}) is topologically different from C, while whole-plane
SLEs are only defined in C. Since the conditional curve grows from an interior point to a
boundary point, it is neither a radial SLE trace nor a chordal SLE trace.

Thus, we need to define SLE traces in simply connected domains that grow from an interior
point to a boundary point. We use the idea of defining whole-plane SLE using radial SLE.
The situation here is a little different: after a positive initial part, the rest part of the curve
grows in a doubly connected domain. Another difference is that there is a marked point on the
boundary of the initial domain. In this paper, we use the annulus Loewner equation introduced
in [23] together with an annulus drift function A = A(t,z) to define the so-called annulus
SLE(k, A) process in a doubly connected domain D, which starts from a point a € 9D, and



whose growth is affected by a marked point b € 9D. In the case when a and b lie on different
boundary components, by shrinking the boundary component containing a to a singlet, we get
the so called disc SLE(k, A), which describes a random curve that grows in a simply connected
domain and starts from an interior point.

We find that if A = /ﬁ%, where T is a positive differentiable function defined on (0, 00) x R
that solves a linear PDE and satisfies some periodic condition (see and ), then using
the coupling technique we could construct a coupling of two whole-plane SLE,; traces: v; and
72, which commute in the sense that, conditioned on one curve up to a finite stopping time 7',
the other curve is a disc SLE(k, A) trace in the remaining domain, and its marked point is the
tip point of the first curve at T.

The main new idea in the current paper is an application of a Feynman-Kac representation,
which is used to get a formal solution of the PDE for T" in the case x € (0,4]. Using Fubini’s
Theorem, It6’s formula, and some estimations, we prove that the formal solution I'y; is smooth
and solves the PDE. We then find that A, := Ii% satisfies the property that the marked point
for an annulus or disc SLE(k,A,) process is a subsequential limit point of the trace. This
property implies that, if two whole-plane SLE, traces commute as in the previous paragraph,
then they must overlap. So the main theorem is proved. Moreover, from the relation between
whole-plane SLE,; and radial SLE,;, we conclude that, for k € (0,4], the time-reversal of a radial
SLE, trace is a disc SLE(k, A,) trace.

The marked point and the initial point of an annulus SLE(k,A) process could also lie on
the same boundary component. In this case, if A = /{1%, and I satisfies a similar linear PDE
(see ), then for a doubly connected domain D with two boundary points a; and as on
the same boundary component, we can construct a pair of annulus SLE(k, A) traces 71 and 7,
in D, which commute with each other. If an SLE process in a doubly connected domain is the
scaling limit of some random path in a lattice, which satisfies reversibility at the discrete level,
then such SLE should satisfy reversibility. We hope that the work in this paper will shed some
light on the study of these processes.

The study on the commutation relations of SLE in doubly connected domains continues
the work in [5] by Dubédat, who used some tools from Lie Algebra to obtain commutation
conditions of SLE in simply connected domains. The annulus SLE(k, A,) process used to prove
the reversibility of whole-plane SLE, was later studied in [32]. When x = 8/3, the process
satisfies the restriction property, which is similar to the restriction property for chordal SLEg)3
(see [11]). For k € (0,4] \ {8/3}, it satisfies some “weak” restriction property.

G. F. Lawler ([8]) used a different method to define annulus SLE,; processes for x € (0,4],
which agree with our annulus SLE(k, A,) processes. His construction uses the Brownian loop
measures. The “strong” (k = 8/3) and “weak” (k # 8/3) restriction properties of Lawler’s
annulus SLE processes are immediate from the definition; and the reversibility of these processes
follows from the chordal reversibility. However, the reversibility of whole-plane SLE is not
proved in [§]. To get the whole-plane reversibility, some additional work is required based on
Lawler’s work. In this paper, the reversibility of annulus SLE(x, A,) and the reversibility of
whole-plane SLE, are proved separately, and the coupling technique is applied in both proofs,



which are similar though.

J. Miller and S. Sheffield recently proved the reversibility of whole-plane SLE ([15]) for all

€ [0,8]. Their proof uses the imaginary geometry of Gaussian free field developed in their

earlier papers (c.f. [I4]).

This paper is organized as follows. In Section [2| we introduce some symbols and notations.
In Section [3] we review several versions of Loewner equations. In Section [3.4] we define annulus
SLE(k,A) and disc SLE(k, A) processes, whose growth is affected by one marked boundary
point. In Section Iwe prove that when I solves . or - there is a commutation coupling
of two annulus SLE(k, A) processes, where A = /{1; In Section |5, we construct a coupling of
two whole-plane SLE processes, which is similar to the coupling in the previous section. In
Section @ we solve PDE using a Feynman-Kac expression, and the solution is then used
in Section [7| to prove the reversibility of whole-plane SLE,; process. In fact, we obtain a slightly
more general result: the reversibility of skew whole-plane SLE, processes for k € (0,4]. In the
last section, we find some solutions to the PDE for I" and A when « € {0,2,3,4,16/3}, which
can be expressed in terms of well-known special functions.

Acknowledgements. I would like to thank Alexander Volberg for his suggestions on trans-
forming PDE (4.4) into (4.5), and thank Zhen-Qing Chen for his help on Lemma I also
thank Gregory Lawler for his valuable comments and suggestions.

2 Preliminary

2.1 Symbols

Throughout this paper, we will use the following symbols. Let C = C U {x},D={z€C:
2] <1}, T={2€C: |z =1},and H = {z € C: Imz > 0}. Forp >0, let A, = {2 € C:
1>zl >ePtand S, ={2€C:0<Imz<p}. ForpeR,let T, ={z¢€C:|z] =e P} and
R, ={2€ C:Imz = p}. Then 0D =T, 9H = R, A, = TUT,, and dS, = RUR,. Let ¢’
denote the map z — e**. Then e’ is a covering map from H onto I, and from S, onto Ap; and
it maps R onto T and maps R, onto T,,. For a doubly connected domain D, we use mod(D) to
denote its modulus. For example, mod(A,) = p.

A conformal map in this paper is a univalent analytic function. A conjugate conformal map
is defined to be the complex conjugate of a conformal map. Let Ip(z) = 1/Z be the reflection
w.r.t. T. Then I is a conjugate conformal map from C onto itself, fixes T, and interchanges 0
and co. Let Iy(z) = % be the reflection w.r.t. R. Then Ij is a conjugate conformal map from
C onto itself and satisfies €’ o Iy = Iy o e’. For p > 0, let I, p(2) == €e7P/Z and .7( ) =1ip+Z.
Then I, and I are conJugate conformal automorphisms of A, and Sp, respectlvely Moreover,
I,, interchanges T, and T, I interchanges R, and R, and I, oel =¢! oI

We will frequently use functlons cot(z/2), tan(z/2) coth(z/2) tanh(z/2), sin(z/2), cos(z/2),
sinh(z/2), and cosh(z/2). For simplicity, we write 2 as a subscript. For example, cots(z) means
cot(z/2), and we have cot)(z) = —1 sin, 2(2).

An increasing function in this paper will always be strictly increasing. For a real interval



J, we use C(J) to denote the space of real continuous functions on J. The maximal solution
to an ODE or SDE with initial value is the solution with the biggest definition domain.

Many functions in this paper depend on two variables. In some of these functions, the
first variable represents time or modulus, and the second variable does not. In this case, we
use 0y and 9]' to denote the partial derivatives w.r.t. the first variable, and use ’, ”, and the
superscripts (h) to denote the partial derivatives w.r.t. the second variable. For these functions,
we say that it has period r (resp. is even or odd) if it has period r (resp. is even or odd) in
the second variable when the first variable is fixed. Some functions in Section 4l and Section [l
depend on two variables: t; and t2, which both represent time. In this case we use 9; to denote
the partial derivative w.r.t. the j-th variable, j =1, 2. R

In this paper, a domain is a connected open subset of C, and a continuum is a connected
compact subset of C that contains more than one point. A continuum K is called a hull in C
if K CCandC \ K is connected. In this case, there is a unique conformal map fx from C\D
onto @\K and satisfies lim,_,~ fx(z)/z = ax for some positive number arx. Then ax is called
the capacity of K, and is denoted by cap(K).

A doubly connected domain in this paper is a domain whose complement is a disjoint union
of two continuums. Let D be a doubly connected domain. If K is a relatively closed subset
of D, has positive distance from one boundary component of D, and if D \ K is also doubly
connected, then we call K a hull in D, and call the number mod(D) —mod (D \ K) the capacity
of K in D, and let it be denoted by capp(K).

2.2 Brownian motions

Throughout this paper, a Brownian motion means a standard one-dimensional Brownian mo-
tion, and B(t), 0 < t < oo, will always be used to denote a Brownian motion. This means that
B(t) is continuous, B(0) = 0, and B(t) has independent increment with B(t)—B(s) ~ N(0,t—s)
for t > s > 0. For x > 0, the rescaled Brownian motion /sB(t) will be used to define annulus
SLE,. The symbols B, (t), B,(t), or B,(t) will also be used to denote a Brownian motion, where
the * stands for subscript. Let (F;):>0 be a filtration. By saying that B(t) is an (F;)-Brownian
motion, we mean that (B(t)) is (F;)-adapted, and for any fixed ¢ty > 0, B(to+t) — B(tg), t > 0,
is a Brownian motion independent of F,.

Definition 2.1. Let x > 0 and (Fi)ier be a right-continuous filtration. A process B"(t),
t € R, is called a pre-(F;)-(T; k)-Brownian motion if (¢!(B")(t))) is (F;)-adapted, and for any
to € R,
1
— _— (B® _ B <

By (1) - \/E<B (to+1)— B (to)), 0<t< oo, (2.1)
is an (Fiyv¢)-Brownian motion. If (F;) is generated by (¢!(B"(t))), then we simply call
(BW(t)) a pre-(T; k)-Brownian motion.

Remark. The name of the pre-(T; x)-Brownian motion comes from the fact that Br(t) :=
e'(B¥(t)), t € R, is a Brownian motion on T with speed &: for every ty € R, Br(tg) is
uniformly distributed on T; and Br(to +t)/Br(to), t > 0, has the distribution of e!(/&kB(t)),



t > 0, and is independent of Br(t), t < ty. One may construct B*)(t) as follows. Let B (t) and
B_(t), t > 0, be two independent Brownian motions. Let x be a random variable uniformly
distributed on [0,27), which is independent of (B (t)). Let B (t) = x + VEBgign()([t]) for
t € R. Then B (t), t € R, is a pre-(T; )-Brownian motion.

Definition 2.2. Let B (t), t € R, be a pre-(F;)-(T; k)-Brownian motion, where (Ft) is right-
continuous, and every F; contains all eligible events w.r.t. the process (e'(B")(t))). Suppose

T is an (F)-stopping time, and T > to for a deterministic number ty € R. We say that X (t)
satisfies the (Fi)-adapted SDE

dX (t) = a(t)dBW (t) + b(t)dt, —oo <t <T,

if e¢(X(t)), a(t), and b(t) are continuous and (F;)-adapted, and if for any deterministic number
to with tg < T, X3, (t) := X (to +t) — X (to) satisfies the following (Fi,++)t>0-adapted SDE with
the traditional meaning (c.f. Chapter IV, Section 3 of [13]):

dX,(t) = ay, (t)VEdBy, (t) + by (8)dt, 0 <t <T —to,
where By, (t) is given by (2.1]), as,(t) := a(to+1t), and by, (t) := b(to +t). Note that By, (t) is an
(Fto+t)t>0-Brownian motion, Xy, (t), a,(t) and by, (t) are all (Fyy4t)i>0-adapted.
2.3 Special functions

We now introduce some functions that will be used to define annulus Loewner equations. For
t > 0, define

M - 2kt ent
Sit,2)= 1m 3 S opv Y2

M—s00 ekt — ent — z’
=M 2|n
) ; nt + ezz )
H(t,z) = —iS(t,e'(z)) = —iP. V. QE: o = =P.V. 2E:cotg(z —int).
n n

Then H(t, ) is a meromorphic function in C, whose poles are {2mm + i2kt : m, k € Z}, which
are all simple poles with residue 2. Moreover, H(t,-) is an odd function and takes real values
on R\ {poles}; ImH(t, ) = —1 on Ry; H(t, z + 2m) = H(¢t, 2) and H(t, 2z + i2t) = H(t,2) — 2i
for any z € C\ {poles}.

The power series expansion of H(t, ) near 0 is

H(t, z) = % +r(t)z + O(2*), (2.2)

where r(t) = > 72, sinh_Q(kt) . Ast — 00, S(t, 2) — 122, H(t, 2) — cota(z), and r(t) — —%.
So we define S(oo0,2) = 12, H(oo z) = cota(z), and r(co) 1

(0, 00], and . still holds when ¢ = co. In fact, we have r(t

G Then r is continuous on
—r(00) = O(e7!) as t — o0, so

“II



we may define R on (0,00] by R(t) = — [( 00))ds. Then R is continuous on (0, o],
R(t) = O(e™ )ast%oo,andfor0<t<oo

R/(t) = r(t) — r(c0). (2.3)

Let Sy(t,z) = S(t,e 'z) — 1 and Hy(t,2) = —iSf(t,e”*) = H(t,z + it) +i. It is easy to
check:

Si( =P.V. Z etz H;(t,z) =P.V. Z coty(z — int). (2.4)

ent —
2tn 2tn

So Hj(t,-) is a meromorphic function in C with poles {2mn + i(2k + 1)t : m,k € Z}, which
are all simple poles with residue 2; Hy(¢,-) is an odd function and takes real values on R; and
H;(t,z +2m) = H(t, 2), Hi(t, 2 + i2t) = Hy(t, z) — 2i for any z € C\ {poles}.

It is possible to express H and H; using classical functions. Let (v, 7) and 0 (v, 7), k
1,2, 3, be the Jacobi theta functions defined in Chapter V, Section 3 of [I]. Define ©(t,z) =
0(Z, %) and O(t,2) = Oa(, %). Then O; has period 27, © has antiperiod 2, and

20w 20w

e’ o)
H=2—- H;/=2_-1 2.5
These follow from the product representations of © and ©;. For example,

@1(t,z) _ H (1 o e—2mt)(1 o e—(2m—1)t€iz)(1 . e—(2m—1)te—iz)' (2.6)

m=1

Both © and ©; solve the heat equation
0,0 =0" 0§,06;=0]. (2.7)
So H and Hj solve the PDE:
OH=H"+HH, oH;=H]+HH,. (2.8)

We rescale the functions H and Hj as follows. For ¢t > 0 and z € C, let
H(t )—WH<7T27T>+Z Hi(t,2) = H(”2”)+Z (2.9)
A=) T ne= ) T '
Since H and fII have period 27,
H(t, z + 2kt) = H(t,2) + 2k, H(t,z +2kt) = Hy(t,2) + 2k, k€ Z. (2.10)
From the identities for 6 in [1] or formula (3) in [24], we see H(t, z) = ZWH(WT, i%z)—%. So

H(t,z) = —iH(t, —iz) = P. V. Zcothg(z —nt). (2.11)
2|n



Since Hy(t,z) = H(t, z + it) + 1,

H;(t,z) = H(t,z + i) = P.V.) _tanhy(z — nt). (2.12)
2|n

From (2.8)) and (2.9) we may check that
—oH=H +HH, -oH,=H,+HH,. (2.13)

From (2.11) and (2.12) we see that H(t,-) — cothy and H;(t,-) — tanhs as t — co.
From (2.4 we see that as t — oo, H;(t,z) — 0, so its derivatives about z also tend to 0.
The following lemma gives some estimations of these limits.

Lemma 2.1. If |Imz| < t, then

4e|lmz\—t
(1 _ e\Imz|7t)2(1 _ 62(|Imz|ft)) ’

|H;(t,2)| < (2.14)

Ift > |Imz| + 2, then |Hj(t,2)| < 5.5e/™2=t For any h € N, if t > |Imz| + h + 2, then
H"(t, 2)| < 15v/hel ™=l

Proof. From (2.4)), if | Im z| < ¢, then

e (2k+1)¢ + etz 6—(2k+1)t + etz
H; (2, 2) kzo ( k+1)t _ giz + e—(2k+1)t _ eiz)
= 2sin(z) > 2¢ellm 2|
= < . 2.15
kz_o cosh((2k + 1)t) — cos(z)| — kzo cosh((2k + 1)t) — cosh(| Im z|) (2.15)

Here we use the facts that |sin(z)| < e/™*l and |cos(z)| < cosh(|Imz|) < cosh(t). Let hg =
t —|Imz| > 0. Then for k£ > 0,

cosh((2k + 1)t) — cosh(]| Im z|) = 2sinhy((2k 4+ 1)t + | Im 2|) sinha((2k 4+ 1)t — | Im 2|)
_ %e((2k+l)t+|lmz\)/2(1 _ ef(2k+1)tf|Imz|>e((2k+1)t7|Imz|)/2(1 o ef(2k+l)t+|lmz|)
1 1
> 2 o(@k 1)t Tm 2)) /2 ((2k+1)t—|Tm 2]) /21 _ ,~ho)2 — 2 (2k+1)t(] _ ,—ho)2.
2 3¢ e (1 —e"0) 5¢ (1—e""0)

So the RHS of (2.15]) is not bigger than

i 4elTm 2| o—(2k+1)t B 4elImz|—t - 4e—ho
— (1—e ho)2 (1 —eh0)2(1 —e 2t) = (1 — e h0)2(1 — e~2ho)’
So we proved ([2.14]).



If t > [Imz| + 2, then 4/((1 — el T 21=1)2(1 — e2(Im2l=0))) < 4/((1 — e72)2(1 — e™%)) < 5.5.
From we have [Hj(t,z)| < 5.5¢/™2=t Now we assume h € N and ¢t > |Im z| + h + 2.
Then for any w € C with |w — z| = h, we have t > |Imw| + 2, so [H(t,w)| < 5.5el™wl=t <
5.5¢el ™M 2~t  From Cauchy’s integral formula and Stirling’s formula, we have

1,h
H (1, 2)| < 5.5%e|1mz‘—t < 5.5vV2rhel/ 2 gl mzl—t  15,/pelmzl—t,

3 Loewner Equations

3.1 Whole-plane Loewner equation

To motivate the definition of the whole-plane Loewner equation, let’s start with the well-
known radial Leowner equation with reflection about the unit circle T. Let T' € (0,00]. Let
Br : [0,T) — C be a simple curve with 5;(0) € T and Sit) € C\ D for ¢t € (0,T). Let
Ki(t) =DUB((0,t]), 0 <t <T. Then each K;(t) is a hull in C, and the capacity increases
continuously in ¢. After a time-change, we may assume that cap(K(t)) =e!, 0 <t < T. Let
gi(t,-) be the unique conformal map from C\ K;(t) conformally onto C\ D with normalization
lim, .o 2/g1(t,2) = et. Tt turns out that there is € € C([0,T)) such that g;(t,-) satisfies the
radial Loewner equation

e 4 gr(t, 2)

Ohgr(t, 2) = gr(t, 2) €0 —g(1,2)

(3.1)
with initial value g;(0, z) = z. In fact, each g;(t,-)~! extends continuously to T, and maps e*¢(*)
to Br(t), and the function & is determined by fr up to an integer multiple of 27.

