Lecture Notes on Random Variables and Stochastic Processes

This lecture notes mainly follows Chapter 1-7 of the book Foundations of Modern Probability
by Olav Kallenberg. We will omit some parts.

1 Elements of Measure Theory

We begin with elementary notation of set theory. We use union AU B or |, Aa, intersection
AN B or (), Aa, difference A\ B = {r € A : x ¢ B}, and symmetric difference AAB =
(A\B)U(B\ A). A partition of a set A is a family A, C A, t € T, such that A =], A, and
for any t1 # to, Ay, N Ay, = 0. If a whole space 2 is fixed and contains all relative sets, the
complement A€ is 2\ A. Recall that

AN (UBQ) =JAnB,), Au (ﬂBa> =((AUB,)

«

(LQJAQ)C:OAE, (QAQ)C:L&JAE.

A o-algebra or o-field in a nonempty set €2 is defined as a collection of A of subsets of Q2
such that

1. 0,Q € A,
2. A € Aimplies that A° € A,
3. A, € Afor all n € N implies that |J,, A, € A and [, A, € A.

We may also say that a o-algebra is a class of subsets, which contains the empty set and
the whole space, and is closed under complement, countable union and countable intersection.
There are two trivial examples of o-algebras. First, {0, Q} is the smallest o-algebra. Second,
the collection 29 of all subsets of ) is the biggest o-algebra.

A measurable space is a pair (€2,.4), where ) is a nonempty set and A is a o-algebra in Q.
Every element of A is called a measurable set.

We observe that if Ay, a € A, is a family of o-algebras in (2, then (1, A, is a o-algebra in
Q). We use this fact to define the o-algebra generated by a collection of sets. Let C C 29, i.e.,



C is a collection of subsets of Q. Let M(C) be the set of all o-algebra A in Q such that C C A.

We define
sC)= (] A
AeM(C)
Then

1. o(C) D C as A D C for every A € M(C).
2. 0(C) is a o-algebra in Q as it is the intersection of a collection of o-algebras in .

These two properties imply that o(C) € M(C), and so is the smallest o-algebra in € that
contains C. We call ¢(C) the o-algebra generated by C. There are no simple expressions of o(C)
in terms of union, intersection, and complement of elements of C.

If S is a topological space, then the Borel o-algebra B(S) on S is the o-algebra generated
by the topology of S, i.e., the collection of open subsets of S. Thus, a topological space is also
viewed as a measurable space. We write B for B(R).

Besides o-algebras, the following notation will be useful for us.

1. A w-system C in € is a class of subsets of €2, which is closed under finite intersection, i.e.,
A, B € C implies that AN B € C.

2. A A-system D in 2 is a class of subsets of {2, which contains €2, and is closed under proper
difference and increasing limits. The former means that A, B € D and A D B implies
that A\ B € D. The latter means that if A; C Ay C Ay C --- € D, then |J,, An € D.

It is clear that A is a o-algebra if and only if it is both a m-system and a A-system. If £ C 29,
we may similarly define the 7-system (&) and the A-system A(E) generated by &, respectively.

The following monotone class theorem is very useful. An application of this result is called
a monotone class argument.

Theorem 1.1. If C is a w-system, then o(C) = A\(C).

Proof. Since a o-algebra containing C is also a A-system containing C, we have A\(C) C o(C).
We need to show that o(C) C A(C). It suffices to show that A(C) is a o-algebra. Since it is
already a A-system, we only need to show that it is a 7w-system. This means we need to show
that, if A, B € A(C), then AN B € A(C).
At the beginning, since C is a m-system, we know that if A, B € C, then AN B € C C A(C).
Now we show that
A € C and B € \(C) implies that AN B € A(C). (1.1)

We prove this statement in an indirect way. Fix A € C. Consider the set
Sa:={BCQ:ANBe\C)}.

Then



1. C C 8y,
2. S4 is a A-system.

To check the second claim, we note that
1. Q€ 84 because QN A = A;

2. If By D By € Sy, then BiNA D BasNA, and so (Bl\BQ)\A = (BlﬂA)\(BgﬂA) S A(C)
Thus, By \ B2 € Sa;

3.If Bl C B C B3 C -+- € Sa, then BBNAC BhbNACBsNAC--- € AlC). So
UBnNA=U(B,NA)e A(C), which implies that | J B,, € Sa.

This means that S is a A-system that contains C. So S4 contains A(C). This finishes the proof

of .

Next we show that
A € X\(C) and B € A\(C) implies that AN B € A(C).

This is enough to conclude that A(C) is a m-system. For the proof, for any A € A(C), we define
S by the same way as before. By (1.1}, S4 contains C. The argument in the last paragraph
shows that S4 is a A-system. So S contains A(C), and the proof is complete. O

For any family of spaces 4, t € T', the Cartesian product [, € is the class of all collections
(w:teT), where wy € Q forallt € T. When T ={1,...,n} or T=N={1,2,...}, we write
the product space as Q1 x --- x Q,, and Q; x Qy x ---. If all Q; = Q, we use the notation Q7
Q" or Q.

If each € is equipped with a o-algebra A;, then we introduce the product o-algebra [[, A;
as the o-algebra in [], Q; generated by the class of cylinder sets

{AtxHQS:{(wS:SGT):thAt and ws € Qg for s At} :t €T, Ae A} (1.2)
s#t

We call ([T, 2,11, A¢) the product of the measurable spaces (£, A;), t € T. In special cases,
we use the symbols A; x -+ Ay, A1 x Ay x ---, AT A", A=,

In Topology, one may define product of topological space, which is also a topological space.
A natural question to ask is whether the Borel o-algebra generated by the product topology
agrees with the product of the Borel o-algebra generated by each topology. The answer is Yes if
we only consider a countable product and each space is a separable metric space. A topological
space is called separable if it contains a countable dense set.

Lemma 1.2. Let S1,Ss,... be separable metric spaces. Then
B(S1 x Sg x--+)=B(S1) x B(S3) x +--.

We remark that the product on the left is about topological spaces, and the product on the right
is about measurable spaces. For example, since R is a separable metric space, B(R™) = B™.



Proof. Let T, denote the topology in S,,. Then o(7,) = B(Sy). Let
Cr={Anx [] Sm:An€B(Sn)}, Cr={Anx [[ Sm:4neTh}, neN;
Co = U,,C} and C1 = |J,,C}. By definition of product o-algebra,
B(S1) x B(S2) x -+ =0(Cq).