Let a € Rand T € (a,00]. Now suppose a simple curve f : [a,T) — C satisfies 57(0) € e*T
and Br(t) € C\ €D for t € (a,T). Let K;(t) = e*D U Br((a,t]), a < t < T. Assume that
cap(K;(t)) = €', a <t < T. Then the mappings g;(¢,-) determined by Kj(t) also satisfy
for some ¢ € C([a,T)), and the initial value now is gr(0,2z) = e %z. Let a tend to —oo,
then the initial point of 8; approaches 0. So let’s consider a simple curve §r : [—00,T) — C
with Br(—o0) = 0. Let K (t) = Br([—00,t]), —o0o < t < T. Assume that cap(K;(t)) = €,
—o0 < t < T. Then the mappings g;(¢,-) determined by K(t) still satisfy for some
€ € C((—00,T)), and they have an asymptotic initial value at ¢ = —o0:

t_l)igl elgr(t,z) =2, z¢€C\{0}. (3.2)

For this reason, we also call the whole-plane Loewner equation.

We now reverse the above process. Let T € (—o0,00] and £ € C((—o0,T)). Let gr(t,-),
—o0 < t < T, be the solution of the whole-plane Loewner equation with the asymptotic
initial value (3.2). Note that for each fixed z, is an ODE in ¢. For each t € (—o0,T), let
Ki(t) be the set of z € C at which g;(¢,-) is not defined. Then K;(t) and g;(t,-), —co <t < T,
are called the whole-plane Loewner hulls and maps driven by &.



Remark. Since the asymptotic initial value is used, the existence and uniqueness of the
solution is not trivial. From Proposition 4.21 in [7] we know that K;(t) and g;(t,-) exist and
are determined by €i€(s) 0o < s < t. Moreover, each gr(t,-) maps C \ K(t) conformally
onto C\ D and fixes oo, and g;(t,z) = etz + O(1) near co. So each K(t) is a hull in C with
cap(Kj(t)) = e!. The whole-plane Loewner equation can be viewed as a mapping which takes
the driving function £ to a family of hulls (K;(t)) or conformal maps (gr(¢,-)). The family

(K(t)) increases in ¢, but may not be simple curves.

We say that £ generates a whole-plane Loewner trace Sy if

Br(t) := lim  gr(t, )" (2)
|z|>1,z—€i(®)
exists for ¢ € (—o0,T), and if B7(t), —oo < ¢ < T, is a continuous curve in C. Such a trace, if
it exists, starts from 0, i.e., S7(—o00) := lim;—,_ B7(t) = 0. The trace is called simple if 57(t),
—oo <t < T, has no self-intersection. If £ generates a whole-plane Loewner trace 8y, then for
each t, C\ K[(t) is the unbounded component of C\ Sr([—o0,t]). In particular, if 55 is simple,
then K;(t) = Br([—o0,t]) for each ¢, and we recover an earlier picture.

Let k > 0. A pre-(T; k)-Brownian motion a.s. generates a whole-plane Loewner trace, which
is called a standard whole-plane SLE, trace. The trace goes from 0 to oo, i.e., lim;_,o f1(t) = 0.
If k € (0,4], the trace is simple. If the driving function is the sum of a pre-(T; x)-Brownian
motion and sgt for some constant sy € R, then we also get a whole-plane Loewner trace, which is
called a standard whole-plane SLE(k, sq) trace. The trace still goes from 0 to co as ¢ — oo, and
is simple when k < 4. For any 21 # 29 € @, we may define whole-plane SLE,, and SLE(k, sg)
trace from z; to z9 via Mobius transform.

Remark. Whole-plane SLE, is related to radial SLE in the way that, if 7" € R is fixed, then
conditioned on K(t), —oo < t < T, the curve (T +t), t > 0, is the radial SLE,; trace in
C\ K;(T) from B;(T) to co. Whole-plane SLE(x, so) is related to radial SLE(k, —so) (the radial
Loewner process driven by /kB(t) — sot) in a similar way. The additional negative sign is due
to the reflection about T.

We will need the following inverted whole-plane Loewner process, which grows from oco. For
—oo <t <T,let K(t) = Io(K;(t)) and g(t,-) = Iy o gr(t,-) o Iy. Then for each ¢, g(¢,-) maps
C \ K () conformally onto D and fixes 0. Moreover, g(t, -) satisfies with some initial value
at —oo. We call K(¢) and g(t,-) the inverted whole-plane Loewner hulls and maps driven by &.
If £ generates a whole-plane Loewner trace (7, then [(t) := Iy o 5r(t) is a continuous curve in
C that satisfies B(—00) = 0o and B(t) = limps, e 9(t, ) 71(2), —oo <t < T. We call 3 the
inverted whole-plane Loewner trace driven by &.

Let K;(t) and g;(t,-), —oo < t < T, be as before. Let K;(t) = (/)1 (K(t)), —o00 <t < T.
It is easy to see that there exists a unique family gr(t,-), —oo < t < T, such that, gr(t,-) maps
C\ K;(t) conformally onto —H, €’ o §;(t,-) = g;(t,-) o ¢!, and g satisfies

Ogr(t, z) = cota(gr(t,z) — &(t)), —oo<t<T, (3.3)

10



and the initial value at —oo:
lim (g7(t,2) —it) = z.
t——o0

Then we call K;(t) and §;(t,-) the covering whole-plane Loewner hulls and maps driven by .
For —0o < t < T, let K(t) = Io(K;(t)) and g(t,-) = Iy o g(t,-) o Iy. Then K(t) =
(e)"L(K(t)) and €' 0 §(t,-) = g(t,-) o e'. We call K(t) and §(t,-) the inverted covering whole-
plane Loewner hulls and maps driven by ¢. Then for each ¢ € (—oo,T), §(t,-) maps C\ K (t)
conformally onto H, and satisfies for t € (—o0,T) and the initial value at —oo:

tl}r_noo(ﬁ(t, z) +it) = z. (3.4)

3.2 Annulus Loewner equation

The annulus Loewner equation was introduced in [23] to describe curves in a doubly connected
domain. Let p € (0,00). To motivate the definition, we consider a simple curve 3(t), 0 <t < T,
with 8(0) € T and B(t) € A, 0 <t <T. Let K(t) = 5((0,t]), 0 <t < T. Then each K(t)
is a hull in A, and capy (K (t)) increases continuously. After a time-change, we may assume
that capy (K(t)) =t for all ¢. For each ¢, there exists g(¢, ), which maps A\ K(¢) conformally
onto A,_;, and maps T, onto T,_;. Such g(t,-) is unique only up to a rotation. There are
different ways to make g(¢,-) unique. For example, we may fix a point on wy € T, and require
that e tg(t, ) fixes wy. The normalization used here does not have a clear geometric meaning.
The work in [23] shows that the g(t,-) can be chosen to satisfy annulus Loewner equation of
modulus p for some & € C([0,T)):

Brg(t,z) = g(t.2)S(p — t,g(t,2) /e®V), 0<t<T, ¢(0,2) =2, (3.5)

We now reverse the above process. Let & € C([0,T)) where 0 < T' < p. Let g(t,-) be the
solution of the ODE (3.5). For 0 <t < T, let K(t) denote the set of z € A, such that the
solution g¢(s, z) blows up before or at time t. We call K(t) and g(¢,-), 0 < t < T, the annulus
Loewner hulls and maps of modulus p driven by £. It turns out that, fo each t, K(t) is a
hull in A, with cap, (K(t)) = t, and g(¢,-) maps Aj \ K (¢) conformally onto A,_; and maps
T, onto T,—;. To see that g(t,-) maps T, onto T,_;, one may note that implies that
OrIn|g(t, 2)| = ReS(p —t,g(t,z)/e¥®)), and ReS(r,-) = 1 on T, because InH(r,-) = —1 on
R, and H(r, z) = —iS(t, €'(2)).

We say that £ generates an annulus Loewner trace 8 of modulus p if

Blt):=  lim g(t,)7'(2) (3.6)
Ap_tDz—ei(®)
exists for all ¢ € [0,T), and if 3(¢), 0 <t < T, is a continuous curve. The curve lies in A, UT
and starts from ¢%(®) € T. The trace is called simple if 3 has no self-intersection and stays
inside A, for ¢t > 0. In that case, we have K(t) = 5((0,t]) for each ¢, and recover the picture at
the beginning of this subsection.

Remarks.

11



1. If £ generates an annulus Loewner trace (3, then for each ¢, A, \ K(t) is the component
of Ay \ B((0,t]) whose boundary contains T,,. If the trace is simple, then K(t) = £((0,¢])
for each t.

2. Let B(t), 0 <t < T, be a simple curve with (0) € T and S(t) € A, for 0 < ¢t < T.
If it is parameterized by capacity in A, i.e., capy, (B((0,t])) = t for each t, then it is
an annulus Loewner trace of modulus p. In the general case, let u(t) = capy, (8((0,])).
Then S(u~!(t)) is an annulus Loewner trace of modulus p.

3. If &(t) = /kB(t), 0 <t < p, then a.s.  generates an annulus Loewner trace. If x € (0, 4],
the trace is simple. From Girsanov theorem, the above still hold if £ is a semimartingale,
whose stochastic part is \/kB(t), and whose drift part is a continuously differentiable
function.

The covering annulus Loewner equation of modulus p driven by the above £ is

Org(t, 2z) = Hip —t,9(t,2) = £(1),  9(0,2) = 2. (3.7)

For 0 <t < T, let K(t) denote the set of z € Sp such that the solution g(s, z) blows up before
or at time ¢. Then for 0 <t < T, g(¢,-) maps S, \ K (t) conformally onto Sp—+ and maps R,
onto R,_;. We call K(t) and §(,-), 0 < t < T, the covering annulus Loewner hulls and maps
of modulus p driven by £. Let K (t) and g(t, -) be the notations appeared above. Then we have
K(t) = (¢))"Y(K(t)) and € 0 §(t,-) = g(t, )oei for0<t<T.

Since g(t,-) maps R, onto R,_; and H(t, 2) = H(¢, z + it) + 4, we have

O¢Reg(t,z) =Hi(p—t,Reg(t,z) —&(t)), ze€R,.
Differentiating the above formula w.r.t. z, we obtain
87 (t,5) = (t, - Hy(p — t, Re§(t,z) — (1), 2 € R, (3.8)
If ¢ generates an annulus Loewner trace 8 of modulus p, then a.s.

Bt):=_ lim gt )7 (2)

Sp—t Sz—¢(t)

exists for 0 < ¢ < T, and B(t), 0 < ¢t < T, is a continuous curve in Sp UR started from

B (0) = £(0) € R. Such 3 is called the covering annulus Loewner trace of modulus p driven by
. And we have § = ¢’ o 6 If 3 is a simple trace, then ﬁ has no self-intersection, stays inside
Sp for t > 0, and K(t) = B((0,t]) + 27Z for each t.

Let Ki(t) = I,(K(1)), g1(t,-) = Ip—¢ © g(t,-) © I, Kr(t) = L,(K(#)), and gr(t,-) = I~ o
g(t,-) o I,. Then K(t) is a hull in A, with capy, (K;(t)) = t, and gs(t,-) maps A, \ K;(t)
conformally onto A,_; and maps T onto T. Moreover, Ki(t) = (¢)"Y(K;(t)), gi(t,-) maps
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Sp \ K(t) conformally onto Sp—t, maps R onto R, satisfies e o gy(t,-) = gs(t,) o €', and the
equation
0g1(t,z) = Hi(p — t,91(t, 2) = £(t),  9(0,2) = 2. (3.9)

We call K7(t) and g;(t,-) (resp. K (t) and g;(t,-)) the inverted annulus (resp. inverted covering
annulus) Loewner hulls and maps of modulus p driven by £. The inverted hulls grow from the
smaller circle T, instead of the unit circle T.

3.3 Disc Loewner equation

We now review the definition of the disc Loewner equation, which is used to describe a simple

curve in a simply connected domain started from an interior point. The relation between the

disc Loewner equation and the annulus Loewner equation is similar to that between the whole-

plane Loewner equation and the radial Loewner equation. Intuitively, one considers the inverted

annulus Loewner equations of modulus p so that the hulls start from T, and then lets p — oo.
Let T € (—00,0] and € € C((—o00,T)). Let gs(t,-), —oo <t < T, be the solution of

Augr(t, z) = gr(t, 2)S1(—t, gr(t, z) /D), —oo <t < T; (3.10)
tl}{rloogj(t, z) =2z, VzeD) {0}

For each t € (—00,T), let Ky(t) be the set of z € D at which g;(t, -) is not defined. Then Kj(t)
and gr(t,-), —oo < t < T, are called the disc Loewner hulls and maps driven by &.

Remark. From Proposition 4.1 and 4.2 in [23] we know that K;(t) and g;(¢,-) exist and are
determined by e%(*), —0o < s < t. Moreover, each gr(t,-) maps D\ K;(t) conformally onto A_;
and maps T onto T.

We say that ¢ generates a disc Loewner trace g if

Bi(t):==  lim  gr(t,-)7(2)

A_;Dz—ettié()

exists for every t € (—oo,T), and if 5;(t), —oo < t < T, is a continuous curve in D) with
Br(—o0) = 0. The trace is called simple if it has no self-intersection. If £ generates a disc
Loewner trace (7, then for each ¢, C\ K(¢) is the unbounded component of C \ B;([—o0,t]).
In particular, if 55 is simple, then Kj(t) = 81([—o0,t]) for each t.

Let B;(t), —oo <t < T, be a simple curve in D with S;(—o0) = 0. If it is parameterized by
capacity in D, i.e., mod(ID\ B;([—o0,t])) = —t for each t, then f; is a disc Loewner trace. In
the general case, let u(t) = — mod(D \ B;([—o0,])), then B;(u~'(t)) is a disc Loewner trace.

We will need the following inverted disc Loewner process, which grows from oco. For —oco <
t < T,let K(t) = Io(K;(t)) and g(t,-) = I_; 0 g(t,-) o In. Then each g(t, ) maps C\ D\ K(t)
conformally onto A_; and maps T onto T_;. Moreover, g(t,-) satisfies with S replaced
by S. We call K(t) and ¢g(t,-), —oo < t < T, the inverted disc Loewner hulls and maps driven
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by £. If £ generates a disc Loewner trace 7, then 8 := Iyof; is called the inverted disc Loewner
trace driven by &.

The covering disc Loewner hulls and maps are defined as follows. Let K (t) = (¢!)1(K (1)),
—00 < t < T. There is a unique family g;(¢,-), —oo < t < T', which satisfy that, for each ¢,
gr(t,-) maps H \ I?[(t) conformally onto S_; and maps R onto R, e’ o g;(t,-) = gs(t,-) o €’, and
the following hold:

Og1(t,z) = Hy(—t,g1(t, z) — £(1)); (3.11)

t_lir_noo gr(t,z) = z. (3.12)

We call K;(t) and g;(t, -) the covering disc Loewner hulls and maps driven by §. Let K(t) =
In(K1(t)) and g(t,-) = I_4 o gr(t,-) o Iy. Then g(t,-) maps —H \ K(¢) conformally onto S_y,
maps R onto R_y, €’ 0 g(t,-) = g(t,-) o €', and satisfies 9,g(t, z) = H(—t, g(t, z) — £(t)). We call
K(t) and g(t,-) the inverted covering disc Loewner hulls and maps driven by &.

Remark. Now we summarize the conformal maps that appear in the this section so far. The
relations between a (inverted) whole-plane, annulus, or disc Loewner map g(¢, -) or g7 (¢, -) and its
corresponding covering map g(t,-) or g; (¢, -) are g(¢t, -)oe’ = e'og(t,-) and g (t,-)oe’ = e‘ogy(t,-).
The relation between the inverted pair g(¢,-) and gr(¢,-) depends on the three cases. For the
whole-plane Loewner maps,

it ) C\K () = —H, () : C\K(t) > H, Tyog(t,) = ailt,") o Iy,

For the annulus Loewner maps of modulus p,

Gt (S \ KRy 2 (SpiiRye), Grlt ) : (S, \ Kr(0):R) ' (S, 1 R),

Tt oGi(t,-) = §(t,-) o Iy, t€10,p).
For the disc Loewner maps,

it (H\ K () R) 2 (S_sR), §(t,-): (“H\ K@)R) = (S_;R ),

f—t Og(ta ) = gl(tv ) © TOa te (—O0,0).

The relation between ¢(¢,-) and g;(¢,-) depends on the three cases in a similar way.

3.4 SLE with Marked Points

Definition 3.1. A covering crossing annulus drift function is a real valued C*' differentiable
function defined on (0,00) x R. A covering crossing annulus drift function with period 2w is
called a crossing annulus drift function.
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Definition 3.2. Suppose A is a covering crossing annulus drift function. Let k > 0, p > 0,
and xo,yo € R. Let &(t), 0 <t < p, be the mazximal solution to the SDE

d§(t) = VkdB(t) + Ap — t,£(t) — Reg(t,yo + pi))dt, £(0) = o, (3.13)

where g(t,-), 0 <t < p, are the covering annulus Loewner maps of modulus p driven by . Then
the covering annulus Loewner trace of modulus p driven by £ is called the covering (crossing)
annulus SLE(k,\) trace in S, started from xo with marked point yo + pi.

Definition 3.3. Suppose A is a crossing annulus drift function. Let k > 0, p >0, a € T and
b € T,. Choose zo,y0 € R such that a = € and b = e PT%0. Let £(t), 0 < t < p, be the
mazximal solution to . The annulus Loewner trace 5 driven by £ is called the (crossing)
annulus SLE(k, A) trace in A, started from a with marked point b.

The above definition does not depend on the choices of xy and yg because A has period 27,
and for any n € Z, the annulus Loewner objects driven by £(t) + 2nm agree with those driven
by £(t).

A covering chordal-type annulus drift function is a real valued C%! differentiable function
defined on (0,00) x (R\ 27Z). The word “covering” is omitted if the function has period 2.
If A is a chordal-type annulus drift function, using the same idea, we may define the annulus
SLE(k, A) processes, where the initial point a = € and marked point b = € both lie on T
and are distinct. The driving function £ is the solution to with Reg(t,yo + pi) replaced
by g(t, o).

Via conformal maps, we can then define annulus SLE(x, A) process and trace in any doubly
connected domain started from one boundary point with another boundary point being marked.
Here A is a chordal-type or crossing annulus drift function depending on whether or not the
initial point and the marked point lie on the same boundary component. Let Aj(p,z) =
—A(p, —x), then Ay is called the dual of A. If W is a conjugate conformal map of A, and Ay is
the dual of A, then (W(K(t))) is an annulus SLE(k, A1) process in W (A,) started from W (a)
with marked point W (b).

Definition 3.4. Let k > 0, b € T, and A be a crossing annulus drift function. Choose yg € R
such that e’ = b. Let Biﬂ) (t), t € R, be a pre-(T; k)-Brownian motion. Suppose (t), —oo <
t < 0, satisfies the following SDE with the meaning in Definition [2.2:

de(t) = dBY (1) + A(—t,€(t) — Gi(t,yo))dt, —oo <t <0,

where gr(t,-) are the disc Loewner maps driven by . Then we call the disc Loewner trace driven
by & the disc SLE(k, A) trace in D started from 0 with marked point b.

Via conformal maps, we can define disc SLE(k, A) trace in any simply connected domain
started from an interior point with a marked boundary point.
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4 Coupling of Two Annulus SLE traces

The goal of this section is to prove Theorem below, which says that when certain PDE is
satisfied, we may couple two annulus SLE(k; A) processes such that they commute with each
other. Although this result will not be used directly in the proof of the whole-plane reversibility,
we prove this theorem because on the one hand, the result may be used in the future, and on
the other hand, the proof will serve as a reference for a more complicated proof of the theorem
about coupling two whole-plane SLE processes.

After some preparation in Section the construction formally starts from Section 4.2
which resembles Section 3 of [26]. The extra complexity comes from the appearance of covering
maps and inverted maps. Then we construct a two-dimensional local martingale M in Section
which resembles Section 4 of [26]. In the same subsection, we derive the boundedness of
M when the two processes are stopped at some exiting time. In Section |4.4] we first construct
local commutation couplings using M, then construct the global commutation coupling using
the coupling technique, and finishes the proof.

Theorem 4.1. Let k > 0 and sg € R. Suppose T' is a positive C1? differentiable function on
(0,00) x R that satisfies

K 3 1
or = S + 1,1 (f—f) T 41
;3 7 + 0+ <9 s (4.1)
T(t,z +27) = ¢ =°T(t,z), t>0,z¢cR. (4.2)

o : , , . o R
We call T' a partition function following Gregory Lawler’s terminology in [§]. Let A = k3.

Then A is a crossing annulus drift function. Let Ay = A and Ay be the dual of A. Then for
any p > 0, ay,ay € T, there is a coupling of two curves: 51(t), 0 <t < p, and Pa(t), 0 <t < p,
such that for j # k € {1,2}, the following hold.

(i) Bj is an annulus SLE(k, ;) trace in A, started from a; with marked point ay j, := Ip(ay).

(ii) If tr, < p is a stopping time w.r.t. (Bx(t)), then conditioned on Bi(t), 0 < t < ti, after
a time-change, Bj(t), 0 < t < Tj(ty) is the annulus SLE(k, ;) process in a connected
component of A, \ L,(Br((0,tx])) started from a; with marked point I,(Bk(tx)), where
T;(t) is the first time that (; visits I, o 81 ((0,tx]), which is set to be p if such time does
not exist.

Remarks.

1. The A satisfies the PDE:

BN = gA“ + (3 - S)H’,’ + A, + H A + AN (4.3)

On the other hand, if A satisfies 1} then there is I" such that A = K,l% and 1) holds.
2. The theorem also holds for x = 0 if A satisfies (4.3)) with x = 0.
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4.1 Transformations of PDE
Lemma 4.1. Let 0,59 € R. Suppose I', ¥, and U4, are functions defined on (0,00) X R, which

e sk

2 2
satisfy W =107, UV, =T,07, and Wy, (t,x) = e = 2= VU(t,x). Then the following PDEs are
equivalent:

1 1
ar = “T" + HyT' + (0 S f)H’IF; (4.4)
2 K 2
O = g\p” + oH,; (4.5)
O, = g\ygo + 500+ oH U, (4.6)
Proof. This follows from ({2.5]), , and some straightforward computations. O

Remark. When o = % -1, agrees with .

Lemma 4.2. Let 0,50 € R. Suppose Vg, is positive, has period 27, and solves @) in (0,00) X
R. Then Uy (t,x) = C ast — oo for some constant C > 0, uniformly in x € R.

Proof. Fix tg > 0 and xo € R. For 0 <t < tg, let X, (t) = o + /kB(t) + st and

M(t) = Wy, (to — t, Xy (1)) exp <a /0 t H (tg — 1, Xy (r))dr).

From (4.6) and Ito’s formula, M(t), 0 < t < ty, is a local martingale. Since ¥y, and H/
are continuous on (0,00) x R and have period 27, we see that, for any ¢; € (0,to], M(¢),
0 <t <ty—ti1,is uniformly bounded, so it is a bounded martingale. Thus,

to—t1
Wy, (to, 20) = M(0) = B | Wy (11, Xag (o — t1)) exp (o /0 HY (to — 1, Xpo()dr) | (4.7)
Now suppose tg > t; > 3. From Lemma [2.1] we see that,
to—t1 to—t1
/0 [H (to — 7, X (1)) |dr < /0 15e""dr < 15e1. (4.8)

Let € > 0. Choose t; > 3 such that 150e™" < £/3. For t € [t;,00) and = € R, define
o1 (tv x) =E [\I/SO (tlv Xo(t — tl))]'
As t — oo, the distribution of ¢!(X,(t —t1)) tends to the uniform distribution on T. Since Wy,

is positive, continuous, and has period 2w, we see that W 4, (t,z) — % 02” Uy, (t1,z)dz > 0 as

t — oo, uniformly in z € R. Thus, lim; o In(Wy, ¢, ) converges uniformly in € R. So there
is ta > t1 such that if t4,t, > to and x4, 2, € R, then |In(Uy, (L4, 24)) — In(Pe, (s, 23))| < €/3.
From (4.7)) and (4.8) we see that

|In(Wg, (t,2)) — In(Wsy 4, (£, 7)) < 150e™ ™ < /3, t>t, 2 €R.

Thus, |In(Py,(te, za)) — In(Ws, (tp, 2p))| < € if ta,tp > to and 4,2 € R. So limy_yoo In(Ty,)
converges uniformly in z € R, which implies the conclusion of the lemma. O
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Lemma 4.3. Let so € R. Suppose I' is positive, satisfies , and solves . Then there is

sQT sOt

C > 0 such that T (t,z) := C~le” = 2= (¢, ) has period 27 and satisfies limy oo T's, (¢, 1) =
1, uniformly in x € R.

Proof. Let ¥y, be given by Lemma Since O > 0, ¥, is positive and solves (4.6]). Since I'
satisfies (4.2)) and ©; has period 27, ¥y, also has period 27. From Lemma there is C' > 0

sQx

3215
such that Wy, — C as t — oo, uniformly in z € R. Let [y, (t,z) := C e« ~2:D(t,z). Then
Iy, = C7 10, 04(t, x)_% From 1} O; — 1 as t — oo, uniformly in € R. Since ©; has
period 27, we get the desired conclusion. ]

4.2 Ensemble

Let p > 0 and &,&% € C([0,p)). For j = 1,2, let g;(t,-) (vesp. gr;(t,-)), 0 < t < p, be
the annulus (resp. inverted annulus) Loewner maps of modulus p driven by &;. Let g;(t,-)
and g7 ;(t,-), 0 <t < p, j = 1,2, be the corresponding covering Loewner maps. Suppose &;
generates a simple annulus Loewner trace of modulus p: 3;, j = 1,2. Let B;; = I,008;, j = 1,2,
be the inverted trace. Define

D = {(t1,t2) : B1((0,1]) N Br2((0,t2]) = 0} = {(t1,t2) : Bra((0,£1]) N B2((0,2]) = 0} (4.9)

For (t1,t2) € D, we define

m(t1,t2) = mod (A, \ B1([0,t1]) \ Br2([0,22])) = mod(Ap \ Br,1([0,£1]) \ B2([0,22])).  (4.10)

Fix any j # k € {1,2} and ¢, € [0,p). Let Tj(t;) be the maximal number such that for any
tj < Tj(tx), we have (t1,t2) € D. As t; — T;(tx)”, the spherical distance between (3;((0,,])
and B[}k((o,tk]) tends to 0, SO m(tl,tg) — 0. For 0 < tj < Tj(tk), let Bj,tk(tj) = ng(tk,ﬁj(t]‘)).

Then B4, (t;), 0 < t; < Tj(tg), is a simple curve that starts from gy i (¢, e’i(t))) € T, and stays
inside A, for ¢; > 0. Let

Yjity, (tj) = capy, ,, (51}% ((0, tjD) =p—ty —m(t1, t2). (4.11)

Then v; 4, is continuous and increasing and maps [0, T} (tx)) onto [0, .S;+,) f(l)r some S, € (0,p—
ty]. Since m — 0 as t; — Tj(tg), Sjt, = p — tk. Then 4, () = ﬁj,tk(”jjtk (1), 0<t<p—t,
are the annulus Loewner trace of modulus p — ¢, driven by some (j;, € C([0,p — t)). Let
V1,41, (t) be the corresponding inverted annulus Loewner trace. Let hjy, (¢,-) and hy 4, (2,-) be
the corresponding annulus and inverted annulus Loewner maps. Let hjq, (t,-), and hy 4, (t,-)
be the corresponding covering maps.

For 0 < ¢; < Tj(tk), let &0, (85)s Brj, (), gie.(t55-)s 91 (55 -)s G (E55-), and gr 5, (E5, )
be the time-changes of Cj}tk(t)a ’YLjik(t)? hjvtk(tv s hij, (t,-), hjﬂfk(t? ), and hijb, (t,-), re-
spectively, via the map v;;, . For example, this means that &4, (t;) = (i, (vje,.(t5)) and
it (5, ) = iz, (Uj,tk (t5),)-
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For 0 < t; < Tj(tk), let
Gl (ti ) = gt (L5, ) 0 gt -) 0 gi(t;, )7, (4.12)

Gt 1) = Tie (£, ) 0 Grelti, ) 0 Gy(ty, ) (4.13)
Then G, (t5,-) maps Ayt \g;(t;, Brk((0,tx])) conformally onto A, ¢,y and maps T onto T;
eioéLk,tk (tj,") = Grpu, (tj,-)oe’; and é[,k;,tk (tj,-) maps R onto R. Since v;4, (t) = B, ( th( ),
from and a similar formula foa’y, we find that et (i) = Gl (ti, e i€t )) for 0 <t; <
T;(tx). So there is n € Z such that Gy, (£5,€i(tj)) = &t (t5) +2nm for 0 < t; < Tj(t). Since

Cjty, + 2nm generates the same annulus Loewner hulls as (j s, , we may choose (¢, such that for
0= t; <Tj(tn),

i () = Gria, (t), (). (4.14)
For 0 <t; < Tj(ty), let

Aj,h<t17t2) = ég’flk);’tj (tlﬁf](t]))? h = 172737 (415)

Ajs(t, ta) 3(%)? (4.16)

Ajsthte) = 2505 73 Aj1(ti,to)

Aj71 (tl, tQ) 2
Then A; g(t1,t2) is the Schwarzian derivative of é[,kytj (tk,-) at &(t;). A standard argument
using Lemma 2.1 in [23] shows that, for 0 < t; < T}(ty),

Uiy () = |G gon, (4. G P = Gy, (67,65 (t))? = Aja(tr, 1), (4.17)

so from (4.11f) we have

djm=—A2,. (4.18)
Moreover, for 0 < t; < T}(tg),
OiGju, (tj, 2) = Aja(tr, to) H(m(ty, t2), G (£, 2) — & (8)); (4.19)
OnGr gy (t, 2) = Aja(tr, ta)*Hy(m(ty, ta), G5, (8, 2) — & (£5))- (4.20)
From (4.13]) we have

Gty (t5:7) 0 Gi(ts, 2) = Gia () © Grk(th, 2)- (4.21)
Differentiate (4.21)) w.r.t. t;. Let w = g;(¢;,2) — &;(t;). From , -, and (| .

we get _ _
3tGIktk(tjafj(tj)) = —3GT 1, (t,&(t)) = =3A;2(t1, t2). (4.22)

Differentiate w.r.t. t; and z, and let w = g;(t;,2) = §;(t;). Then we get

8té,],k,tk(tj>£j(tj)) 1 <@>2 4 Ajs

- _ - + A2 — —t5). 4.2
G/I,k7tk(tj’€j(tj)) 2 \Aj 3 Al sir(m) —r(p —t;) (4.23)
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Note that both Grpy, (t5,-) and gr ke (tk,-) map Ayt \ Br ., ((0,tx]) conformally onto
A (t,,1,) and maps T onto T. So they differ by a multiplicative constant of modulus 1. Thus,
there is Ck(t1,t2) € R such that

Gl (tj,) = 91kt (s ) + Cr(t1, ta). (4.24)

Interchanging j and k in (4.24)), we see that there is Cj(t1,t2) € R such that

Gty (ths ) = Gty ) + Cj(trs t2). (4.25)

From we have
91j.tx(tr ) 0 Ge(tr,-) + Cj = Gre, (tr, ) 0 gr.5(t5,-), (4.26)
91kt (ks ) 0 Gj(tg,+) + Ck = Gyt (t5,+) © g1k (ths - (4.27)

From the definition of inverted annulus Loewner maps, we have

gjvtk (tjv ) = Im(thtz) ° g-[»j»tk (tj7 ) O Lp—ty, gj(tjv ) = Ip—tj © gf,j(tjﬂ ) o [P;

g[,k,tj (tk, ) = Im(tl,tg) © gk,tj (tk7 ) S Ip—t]'7 g[,k(tka ) = dp—ty © gk(tlﬁ ) S Ip'

From (4.27) and the above formulas, we get g, (tk,-) © g1, (t;, ) + Ck = grj1, (t5,°) © Gk (tk, -)-
Comparing this formula with (4.26]), we see that C1 + Co = 0. Now we define X; and X2 on D
by

Xj(t1,t2) = &, (6) — Grjit (5 & (tr)) = G (6, &(85) — T (b, Etr)). (4.28)
From (4.24)), ,and C7 + Cy =0, we have
X1+ Xo =0. (4.29)

Since H' is even, we may define ) on D by
Q =HY'(m, X1) = HY (m, X»). (4.30)
Differentiate (4.20) w.r.t. z twice. We get

NG 1, (tj2)

= = A3 HY(m, g, (8, 2) = iy () (4.31)
g/I7j7tk (t], Z) ],1 I stk \V] Jylk \"]

~r
915, (tjv z) ~ ~
O <~/ e ) = A?,lHII/(mv 91,5ty (tjv Z) - gjvtk (tj))gll,j,tk (tj7 Z)’ (4‘32)
915t (tj7z)
3Jolk

Let z = & (tx) in (4.20), (4.31]), and (4.32). Since H; and H/ are odd and H is even, from
(4.25) and (4.28)) we have

0; g1 (t, Ek(tr)) = —A% | Hy(m, X;). (4.33)
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0; Ak

0 — A2 H(m, X). 4.34

qk,l 7,1 ]( ’ J) ( 3 )

a-(‘l’“) = — A2 H/(m, X;)Ap 1. (4.35)
J Ak71 “771 I ’ J ’

Differentiate (4.32)) w.r.t. z again, and let z = & (x). Since H}' is even, we get

A A 2
3;‘( B3 _ ( M) ) = A% [HY'(m, X;) A}, — Hf (m, X;) Ay, 2],

Aga Ap1
which together with and implies that
0jArs = A2, A2 Q. (4.36)
Define F on D by
ts
F(t1,t2) = exp (/0 /0 Alyl(sl,32)2A2’1(81,52)2Q(31,32)d31d32>, (4.37)

Since g7, (0,-) = ELN,C(O, -) = id, when t; = 0, we have Ay = 1, Ay2 = A3z = 0, hence
Ap.s = 0. From (4.36), we see that

0;F

J? = Ajs. (4.38)

Remark. There is an explanation of F' in terms of Brownian loop measure. If R is a function
on (0,00) that satisfies R'(t) = r(t) + 1, then

1
—g In F(tl, tg) — R(tl, tz) + R(tl, 0) + R(O, tg) — R(O, 0)
is the Brownian loop measure of the loops in A, that intersect both 51([0,¢1]) and Br2([0, t2]).

4.3 Martingales in two time variables

Let aj,a2 € T be as in Theorem Let ar; = Ip(aj) € Tp, j = 1,2. Choose x1,22 € R
such that a; = €@, j = 1,2. Let By(t) and By(t) be two independent Brownian motions. For
j=1,2, let (F/) be the complete filtration generated by (Bj(t)). Let I, A, Ay, and Ap be as
in Theorem Since I satisfies , A, 3 = 1,2, has period 2w, which implies that they are
annulus drift functions. For j = 1,2, let §;(t;), 0 < t; < p, be the solution to the SDE:

d&j(t;) = VRdBj(t;) + Aj(p — 15, &5(t5) — g1, (tj, 23-5))dty,  &(0) = ;. (4.39)

Then (&1) and (&) are independent. For simplicity, suppose x € (0,4] (for the case k > 4, we
may work on Loewner chains and apply Proposition 2.1 in [23]). Then for j = 1,2, a.s. (§;)
generates a simple annulus Loewner trace (3;, which is an annulus SLE(k, A;) trace 3; in A,
started from a; with marked point a;3_;. We may apply the results in the prior subsection.
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As the annulus Loewner objects driven by ;, Bj, Brj = Ipo ﬁj,'(gl,j(tj, ), (g5(t;,-)), and
(gr1,i(tj,-)) are all (Hj)—adapted. Fix j # k € {1,2}. Since f; is (.ng)—adapted and (g7 x(tx, "))
is (]:t]jc)—adapted, we see that (t1,t2) — B (t;) = g91k(tk, Bj(t;)) defined on D is (]—}11 X .7-}22)—
adapted. Since gjq, (t,-) and grj, (t;,-) are determined by B;¢, (sj), 0 < s; < tj, they are
(F x F2)-adapted. From (4.13), (Grrg, (t5,7)) is (FL x F2 )-adapted. From 1D (& (t5))
is also (F} x F2)-adapted. From (4.10), (4.28), (4.15), and (4.16)), we see that (m), (Xj),
(Ajn), h=1,2,3, and (Ajs) are all (F;, x F,)-adapted.