On the other hand, the product topology on 57 x Sy x - - - is the topology generated by Cr. We
denote it by 7 (C7). Thus, the Borel o-algebra on the product space is

B(S1 x Sz x -++) =o(T(Cr))-

It remains to show that o(Cy) = o(7(Ct)). It is easy to show that C} = o(C%) for each n.
So

o(Cr) = ol Jcp) c ol Jo(ep) = o Jep) = o(Cr) € o(T(Cr)-

For the other direction, we use the fact that each 7, has a countable base, i.e., there is a
countable set 7,) C 7Ty, such that each element of 7, can be expressed as a union of some elements
of 7. To construct 7!, let A, be a countable dense subset of S,, (because S,, is separable), and
let

T, ={{w e S, :dist(w,2) < q}:2 € Ay,q € Q1 }.
It is easy to check that 7! satisfies the desired property. We may use 7,/ to construct a countable
basis of the topology in S1 x Sz X -+, namely

Ap X Ay X -+ X Ay X St X g1 X -+

where m € N and A4; € 7/ for 1 < j < m. Every element of the countable basis belongs to
0(Cy). Since every open set in S; x Sg X --- is a countable union of elements in the basis, we
have T(Cr) C 0(Cs). Thus, o(T(C7)) C 0(Cs). The proof is then complete. O

Let S and T be two nonempty sets. A point mapping f : S — T induces two set mappings
f:25 52T and f~!: 27 — 25 such that

fA={f(z):z €A}, f'B={xecS:f(z)e B}

for A C S and B C T. Note that for the definition of f~! we do not need f to be surjective or
injective. Then we have

ree= eyt UB=Usr M Be ) Be= (1B (1.3)
t t t t

For a class C C 2T, we define
flc={f'B:BeccC}



Lemma 1.3. Let S and T be o-algebras in S and T, respectively. Then f~'T is a o-algebra
inS and {B CT:f'BeS}isaoc-algebra in T.

Proof. Tt follows directly from (1.3). O

In the setup of Lemma 1.3, we call f~!T, denoted by o(f), the o-algebra induced or gen-
erated by f; and if f —IT c S, then we say that f is S/T-measurable or simply measurable if
S and T are fixed. Note that o(f) is the smallest o-algebra in S w.r.t. which f is measurable.

Lemma 1.4. If C C 27 satisfies that T = o(C), then f~'T C S if and only if f~1(C) C S.

Proof. Clearly f~'T C S implies that f~1(C) C S. On the other hand, if f~1(C) C S then
by Lemma 1.3, the class of sets B C T such that f _i(B) € Sisa o-algebra in T'. Such class
contains C by assumption, and so it contains o(C) = T. Thus, we get f~'T C S. O

Lemma 1.5. If f : S — T is a continuous mapping between two topological spaces, then f is
measurable with respect to the Borel o-algebras B(S) and B(T).

Proof. Let Tg and Tr be the topologies in S and T, respectively. Then B(S) = o(Ts) and
B(T) = o(T7). By continuity of f, f =177 C Ts C B(S). By Lemma 1.4, f1B(T) C B(S). O

Let C € 25 and A C S. We define
ANC={ANB:BeC}c2t

It is clear that if C is a o-algebra in S, then ANC is a o-algebra in A. We then call (4, ANC)
a (measurable) subspace of (S,C). This definition mimics that of topological subspaces.

Lemma 1.6 (slight variation). If A C S and C C 2%, then ca(ANC) = ANog(C). Here we
use o A(-) (resp. o5(-)) to denote the o-algebra in A (resp. S) generated by some class.

Proof. Since C C og5(C), ANC C ANog(C). Since the RHS is a o-algebra in A, we get
oa(ANC) C ANog(C). To prove the other direction, let S denote the class of B C S such
that AN B € o4(ANC). Then S contains C and ANS C o4(ANC). Since o4(ANC)
is a o-algebra in A, it is easy to see that S is a o-algebra in S. Thus, S D 05(C), and so
ANog(C) Coa(ANC). O

Suppose (5,C) is a topological space, and A C S. Then A is a topological subspace with
topology ANC. By Lemma 1.6, B(A) = ANB(S), and so A is also a measurable subspace of S.

Lemma 1.7 (composition). For three measurable spaces (S,S), (T,T), and (U,U), and two
measurable mappings f : S — T and g : T — U, the composition go f : S — U is measurable.

Proof. We have (go f)"'U = f~lg7'U c f'T C S. O

Lemma 1.8. Let (2, A) and (S;,S:), t € T. be measurable spaces. Let U C [[,S; and
f:Q — U. Then f is UNT], Si-measurable if and only if for each t € T, fy :== m o f is
Si-measurable, where my : [L, Sr — S; is the t-th coordinate map.
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Proof. Suppose f is U N[], S;-measurable. Fix t € T and B € S;. We have

fB= B[Sy = wnBx]s)eA
st s#t

So f; is Si-measurable. Now suppose each f; is S;-measurable. Then for each cylinder set in
ST of the form B x [Is4Ss: B € S, we have f~1(B x [Tsz Ss) = f 1B € A. Since the class
of such cylinder sets generates the o-algebra [], St, by Lemma 1.4, f~' [, S; C A. Thus, f is
[1; Si-measurable if we treat it as a function from Q to [], S;. For any A € U N[], S, there is
B €1, St such that A=UnNB. Then f"'A= f~'B e A So fis UNJ[[, Si-measurable. [

Recall that o(f) = f~'[[, S¢ and o (f;) = f; ', t € T, are the o-algebras in Q induced by f
and f;, respectively. Let

o(fe:teT)=o(l o))

teT

and we call it the o-algebra generated by f;, t € T.
Corollary . o(f) =o(fi:te€T).
Proof. This follows immediately from Lemma 1.8. We leave it as an exercise. 0
We use the following symbols:
R, =[0,00), R =[-00,00], Ry =[0,00].
The latter two spaces have Borel o-algebras
B(E) = o(B.{sc}, {-}), BE:) = o(BR4), {s0}).

We now fix a measurable space (£2,.4). A function f from Q into an interval I C R is
measurable if and only if for any z € I, {w : f(w) < x} is measurable. This follows from
Lemma 1.4 and the fact that the class (—oo,z] N1, x € I, generates the o-algebra B(I) = INB.
We will often write {f < z} for {w: f(w) < z}. The inequality < x may be replaced by < =z,
>z, or > . The statements also hold for I = R or R,..

Lemma 1.9. For any sequence of measurable functions f1, fa,... from (Q, A) into R, sup,, fn,
inf,, fn, imsup f, and liminf f,, are also measurable.

Proof. We use the equalities

sup fo <o) = (Who <o) {inf fo 2 o) = (o 2 o),

limsup f, = inf sup f,,, liminf f,, = sup inf f,,.
n om>n n m>n



This lemma in particular implies that the limit of measurable functions (if it exists pointwise)
is measurable. This statement also holds for a general metric space.

Lemma 1.10. Let f1, fa,... be measurable functions from (2, A) into some metric space (S, p).
Then

(i) If fn, — f, then f is measurable.
(ii) If (S, p) is separable and complete, then {w : lim f,(w) converges} is measurable.

Proof. (i) If f,, — f, then for any continuous function g : S — R, we have go f, = go f. So
go f from Q to R is measurable by Lemmas 1.5, 1.7 and 1.9. Fixing an open set G C S. We
may choose some continuous functions g, : S — Ry such that g, T 1¢. In fact, we may let

gn(s) = min{1,np(s, G°)},

where p(s,G°) = inf{p(s,t) : t € G°} is the distance from s to G, which is continuous in s
by the triangle inequality. Since each g, o f is measurable, 1g o f = 1;-15 is measurable. So
f~1(G) is measurable for every open set G. By Lemma 1.4, f is measurable.