Fix j # k € {1,2} and any (Ff)-stopping time #;, € [0, p). Let fgj’tk = }—t]j X ]-"ZZ, 0<t;<p.
Then (Fg;t’“)ogtj@ is a filtration. Since (Bj(t;)) is independent of FF, it is also an (fg;tk)—
Brownian motion. Thus, 1' is an (.Ft];t’“)—adapted SDE. From now on, we will apply Ito’s
formula repeatedly, all SDE will be (F*)-adapted, and tj ranges in [0, T}(tg)).

From (4.22)), (4.28)), (4.15), and (4.33), we see that X satisfies

03X, = A106(t;) + (5 = 3) Aj20t; + A3 Hi(m, X;)01,. (4.40)

Let I'y =T and I'y(t,z) = I'(¢, —z). Then for j = 1,2, A; = ll:—j and I'; satisfies 1) From
(4.29), we may define Y on D by

Y =D (m, X1) = Da(m, Xa). (4.41)
From (L1), (1), (40, and (ZAT), we have
;Y 1 3 1
S = S(m, X)) 400 (1) — (5 = 5 ) (AT HI(m, Xp) + Ay (m, X,)A50) 08, (4.42)
From (4.23)) we have
8jAj71 - Aj72 iy 1 Aj,2 2 K 4 Aj73 ) 2 ) ) )
= o) + (5- (Ajl) +(5-3) Ajvl)atj + A2 r(m)ot; —r(p — t)0t;.
Let
O[:6—I€’ 02(8—35)(}6—6)‘
2K 2K

Actually, ¢ is the central charge for SLE,. Then we compute

0; A% A
j‘la],l =« A]'72 . 85] (t]’) + EAjﬁatj + OéAilI‘(m)atj —ar(p— tj)atj. (4.43)
4,1 J:1 6

)

Recall the R defined in Section Define M on D by

M= AilAg’lF*%Yexp(aR(m)). (4.44)
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Then M is positive. From (2.3), (1.18), (4.34), (4.38), (1.42), and (4.43), we have

oM A A
;/\/[\ = aﬁ(?{j(tj) + %Aj(m, X;)0&(t;) —ar(p —t;)0t; + ozAilr(oo)atj. (4.45)
]7

When ¢, =0, we have Aj; =1, Aj2 =0, m =p—t;, and X; = &;(tj) —gr,j(tj, xx), so the RHS
of (4.45) becomes L A;(p — t;,&;(t;) — Gr,;(t;, xx))0&;(t;). Define M on D by
M (ty,t5)M(0,0
M(t1,t5) = M{h, 12) M(0,0) (4.46)
M(tl, O)M(O, tg)

Then M is also positive, and M (-,0) = M(0,-) = 1. From (4.39) and (4.45) we have
0B;(1))
Ve

So when t;, € [0,p) is a fixed (FF)-stopping time, M is a local martingale in ¢;.

8M K A"Q ~
T [(3 - 5) A;,l + Aj(m, X5)Aj1 — Aj(p — t5, & (t5) — gr,(t5, Jfk))] (4.47)

Let J denote the set of Jordan curves in A, that separate T and T,. For J € J and
Jj = 1,2, let T;(J) be the first time that §; visits J. It is also the first time that fr; visits
I,(J). Let JP denote the set of pairs (J1,J2) € J? such that I,(J1) N Jo = 0 and I,(J;) is
surrounded by J. This is equivalent to that I,(J2) NJy = 0 and I,(.J3) is surrounded by J;.
Then for every (Jl, Jz) € JP, ﬁLl((O,tl]) N 62((0,t2]) = @ when tl S Tl(Jl) and t2 S TQ(JQ), SO
[O,Tl(Jl)] X [O,TQ(JQ)] CcD.

Lemma 4.4. There are positive continuous functions N(p) and Ng(p) defined on (0,00) that
satisfies N1(p), Ns(p) = O(pe™P) as p — oo and the following properties. Suppose K is an
interior hull in D containing 0, g maps D\ K conformally onto A, for some p € (0,00) and
maps T onto T, and § is an analytic function that satisfies e o g = goe’. Then for any x € R,
| In(d’(x))| < Nr(p) and |Sg(x)| < Ng(p), where Sg(x) is the Schwarzian derivative of g at x,
i.e., 8g(x) = §"(x)/§ (x) — 3(§"(2) /9 (x))*.

Proof. Let f = g~ ! and f: g~ L. Then eiof: foe'. Since f’(@’(m)) =1/¢'(z) and Sf(ﬁ(m)) =
—SG(x) /7 (), we suffice to prove the lemma for f. Let P(p,z) = —ReS;(p, z) — In|z|/p and
P(p,z) = P(p,e**) = ImH;(p, z) + Im z/p. Then P(p,-) vanishes on T and T, \ {e7P} and is
harmonic inside A,. Moreover, when z € A, is near e™?, P(p, z) behaves like — Re(ziz%i)—i-O(l).
Thus, —P(p, -) is a renormalized Poisson kernel in A, with the pole at e™?. Since In | f| is negative

and harmonic in A, and vanishes on T, there is a positive measure px on [0, 27) such that

I |£(2)] = - / P(p. 2/e€)dpuc (€)= € Ay,

which implies that

Im f(2) = /P(p, eiz/eig)duK(g) = /ﬁ(p,z —8duk(§), z€S,
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So for any z € R and h = 1,2,3, f = [ 5= 1(,)yP(p, —&)duk (). Let

h

0 = 0 ~ o~
my, = inf — ,x), M,=su —Pp , L), MW = sup | ——P ,x)l, h=23.
P ser Oy (p 7) b xeg dy (p,2) P xeﬁ‘aﬁ Loy (P, )l

We have 0 < m,, < M, < oo and mp|px| < <M plir| on R. Since f(27r) = f(0) + 27, we
get 1/M, < |pur| < 1/m,. Thus, m,/M, < <M »/my and 1F] < M /mp, = 2,3, from
which follows that \Sf| < My )MP + 5 (M( )%Mp) on R. Since P(p, z) = ImHj(p, z) + Im z/p,
we see that (%lg(p, x) = H’I(p, x) +5 L and ThlaP(p, x) = th) (p,x), h =2,3. From Lemma
H M,,m, =1 5 +0(e7?) and M,g ) =0(e7P), h=2,3, as p = 00. So we have In(M,/m,) =
Olpe) and 6 My Mo (M My = Ope). =

P
mp

Proposition 4.1. (Boundedness) Fix (Ji, J2) € JP. Then |In(M)] is bounded on [0,T1(J1)] X
[0,T5(J2)] by a constant depending only on Jy and Jo.

Proof. In this proof, we say a function is uniformly bounded if its values on [0,T1(J1)] X
[0,T5(J2)] are bounded in absolute value by a constant depending only on p, Ji, and Jo. If
there is no ambiguity, let Q(A, B) denote the domain bounded by sets A and B, and let
mod(A, B) denote the modulus of this domain if it is doubly connected. Let Jro = Iy(J2). Let
po = mod(Jy, Jr2) > 0. If t; <T1(J1) and ty < T5(J2), since Q(Jq, Jr2) disconnects K (t;) and
Kia(t2) in Ay, m(t1,t2) > po. Since m < p always holds, m € [pg, p] on [0,71(J1)] % [0, T2(J2)].
Since R is continuous on (0,00), R(m) is uniformly bounded. Since @ = H/'(m, X;) and H/'
is continuous and has period 27, @ is uniformly bounded. From Lemma for j = 1,2,
|In(A;1)| < Np(m), so it is uniformly bounded. From (£.38), In(F) is uniformly bounded. Let
s0 € R be as in Theorem (4.1 . Let I's, > 0 be defined by Lemm and Yy, = I's,(X1). Then
I‘S has period 2. So In(Ys,) is umformly bounded. Define MS0 and M;, using 1' and
with ¥ and M replaced by Y;, and MSO, respectively. Then ln(MSO) and In(M,,) are
uniformly bounded because their factors are. Now it suffices to show that In(M) — In(Ms,) is
uniformly bounded. We have

In(M(t1, t2)) — In(My, (t1, £2)) = S—If(Xl(tl, t2) — X1(t1,0) — X1(0,22) + X1(0,0))

+i(m(tl’ tz) —m(t1,0) —m(0,22) +m(0,0)).

The second term on the RHS of the above formula is uniformly bounded because m € [pg, p].
So it suffices to show that X7 (t1,t2) — X1 (¢1,0) — X1(0, t2) + X1 (0,0) is uniformly bounded. Let

G(t1,t2) = Gran(ti,€1(t)), Gt t2) = Gram(t, E2(t2)).

From (4.28) we have X; = G — §. So it suffices to show that G(ty,ts) — G(t1,0) — G(0,t5) +
G(0,0) and §(ty,t2) — g(t1,0) — §(0,t2) + §(0,0) are both uniformly bounded. From (4.20) we

24



have 01g(t1,t2) = A jHp(m(t1,t2), g(t1,t2) — E14,(t1)). Since A7, is uniformly bounded, m €
[po, p], and Hy is continuous and has period 2, g(t1,t2) — g(0, t2) is uniformly bounded. Thus,
g(t1,t2) — g(t1,0) — §(0,t2) + §(0,0) is uniformly bounded. Let Gy(t1,t2) = G(t1,t2) — & (t1).
Then G(t1,t2) — G(t1,0) — G(0,t2) + G(0,0) = G4(t1,t2) — Ga(t1,0) — G4(0,t2) + G4(0,0). To
finish the proof it suffices to show that Gy is uniformly bounded.

Let J be a Jordan curve which is disjoint from J; and I,,(J2), and separates these two curves.
Let J = (e)~1(J). Since Gy(t1,t2) = 61727@ (t1,&1(t1)) — &1(t1), from the Maximum principle,

we suffice to show that sup__- (t2 j)(G 12,4, (t1, 2) — 2) is uniformly bounded. Recall from (4.13

that él,Q,h (t1,7) = G1t,(t1,-) 0 gra(ta,-) o g (t1, )7L, So we suffice to show that the following
three quantities are uniformly bounded:

supldi(t,2) 2, sup[ralte,z) — 2, sup  [Gia(tiz) -2,

zeJ zeJ 2€9g1,2(t2,J)

The uniformly boundedness of these quantities follow from similar arguments. We only
work on the last one since it is the hardest. From (4.19) we have

t1
Git,(t1,2) — 2 = / Aq1(s,t2)°H(m(s, t2), G145 (5, 2) — E1,45(5))ds.
0

Since fgl A11(s,t2)?ds = m(0,t2) — m(t1,t2) is uniformly bounded, we suffice to show that

sup  [H(m(t1,t2), 91,6, (t1, 2) — 1,65 (81))]

2€g7,2(t2,J)

is uniformly bounded. From the properties of H, we suffice to show that there is a constant
h > 0 such that Imgi4,(t1,-) o gra(te,z) > h for any z € J. This is equivalent to that
|91.6,(t1, ) 0 g1 2(ta, 2)| < e~ " for any 2 € J. We suffice to show that the extremal distance (c.f.
[2]) between T and g14,(t1,-) © gr2(t2,J) is bounded below by a positive constant depending
only on p, J, J1 and Js. From conformal invariance, that is equal to the extremal distance
between J and T, U 5((0, t2]), which is not smaller than the extremal distance between J and
I,,(J2) since I,(.J2) separates J from T, U 87((0,t2]). So we are done. O

4.4 Local couplings and global coupling

Let 1; denote the distribution of (§;), j = 1,2. Let u = p1 x po. Then p is the joint distribution
of (&1) and (&2), since &; and & are independent. Fix (Ji, J2) € JP. From the local martingale
property of M and Proposition we have E ,[M(T1(J1),T2(J2))] = M(0,0) = 1. Define
vi.gs by dvy, g, /dp = M(T1(J1),T>(J2)). Then vy, j, is a probability measure. Let vy and
Vo be the two marginal measures of vy, j,. Then dv/dp; = M(T1(J1),0) = 1 and dvo/dpe =
M(0,T5(J2)) =1, so vj = uj, j = 1,2. Suppose temporarily that the joint distribution of (&;)
and (&2) is vy, s, instead of p. Then the distribution of each (§;) is still p;.
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Fix an (F?)-stopping time to < T5(J3). From (4.39), (4.47), and Girsanov theorem (c.f.
Chapter VIII, Section 1 of [I3]), under the probability measure v, j,, there is an (F, X F2 )¢, >0-

Brownian motion El,tg (t1) such that &;(t1), 0 < t1 < T1(J1), satisfies the (.Ell xfé)tlzo—adapted
SDE:

~ A
61 (11) = VRdBr(h) + (3 5) 5

which together with (4.14)), (4.22)), and It6’s formula implies that

d1 4, (t1) = A11v/RdB1 g, (1) + AT (A (m, &y (B1) — 1 (B, E2(t2)))dty.

dt1 + A1(m, X1) Ay 1dtq,

Recall that (i4,(s1) = §17t2(v1_7tl2(31)) and ?LLl,tQ(Sl, ) = 51717152(1)1_722(31), -). So from 1' and
1) there is another Brownian motion Bj 4,(s1) such that for 0 < s1 < vy 4,(T1(J1)),

dCi e, (s1) = \/Edél,tg(sl) + Ai(p —t2 — 51,C1,(51) — El,l,tz(sh §a(t2)))dsy.

Moreover, the initial values is (14,(0) = &1,4,(0) = é[,g,tQ(O,xl) = gr2(t2,z1). Thus, after a
time-change, gr2(t2, f1(t1)), 0 < t1 < T1(J1), is a partial annulus SLE(k, A1) trace in A,_4,
started from gy 2(t2, a1) with marked point I,_¢, o €'(£2(t2)). This means that, conditioning
on .7-",522, after a time-change, (1(t1), 0 < t; < T1(J1), is a partial annulus SLE(k, A1) trace in
Ay \ Br2((0,t2]) started from a; with marked point Sr2(t2). Similarly, the above statement
holds true if the subscripts “1” and “2” are exchanged.

The joint distribution v, s, is a local coupling such that the desired properties in the
statement of Theorem holds true up to the stopping time 7% (J;) and T5(J2). Then we can
apply the coupling technique developed in Section 7 of [26] to construct a global coupling using
the local couplings for different pairs (J1, J2).

The coupling technique is composed of several steps. First, let {(Jf, Jf) : k € N} denote
the set of all pairs in JP such that .J jk’ , k€N, j=1,2, are polygonal curves, whose vertices have
rational coordinates. Second, for every n € N, one may find a coupling of 81 and {2 such that,
for every 1 < k < n, if 1 is stopped at Tk and fs is stopped at Tk then the joint distribution
isv TE Tk To construct such coupling, we work on the two-dimensional random process M. One

may prove that there is a process M,, defined on |0, p]2, which satisfies the following properties:
1. M, is a martingale in one variable, when the other variable is fixed;
2. M, = 1 when either variable is 0;
3. My =M on [0,7] x [0,7], 1 <k <mn.

To construct M,,, we use vertical lines {t; = 7 J{c} and horizontal lines {to = 7 Jrf}, 1<k<n,

to divide the square [0, p]? into smaller rectangles. First define M,, on

n

10,755 x [0, 7] U ({0} x [0, p]) U ([0, p] x {0})
k=1
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according to 2| and |3l Then we extend M,, to other smaller rectangles one by one in such a way
that in each rectangle R not contained in any [O,TJ{C] X [O,TJg], M, (t1,t2) = fr(t1)gr(t2) for
some suitable functions fr and gr. Such extension exists, is unique, and satisfies the desired
properties. The reader is referred to Theorem 6.1 in [26] for details. The v, is then defined by
dvy,/dp = My, (p,p). Finally, the global coupling measure v is any subsequential weal limit of
the sequence (v,,) in some suitable topology.

4.5 Other results

Here we state without proofs some other results which can be proved using the idea in the proof
of Theorem [4.1]

Theorem 4.2. Let k > 0. Suppose I' is a C1? differentiable function on (0,00) x (R \ 277Z)

that satisfies

K 3 1
o = “r" + Hr (f _ 7>H’F. 4.48
=5t T Tk 2 (4.48)

Let A = Ii%, A1 = A, and Ay be the dual of A. Then for any p > 0 and a1 # as € T, there is a
coupling of two curves: B1(t), 0 <t < Ty, and Ba(t), 0 < t < Tv, such that for j # k € {1,2}
the following hold.

(1) Bj is an annulus SLE(k, ;) trace in A, started from a; with marked point ay.

(i1) If ty, € [0,Ty) is a stopping time w.r.t. (Ki(t)), then conditioned on Bi(t), 0 < t < tg,
after a time-change, ;(t), 0 < t < Tj(tg), is a partial annulus SLE(k,A;) process in a
component of A, \ Br((0,t]) started from a; with marked point By (ti), where Tj(ty) is
the first time that B; hits Bi([0,tx]), and is set to be Tj if such time does not exist. If
k € (0,4], the word “partial” could be removed.

Remark.

1. The A in the theorem satisfies the following partial differential equation:
DA = gA” + (3 - g)H” +AH + HA + AN (4.49)

On the other hand, if A satisfies |i then there is I', which satisfies A = K,I% and 1'
2. Theorem also holds for k = 0 if A solves (4.48)).

3. We may also derive similar results for radial SLE(k, A) process and strip SLE(x, A) pro-
cess. In these two cases, I' and A are functions of a single variable, and A = K}l%. It
A = Zcoty or A = £Zcothy, respectively, in these two cases, then we get the radial
SLE(k, p) and strip SLE(k, p) processes, respectively (c.f. [20]). For the radial SLE(k, A)

process, to have the commutation relation, we need that I' solves the ODE

3 1
0= gr” + coto IV + (— - 5) coty I' + CT, (4.50)
K
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where C' is a constant. For the strip SLE(x, A) process, I must solves (4.50) with cots
replaced by coths to guarantee the existence of the commutation coupling.

5 Coupling of Whole-Plane SLE

The goal of this section is to prove Theorem below, which is about commutation couplings
of two whole-plane SLE processes. This result will later be used to prove the whole-plane
reversibility. Since the proof is similar to the proof of Theorem we will frequently quote
the arguments in the previous section.