(ii) Since S is complete, lim f,, (w) converges if and only if (f,(w)) is a Cauchy sequence in
S. Now

{w: (fn(w)) is Cauchy in S} = ﬂU ﬂ ﬂ {w: p(fn, (W), fro(w)) < %}

m N ni>Nno>N

This formula is another way to state that (f,,(w)) is a Cauchy sequence if and only if for any m €
N there exists N € N such that for any ny,ne > N, p(fn, (W), fns(w)) < =. To prove that the set
on the RHS is measurable it suffices to show that for any m,ni, na, {w : p(fn, (W), fr,(w)) < %}
is measurable. For that purpose, we use the fact that

(i) by Lemma 1.8, (fn,, fny) : Q — S? is A/B(S)?-measurable;

(ii) the map S? > (s1,52) — p(s1,s2) € Ry is continuous (follows easily from the triangle
inequality), and so by Lemma 1.5 is measurable w.r.t. B(S?);

(iii) by Lemma 1.2, B(S?) = B(S)?; (we use the separability of S here);
(iv) by Lemma 1.7, p(fn,, fn,) : & — R4 is A-measurable.
O

Lemma 1.12. For any measurable function f,g: (2, A) = R and a,b € R, af +bg and fg are
measurable. If, in addition, g does not take value 0, then f/g is measurable.

Proof. To prove the measurability of a f 4+ bg, we express a f + bg as the composition of the map
(f,9) : © — R? and the continuous function R? > (z,y) + ax + by € R. The proof for fg is
similar. For f/g, we express f/g as the composition of (f,g) : 2 — R x (R\ {0}) and the the
continuous function R x (R\ {0}) > (z,y) — z/y € R. O



For any A C €, we define the associated indicator function 14 : @ — R to be equal to 1
on A and to 0 on A°. Sometimes we write 1A instead of 14. It is clear that 14 is measurable
(w.r.t. A) if and only if A is a measurable set (w.r.t. A).

Linear combinations of indicator functions are called simple functions. Thus, a simple
function f: Q2 — R is of the form

f = CllAl + - 'Cn]-An)

where n € N, A;,..., A, C Q and c¢1,...,¢, € R. Here we only allow finite sums. If
Ay, ..., A, € A, then f is A-measurable, and called a measurable simple function.

Lemma 1.11. For any measurable function f : (Q,A) — Ry, there exist a sequence of mea-
surable simple functions fp, : (2, A) = Ry such that f, 1 f.

We use the following symbols from now on. For a,b € R, we use a A b and a V b to denote
min{a, b} and max{a, b}, respectively. The symbols also extend to a; A -+ Aay, a1 V-V ap,
Atay, and Viay, where the latter two are alternative ways to write inf; a; and sup, a;.

For x € R, we use |x] to denote the biggest integer n with n < z, and use [z] to denote
the smallest integer n with n > z. Then |[z] and [z] are monotone increasing.

Proof. We let

_[2"(FAn)]
In= T on
Then 0 < f,, < f An. We se that f, is a simple measurable function because it takes values in
{%:OSkgnQ"},

n € N.

) = o e < Jw) < 0y o<k <n2, (14)

n2™

fn_l({?}) ={w:n < fw)},

and the sets on the RHS are all measurable. To see that (f,) is increasing in n, we use the
inequality

[2"(f An)] _ [2(F A1) 2" (A (4 1)

on - on - on+1 ’
where the second “<” follows from |2x| > 2|z]. Finally, we show that f, — f pointwise.
Fix w € Q. If f(w) = oo, then f,(w) = n — f(w). Suppose f(w) < co. Let € > 0. We
may choose N such that N > f(w) and QLN < w. Forn > N, by 1} we get the inequality

|fa(w) = flw)] < gw <e O

We say that two measurable spaces (5,S) and (T,T) are Borel isomorphic if there is a
bijection f : S — T such that both f and f~! are measurable. This means that f~'7 = S and
fS =T. A space S that is Borel isomorphic to a Borel subset I of [0, 1], equipped with the
Borel o-algebra B(I) = I N B([0,1]), is called a Borel space. By the following lemma, a Polish
space is a Borel space.



Definition . A Polish space is a topological space, which admits a separable and complete
metrization.

Lemma A1.6. A Polish space S is a Borel space.

Sketch of the proof. The first step is to construct a continuous and injective function f : S —
[0,1]%°. Let (sy,) be a dense sequence in S. Then we define f(z) = (1 A p(z, s,,)). The second
step is to use binary expansions to construct a measurable injective function g : [0, 1]*° — [0, 1].
See Chapter 13 of Dudley, R.M.’s “Real Analysis and Probability” for details. O

For two functions f : Q — (S, S5) and g : Q — (T, T), where (S, S) and (T, T) are measurable
spaces, we say that f is g-measurable if o(f) C o(g), or equivalently, f 1S c ¢g7'T. If there is
a (T'/S-)measurable map h : T — S such that f = ho g, then

IS =g th 1S c g 'T.
So f is g-measurable. Under some mild conditions, the converse is also true.

Lemma 1.13. Under the above setup, if (S,S) is a Borel space, then f is g-measurable if and
only if there exists some measurable map h : T — S such that f = hog.

Proof. We only need to show the “only if” part. Since S is Borel, we may assume that S €
B([0,1]). We may then view f as a map from Q into [0, 1]. This new viewpoint does not change
o(f). So f is still g-measurable. If in this case, there exists a measurable map h : T' — [0, 1]
such that f = hog. Then we may define h such that h = h on h=1(S), and h = sg on
h=1([0,1] \ S), where sq is a fixed point in S. Then h : T — S is measurable, and f = h o g.
Thus, it suffices to assume that S = [0, 1].

If f=14,and A € o(g), then A = g !B for some B € T. So f = 1g0g and we may choose
h = 1p. The result extends by linearity to any g-measurable simple functions. In the general
case, by Lemma 1.11, there exists a sequence of g-measurable simple functions f, : © — [0, 1]
such that f, 1 f. For each n, there exists an T-measurable map h, : T — [0, 1] such that
fn = hnog. Then h := sup,, hy, : T — [0,1] is also T-measurable by Lemma 1.9. Finally, we
note that

hog= (suphy,)og=sup(h,og) =sup f, = f.
O

Definition . A measure on a measurable space (2,.4) is a map u : A — R, which satisfies
1 =0 and
,uU A, = Z WAy, for all mutually disjoint Ay, Ao, --- € A. (1.5)
n n

The triple (2,4, 1) is then called a measure space. The measure p is called finite if p2 < oo,
and is called a probability measure if €2 = 1. In the latter case, (2,.4, u) is called a probability
space. The u is called a o-finite measure if there is a sequence A, As,--- € A such that
Q =, A, and pA, < co for each n.



Remark . The property ([1.5) is called countably additivity, which clearly implies finitely addi-
tivity:

N N
1 U A, = Z Ay, for all mutually disjoint A1, As,... A, € A,
n=1 n=1

by setting A,, = () for n > N, and countably subadditivity:

#UBn < ZMBn, for all By, Bs,--- € A,
n n

by defining A,, = B, \ U<, B

Lemma 1.14 (Continuity). Let u be a measure on (,.A), and let Ay, Ag,--- € A.
(i) If A, T A, then uA, 1 pA.
(ii) If Ap L A, and pA; < oo, then puA, | pA.

Proof. (i) We apply (1.5)) to D, = A, \ A,—1 with Ay = 0. (ii) We apply (i) to B, = A1 \ A,,.
Since pA; < oo, we have pA, < oo as well, and B, = pA — pA, T pA1 — pA. O

Exercise . Suppose u : A — R, satisfies finitely additivity and the property that if By D
By D --- € A, and there is € > 0 such that uB,, > e > 0 for all n, then (", B, # (. Prove that
L 1s a measure.

Exercise . Prove that for two measures p and v on (Q,A) with uQ) = vQ < oo, the class
D={Aec A: uA =vA} is a A-system.

By monotone class theorem and the above exercise, we conclude that if two probability
measures on (€2, A) agree on a m-system C with o(C) = A, then the two measures must agree.

We may do the following operations on measures. If i is a measure, and ¢ € Ry, then cp is
also a measure. If u is finite, then 1%9 u is a probability measure. The sum of two measures is
a measure. If (i) is an increasing sequence of measures, then lim u,, is also a measure; if (u,)
is a decreasing sequence of measures, and g is finite, then lim p, is also a measure (Lemma
1.15). Thus, if p1, p2, ... are measures on the same space, then ), is a measure.

If 1 is a measure on (2, A) and B € A, then u(-NB) : A> A+ pu(ANB) is also a measure
on (£, A). It is called the restriction of y to B. One may also view the restriction as a measure
on the measurable subspace (B, BN A).

The simplest measure is the zero measure, which takes value zero at all A € A. Another
natural measure is the counting measure: uA = #(A) if A is finite; uA = oo if otherwise. For
s € Q, the Dirac measure (also called point mass) ds is defined by d5(A) = 1 if s € A, and
ds(A) = 0 if otherwise.

The most important nontrivial measure is the Lebesgue measure A. It is the unique measure
on (R, B) such that for any interval I, AI equals |I|, the length of I. It is o-finite because
R = U, ez[n,n 4+ 1). The proof uses the Carathéodory extension theorem stated below.
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We call a class R C 2% a ring if it contains () and is closed under finite union and difference,
i.e., A/B € R implies that AUB,A\ B € R. A map p: R — R, is called a pre-measure
if 4 = 0 and p satisfies countably additivity, i.e., if Ay, As,--- € R is a partition of A € R,
then pA = 3, pA,. By considering the sets B, = A\ Uj_, Bk, we find that countably
additivity is equivalent to the combination of finitely countability and the statement that for
any By D By D --- € R, if there is € > 0 such that uB,, > ¢ for all n, then we have ), B,, # 0.
If R has a partition Ay, As,--- € R such that uA, < oo for each n, then p is called o-finite.

Theorem (Carathéodory extension theorem). A pre-measure p on a ring R extends to a
measure on o(R). The extension is unique if p is o-finite.

We will only give a sketch of the proof of Carathéodory extension theorem, but will provide
details of the application of the theorem in constructing the Lebesgue measure because similar
arguments will be used later.

Proof of Carathéodory extension theorem (Sketch). The uniqueness part follows from a mono-
tone class argument. Note that for any n, the class A, N R is a w-system in A,, and if pu; and
o are two extensions, then the set of B € A, No(R) such that 3 B = peB form a A-system in
A,. The existence part uses outer measures. For every A C 2, we define the outer measure of
A by

A= inf pl.
WA= ramsalt

It is clear that u* = g on R. Then we consider the set F of all A C Q such that for every
E CQ,
WE = pt(ENA) + ' (B A).

Then one can prove the following statements:
(i) F is a o-algebra containing R;
(ii) p* restricted to F is a measure.

By (i), F C o(R). By (ii), #*|5(r) is the extension that we want. O

To construct Lebesgue measure, we define a ring R in R to be the class of finite disjoint
unions of intervals of the form (a,b], where @ < b € R. For an element A € R expressed as
disjoint union ;- (ak, bx], we define pA = 3" (by, — ag). It is easy to check that p satisfies
finitely additivity. Then we need to show that, if Ay D Ag--- € R, and pA, > e > 0 for all n,
then ), An # 0. For each n, we may pick A, € R such that A/, C A, and pu(4, \ 4;,) <e/2"
(if Ap = Uj,(ak,bi), we set A, = ;- (a,bg] such that ar < aj < by and a) — a is

small enough). Let A7 = (N;_, A". Then A C A, for each n, and Af D A4 D ---. Since
Ay \A) C Up—y (Ar \ AY), we get p(A, \ Ap) < zzilu(Ak \A)) < Zi:l 2%: e. From
A, > ¢ we get pAl > 0, and so Aj, # 0. Since each A/ is compact and A] D A D ---, we

get (), A? # 0, which together with A” C A,, implies that ), A, # 0. So u is a pre-measure
on R. We may then use Carathéodory extension theorem to extend p to a measure on R. It is
easy to check that the extension is the Lebesgue measure.
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Lemma 1.16 (Regularity). Let p be a finite measure on some metric space S. Then for any
B e B(Y5),

B = F = inf uG, 1.6

pB = sup pb = inf p (1.6)

with F' and G restricted to the classes of closed and open subsets of S, respectively.

Proof. Let C denote the set of B which satisfies . Then (i) S € C because S is both closed
and open; (ii) B € C implies that B¢ € C since F' C B and F' is closed if and only if F¢ > B¢
and F° is open; (iii) B!, B? € C implies that B' U B% € C because if for j = 1,2, closed sets
Fl c B/, neN, satisfy uFﬂ; — uB’ and open sets Gi, > B/, neN, satisfy ,uG% — B, then
w(FU F?) — u(B'U B?) and u(GL U G2) — (B U B?). The first follows from

(B'UB%)\ (F, UF) C (B'\ F,) U (B*\ Fy),

and the second is similar. The (ii) and (iii) together imply that C is closed under difference.
Suppose (B,,) is an increasing sequence in C, and B = J,, B,. Fix any ¢ > 0. We may first
choose n such that uB,, > uB—¢/2, and then choose closed F' C B,, such that uF > uB, —¢/2.
Since F' C B and pF > uB — ¢, we get uB = suppcp . On the other hand, for each n € N,
we may choose open G,, D B, such that uG, < uB, + 57. Let G = J,, G,,. Then G is open,
G D B,and u(G\ B) <}, 5= =¢. Thus, uB = infg5p uG. So B € C. Hence C is a A-system.
We also know that C contains all open sets since every open set G can be written as a union
of an increasing sequence of closed sets. By monotone class theorem, C contains the Borel
o-algebra B(S5), i.e., holds for any B € B(S). O

Let i be a measure on (S, S), and f is a measurable map from (S, S) into (7, T), then we
get a measure po f~! (also denoted by f.u) on (T,T) defined by

(no fHA=pfA

It is called the pushforward of p under f.
Given a measure space (2, .4, 1), we are going to define the integral

pf = /fdu— /f(a))u(dw)

for certain real valued measurable function f on (£2,.4). The construction is composed of several
steps.
Step 1. If f is a nonnegative measurable simple function of the form

f=cala +-epla,
with ¢1,...,¢, € Ry and Ay,..., A, € A, we define

pf =cipAy + -+ cppAy.

12



Throughout measure theory we follow the convention that 0-co = 0. Using the finite additivity
of p, one can show that the definition is consistent, i.e., if f has another expression: di1p, +

---dnlp,,, then dipuB; + -+ + dpuBy, equals the same number. We then get linearity and
monotonicity: for nonnegative measurable simple functions f and g:

p(af +bg) = apf +bug, for a,b > 0; (1.7)

pnf >pg >0, if f>g. (1.8)

Exercise . Check the consistency and formulas (1.7) and (|1.8]).