Theorem 5.1. Let k > 0 and sg € R Suppose ' is a positive C1? differentiable function on
(0,00) x R that satisfies and We also call T' a partition function. Let A = /{F,
A = A, and As be the dual of Aq. Let s1 = 8o and s = —sg. Then there is a coupling of
two curves Pr1(t), —oo <t < o0, and Bra(t), —oo <t < oo, such that for j # k € {1,2}, the
following hold.

(i) Br; is a whole-plane SLE(k, sj) trace in C from 0 to oo;
(it) Letty be a finite stopping time w.r.t. (K1 ,(t)). Then conditioned on B (s), —oo < s < ty,
after a time-change, the curve P ;(t;), —oo < t; < Tj(tx), is a disc SLE(k, \;) process in

a component of@\Io(ﬁI,j([foo,tj])) started from 0 with marked point Io(B1,;(t;)), where
Tj(t) is the first time that 5 hits B ([—00,tk]), or oo if such time does not exist.

5.1 Estimations on Loewner maps

Let g(t,-), t € R, be the inverted covering whole-plane Loewner maps driven by some £ € C(R).
Let z € C and h(t) = Img(t,z) > 0 for t € (—o0,7;), the interval on which g(¢, z) is defined.
From (3.3)) we have — tanhs(h(t)) > h/(t) > — cotha(h(t)), and

2
oImg(he) — 1 eh(h) — 1

|0wg(t, z) + 1| < t € (—o0,Ty). (5.1)

So h(t) decreases, and %ln(coshg(h(t))) > —1/2, which together with (3.4) and integration

implies that cosha(h(t)) > %6%7%' Then we have ") > ™=t _ 3 From 1’ we see that,
if t <Imz — In(8), then |0g(t, z) + 1| < ﬁ < 4et~mz From 1’ and integration we
have

[9(t, 2) + it — 2| < 4e!™™* <172, if t <Imz — In(8). (5.2)

If g(t,-) are the covering whole-plane Loewner maps, then from g(¢,-) = Iyo gr(t, )oID, we have
Gr(t, 2) —it — 2| < 4e!™m= < 1/2, if t < —Imz — In(8). (5.3)

Let gr(t,-), —oo < t < 0, be the covering disc Loewner maps driven by some & € (—o0,0).
Let z € H and h(t) = Imgs(t,2z) > 0 for t € (—o0,7,). From Lemma and (3.11) we
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see that if —t > h(t) + 2 then |W/(t)| < 5.5¢"+ so [Le™®)| < 5.5¢8. From we see
that —t > h(t) + 2 when t is close to —oo. Suppose that —t > h(t) + 2 does not hold for
all t € (—00,7.), and let ¢y be the first ¢ such that —¢ = h(t) + 2. Then |4e~h()| < 5.5¢!
on (—oo,tg]. From and integration we have e0t2 = ¢~h(l)) > ¢=Imz _ 55000 which
implies that e~ ™% < (e? + 5.5)e!0 < 13¢f0. Thus, if ¢ < —Imz — In(13) then —t > h(t) + 2
so |A/(t)| < h()+t From and integration, we see that, if ¢t < —Imz — ln(13), then
e~ mar(tz) > The=Imz which implies that Img;(t,2) < Imz + In(13/7.5) < — 2, which,
together with Lemma implies that [Hj(—t,g(t,2) — £(t))] < 5.542 Im”t < IOeIm”t
From (3.11), (3.12) and 1ntegrat1on we have [g(t, z) — z| < 10e™#if t < —Imz —1In(13). If
g(t,-) are the 1nverted covering disc Loewner maps, then from §(t,-) = I_, 0 §;(t,-) o Iy, we have

|9(t, 2) + it — 2| <10e” ™=+ <10/13, if t < Imz — In(13). (5.4)

5.2 Ensemble

The argument in this subsection is parallel to that in Section Let &1,& € C(R). Forj = 1,2,
let gr;(t,-) (resp. g;(t,)), t € R, be the whole-plane (resp. inverted whole-plane) Loewner
maps driven by &;. Let g7 ;(t,-) and g;(t,-), t € R, j = 1,2, be the corresponding covering
Loewner maps. Suppose {; generates a simple whole-plane Loewner trace: fr;, j = 1,2. Let
Brj = looBj, j = 1,2, be the inverted trace. Let K;(t) and K7 ;(t) be the corresponding hulls.
Define D and m using and with O replaced by —oo and A, replaced by C. Fix any
Jj # ke {1,2} and t; € R. Let Tj(t;) be as defined as before. Then for any t; < T}(tx), we
have (t1,t2) € D. Moreover, as t; — T;(ty)~, m(t1,t2) — 0.

For —oo < tj < Tj(tk), let /817]}751@ (tj) = gk(tk,ﬁjﬂ‘(t]‘)). Then Bj,tk is a simple curve in D
starts from 0. For —oo < t; < Tj(t), let vj, (t;) = —mod(D \ Br 4, ([—00,t;])) = —m(ti, t2).
Then vj;, is continuous and increasing and maps (—oo, Tj(t;)) onto (—00,0). Let v7 4, (t) =
Brj.tx (v;tlk (1)), —oo <t < 0. Then 77y, is the disc Loewner trace driven by some (s, €
C((—00,0)). Let ;s be the corresponding inverted disc Loewner trace. Let hr s, (t -) and
hjt,(t,-) be the corresponding disc and inverted disc Loewner maps. Let hr it (t,-) and h],tk (t,-)
be the corresponding covering Loewner maps.

For —oo < t; < Tj(tk)v let §j7tk(tj)7 /Bj,tk( ) 91,5,t (t ) 93, tk( ) gIJ T (th')a and %tk (tjv )
be the time-changes of (j, (t), Vit (t), Rrje, (t, ), Ry, (), hLJ t,.(t,), and hjy, (,-), respec-
tively, via vjy, .

Define G 4, (t;,-) and él,k,tk (tj,-) by d4.12|) and (]4.13[). Then we could choose the driving
function (s, such that - ) holds. Define A;j and A; g using (4 and - A standard
argument using Lemma 2 1 in [23] shows (4.17) and (4.18]) hold here From the definition of
Grht,(tj,-), we get (4 , which can be differentiated to conclude that holds here, and
holds with p — t] replaced by co. Let X be defined by (4.28] - Then ) holds. Let @

be defined by (4.30). Then (4.31))-(4.36) still hold.

From Lemma we have

Q=0("™), as m — oo. (5.5)
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From Lemma 4.4, we see that, for j = 1,2,
In(A;1),A;s =0(me ™), as m — oo. (5.6)

Since €' is the capacity of K j(t;), which contains 0, we have K ;(t;) C {|z| < 4e%}. This
then implies that K;(t;) C {|z| > e % /4}, Ky ;(t;) C {Imz > —t; — In(4)}, and K;(t;) C
{Imz <1In(4) 4+ t;}. Thus,

{(tl,tg) € R? : t1 +t2 < —ln(16)} c D, (57)

m(tl, tz) > —t1 —tg — ln(16), if (tl, tg) e D. (5.8)

From (5.5)-(5.8), we see that A7 A3,Q = O(e" ") as t; + t, — —oo. Define F on D using
(4.37) with the lower bounds 0 replaced by —co. From Lemma Aps — 0 ast; — —oo.

Thus, (4.38) still holds here, and In(F(t;,t5)) = [" Au8EL2) 0 4, (51 19)2ds;. Changing

—o00 Aj,1(s1,t2)?

variable with x(s1) = m(s1,?2), and using (4.18)) and (5.6),we conclude that

In(F)=0(me ™), as m — oo. (5.9)

5.3 Martingales in two time variables

The argument in this subsection is parallel to that in Section H Let (BEH)(L‘)) and (Bén) (1))
be two independent pre-(T;x)-Brownian motion. Let £;(t) = BJ(-'{) (t)+st, teR, j=1,2.
For simplicity, suppose £ € (0,4]. Then for j = 1,2, a.s. (;) generates a simple whole-plane
Loewner trace (7 ;, which is a whole-plane SLE(k, sg) trace in C from 0 to co. We may apply
the results in the prior subsection. For j = 1,2, let (.7-",5] )icr be the complete filtration generated

by €%(¢;). The whole-plane Loewner objects driven by &; are all (F})-adapted, because they are
all determined by (e’(£;(t))). It is easy to check that for j # k € {1,2}, the processes (87, ),
(gf,jik(tj?'))? (Aj,h)a h =1,2,3, (Ajﬂ): (GIJ,tj (tlﬁ ))7 (Gf,j,tj (tka ))7 (el(gj,tk))v (el(Xj))v (m)7
HM (m, X1)), (T;(m, X;)), (A;(m, X;)), (Q) and (F) defined on D are all (FL, x F2)-adapted.
This is not true for (&;,,(¢;)) and (X;), but is true for their images under the map e’. Define
Y using . Then (Y) is also (F}, x F2)-adapted since I'; has period 27.

In this section we work on SDE with the meaning as in Definition the stochastic part
contains pre-(T; x)-Brownian motions, and the time intervals start from —oo. The traditional
It6’s formula works only for time intervals that start from 0 or a finite number. To derive the
results in this section, we may truncate the interval “(—oo,T)” by an arbitrary real number
¢ (and we work on the interval [¢,T)), which is close to —oo. Fix j # k € {1,2} and any
(FF)-stopping time t, € R. Let ftjf’“ = fg'j x Ff, t; € R. From now on, all SDE will be
(]:t];t’“)—adapted (with the meaning as in Definition , and t; ranges in [0, Tj(t)).

First, we find that (4.40f) still holds here, which then implies . From the modified
, we see that ds here with p — t; replaced by oo. Let M be defined by .
Then holds with p — ¢; replaced by oo.
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Define M on D by

2

Vi Sj 55
M = Mexp (ar(oo)(m ) + 21:2 —2g(t) + %tj). (5.10)

Then M is (F} x F2)-adapted. From the modified (4.45)) and that &;(t;) = BJ(»K) (tj) + sjt;, we
compute

aB\" (t;)

K

5=l st

So M is a local martingale in ¢; when t;, is a finite stopping time.

(5.11)

Let J denote the set of Jordan curves in C\ {0} that surround 0. For J € J and j = 1,2, let
T;j(J) denote the first time that 3; hits J. Then T}(J) is also the first time that 5; ; hits Io(J).
Let Hj denote the closure of the domain bounded by Iy(J), and let C; denote the capacity of
Hy. If Ky ;(t) C Hy, then ¢ < Cj. So we have Tj(J) < In(C}).

Let JP denote the set of pairs (Ji,J2) € J? such that Io(Jy) N Jo = @ and Io(Jq) is
surrounded by Jy. This is equivalent to that Ip(Jz) N'J; = () and Iy(J2) is surrounded by
Ji. Then for every (Jl,JQ) e JPp, ﬁj,l(tl) 75 ﬁg(tz) when t; < Tl(Jl) and t9 < TQ(JQ), SO
(—OO,Tl(Jl)] X (—OO,TQ(JQ)] C D.

Proposition 5.1. (Boundedness) Fix (Ji,J2) € JP. (i) |In(M)]| is bounded on (—oo, T1(J1)] X

(=00, To(J2)] by a constant depending only on Ji and Ja. (ii) Fix any j # k € {1,2}. Then

In(M) — 0 as t; = —oo uniformly in t, € (—oo, Ty (J)].

Proof. Let Ty, be given by Lemma[d.3] Let Ty 1 = Ty, and Ly 2(t,2) = Ty, (£, —2). Define Yy,
2

on D by Yy, = Iyp1(m, X1) = Ty 2(m, X3). Then Yy, = Yexp(—2X; — %), From Lemma

A3

In(Ys,) = o(m) as m — oc. (5.12)
Define ]\750 using 1} with Y replaced by Y;,. From l) we have
8(2) S0
M = My, exp ((ar(o0) + 30)(m+t1 + 1) + 2(X1 = G1(h) + &(12))).  (5.13)

From (5.6)), (5.9), (5.12), and that R(p) = O(e™P) as p — oo, we see that there is a positive

continuous function f on (0, 00) with lim, ,~ f(z) = 0 such that
| (Mo (£1, t2))| < f(m(ts, 22)). (5.14)

Let Q(Iy(J1), J2) denote the doubly connected domain bounded by Iy(J;) and Jy. Let pg > 0
denote its modulus. For (t1,t2) € (—o0, T1(J1)] x (=00, Ta(J2)], since Q(Iy(J1), J2) disconnects
Kr1(t1) from Ks(t2), we have m(t1,t2) > po. On the other hand, m < p. From we see
that In(Ms,) is uniformly bounded. From , , , and that Ty (J;) < Cj, < 00, we
see that In(M) — 0 as t; — —oo uniformly in t; € (—oo, T;(Jx)]. The rest of the proof follows
from and the following proposition. O
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Proposition 5.2. Fiz (J1,J2) € JP. (i) | X1 — & + & and |m+t + ta] are bounded on
(=00, T1(J1)] x (—o0,Ta(J2)] by constants depending only on Ji and Jo. (i) For any j # k €
{1,2}, X1 — & + & — 0 and m+t; +tp — 0 as t; — —oo, uniformly in ty, € (—oo, Tj(Ji)].

Proof. Recall that Tj(J;) < Cj, < oo for j = 1,2, and m > py > 0 on (—o0,T1(J1)] %
(=00, T5(J2)]. If there is no ambiguity, let (A, B) denote the domain bounded by sets A and
B, and let mod(A, B) denote the modulus of this domain if it is doubly connected.

From we have X1 (tl,tg) = 61727,52 (tl,fl(tl)) — 51717t2 (tl,fg(tg)). SO
X1 (t1,t2) — &1(t1) + Sa(t2)] < (G110 (11, &(t2) — Ea(t2)] + |Grawm (t, &1(0) — & (k). (5.15)

From we have limy, o0 g1.1.4,(t1, 2(t2)) = &2(t2). From , , and Lemma
we see that there is a deterministic positive decreasing function f(z) with lim,_,~ f(z) = 0 such
that ’§[717t2(t1,€2(t2)) — 52(t2)| S f(m(tl,tg)). Since m Z Po on (—OO,Tl(Jl)] X (—OO,TQ(JQ)],
|g1,1,85 (t1,&2(t2)) — &2(t2)| is uniformly bounded by f(pg). From and that T5(J2) < Cy,,
we see that gr 1+, (t1,&2(t2)) — &2(t2) — 0 as t; — —oo, uniformly in to € (—o0, Ta(J2)].

Let J be a Jordan curve separating J; and Jr 2. Let p1 = mod(J, Ji) and ps = mod(J, Jr2).
Let J = (e!)~(J). Let hy, = inf{lmz: z € J} and hy; = sup{Imz : z € J}. Then both hyy,
and hy are finite. For j = 1,2, there is h; > 0 depending only on pj, such that, if K C D
is an interior hull with 0 € K and mod(D \ K) > pj, then K C {|z| < e M}. If t; < Ty (Jy),
then J; disconnects J from K (t1), so mod(J, K1(t1)) > p1. Since Q(J, Ki(t1)) is mapped by
g1(t1,-) conformally onto Q(g1(t1,J),T) C D, mod(gi(t1,J),T) > py. Since~gl(t1, J) surrounds
0, g1(t1,J) C {lz| < e7™}. Since gi(t1,J) = (¢')"Hg1(t1,J)), g1(ts,J) C {Imz > hy}.
Similarly, if to < TQ(JQ), then §[72(t2, J) - {Imz < —hg}. Ift1 < Tl(Jl) and tg < TQ(JQ), then
91,5 (t1,-) 0 gra2(te,-) maps C\ Ki(t1)\ Kr12(t2) conformally onto Ay,. A similar argument shows
that the image of J under this map lies in {e™™ "2 < |2| < e7™}. Thus, g1, (t1, gr.2(t2, J)) C
{hl S Im 2 S m:hg}, lle § Tl(Jl) and t2 § TQ(JQ)

Let z20 € C\Kl(tl)\KLQ(tg), w1 = ﬁl(tl, Zo), wo = §]72(t2, 20), and w3 = §1,t2(t1,w2). From

6-2), (5-3), and (5.4) we sce that

lwy — (2 — it1)] < 4deft71M20 < 1/2 if ¢ < Im 2 — In(8); (5.16)
lwy — (20 + itg)| < def2TIm=0 < 1/9 if ty < —TIm 2 — In(8); (5.17)
lws — (wy +im)| < 10e” ™M@ < 1 if Imwy +m > In(13). (5.18)

Now let zo € J. From the prior paragraph, Im g1 (s, z0) > hy for s < t1, Imgr2(s, 20) < —hg for
s < tg, and m(s,t2) — ha > gi4,(s,w2) > hy for s < t;. From (5.1) we have [0:g1(s, z0) + i| <
ﬁ, for s < tj. Similarly, |0:g12(s, 2z0) — 1| < eh22—1 for s < t9. If t; < Imzy—In(8), then from
(5.16), |wi — (zo—it1)| < 1/2. If t1 > Im 29 —1n(8), we let ¢} = Im 29 —1n(8), and w} = §1(t}, 20)-
Then we have |w] — (z0 — it})| < 1/2. From the bound of |9:41(s, z0) + 7|, we see that

, _ 2(ty —t})) 20y —2(Imzp —In(8)) _ 2Cy + 21In(8) — 2k,
! / 1
[(wn +ity) = (wy +it))] < =F—0 < = S = :

32



20, +21n(8)—2hm .
7 +2n() }. Then in all cases we have

Let A; = & 4+ max{0,

ef1—1
lwr — (20 — it1)] < Ay (5.19)
Similarly, let As = % + max{0, 27 +e2h1;1 (i) 2l }. Then we always have
lwa — (20 + it2)| < As. (5.20)
Since Im z¢ > h,,, we have
to —Imwy < Ag —Imzg < Ag — hyp. (5.21)

If Im wy +m(t1, t2) > In(13), from (5.18), we have |ws — (wg +im(t1,t2))| < 1. Now suppose
that Im wg + m(t1,t2) < In(13). We may choose | < t1 such that Imws + m(#), t2) = In(13).
Let w§ = i, (t),w2). Then we have |wh — (we +im(t),t2))| < 1. For s < ti, since hy <
Im g1 4, (s, w2) < m(s,t2) — hy, from Lemma [2.1] we have

) ~ 4e~m
[H;(m(s, t2),im(s, t2) — 1,1, (s, w2) + &4, (8))] < Ay
Since Hy(m, z) +¢ = H;(m, z —im) = —Hj(m,im —z), we have
N : de~M :
[H(m(s, 2), g1t (5, w2) = 1,05 (s)) +1i| < if s <.

(1—e )3’

Let Cy = e 7. From (4.18)), (4.20), li 5.21]), and the above inequality, we have

4
(1—e—h1)

|(ws —im(ty,t2)) — (wh — im(ty, t2))| < Co(m(ty, t2) — m(t1, t2))

< Co(In(13) = Imwy + t1 + t2 +In(16)) < Co(In(13) 4+ In(16) + Cy, + Az — hy).

Let A3 = 1+ max{0, Co(In(13) +1n(16) + Cy, + A2 — hy,)}. Then |wg — (we +im)| < A3 always
holds, which together with (5.19)) and (5.20)) implies that, for any ¢; < T1(J1) and t2 < To(J2),

Grom,(ti,wr) —wy —i(m+t +t)] < A1+ Ag + Az, wi € §i(ts, J). (5.22)

Now g1 (t1, j) is a curve with period 2w above R, the function w — 61727752 (t1,w) —w has period

27, is analytic in (g1 (t1, J), R), and its imaginary part vanishes on R. Applying the maximum
principle to the real part of this function, and using (5.22)), we conclude that

|él,2,t2(t1,51(751)) &) <A+ Ax+ Az, if ty <T1(J1) and to < Th(Ja).
This together with ([5.15) and the estimation of |gr.1.,(¢1,&2(t2)) — &2(t2)| implies that | X; —
&1 + &o| is uniformly bounded on (—oo, T1(J1)] X (—o0, Ta(J2)].
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Since G 24,(t1,-) maps T onto T, and is conformal in the domain that contains the region
between g;(t1,J) and T, there must exist z; € g1(t1,J) such that |G 24,(t1,21)| = |21|. Choose
wy € §1(t1,j) such that e’(w;) = z;. Then Im 6172,t2(t1,w1) = Imw;. From we get
|m—+t) +to| < Ay + Ag + As, if t1 < T1(J1) and to < Th(J2), which finishes the proof of (i).

Now suppose t1 +t; < —1 — 2In(13) — 2In(16) and Im 2z = 252, Then

t t 1
1th S +1n(13) + In(16) > In(8).

Imzg—t1 =—Imzyg —to = —

Since K1(t;) € {Imz < In(4) + In(t;)} and K7s(t2) € {Imz > —In(ty) — In(4)}, we have
zp € C\ Ki(t1) \ Kr2(t2). From (]5.16[) and (]5.17[) we have

lwr — (20 — it1)], lwa — (20 + it)] < de” 27 < 1/2. (5.23)
From (5.8)), (5.23)), and the upper bound of ¢; + t, we have
1 t t 1
Imwy +m > Imz + 1y — 5 —t1 —tp ~ In(16) = —% — In(16) > In(13).
Thus, from (5.18) and the above inequality we have
Gty (b1, w2) — (ws + im)| < 10e~™~1mw2 < 964757 (5.24)
From (4.13)), , and (5.24) we see that if ¢; +to < —1 — 21In(13) — 21n(16), then

t1+to

G roy(t1,w1) — wy —i(m 4ty 4 t2)| < 272¢ 2 w1 € g1(t1, Ry, —4y)/2)-

The argument between ([5.22)) and the end of part (i) can be used here to show that, if ¢; +t3 <
t1+t t1+to

—1—21n(13)—21n(16), then ‘61727152@1,§1<t1))—§1(t1)’ < 272e 2 2 and |m+t1+t2\ < 272e 2
These inequalities together with the uniform limit of gy 1 ¢, (t1,&2(t2)) — &2(t2) and the fact that
Ts(J2) < Cy, imply that (ii) hold for j = 1 and k = 2. Interchanging ¢; and t2, we find that
m+t] +ty — 0 and Xo — & + & — 0 as to — 0, uniformly in t; € (—oo,71(J1)]. From
we see that Xo — &+ & = — (X1 — & + &2), so we have X7 — & + & — 0 as to — 0, uniformly
in t; € (—oo,T1(J1)]. This completes the proof of part (ii). O

 Let D = DU{(t1,—00) : t1 € [~00,00)} U {(—00,t3) : ta € [~00,00)}, and extend M to
D such that M = 1 if ¢; or ty equals —oco. From Proposition we see that M is positive
and continuous on D. So for any fixed j # k € {1,2} and any (FF)-stopping time 3 which is
uniformly bounded above, M is a local martingale in ¢; € [—o0, Tj(tx)).

5.4 Local coupling and global coupling

Let 1; denote the distribution of (§;), j = 1,2. Let u = p1 x pp. Then g is the joint distribution
of (§&1) and (&2), since &1 and & are independent. Fix (Jq,J2) € JP. From the local martingale
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property of M and Proposition we have E ,[M(T1(J1),T>2(J2))] = M(—o00,—00) = 1.
Define vy, j, by dvy, j, = M(T1(J1),T2(J2))dp. Then vy, j, is a probability measure. Let 14
and v be the two marginal measures of vy, j,. Then dvi/dpu = M(T1(J1),—o0) = 1 and
dvy/dpy = M(—o00,T5(J2)) =1, so vj = pj, j = 1,2. Suppose temporarily that the distribution
of (&1,&2) is vy, s, instead of . Then the distribution of each (&;) is still p;.

We may now use the argument in Section with a few changes. Here M (t1,ty) satisfies
instead of (4.47)); £;(t;) does not satisfy (4.39), but is a pre-(T; x)-Brownian motion with
drift s;-¢. The traditional Girsanov theorem needs to be modified to work for the current setting.
Eventually, we can conclude that, under the probability measure v, j,, for any j # k € {1, 2},
if t is a fixed (FF)-stopping time with t;, < Tk(Ji), and gi(t,-), —0o < t < oo, are the
inverted whole-plane Loewner maps driven by &, then conditioned on fﬁ, after a time-change,
gr(tr, K1,j(t5)), —oo < t; < Tj;(J;), is a partial disc SLE(k, Aj) process in D started from 0
with marked point e’ (& (t)).

The proof of Theorem can be now completed by applying the coupling technique.

6 Partial Differential Equations

With Theorem at hand, to prove the main theorem we need to find particular solutions to
that satisfy certain properties. This section serves this purpose. From Lemma we see
that solving is equivalent to solving with ¢ = % — 1. Throughout this section, we
assume that k > 0 and o € [0, %), and will find solutions to 1) in these cases. In particular,
we will obtain solutions to (4.1)) when x € (0, 4].

The solutions to is obtained by construction. We will transform into a similar
PDE (6.26]), where Hy is replaced by H;. We know that as ¢ — oo, Hj(¢,-) — cothy, and
PDE (6.26) tends to another PDE (6.27)), which has a simple solution \T/oo given by (6.28)).
Then we let ¥, = \IJ/\TJOO, and find that ¥ solves if and only if VU, solves PDE ([6.29)). A
formal solution to is expressed by a Feynman-Kac formula (6 , which involves diffusion
processes. Such dlffusmn _processes are introduced and studied in Sectlon [6.1 In Section
we describe how close is H (¢, -) to cothy when ¢ is big. In Section [6.3 we transform the PDE
for ¥ into the PDE ﬁf} for \I', and give an intuitive reason Why the formula
gives a solution to . In Section we prove that the \qu given by is smooth, and
solves . So we obtain a solution I' to (4.1)). However, such I' does not satisfy . For
this purpose, note that is a linear PDE, and H; has period 2m, so any translation of I" by
an integer multiple of 27 also solves . The solutions to which also satisfy will
be obtained by summing over all translations of I' with suitable weights.

The following symbols will be used in this section. For any n,j € N, we call an j-tuple
A= (M,..., ;) € N a partition of n if \; > -+ > X; and ) %_; Ay = n. The length of such
partition is denoted by I(A\) = j. Let P,, denote the set of all partitions of n. For example, (n)
is the only element in P, with length 1. Let Py = (J,,cny Prn denote the set of all partitions.
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6.1 Diffusion processes

Fix 7 < 0. For z € R, let u(t,z), t > 0, be the solution to

Opu(t,z) = 7 tanhy(u(t, z) + VKB(t)); u(0,z) = . (6.1)
Then X, (t) := u(t,x) + /rkB(t) satisfies the SDE

dX,(t) = VkdB(t) + 7 tanha (X, (t))dt, X.(0) = z. (6.2)
Lemma 6.1. For any = € R, we have a.s. [ tanh)(X,(t))dt = oo and

lim sup X, (t) = 400, liminf X (t) = —oo. (6.3)

t—00 t—00

Proof. Fix z € R. Let X(t) = X,(t). Define f(t) = [!cosho(s)"*"ds, ¢ € R. Then f is a
differentiable increasing odd function and satisfies § f” + 7tanhy f/ = 0. Let Y (t) = f(X(?)).
From and Ito6’s formula, we have dY (t) = f/(X (t))y/kdB(t). Define a time-change function
u(t) = [y xf'(X(s))*ds. Since 7 < 0, f/(t) > 1, ¢t € R. Thus, u(t) >t for all t € R. So u
maps [0, 00) onto [0, 00), and Y (u"1(t)), 0 < ¢ < oo, has the distribution of a Brownian motion.
Thus, holds with X replaced by Y, which then implies . Since X is recurrent, and
tanhy > 0 on R, we immediately have a.s. [ tanh (X, (¢))dt = oo. O

Lemma 6.2. For any b,c >0 and x € R,

P[3t > 0,| X, (t)] > ct +b] < 2 (2l=0), (6.4)

Proof. First, it is well known that holds with X (t) replaced by x +/kB(t). So it suffices
to show that (] X,(¢)|) is bounded above by a process that has the distribution of (|z++/kB(t)|).
This can be proved by using Theorem 4.1 in [3]. Here we give a direct proof.

Let Y (t) = | Xx(t)| From and Tanaka-Ito’s formula, we have

Y (t) = |z| + V&Bo(t) + gT /Ottanhg(Y(s))ds + L(t), t>0, (6.5)

where By(t) is a Brownian motion, L(¢) is a non-decreasing function, which satisfies L(0) = 0
and is constant on every interval of {Y(¢) > 0}.

Fix tg > 0. There is t{, € [0, o] such that L(t) is constant on [t tp]. We may assume ¢, is the
smallest such number. There are two cases. Case 1: ¢t = 0. Then L(to) = L(t,) = L(0) = 0.
Since 7 < 0, from (6.5), Y (to) < |z| + v/kBo(t). Case 2: t{ > 0. Then Y (¢)) = 0. Since 7 < 0,
from ,

Y(to) — || = VkBo(to) < Y (to) — |z = VkBo(to) = —|z| — VEBo(ty)-
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Thus, in either case, we have

Y (to) < |z + vEBo(to) + max{0, sup {—|z| - VkBo(s)}}.

0<s<tg

The RHS of the above inequality defines a process that has the distribution of |z + /kB(to)|,
to > 0 (c.f. Chapter VI, Section 2 of [I3]), so the proof is completed. O

Lemma 6.3. There are C,, > 0, n € N, with C; =1, such that

|tanh ()\<C’ tanh (z )g% reR, neN.

Proof. Note that tanh)(z) = 3 coshy 2(x) € (0,1/2]. So the second “<” holds. By induction,

one can prove that for every n, there are a( " ¢ R, 0 <j <n—1,such that
n—1 ) ] n—1 )
tanhgn) (x) = Z a§n) coshy * 77 () sinhd () = Z agn) coshy ?(z) tanh (z).
=0 j=0

Since |tanh*;(x)| < 1 and cosh; ? = 2tanhj, we may choose C,, = 2 > ]ag.n)|. O

Lemma 6.4. For every m € N, there is a polynomial P, (t) of degree m — 1 such that for any
t>0andx€R|8$m =(t)] < Pp(t).

Proof. Since X,(t) = u(t,z) + /rB(t), 2 Lo X, (t) = u™ (t,z). It suffices to show that for every
m € N, there is some polynomial P,,(t) of degree m — 1, such that

W™ (t,2)] < Pu(t), t>0,z€R (6.6)

< 0. Differentiating (6.1)) w.r.t.
1

Let f.(t) = 7 tanh} (X, (t)). Since 7 < 0 and tanh2 >0, folt
]. Thus, holds in the case

)
and using u/(0,z) = 1, we get u/(t,x) = exp fo f=(s)ds) € (0,
n =1 with Pi(t) =
Let n € N, n > 2. Suppose that holds for any m < n—1. Differentiating n times,
by induction we find that there are b,(\) € R for A\ € P, with b,((n)) = 7 such that
I\
Ayu™ Z b ( tanh(l ))(Xx(t)) H uM (¢, z), u™(0,z) = 0. (6.7)
AEP, k=1

Observe that the term u(™(t,z) appears only once in (6.7), i.e, in the case A = ((n)), and the
coefficient is 7tanh(X,(t)) = f.(t). From Lemma and induction hypothesis, there is a
polynomial g, (t) of degree n — 2 such that

™ (t,x) = fo()u"™ (t,2) + gu(t), u™(0,z) =0.
Solving this inequality using the fact that f,(¢) < 0, we can conclude that holds in the

case m = n, which finishes the proof. O
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6.2 Some estimations

We will need some estimations about the limits of H 7 — tanhy as ¢t — o0o. Let
I/:I]’q(t, z) = Hy(t, z) — tanhy(2).
From we have
HIq (t,z) Z tanhf(z — nt) = Z %coshf(x—nt) > 0.
2|n#0 2|n#0
Lemma 6.5. Let C,,, n € N, be as in Lemma[6.3. Note that C; = 1. Then

|| 2t

i (t2)| < 43+, t>0z¢ck

~ (n) 1 4e~t R
|H1q(t x)|§C”<§+1_7€—2t)’ t>0,zeR, neN.

Moreover, for any c > 0,

~ 9elc—2)t
[Hpq(t,2)] < 1= o2t ift >0,z €R, [z| <ct.
~~ (n) 4elc—2)t .
Hj,(t,2)] < Cn ny = Yt>0,z€R, lz| <ct,neN.

Proof. We first show (6.12)). From ([2.12)) and we have

ﬁ[,q(t, x) = Z (tanhg(z — 2mt) 4 tanhg(z + 2mt))

m=1

2mt T 2mt —x >

o —
e —e e —e B 2(e* —e™")
- Z (_ e2mt | ox + e2mt +6f:t> o Z e2mt | e—2mt | oT | o=z’

m=1 m=1
Thus,
0
~ 2e|$‘ 2€|J}‘—2t
Hyq(t,2)] < Z p2mt 1 _ g2t
m=1

Then (6.12)) is a direct consequence of this inequality.

Secondly, we show (6.10). Since |tanhs(z)| < 1, from it suffices to show

~ || 2t
H;(t < — 424 ——7.
By < @ aos 20
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We first consider the case |z| < t. From (6.14]) we have

2€\x|—2t 2€—t
<1+

owm St (6.16)

[Fr(t,2)] < | tanho(a)] + [Hrg(t,2) < 1+
Thus, ) holds in this case.

Then we con51der the case |x| > t. There exists m € N such that (2m—1)t < |z| < (2m+1)t.
Since H; is odd, we only need to con51der the case that (2m — 1)t < x < (2m + 1)t Let
xg = & — 2mt. Then |zo| < ¢t. From we have HI(t x) =2m + H[(t xo). From
with x = 2o we have

2t |3:| 2t

<42+

[Hi(t,2)] < 2m + [Hy(t,z0)] < 2m + 14 ;——5 < 1—e 2t

where the last inequality uses @ > 2m — 1. So we have 1) and 1}
Now we prove (6.11)) and (6.13)). From (6.9) we have

~ 1 1
0<H (tae)=Y 5 coshy*(nt — ) < 37 = coshy*(nlt — [2])
2|n#£0 2|n#0

> omt _ 4elrl—2t
m=1 m=1

which implies (6.13) in the case n = 1. From (6.17) we have IA{,I(t,:c) <1+ lfe:gt if |z| < t.
Since ITI,I has period 2t, this inequality holds for all x € R. Since ITI,Lq < ITI,I7 6.11) holds in

the case n = 1. From and Lemma we have |ITI§nq) (t,x)| < Cnﬁ;?q(t,x). So (6.11]) and
(6.13]) in the case n > 2 follow from those in the case n = 1. O

Lemma 6.6. For every n € NU {0}, there is a constant Dy, > 0 such that for any j € {1,2},
t>0, and z € R,

i (n) || | 4e~t
]H < —_ __
0 H (8,2 z)| < Dn ( +3+ 1—6*215) (2+ 1—6*2t>‘ (6.18)

Moreover, for any n € NU{0} and ¢ > 0, there is a constant D,, > 0, such that

2e(c—2)t
1—e 2t

j+1
O/ (1, 2)] < D, ( ) . ift>0,z€R, |z| < ct; (6.19)

Proof. Let A(t,x) = \x| +3+ 1= 6_2“ B(t,z) = 5 Ly - e_gt, and C.(t,x) = %{;?f. In this proof,
by X <Y we mean that there is a constant C' such that X < CY. Here C may depend on n

if X depends on n. From (6.10)), (6.11f), (6.12]), and (6.13)), we see that

[Hiq(t,2)| S At 2), \Hfrnq) (t,x)| S B(t,x) S A(t,z), zeR nel (6.20)
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H"(t,2)| < Celt,z), ifx€R, |z| <ct,neNU{0} (6.21)

As t — oo, H; — tanhy. Then (2.13) becomes 0 = tanh/ + tanh) tanhy, which can be
proved directly. From ([2.13)), , and the above equation, we get

-~ ~/ ~/ -~ -~ ~/
OHr,=H;,+H; Hj,+tanhy Hy , + H;  tanhy. (6.22)

Then (6.18) and (6.19) in the case j = 1 and n = 0 follow from (6.20)), (6.21]), (6.22), and
Lemma [6.3]
Differentiating (2.13) w.r.t. = twice, we get

~

~7 A~ A~ ~/
875HI:HI +HIH[+(H1)2.
~ /! ~ (4) ENVIEN 1)
atHI:HI +HI HI+3HIHI'
Differentiating (2.13]) w.r.t. ¢ and using the above two displayed formulas, we obtain

02, — Y 4 of) H, + 40 H, + H) (H,)? + 2(H,)°H,.

As t — oo, this equation tends to the following equation, which can also be checked directly.
0 = tanh{" +2 tanh}’ tanh, -+4 tanh/ tanh}, + tanh} tanh2 +2(tanh})? tanhs .