Step 2. If f : Q — R, is measurable, by Lemma 1.11 we may choose a sequence of
nonnegative measurable simple functions (f,,) such that f,, T f. Then we define

pf = lim pfr.
We also need to prove the consistency, i.e., the definition does not depend on the choice of (f,).

Lemma 1.18. Let fi, fo, -+ and g be simple measurable functions on € such that 0 < f1 <
fo< - and 0 < g <lim f,. Then limpuf, > pg.

Proof. First suppose g = cl4 for ¢ € Ry and A € A. If ¢ = 0, it is trivial. For ¢ > 0, fix
€€ (0,c) and let A, = AN{f, >c—c}. Then A, T A, and so

wfn = plc—e)la, = (c—e)pdn 1 (c — e)uA.

So lim puf, > (¢ — e)uA. Letting e — 0, we get lim puf,, > cuA = pg.
Now suppose g = c114, + ---cpmla,, with ¢1,...,¢ € Ry and Ay,..., A4, € A We
may assume that Aj,..., A, are mutually disjoint. Let pur = p(- N Ag), 1 < k < m, and

po = p(- N (Ug Ak)¢). Then p = >7) o pk. S0 pifn > D piq pfn. For 1 < k < m, since
lim,, f,, > g > cx14,, by the above paragraph we get lim,, u, fr, > cippAg. Thus,

m m m
lim puf, > liznkz fig fr = kZ limn gy o > kz kA = pg.
=1 =1 =1

O

Applying this lemma, we see that if (f,,) and (g,,) are two sequences of measurable simple
functions with 0 < f,, T f and 0 < ¢g,,, T f, then for each m, lim,, puf, > pgm. So lim, pf, >
limy, pgm. By symmetry, we have limy, pgn, > limy, pf,. So limy, pfn = limy, pgn, and we get
the consistency in the definition of pf.

We can easily prove the linearity and monotonicity: for measurable functions f and g from

Q into Ry, and both hold.

Theorem 1.19 (Monotone Convergence Theorem). Let fi, fa, -+ : (22, A) — R4 be measurable.
Suppose fn T f. Then pfn T uf.
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Proof. For each n, we choose a sequence of measurable simple functions (g}) such that g 1 fp
as k — oo. Then puf, = limy pgy’. Define

hi =gV ge V-V gi.

Then (hy) is an increasing sequence of nonnegative simple measurable functions. Since for each
keN, hpy < fiVvfoV- - fi = fir <f, wehavelimh; < f and

lim phy < limpfr < pf. (1.9)
For any fixed n € N, we have h > g} for k > n. So limhy > limy g = f,. Thus, limh; >
sup fp, = f. So we get hy T f and pf = lim phg. By (1.9) we get lim pfr = puf. O
Lemma 1.20 (Fatou). For any measurable functions f1, fa,---: (Q, A) — Ry, we have

liminf pf, > pliminf f,.
Proof. Fix n € N. Since fi, > inf,,>,, f, for all £ > n, by monotonicity,
ggi pfi = unigl fm-
Letting n — oo and using monotone convergence theorem, we get
liminf pf, = li7ILn égi w2 liqununi%fn fm = ,u1i711n #&fn fm = pliminf f,,.
O

Step 3. We define pf for integrable functions. A measurable function f : (Q, A4, ) - R
is called integrable if u|f| < oo. Here since |f| is a nonnegative measurable function, p|f| was
defined in Step 2. For the definition, we find two nonnegative measurable functions f; and fo
such that f = f1 — fo and pfi, pfo < 0o, and then let

wf = pfr — pufo.

For the existence of such f1 and fo, we may let f1 = f4 ;= fVvOand fo = f_ :=(—f) V0. In
fact, we have fy,f- >0, f=fyr— f—,and |f| = f+ + f-. So 0 < fi < |f|, which implies that
wfs < plf| < co. For the consistency, suppose g1 and go satisfy the same properties as f; and
J2. Then from f1 — fo = g1 — g2 we get fi1 + g2 = g1 + f2, and so pf1 + pg2 = pg1 + pfa. Since
every item is a real number, we get ufi — pfo = pugr — pge. Thus, pf is well defined. Finally,
since pf = pfy — pf-and plf| = pfy + pf-, we get |uf| < plf].

We then have the monotonicity and the linearity with real coefficient: if f,g : 2 — R are
integrable, and a,b € R, then af + bg is also integrable, and p(af + bg) = apf + bug.

In summary, the integral uf is defined for (i) all measurable functions f : (Q, A4, u) — Ry;
and (ii) all measurable functions f : (2,4, ) — R such that p|f| < co. In the former case, uf
takes values in R, and in the latter case, uf takes values in R.
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Theorem 1.21 (Dominated Convergence). Let f, f1, fa,... and g,91,92,... be R-valued mea-
surable functions on (2, A, n) with |fn| < gn for all n, and such that f, — f, gn — g, and

pgn — pg < oo. Then pfn — pf.

Proof. The sequence (g, £ f,) are nonnegative measurable functions and g, + f,, — g+ f. Since
png < oo and pg, — pg, g and g, are integrable for all but finitely many n. Since |f,| < g, and
|f| < g, the same statement holds for g and f. By Fatou’s lemma and linearity of integral,

pg £ pf = plg £ f) <liminf p(gn £ fr) = lminf(ug, + pfn) = pg + liminf (L4 fn).

So we get puf < liminfuf, and —pf < liminf(—pf,) = —limsup uf,, which implies that
limsup pufy, < pf <liminf pf,. So limuf, = uf. O

Lemma 1.22 (Substitution). Let f from a measurable map from (Q, A, p) to (S, S). Let pof~!
be the pushforward measure on (S, S). Then for measurable function g : S — R,

(o fHg=ulgo f) (1.10)

Here the equality means that when one side is defined, then the other side is also defined, and
the two sides agree.

Proof. We first show that if g : S — R, and so go f : Q@ — R, and both sides are well defined,
then ([1.10)) holds. The simplest case is g = 14. In this case

(o fNg=(nof NA=pf"A=plyry=plgof)

By linearity, (1.10) then holds for all nonnegative measurable simple functions. By monotone
convergence, ((1.10)) also holds for all nonnegative measurable functions.

For measurable g : S — R, since |go f| = |g| o f, by g is integrable w.r.t. po f~1 if
and only if g o f is integrable w.r.t. u. Moreover, if g = g1 — g2 such that ¢g1,92 : S — R are

measurable and (,uof_l)gj < 00, j = 1,2, then by applying ([1.10)) to g; we get (1.10]) for g. O

Given a measurable function f : (2,4, ) — Ry, we may define another measure f - y on

(2, A) by
(f-u)AZ/AfdMZ/lAf

The countably additivity of f - u follows from monotone convergence theorem. The f is referred
as the p-density of f - p.

Lemma 1.23 (Chain Rule). For any measurable maps f,g: (0, A, u) — R with f >0,

(f-m)g=u(fg).

The meaning of the equality should be explained in the same way as , i.e., when one side
is define, the other side is also defined, and the two sides agree.
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Proof. As in the last proof, we may begin with the case when ¢ is an indicator function and
then extend in steps to the general case. O

This lemma implies that, if f,g: Q — R, are measurable, then f - (g-u) = (fg) - p.