From , and the above two equations, we compute

A~/ )

~(4) A~ A~ "o ~ I A~
+ 2H17qH[7q + 2tanh2 H]’q + 2HI7qHI,q + 4HI,qHI,q

217 _
875 HI:‘I - HI,q

+4I/-\Illlyq tanhf, + tanhg(lf-\ll,q)2 + QIz-\Ilflqu/-\ILq tanhg +2 tanh) I/-\Il,q tanhy
~ 11 ~/ o~ ~/ ~ —~7 ~
+H,  (tanhy)® + H; ,(H;,)* + 2(H; ))*Hy, + 4H,  tanhy Hy

+ 2(tanh’2)2f-\117q + 2(1/-\1/17(1)2 tanhy +4I/-\I/I7q tanh tanhs . (6.23)

Then (6.18) and (6.19) in the case j = 2 and n = 0 follow from (6.20), (6.21]), (6.23), and

Lemma [6.3] )
~(n

Differentiate (6.22) and (6.23) n times w.r.t. z. We see that 9;H; , can be expressed as a

sum of finitely many terms, whose factors are Hgk; or tanhgk), k € NU{0}. In every term, the

factors of the kind Hgk) appear at most twice, and the factor H; , appears at most once. So we
derive (6.18) and (6.19) in the case j = 1 and n € N from (/6.20)), (6.21]), and Lemma We

see that 8t2ﬁ§nq) can be expressed as a sum of finitely many terms, whose factors are constant,

Hgkg, or tanhék). In every term, the factors of the kind Hgk; appear at most three times, and

the factor Hy , appears at most twice. So we derive 1 and (6.19) in the case j = 2 and
n € N from (6.20)), (6.21)), and Lemma O
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6.3 Feynman-Kac expression
We begin with a lemma, which can be proved directly. Recall the definition of H 7in 1’

Lemma 6.7. Let ¥ and U be functions defined on (0,00) x R. The following expressions are
equivalent:

~ z2 o+3 2
U(t,x) = e2~t Yy ﬂ—,zx . (6.24)
t t 't
2 ol 2
U(t,z) =e 2xt Ty W—,Ex . (6.25)
t t ¢

If the above two equalities hold, then ¥ satisfies if and only if T satisfies

— 90 = g@” +oH,T. (6.26)

As t — oo, IfI/I — tanh), so 1’ tends to

— VU, = g@;’o + o tanh) (2) Vo (6.27)

Let 7 be the non-positive root of the equation % =I+Z ie,7=r/4—/K?/16+ ko. Then
T =14 —2when o= % — 1. It is easy to check that |D has a simple solution:

2 2

= Tt

oo (t,z) = e coshs’ (). (6.28)
Recall the H 1,4 defined in . The proof of the following lemma is straightforward.

Lemma 6.8. Let U and \Tl be deﬁned on (0,00) X R, and satisfy T = \Tloolflq, where Voo 18

defined by Then U satzsﬁes 0) if and only zf\I/ satisfies
~ K~ ~ ~/ o~
— 0¥, = 5@;’ + 7 tanhy W, + oH W, (6.29)
Suppose @q solves 1} Let X;,(t) be as in 1) Fix tg > 0 and zg € R. Let
~ t —~/
M(t) = Bylto + 1, Xpy () exp (o /O B, (to + 5 Xy (5))ds ).

From (6.2), (6.29), and Itd’s formula, we see that M(t) is a local martingale. If M(t) is a
martingale on [0, 00], and W, — 1 as t — oo, then from My = U, (t, z¢) we have

(I\lq(to, xo) =E [exp (0 /000 IfI/Lq(to + S,Xxo(s))ds)] (6.30)

This Feynman-Kac formula holds under many additional assumptions. We do not try to prove
it. Instead we now define \Il by (6.30). We will prove that \Il is finite and differentiable, and
solves

41



6.4 Regularity

Fix ¢y € (1+ £0,2). This is possible because o € [0, 2). Then we have

exp <ﬁ — %) <1 (6.31)

Throughout this subsection, we use C to denote a positive constant, which depends only on
K, 0, co, and could change between lines. The symbol X <Y means that X < CY for some C.
Let a(t) = m Then t 1 +1 < at) St + 1. For m € NU {0}, let &, denote the event
that | X, (s)| < s+ m for all s > 0. From we have

Plee] < 2ex(e=m 1 e NU {0}, (6.32)
Proposition 6.1. \/I\/q s finite and satisfies
1< U,(t,z) < exp (C(t—l n 1)e<00—2>t) (14 Cexlel=Feoty, (6.33)

Proof. Fix t > 0 and x € R. Assume that &,, occurs for some m € NU {0}. If s > Tzo;f‘l)t then
| Xz(s)] <s+m <co(s+1t), so from (6.13) with C; = 1 we have

felco—2)(s+)

= - (co—2)(s+1)
=1 o205+t < aft)e :

qu(t+s Xz(s)) <

Ifo<s< "clo_f‘it, from —1 < ¢y — 2 and lb with C7 = 1, we have

4ef(s+t) 1
T (co—2)(s+t)
[y g Tale

)

~ 1
Hy,(t+ 5, Xa(s)) < 5 +

Since ¢y — 2 < 0, at the event &,

RPN 1 (m—cot) VO aft)elco=2)t
H X, (s))ds < = , 34

Let H(t) = exp(o [;° ITI,I,q(t + 5, Xz(s))ds). From (6.32]) and (6.34)) we have

\IIQ(tv ‘73) =E [15@0” H(t)] + Z E [1£m+1\gmH<t)]
m=|cot|
(co—2)t 1 +1—|eot alt)elco—2)t
oa(t)e 2l—m o(m c e
< exp <(2)> Z 2 (lzl=m) ¢ ( ( — 1L o)) + (2)_ . ) (6.35)
oot €o 0
Change index using m = [ + |¢ot]. The second term of the RHS of (6.35) equals
2|z|  2|cot] o e(CO Dt & 2!
2 —_— - ——). .
P ( K K + 2(co— 1) += - ) Zexp ( 2(cp — 1) /-@) (6.36)
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From ({6.31]), the infinite sum is finite. Thus, from I:I,I,q >0, 0 > 0, and ([6.35)), we have

< Wy(t,x) < exp (W) (1+c 2l )

Then (6.33)) follows from this formula and that a(t) < ¢!+ 1. O

Let n € N. Formally differentiate (6.30) n times w.r.t. x. If the differentiation commutes
with the integration and expectation at every time, then we should have

~

\IJ((Z”) (t,z) =E [exp (o /000 I/-\I/Lq(t + S7XI(S))dS) . Qo,n(v0’k7>\(t,x))], (6.37)

where Qo is a polynomial of degree < n without constant term in the following variables:

) 5
VoAt x) = / qut—l-sX H (s)ds, keN,\ePy. (6.38)

With Qoo =1, (6.37) becomes (6.30). Let n € NU {0}. Formally differentiate (6.37)) w.r.t.

t. If the differentiation commutes with the integration and expectation, then we should have

AV(t,7) = E | exp (o / Hy o+ 5, Xa(5))ds) - Qun(vo e 010, (6.39)
0

where Q1 is a polynomial of degree < n + 1 without constant term in the variables v x
defined by (6.38]) and

v kAt ) ::/ 8tH§q) t+ s, Xo( H 83;/\ (s)ds, keN,\AePyU{N’L  (6.40)
0

Here by A € N we mean that the factor [] g A;T X, (s) disappears. Moreover, in every term of
Q1 ,, factors v1,k,\ appear at most once.

Formally differentiate w.r.t. t. If the differentiation commutes with the integration
and expectation, then we should have

x
O} ( "(t,z) =E [GXP (U/ H,  (t+ S,Xa:(S))dS) - Q2,0 (Vo,k, s U1k V2,k,0) | 5 (6.41)
0

where Q2 is a polynomial of degree < n + 2 without constant term in the variables v i x
defined by (6.38)), v1 i x defined by (6.40), and

o0 1N
~ (k

va pA(t, ) :—/ 6t2H§7;(t + 5, X4 (s)) | |

0 ,

Jj=1

ol

——X.(s)ds, keN,\ePyU{N}.
oz
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Moreover, in every term of Qa,, factors V2 k,n appears at most once; when a factor V2 k)
appears, factors vy \ disappear; and when factors vy ) disappear, factors vy ) appear at
most twice.

Now we suppose &, occurs for some m € NU{0}. Using (6.11]), (6.13), (6.38), Lemma
and the argument in , we conclude that, for any k£ € N and A € Py, there is a polynomial
P, » with no constant term such that

oAt 2)| < Pex((m — cot) V 0) + Ca(t)el0 )", (6.42)
Let j € {1,2} and n € NU{0}. If s > ”;‘O;fgt then |X;(s)| < s+m < c¢o(s+t), so from 1'

we have
9e(co—2)(t+s)

1—e2
Ifm>cot and 0 < s < "Zo;fgt, from |D and the definition of &,,, we see that for j = 1,2,

i~ (n) | X2 (s)] 2et Ni/1 de™t
oLy (X)) < D55 +3+ 7o) (54 7o)

c~ (n j+1 .
TR (¢ + 5, X, (5))] < D )J < oty eleo-2+s)

L, 4t
2 1—e2
Thus, from Lemma [6.4} for k € N and \ € Py U {N°},

m — cot

2et \J , .
vt 2)] S @ty (e "D 4 Py ((m—cot) V0)), j=1,2, (6.43)

where Pjy ) is a polynomial with no constant term.

Let (j,n) € {0,1,2} x (NU{0}) \ {(0,0)}. From (6.42), (6.43]), and the properties of Qg ,

neN, Qi, and Qa,, n € NU {0}, we see that, at the event &,,,
1Qjnl S () [Pin((m — cot) V 0) + Qjn((m — cot) V 0)a(t) el 2, (6.44)
where Pj,, and @), are polynomials, and P;,(0) = 0.

Proposition 6.2. For (j,n) € {0,1,2} x (NU{0}) \ {(0,0)},
E [exp (a /OOO Hy (¢ + S,Xx(s))ds) - |Qj,n|}

2lz|  2cqt

< exp (C(t_l n 1)e<co-2>t) (772 1) (el0 Dt 4 FE T (6.45)

Proof. Let Hj(t) = exp (o [ I/-\I,Lq(t—l—s,Xx(s))ds)~\Qj,n|. Recall that (6.34) and (6.44) hold
at the event &,,. Using (6.32) and the argument in (6.35)) and (6.36)), we see that

E([H; ()] =Ele, , Hin()]+ > Elle, e, Hin(D)]

m=|cot|
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2|lz|  2cot
N

< exp (C’a(t)e(coﬂ)t)a(t)2j+"e(6072)t + ex + C’a(t)e(c‘)”)t)-

o0

. N
> a®) (Pin(l+1) + Qjm(l + a(t) el D) exp (L N ,) .
=0 ) ) 2(cp— 1) K
Then (6.45) follows from (6.31)) and that a(t) <t~ '+ 1 and a(t)¥ " <7772 + 1. O

Theorem 6.1. The function \qu is C°° differentiable and solves . Moreover, for j €
{0,1,2}, n € NU{0}, there is a positive continuous function c;j,(t) on (0,00) such that for any
t € (0,00) and z € R, |8tjlflgn)(t,m)| < ijn(t)e%m.

Proof. For n € N U {0}, define \Tl,[lo’n], \Tf[ql’"] (t,z) and @([12771] (t,z) to be equal to the RHS of
(6.37), (6.39) and (6.41]), respectively. From the above two propositions, these functions are
well defined, and there are positive continuous functions ¢;,(t) on (0, 00) such that

(Wt 2)| < eju(t)esl, j=0,1,2, neNuU{o}. (6.46)

Let n € NU{0}, j € {0,1,2}, t € (0,00), and x1 < x2 € R. Since \\Tl(gj’nﬂ]\ satisfies 1’

from Fubini’s Theorem, we have

x2 o~ . o~ . o~ .
/ GUm (1, o) = B (¢, ) — B (2, 2). (6.47)

1

~

Thus, ‘I'[qj s absolutely continuous in « when ¢ is fixed, and its partial derivative w.r.t. x is a.s.

equal to \T/,[IJ " Since \Tlgj ] g continuous in x for fixed t, we see that ‘T&[IJ i continuously

differentiable in z, and the partial derivative exactly equals \ﬂf ]

n €N, so \/I}EIJ O is ¢ differentiable in z when ¢ is fixed, and (I\lt[]] M i its n-th partial derivative

]

. The above holds for any

w.r.t. x. Especially, since \qu = \T/g)’g , we see that \T/q is C*° differentiable in z when ¢ is fixed,
and \TJ([JO’"] is its n-th partial derivative w.r.t. x.

A similar argument using Fubini’s Theorem shows that, for any n € NU {0}, j € {0,1},
\/I\l,[lj’n} is absolutely continuous in ¢ when zx is fixed, and its partial derivative w.r.t. ¢ is a.s.
equal to \/I\IEIJ Ll 8o @[107"] is continuously differentiable in ¢ when =z is fixed, and the partial
derivative exactly equals \T/([ll’n]. From and , we see that \Tl([f M i locally uniformly

Lipschitz continuous in . We have seen that ‘/I\lgj ] is continuous in ¢ for every fixed z. So \TJ([]] ]

is continuous in both ¢ and x. Thus, \qu = \/I\J,[IO’O] is O differentiable.
Fix tg € (0,00) and zp € R. Let M(t) = E [exp (a I I/_i/Lq(tO + s,XxO(s))ds) ‘.7-}}, t > 0.

Then M(t), 0 <t < o0, is a uniformly integrable martingale. From (6.30) we have

M(t) = Wy(to +t, Xuy () exp (cr /0 t ﬁ},q(to + s, Xxo(s))ds). (6.48)
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From , 1t6’s formula, and the differentiability of \qu, we see that \qu solves for t > t.
Since this is true for any ¢y € (0, 00), (I\/q solves .

Since (I\fq is C1>° differentiable, the same is true for the RHS of . Thus, 8,5{1\'(1 is also
C1 differentiable. So \qu is 02> differentiable. Iterating this argument, we conclude that \qu
is C'°*° differentiable. The previous argument shows that o (I\ln) = \/I}([IJ " for any j € {0,1,2}
and n € NU{0}. The bounds of \Bglfl((ln)| then follow from . O

Theorem 6.2. Let \/I\lg = (I\Jq . ‘ifoo, where \/I\’oo 1s defined by . Then \TIO 1§ a positive C'°>°
differentiable function on (0,00) xR and solves (6.26). Moreover, j € {0,1,2}, forn € NU{0},

there is a positive continuous function c;n(t) on (0,00) such that, for anyt € (0,00) and x € R,
010" (1,2)] < in(t)er.

Proof. Since \qu and (I\/OO are both positive and C°>° differentiable, the same is true for \/I\lo =

\/I\lq-\/l}oo. Since (I\lq solves , from Lemma \T'O solves . From Lemma , and

that 7 < 0, we see that for any j,n € NU{0}, |85\/I\/£.Z) (t, )| is bounded by a positive continuous
function in ¢, which, together with Theorem implies the upper bounds of |9} \/I\l(()n)(t, x)|. O

Theorem 6.3. Let Yy be the transformation of the above (I\fo via (with v replaced by \Tlo).
Then Vg is a C° differentiable positive function on (0,00) x R and solves . Moreover,
for j €{0,1,2}, n € NU{0}, there is a function hjy(t, |x|), which is a polynomial in |x| for any
fized t, and every coefficient is a positive continuous function in t, such that for any t € (0, 00)

. 22 |z
and x € R, |8g\11(()n)(t,:r)| < hjnl(t, |£Ij’|)€_m+2Tt‘,
Proof. Since \Tlo > 0. ¥y > 0 also. The differentiability of \2110 is obvious. Since \Tl solves
(6.29), from Lemma Wy solves |D Let Wy(t,z) = ¥o(%, Fx). From Theorem it is
straightforward to check that for every j € {0,1,2}, n € NU {0}, there is a function f;,(t, |z),
which is a polynomial in |z| of degree j when ¢ is fixed, and every coefficient is a positive

continuous function in ¢, such that

)6{\1/(()”)(75,3:)’ < fint]z)ex T t> 02 R (6.49)

It is easy to verify that for every j € {0,1,2}, n € NU{0}, there is a function g;, (¢, |z|), which
is a polynomial in |z|, and every coefficient is a positive continuous function in ¢, such that

2

) 22 «
(agag(e*m(g)“%) < gin(t,|z)e 3%, t> 0,z R (6.50)

From (6.25), Vo (t,x) = efﬁ(%)‘ﬂé\lla(t, x). So we get the upper bounds of |8g\llén) (t,z)| from

6.49)) and (6.50)). O
(6.49) and (6.50)

_2
Theorem 6.4. Let Vg be as in the above theorem. Let o = WoO, * and I'y,(t,x) = To(t,x —
2mm), m € Z. For sy € R, let Lis) = ZmGZ e%mSOFm. Then Liso) 25 @ C°>> differentiable
positive function on (0,00) x R, satisfies [4.9), and solves ([4.4).
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Proof. Let Wy, (t,r) = Wo(t,x — 2mm) for m € Z and ¥ ) = Zmeze =MW, Since Of
_2
has period 2w, we have I'(,y = W, ,©; . Since Oy is a C°>* differentiable positive function

with period 27, from Lemma we suffice to show that Wy is a C°>* differentiable positive
function, satisfies (4.2]), and solves (4.5)). It is clear from the definition that W, satisfies (4.2).
Since Uy is a C°>> differentiable positive function that solves (4.5)), and H; has period 27,

every U, also satisfies these properties. So W, is positive The upper bounds of |8] \IJ n) (t, )]
imply that W is finite, and the series Zmeze R msOE)J\IIm converges locally uniformly for
every j,n > 0. Fubini’s Theorem implies that ¥, is C°* differentiable and 8{ WE:{% =
Zmeze mso(’?J\I/( n) Thus, W) also solves 1) O

6.5 Distributions

Proposition 6.3. Let p > 0, so € R, and zo,y0 € R. Let I'y,, m € Z, and T4y be as in
Theorem . Let Ay = m% for = € {m,(so)}. For m € Z, let By, be the covering annulus

SLE(k, o) trace in Sy started from xo with marked point yo+2mm+pi. Let §<SO> be the covering
annulus SLE(k, A(s,)) trace in S, started from xo with marked point yo + pi. Let PBW m € 7,

and PE (50) denote the distributions of Bm, m € Z, and §<SO>, respectively. Then

Ze*mso m(P: 70 = 40) p_ (6.51)

=, L5y (0,20 — o) = P

Proof. For m € Z, let &,(t), 0 < t < p, be the solution to (3.13) with A = Ay and yy replaced
by yo + 2mm. Let £ () be the solution to (3.13) with A = A ). Then the covering annulus
Loewner traces of modulus p driven by &, m € Z, and {4,y have distributions ngm, m € Z,
and Pz (s0)" respectively. Let X,,(t) = &n(t) — Regém(t,yo + 2mm + pi) + 2mm, m € Z, and
Xisoy () = Esoy () — Re g0 (t,yo 4 pi). Since Ty (t,2) = Do(t, & — 2mm), we have Ay, (t,x) =
Ao(t,x — 2mm). Since Reg(t,y + pi) = gr(t,y) for y € R, and H; is odd and has period 27,
from (3.9)), we find that, for x € {m, (so)}, with ®, := A, + Hy, X.(¢) satisfies

X, (t) = VrdB(t) + . (p — t, X (t))dt, X.(0) = 20 — yo.