Given a measure space (2, A, i), aset A € Ais called p-null if A = 0. A relation depending
on w € (Q is said to hold p-almost everywhere if there is a p-null set A such that it holds for all
w € A°. We often write u-a.e. or simply a.e.

Lemma 1.24. If f,g : (Q, A, 1) — R satisfy that p-a.e. f = g, then uf = pg. Again the
equality means that if any of uf and ug is defined, then the other is also defined, and the two
values are equal.

Proof. First, suppose g = 0 and f > 0. Let (f,) be a sequence of measurable simple functions
with 0 < f, 1 f. Then {f, # 0} C {f # 0}, and so {f, # 0} is a null set. We may
express each f,, as ¢c;la, +---cpmla, wither,..., ¢ € Ry and Ay, ..., A, are null sets. Then
pfn =2 cxpAr = 0. So pf =limpf, =0 = pg.

Second, suppose f,g > 0. Let h = fV g. Then h > f and p-a.e., h = f. We may write
h = f + ¢, where ¢ : Q@ — R, is measurable and p-a.e., ¢ = 0. By the first paragraph, pu¢ = 0.
So ph = pf + pg = pf. Similarly, uh = pg. So pf = ug.

Now we consider integrable functions. Since p-a.e., |f| = |g|, by the second paragraph,
wlf| = ulg|. So f is integrable if and only if g is integrable. Now suppose f and g are integrable.
Since fr = (£f) V0 = (£g) V0 = g+ a.e., by the previous result we have pufy = pg+. So
pf = pfv — pf- = pg+ — pg— = pg- O

On the other hand, if f : (2, A, u) — R satisfies that uf = 0, then p-a.e. f = 0. In fact,
since {f # 0} =, {f > 1/n}, if u{f # 0} > 0, then there is n € N such that p{f > 1/n} > 0.
Then we get

1 1
pf 2 po oy = Cplf 21/n} > 0.

Since two integrals agree when two integrands agree p-a.e., we may allow the integrands
to be undefined on some p-null sets. Monotone Convergence Theorem, Fatou’s Lemma, and
Dominated Convergence Theorem remain valid if the hypothesis are only fulfilled outside some
null sets. We also note that if f : Q — R satisfies uf < oo, then a.e. f € R, because from

00 > pf > o0 pf oo} we get puf~'{oo} = 0.

Definition . Let p and v be two measures on a measurable space (£2,.4). We say that v is
absolutely continuous with respect to p and write v < p if every p-null set is also a v-null set.
We say that p and v are mutually singular and write p L v if there is A € A such that uA =0
and vA° = 0.

If v = f - p, then for any p-null set A, vA = [14fdp = 0 since p-a.e., 14f = 0. So A is
also a v-null set. Thus, we have f -y < u. We focus on o-finite measures.

Theorem A1.3 (Radon-Nikodym). Let p and v are two o-finite measures on (2, A),
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(i) If v < p, there there is a p-a.e. unique measurable function f : Q — Ry such that
v=f-pu.

(ii) In the general case, there is a p-a.e. unique measurable function f : Q — Ry such that
o:=v— f-uis a measure that is singular to .

In Part (i) of the theorem, we also call f the Radon-Nikodym derivative of v against u. For
the proof of Radon-Nikodym Theorem, we introduce the notation of real measures, which is
important on its own.

Definition . Let (©2,.4) be a measurable space. A function v : A — R is called a real measure
or signed measure if it satisfies countably additivity with v = 0, i.e., if Ay, Ay, --- € A are
mutually disjoint, then v |J,, A, =), vAy, where the series converges absolutely.

A finite measure is a real measure, and the space of all real measures on (£2,.4) is a linear
space. Thus, the difference of two finite measures is a real measure. If u is a measure, and
[+ Q — R is integrable with respect to p, then (f - p)(A) := [, fdu is a real measure. The
countably additivity follows from the Dominated Convergence Theorem.

A real measure v satisfies continuity: if A, T A or A, | A, then vA, — vA. Actually,
if A, T A, we may write A = |J,,(An \ An—1) with A9 = 0. Since A4, \ A,_1 are mutually
disjoint, vA =" v(Ap\ An—1) =), (VA, — VA1) =limvA,. If A, | A, then Af, T A° and
vA® = vl —vA and VA = vQ) — VA,

Theorem (Hahn decomposition). Given a real measure v on (2, A), there exists a partition
{P,N} of Q such that PN € A, vE >0 for all E € PN A, and vE <0 for all E € NN A.

Proof. Let s = sup{vA : A € A}. Then s > 0 since v} = 0. We now exclude the possibility
that s = +00. Suppose s = +o00. Let

B={Ac A:sup{vB:Be€ A B C A} = +o0}.

Then 2 € B. It is also easy to see that if A;, Ay € A\Band A;NAy =0, then A;UAy € A\B.
Thus, if A4; € B, Ay € A\ B, and Ay C Ay, then A; \ Ay € B. First, suppose

sup{vB: B € B,BC A} =400, VA€B. (1.11)

Then we can inductively construct a sequence Ag O A1 D As D --- in B with Ag = Q and
vAp+1 > vA,+1. Then (vA,) does not converge, which contradicts the continuity of v. Second,
suppose does not hold. Then there exist Ay € B and M € (0, 00) such that for any B € B
with B C Ag, we have vB < M. We inductively choose a sequence of mutually disjoint sets
(A,) in Ag N A such that vA,, > M for each n. First, since Ay € B, we may choose A; € A
such that vA; > M. Since vB < M for any B € B with B C Ay, we see that A; € A\ B.
So Ag \ A1 € B. Suppose we have found mutually disjoint sets Aq,..., A, € Ag N A such that
Ao\Uj_, Ak € B (this is the case for n = 1). Then by the definition of B, we can find A, € A
with A1 C Ag \ Ujp_y Ak and vA,41 > M. Now Ay, ..., A1 are mutually disjoint. Since
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Any1 C A, we get Ayyy € A\ B. Thus, A\ Ut Ay = (Ao \ Ui—; Ax) \ 4nt1 € B. So
the sequence (A,) is constructed. However, by the countably additivity of v, we should have
vA, — 0, which is a contradiction. Thus, s < 400.

For any A, B € A, we have by inclusion-exclusion,

v(ANB)=vA+vB—-v(AUB) >vA+vB —s.

Sos—vANB < (s—vA)+ (s—vB). By induction, we have
n n
s—v[)Ar <Y (s—vAR), Ai,..., A, €A
k=1 k=1

If Ay, As,... is a sequence in A, then by continuity v, An, = lim, v(,_; Ax. So
s—y<ﬂAn) SZ(S—VAn), (1.12)

By the definition of s, there is a sequence Ai, Ao, --- € A such that vA,, > s — 2% for each n.
Define an increasing sequence (B,,) by B, = (,._, Am. By (1.12),

o0

1 1
VBnZS—Z?:S—F, n € N. (113)

k=n
Let P =, By and N = P°. Then {P, N} is a measurable partition of Q. By continuity
of v and , vP = limvB, > s. By the definition of s, vP < s. So vP = s. If there is
E € PN A such that vE < 0, then v(P \ E) = vP —vE > vP = s, which contradicts the
definition of s. So vFE > 0 for any F € A with £ C P. If there is £ € NN A such that vFE > 0,
then v(PUFE) = vP +vE > vP = s, which again contradicts the definition of s. So vE > 0
for any £ € A with £ C P. O

If we set vy =v(-NP) and v— = —v(- N N), then vy and v_ are two finite (nonnegative)
measures, and v = v; —v_. Since v; P =v_P =0, we have vy L v_. Wecallv =vy —v_
the Jordan decomposition of v.