Let Px . denote the distributions of ( ( )). Since &, (t) = X, (t) + Yo — fg H;(p X (r))dr,

0 <t < p, we suffice to show that holds with the subscripts “B” replaced by “X ?. The

rest of the proof is a standard apphcation of Girsanov theorem. One may check that for every

2—7Tm8() Fm(p—t,X<50>(t))
m € Z, Mp(t) :=e 50y (0—1:X(50) @)

dMp (t dB(t . dPX,m _ Mm(oo
that Mm(it)) = (Am — Asp)) \/,(;) and Y, 7 My, (t) = 1; and we have le’X),(<SO> = Mm((O))' O

y is a nonnegative martingale w.r.t. Px (), and satisfies
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Remark. Since I, satisfies (4.2), A has period 2m. So A is a crossing annulus drift
function, and we could define the annulus SLE(x, A(y,)) process. However, each A, does not
have period 27. It only makes sense to define the covering annulus SLE(k, A,,) processes.

Proposition 6.4. Let p > 0 and zg,y9 € R. Let I'y be as in Theoremm and Ay = m%. Let
B(t), 0 <t < p, be the covering annulus SLE(k,No) trace in S, started from xo with marked
point yo + pi. Then a.s. dist(yo + pi, B([0,p)) + 27Z) = 0.

Proof. Let &(t) be the driving function, and g(t,-), 0 < ¢t < p, be the covering Loewner maps.
Then g(¢,-) maps Sy \ (8([0,p)) + 27Z) conformally onto S,_;, and maps R, onto R,,_;. From
Koebe’s 1/4 Theorem, we suffice to show that a.s. §'(t, yo + pi) - p%t — o0 ast—p.

Let X (t) =&(t) — Reg(t,yo + pi) and &g = Ag + H;. Then X (¢) satisfies the SDE:

X(t) = VKdB(t) + ®o(p — t, X (t))dt, 0<t<p.
From 1) we have In(g'(t,yo + pi) - ;55) = fOt(H'( s, X(s)) + p%s)ds. Let &) = &
Since Wy and Uy satisfy (6.24)), we have ®q(s, (— Tz)+ % Let p = ”7; and X (t) =

s7s
PEX(p — pH) 0 <t < oo. Then X(0) =

time-change of a semimartingale, we see tha

~ e>‘ )
O‘O‘

z) =
(0 ) ( o — Yo). Applying Ito’s formula and
(t) satlsﬁes the SDE:

P
s
t

X(0
X(t

dX(t) = VeB(t) + ®o(p+t, X (t))dt, 0<t< oo,

for some standard Brownian motion B(¢ (t). Changing variables using § = ;—28 — P, we get
t t 2 2 Pts 2
H,(p—s,X(s))+ ds:/(H —, X(p———=))+ >A —— ds
[ @ —sx)+ s = [ (I x-S+ )

2 2 2 . 1 t ., .
_/ (Grap™iGTs 55 @)+ 5 )d§: H) (5 + 5, X (3))d5,
0 0

pD+3) p+s p+3s D+ s

where ¢ = p— p, and the last equality follows from . So we have

lim In(§ (¢, yo + pi) - p):/Oooﬁ}(ﬁ+§,)?(§))d§z/OootanhQ( (3))d3,

t—p~ p—t

where the last inequality follows from (2.12)).
A

From Girsanov theorem and the fact that ﬁ@ = ﬁ@" + 7 tanho, we find that the distribu-

0 q

tion of (X (t)) is equivalent to that of (X = (wo—yo) (t)) defined by l} and the Radon-Nikodym
P
derivative is M (c0)/M(0), where M (t) is defined by (6.48). Since (X%(xo_yo)(t)) is homo-

geneous and recurrent, we have a.s. [;° tanh’z(Xz(xo_yO)(t)' dt = oo, which implies that a.s.
p

Jo© tanhb(X (3))ds = co. Thus, a.s. §'(t,yo + pi) - 525 — 00 as t = p~. O
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Corollary 6.1. Let p > 0, so € R, and xo,y0 € R. Let T'(5y be as in Theorem and

As) = HF . Let B(t), 0 <t < p, be the annulus SLE(k, N)) trace in S, started from e
with marked pomt e P Then a.s. dist(e P _3([0,p))) = 0.

Proof. This follows immediately from the above two propositions. ]

Remark. For the reader’s convenience, we now make a hst of the functions defined in this
section. First, \IIq is defined by a Feynman-Kac formula 0) depending on k > 0 and ¢ €
[0, ) Second \Ilo is defined to be the product v \I/oo, Where \Iloo is a snnple solution of (6

given by (|6 . Third, ¥y is the transformation of the \Ilo via . Fourth, the partl‘mon
2

27

functions are defined by T'g = WO, *, 'y, (¢, 2) = [o(t,z — 2m7r), and gy = > ez € 0T,
Fifth, the annulus drift functions are defined by A, = R%.

7 Reversibility

The main result of this section is the theorem below which generalizes Theorem

Theorem 7.1. Let r € (0,4] and so € R. If B(t), —co <t < oo, is a whole-plane SLE(k, so)
trace in C from a to b, then theAreversal of B, up to a time-change, has the distribution of a
whole-plane SLE(k, so) trace in C from b to a.

Proof From conformal invariance, we only need to consider the case a = 0 and b = oo. Let
I'(s) be given by Theorem with o = = — 1. Then I'(,) solves 1) and satisfies 1} We
now apply Theorem.to F [sp)- Let AJ, sj and Br;(t), j = 1,2, be given by Theorem

Then for j = 1,2, f;; is a whole-plane SLE(k, s;) trace in C from 0 to oo, and satisfies that,
for any ty € Q, conditioned on fSr2(s), —oo < s < to, after a time-change, the curve £r1(t1),
—oo < t; < Ti(t2), has the distribution of a disc SLE(k, A1) trace in C \ Ip(SBr2([—00,t2]))
started from O with marked point S 2(t2), where T} (t2) is the maximal number in (—oo, +0o0]
such that £1(t) N B2([—00, ta]) = 0 for —oo < t < T1(t2).

Let & be the driving function for (Br2(t)), and go(t,-), —oo < t < oo, be the inverted
whole-plane Loewner maps driven by &s. Then g¢o(t,-) maps C\ Io(Br,2([—00,t2])) conformally
onto D, fixes 0, and takes Br2(t2) to €'(&:(t2)). Thus, conditioned on fr2(s), —0o < s <
t2, g2(t,Br1(t1)), 0 < t; < Ti(t2), is a time-change of a disc SLE(/{ Ay) trace in D started

. r
from 0 with marked point e’(&;(t2)). Since Ay = A = RF< , from Corollary and the

relation between the disc SLE(k,A) process and the annulus SLE(H A) process, we conclude
that a.s. €’(&(t2)) is a subsequential limit of go(t2, Br1(t)) as t — Ti(t2)~. Thus, Ba(ta) is
a subsequential limit of 87 1(t) as t — Ti(t2)”. If Ti(t2) = oo, then limy_,p (1,)- Br1(t) =
00 = fa(—00) # [a(t2), which is a.s. a contradiction. So Ti(t2) < oo a.s., and we have
Bra(Ti(tz)) = limy_q,,)- Bra(t) = Pa(tz) as. Since Q is countable, we conclude that, a.s.
Bra(Ti(t2)) = Ba(te) for every to € Q, which implies that a.s. f2(R) C Sr1(R). Since both S
and [ are simple, and the initial (resp. final) point of 3;; agrees with the final (resp. initial)
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point of f2, we see that (2 is a reversal of 87;1. Now ;1 is a whole-plane SLE(k, s¢) trace in
C from 0 to 0o, and f1 2 is a whole-plane SLE(k, —s) trace in C started from 0 to co. Since Iy
is conjugate conformal, o = Iy(f5r2) is a whole-plane SLE(k, sg) trace in C from oo to 0. So
we proved the theorem in the case a = 0 and b = cc. ]

Theorem 7.2. If 5(t), 0 <t < o0, is a radial SLE(k,—s¢) trace in a simply connected domain
D from a to b, then a.s. limy_,o 5(t) = b, and after a time-change, the reversal of B becomes a
disc SLE(k, A(sy) trace in D started from b with marked point a.

Proof. This follows from the property of the coupling in Theorem [7.1] and the relation between
whole-plane SLE(k, s9) and radial SLE(k, —so). O

Theorem 7.3. Let D be a doubly connected domain with two boundary points a,b lying on
different boundary components. If B(t), 0 < t < p, is an annulus SLE(k, A ,)) trace in D
started from a with marked point b, then lim;_,, B(t) = b, and after a time-change, the reversal
of B becomes an annulus SLE(k, A(,y) trace in D started from b with marked point a.

Proof. This follows from the property of the coupling in Theorem and the relation between
disc SLE(k, A(sy)) and annulus SLE(k, A4)))- O

Remark. For k € (0,6) and 0 = % + % € [o, %), the A given by Proposition can be used
to decompose an annulus SLE, process (without marked point). The statement is similar to
Lemma 3.1 in [28].

8 Some Particular Solutions

In this section, for k € {4,2,3,0,16/3}, we will find solutions to the PDE for A ((4.3) and
(4.49)) and the PDE for T' ((4.1) and (4.48))), which can be expressed in terms of H and Hj.
Since A = /-@1%, multiplying a function in ¢ to I' does not change the value of A. So we may as
well consider the following PDEs for I', where C(¢) is some real valued continuous depending
only on ¢:

T = gr” +H I+ (% — %) T+ Cr. (8.1)
o = gr” + HI' + (% - %)H’F + )T (8.2)
81 k=4
Let k = 4. From Lemma [4.1] we see that if ¥ solves.
v = 29" (8.3)

then T = ¥O72/* solves |D Similarly, I' = ¥O~2/% solves 1) if U solves lb The

solutions to 1) are well-known. For example, we have the following solutions: 6262t+cx,
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Tr—cC 2
\/E%e_( 5 , e 2siny(z — ¢), ©(2t,z — ¢), and O7(2t,x — ¢). The function O7(2t,z — )

corresponds to the solution I'(t, z) = ©7(2t,z — m)O;(t,z)~'/? of (8.1), which agrees with the
solution given by Section for k =4 and 0 = % — 1 =10. Some of these solutions are related
to the Gaussian free field ([19]) in doubly connected domains.

82 k=2
Let k = 2. In this case if = on (0,00) x R solves

= =="+ZH; +C(t)Z (8.4)

then I' := Z’ solves ({8.1)). Similarly, if Z on (0,00) x (R\ {2n7 : n € Z}) solves

O

(1]

="+ EH+ C(t)E. (8.5)

then I := =’ solves (8.2).

From we see that =; = Hy solves (8.4) and =9 = H solves with C(¢t) = 0. It is
also easy to check that Z3(t,x) = tH(t, z) + « solves and Z4(t,x) = tH(t,x) + x solves
(8.5) with C(t) = 0. The =3 corresponds to the solution I'(t,z) = tH(¢,x) + 1, which agrees
with the solution given by Section for k =2 and o = % —1=1. Such T is also the density
function of the distribution of the limit point of an annulus SLEs trace.

We now derive more solutions. Fix ¢ > 0. Let Ly = {2nm + 2kt : n,k € Z}. Let Fy; denote
the set of odd analytic functions f on C\ L; such that each z € L; is a simple pole of f, 27
is a period of f, and i2t is an antiperiod of f, i.e., f(z 4+ i2t) = —f(z). Let Fy; denote the
set of odd analytic functions f on C\ L; such that each z € L, is a simple pole of f, 27 is an
antiperiod of f, and i2¢ is a period of f. Let F3; denote the set of odd analytic functions f on
C\ L; such that each z € L; is a simple pole of f, and both 27 and 2t are antiperiods of f.

Define L L
z z
= =H(2 —H;(2 = =-H(-,-)—- -H(-, =

1(tvz) ( t?'Z) ]( t,Z), 2(t>z) 9 (27 2) 9 (272 +7r)>

1 z 1 z z 1 z
=3(t =-H(t, =) - =H;(¢t,-) — =H(¢, = —Hj(t, = .
From the properties of H and Hy, it is easy to check that F}; is the linear space spanned by

Z,(t,) for j =1,2,3. For j = 1,2,3, Define

1

— _ _ 1
Jj = 8t:j - :;{ - .:;'H, Cj(t) = iReSZ:() Jj(f, )
Fix ¢t > 0. Note that 0 is a simple pole of both H(¢t,-) and Z;(¢,-) of residue 2. It is easy to
conclude that 0 is also a simple pole of Ji(t,-). From that Z(¢,-) € F1 4, that H(t, -) has period
27, and that H(¢,z + 2m) = H(¢t, z) — 21, it is easy to check that Ji(t,-) € Fi; as well. So
Ji(t,-) = C1(t)E1(t, ). Thus, Z1 solves (8.5)). Similarly, =9 and =3 both solve (8.5)).

o1



83 k=3

Let K = 3. Let £;, j = 1,2, 3, be as in the previous subsection. For j = 1,2,3, let I'; = Z;, and
define 3 1 )
Hj == 8,5Fj - §F;/ — HF; - iH/Fj, Cj(t) == §RGSZ:0 Hj (t, )

Using the argument in the last subsection, we find that Hj(t,-) € Fj; for any t > 0. So
Hj(t,-) = C;(t)I';(t,-). Thus, I'1,T'y,T's solve . For j =4,5,6, let I'j(t,2) = I'j_3(t, z +it).
Since Hy(t,z) = H(t,z + it) + 4, I's, 5, Tg solve (8.1)).

For j = 2,3, T'; takes positive real values on (0,2m) 4 47Z, takes negative real values on

(—27,0) + 47Z, and has antiperiod 27. So A; := 3% is a chordal-type annulus drift function

that solves (4.49) for k = 3. It is worth to mention that the annulus SLE(k;A;) process
preserves the following local martingale, which resembles the G(2,a,b, z) in Proposition 11 of
[22]. The proof uses the fact that I'; solves (8.2)) for z € C\ {poles}.

Proposition 8.1. Let j € {2,3} and p > 0. Let xg € R and zp € R\ (x¢ + 27Z). Let £(t),
0 <t <T, be the driving function for the covering annulus SLE(k; Aj) process in S, started
from xg with marked point zy. Let g, 0 < t < T, be the covering annulus Loewner maps of
modulus p driven by {. Then for every z € Sp,

Di(p —t,G:(2) — £(t)  Gi(2)"/?

M) = 1 = (o) — €)1

is a local martingale for 0 <t < T.
For j =1, T'1(¢,-) takes nonzero pure imaginary values on Ry, the related function I'y agrees
with the solution given by Section for k =3 and o = % -1= % up to a pure imaginary

multiplicative constant, and A4 := 3% is a crossing annulus drift function that solves {i for
k = 3. The annulus SLE(k; A4) process also preserves a local martingale. In fact, Proposition
holds with zg € Ry, A; replaced by A4, and I'; replaced by I';.

84 k=0
Let £ = 0. Let L; be as in Section[8.2] Let Ha(t, 2) = H(¢, 2/2). From (2.8) we have
8 Hy = 4HY + 2H,H,. (8.6)

Let Ay = H—2H,. Then for each t > 0, A1(¢,-) is an odd analytic function on C\ L;, and each
z € Ly is a simple pole of A;. From H(t, 2z + 27) = H(¢, z) and H(t, z + i2t) = H(¢, z) — 2i we
see that both 47 and i4t are periods of A;(¢,-). Fix ¢t > 0, and define

Al(t7 Z)Q

J(z) = 5

— 20 (t, 2) + 3H'(t, 2).

Then J is an even analytic function on C\ L; and has periods 47 and i4t. Fix any z9 =
2nom + 12kot € Ly for some ng, ko € Z. Then 2z is a period of J, so J,,(z) := J(z — zp)

52



is an even function. Thus, Res,—., J(z) = 0. The degree of 2y as a pole of J is at most 2.
The principal part of J at zg is (zc_(zggg for some C(z9) € C. Note that Res,, H(t,2z) = 2 and
Res;, A1(t,z) = —6 or 2. In either case, we compute C(z9) = 0. Thus, every zy € L; is a
removable pole of J, which, together with the periods 47 and i4t, implies that J is a constant

depending only on t. Differentiating J w.r.t. z, we conclude that

2AY = A{A; + 3H". (8.7)
From A1 = H — 2H5 we have 2Hy = H — A;. So from and , we have
oH — 0;A1 = 20,Hy =8 ,2/ + 4H/2H2 =4H" — 4 ,1/ + (H/ — All)(H — Al)

=4H" - 2(AjA1 +3H") + (H — A))(H - A) = —2H" — AJA; + HH - A/H — H'A;.
From the above formula and ({2.8)), we have

oA =3H" + A/1A1 +H'A + AllH. (8.8)

Thus, A; solves (4.49). Note that Hj(t,z/2) also satisfies (8.6). Let Aa(t,2) = H(t,2) —
H;(t,%). Then Ax(t,-) is also an odd analytic function on C\ L; and has periods 47 and i4t.
The principal part of As(t,-) at every zg € L; is also either —=%- or —2 Using a similar
argument, we conclude that Ay also solves .

zZ—20 z—z0"

8.5 r=16/3

Let k = 16/3. Let A; and Ag be as in the last subsection. Let A3 = —A;/3. From (8.7) we
have
8 " / 4 1/
Ozg 3+4A3A3+§H .
From (8.8)) we have

OiA3 = -H" - 3A5A3 + H,Ag + AgH
Summing up the above two equalities, we get

1
atAg, = g g + gH” + H/Ag =+ AgH + AgAg
Thus, Az solves (4.49)). Similarly, A4 := —A2/3 also solves (4.49). Here A3 and A4 have period
47 instead of 2. If we want a solution to (4.3]) with period 27, we may first restrict Ag or Ay
to the interval (0,27) or (—2,0), and then extend it to R\ {2n7 : n € Z} so that the function
has period 2.
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