Lemma . The Jordan decomposition of a real measure is unique.
Proof. We leave this as an exercise. O

If v — v_ is the Jordan decomposition of a real measure v, then we define the measure
|v| = vy +v_, and call it the total variation of v.

Proof of Radon-Nikodym Theorem. (i) The uniqueness part is easy. If v = f -y = g- u, and
w{f # g} >0, then p{f > g} >0or u{g > f} > 0. By symmetry we assume that u{f > g} >
0. Then there is n € N such that u{f > g+ 1/n} > 0. Then f - u does not agree with g - on
{f > g+ 1/n}, a contradiction.
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For the existence, we may assume that p and v are finite. This is because we may find a
measurable partition {4, : n € N} of Q such that pA,,vA, < oo for each n. Then p, :=
u(- N Ap) and v, := v(-N A,) are finite measures with v, < p, for each n. If for each
n, Vn = fn - pp for some f, : A, — R4, then we may construct the p-density f of v with
f ‘An = f n-

Now p and v are finite measures. Let F' be the set of measurable functions f : @ — R4
such that f-pu <wv,ie, vA > (f-p)A for all A € A. Here F contains 0. For fi, fo € F, let
Ay ={f1 > fo} and Ay = {f1 < fo}. For any A € A,

/f1\/f2d,u:/ fld,u—i—/ fodu <vANA +vAN Ay =vA.
A ANA; ANAs

So fiV fa € F. Let s =sup{uf : f € F}. Then 0 < s < 1) < co. We may find a sequence
91,92, -+ € F such that ug, — s. Let f,, = g1V---Vgn, n € N. Then (f,) is increasing, and for
each n, f, € F, and f, > gn. So ufn, — s. Let f =lim f,,. By monotone convergence theorem,
forany A e A, [, fdp =1lim [, fudp < vA. So f € F. Moreover, puf = lim puf, = s. We claim
that v = f - p. If it is not true, then vy := v — f - 4 is a none-zero measure. Since p is finite,
there is € > 0 such that 1) > euf). Now 7 := 1y —epu is a real measure with 72 > 0. By Hahn
decomposition theorem, there is a partition Q = P U N such that 7(- N P) and —7(- N N) are
measures. For every A € A, from 7(ANP) > 0, we get vo(ANP) > eu(AN P), and so

VA:/fd,u+1/0A2/fd,u+1/0AﬁP2/fdu+£uAﬂP:/(f+elp)d/L.
A A A A

Thus, f+elp € F. From s = uf < pu(f +elp) < s weget uP =0. Sovp =19yP =7P =0.
Then we see that —7 is a (positive) measure, which contradicts that 72 > 0. The contradiction
shows that v = f - u.

(ii) Let 7 = p+ v. Then 7 is also a o-finite measure. Since 0 < v < 7, we have v < 7.
By (i) there is a measurable g : 2 — Ry such that v = ¢g - 7. We have 7-a.e. g < 1 because
forany Ae A, [41—gdr =7A—(9-7)A=7A—-vA = pA > 0. By changing the values of
g on a 7-null set, we may assume that 0 < g < 1. From v =g -7 we get u = (1 —g) - 7. Let
A ={g <1}. Then pA®=0. Define f = %> on A and f =0 on A°. Then v(-NA) = f-p.
Let c=v—f-u=v(-nNA°. Then cA=0. Soo L pu.

For the uniqueness, we still let 7 = p + v. Suppose v = f - u + o for some measurable
f:Q — R4 and some measure o with o 1 pu. Let A € A be such that pA° = ocA = 0. Then

v=1af -pu+1gc-0, 7=14(f+1) -+ 1g-0.
Sov = (1A%+1Ac)‘7. By the uniqueness part of (i), if 7 = ¢g - pu+ p and uB¢ = pB = 0,

then
/ g

+1pe=1
f+1 A Bg+1

This implies that 7-a.e. 14 f = 1pg. Since pA¢ = B¢ =0 and pu < 7, we get p-a.e. f =g. O

14 +1gc, 7T —a.e..
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Radon-Nikodym theorem also extends to real measures.

Corollary . Let y be a o-finite measure on (2, A). Let v be a real measure on (2, A). Suppose
v &, i.e., forany A € A, pA =0 implies vA = 0. Then there a p-a.e. unique f : Q — R,
which is integrable w.r.t. p, such that v = f - p.

Proof. This follows from the Radon-Nikodym theorem and Jordan decomposition. O

Example (An important application). Suppose p is a probability measure on (2,.4), F is a
sub-o-algebra of A, and f : Q@ — R is A-measurable with u|f| < co. Let v = f- u. Then v is
a signed measure on (£2,.4), and v < p. Let ¢/ = u|r and v/ = v|z. Then 1’ is a probability
measure on (2, F), v/ is a signed measure on (2, F), and ' < p'. By the above corollary, there
is an F-measurable f’: Q — R with ¢/|f’| < oo such that v/ = f’- u. Then for any A € F,

/A fldp = /A Fldp =V A=vA= /A fdp.

Such f’ is p-a.e. unique, and is called the expectation of f conditionally on F with respect to
1.

A measure space (2, A, u) is called complete if for every B € A C Q with A € A and
uwA =0, we have B € A. Given a measure space (2,4, ), a pu-completion of A is the o-algebra

AP =0 (A,N,),

where N, is the class of all subsets of p-null sets in A. Note that NV, is closed under countable
union because if N1, Ng,--- € ./\/'u, there there are Ay, As,--- € A with N,, C A,, and pA, =0
for each n. Then |J,, N,, € U,, An € A, and U, An = 0. So U,, Ny, € N,..

Lemma 1.25. (i) A set A C Q is A*-measurable if and only if there exist A', A" € A with
A" C AcC A" and u(A”\ A') = 0. (ii) A function f from Q to a Borel space (S,S) is A*-
measurable if and only if there is an A-measurable map g : Q — (S, S) such that p-a.e., f = g.

Proof. (i) Let A¥ denote the set of A C Q such that the A’, A” in the statement exist. We
need to show that A* = A*. Clearly, A, N, C A AP, Tt suffices to show that A* is a
o-algebra. We need to show that (a) if A € .A“ then A° ¢ A“, and (b) if Ay, Ag,--- € A“
then J,, A, € A*. For (a), note that if A” ¢ A C A” with A", A” € A and p(A” \ A’), then
(A")e c A C (A")¢, and p((A")°\ (A7)¢) = 0. For (b), note that if for each n, A}, C A, C Al,
A A7 € A and p(A) \ A,) = 0, then A" := |J,A],,A" =, A, € A and satisfy that
ACcACA and 0 < p(A"\A') <>, n(AZ\ A)) =

(ii) If the g exists, then there is N € A with uN = 0 such that f = g on N¢. For any B € S,
we have

FB=((fTB)\N)U((f'B)NN) = ((¢"'B)\ N)U((f'B)NN).
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So (¢7'B)\N C f'BcC (¢g7'B)UN. Since (¢7'B)\ N,(¢g 'B)UN € A and uN = 0, by (i),
f~1B e A*. So f is A*-measurable.

Now suppose f is A*-measurable. Since S is a Borel space, we may assume that it is a Borel
subset of [0,1]. We first show that there is an R-valued A-measurable function g such that p-
a.e., f =g. If f =14 for some A € A™u, then by (i), there exist A’, A” € A with A’ Cc A C A”.
Then p-a.e., f = 14 := g. The statement then extends to simple measurable functions by
linearity. Now suppose f > 0. There exists a sequence of A*-measurable simple functions (f,,)
such that 0 < f,, 1 f. For each n, there exists an 4-measurable simple function g, such that
p-a.e. f, = gn. The sequence (g,) may not be nonnegative or increasing. However, we may
choose N,, € A such that uN,, = 0 and f,, = g, on NS. Let N = J,, N,. Then N € A and
uN =0,and 0 < g, T f on N€ Let g =1limg, on N° and = 0 on N. Then g is .A-measurable
and p-a.e., f = g. Finally, we may modify the value of g such that g takes values in S, and
still satisfies other properties that we want. Let NV € A be such that u/N = 0 and f = g on N€.
Then g € S on N€ since f takes values in S. So g~1.S C N¢. We now choose sy € S, and define
g such that g =g on g7'S € Aand §g = sg on (g715)°. Then §: Q — S is A-measurable, and
p-a.e., g = g, so p-a.e., f =g. O

It is natural to extend p to the completion A* in the way such that if A’ ¢ A C A” with
AA" € Aand p(A”\ A’) = 0, then uA = pA’. The definition is consistent, and defines a

measure on (£, A").
Exercise . Prove the statements in the above paragraph.

We are going to construct product measures. Let (S,S,u) and (T,T,v) be two o-finite
measure spaces. We want the product measure X v be a measure on S x T that satisfies

(uxv)(Ax B)=puAxvB, VYAcSand BeT. (1.14)
We will also show that such measure is unique. The p x v is called the product of p and v.

Lemma 1.26. For any measurable function f : S x T — Ry, and any t € T, the function
f(,t): S =Ry is g—meamgable. If we integrate f(-,t) against p and get pf(-,t) € Ry for each
teT, thent— pf(-,t) is T-measurable.

Proof. First suppose j is finite. Let C denote the set of C € S x T such that the lemma
holds for f = 1¢. Then C contains the 7m-system {A x B : A € §,B € T}. In fact, if
f = laxp, then for t € B, f(-,t) = 14, and for t € B¢, f(-,t) = 0. In either case f(-,t) is
S-measurable. Moreover, uf(-,t) = pAlg(t) is T-measurable. Using the linearity of integrals,
we easily see that C is a A-system. By monotone class theorem, C = S x 7. Thus, the lemma
holds for indicator functions. By linearity and monotone convergence, the statement extends
to nonnegative measurable functions.

Now we do not assume that p is finite. Since it is o-finite, we may express g = fi,, Where
each p, is a finite measure. The measurability of each f(-,¢) does not rely on the finiteness
of u. Since t — pu,f(-,t) is T-measurable for each n, the same is true for t — uf(-,t) =

2n bn (1) 0
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Theorem 1.27 (Fubini). The product measure p X v exists uniquely, and for any measurable
f:SxT =Ry or f:8%xT — R with (ux v)|f] < oo, we have

Guxf = [ ids) [ ss.optde) = [ viar) [ 16s. () (1.15)

Here the meaning of the second double integral is that we first fix ¢t € T, treat f(s,t) as a
function in s € S, and integrate the function against the measure u. The integral is a function
of t € T. We then integrate the function against the measure v. The procedure is valid for
measurable f : S xT — R, by Lemma 1.26. The meaning of the first double integral is similar.

Proof. By a monotone class argument involving partitions of S and T into finite measurable
sets, it is easy to see that there exists at most one product measure.
By Lemma 1.26, we may define

(uxv)C = /,u(ds)/lc(s,t)l/(dt), CeSxT.

Then p x v is clearly a measure that satisfies (1.14]). By uniqueness and symmetry, we also
have

(uxv)C = /I/(dt)/lc(s,t)u(ds), CeSxT.

Thus, ([1.15)) holds for indicator functions. By linearity and monotone convergence, the state-
ment extends to measurable R, -valued functions.
If f: 59 xT — R is integrable w.r.t. pu x v, then (u x v)|f| < co. By (1.15),

/u(dt)/|f(s,t)|u(ds) < 0. (1.16)

So for v-ae. t € T, [|f(s,t)|p(ds) < oo, Le., f(-,t) is integrable w.r.t. s. So we may define
[ f(s,t)p(ds) (as a function of t) outside a v-null set. Since | [ f(s,t)u(ds)| < [|f(s,t)|u(ds)
whenever f(-,t) is p-integrable, by , t — [ f(s,t)p(ds) is v-integrable. So the double
integral [v(dt) [ f(s,t)u(ds) is well defined. Similarly, [ u(ds) [ f(s,t)v(dt) is also well defined.

We may prove ((1.15) for such f by expressing f = fi — f—. O

Note that the product p x v is also a o-finite measure, and we may then define (u x v) x o
for another o-finite measures. If (Sk, Sk, ux), 1 < k < n, are o-finite measure spaces, then we
may use induction to construct the product measure g1 x --- X p, on Sq x --- x S, which is
the unique measure that satisfies

(1 X - X pn)(Ag x - x Ap) = [ eAr, VA €Sk, 1<k <n.
k=1

In the case all u,, are the same u, we write the product as u™. For the Lebesgue measure A on
R, its power u™ is called the Lebesgue measure on R”.

We may define the product of infinitely many measures, but need to assume that they are
all probability measures.
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Definition . Let (S;, Sy, ut), t € T, be a family of probability spaces. A probability measure p
on the product measurable space (I, St, [1; S;) is called the product of yy, t € T, denoted by
[T, , if for any finite A C 7', and Ay € Sy, A € A, we have

N(HAA X H 5t> = HMAAA-

AEA teT\A XA

By a monotone argument, we see that the product measure in the definition is unique, if
it exists. The existence of the infinite product measure (assuming S; are Borel spaces) will be
proved in the next chapter.

Definition . A measurable group is a group G endowed with a o-algebra G such that the
group operations in G are measurable. This means

(i) the map g+ g~ ! from G to G is G/G-measurable;

(i) the map (f,g) — fg from G2 to G is éz/é—measurable.

If G is a topological group, i.e., endowed with a topology such that the group operations
are continuous, and has a countable basis, then it is a measurable group. We will mainly work
with the Euclidean space R™ as a measurable group.

Definition . For two o-finite measures p and v on a measurable group G, the convolution of
w and v, denoted by p * v, is the pushforward of the product measure p x v under the map

(f.9) — fg.

The convolution p * v may not be o-finite. If both p and v are finite, u * v is also finite. If
U1, o, p3 are finite measures, then the associative law holds: (pg * pa) * pug = p1 * (o * ps). If
G is Abelian, then the commutative law holds: p* v = v * .

Definition . A measure p on a measurable group G is said to be right- or left invariant if
Lo T;l = p for any g € G, where T, denotes the right or left shift x — xg or x — gx. If G is
Abelian, right-invariance and left-invariance are equivalent.

Example . The Lebesgue measure \" is an invariant measure on R™, and any locally finite
invariant measure on R is a scalar product of A".
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