Chapter 5

Integrability on R

5.1. The Riemann Integral
Partition, Upper and Lower Sums.

Definition 5.1. Let a,b € R and a < b.

(1) A partition P of interval [a,b] is a set of (ordered) points P = {zg,x1,...,Zn}
such that
a=x9)<x1<x2 <+ < Tp_1 < xp, =>b.

(2) The norm ||P|| of a partition P is the longest length of subintervals [z;_1,x;],
j=1,2,...,n; that is,

| Pl = Joax. lzj — @)1l

(3) A refinement of partition P is a partition @ such that P C Q. In this case, we
also say that @ is finer than P.

Clearly, if P,Q are partitions of [a,b] then P U@ is also a partition of [a,b] and is finer
than both P and @. And if @ is a refinement of P then [|Q] < ||P||.

ExXAMPLE 5.1. (The equal partitions.) Let a < bin R and n € N. Let 6, = (b—a)/n
and P = {a+ jo, : j =0,1,...,n}. Then P is a partition of [a,b] with all n subintervals
having the same length 6,, = (b —a)/n; so ||P|| = 6, = (b —a)/n.

EXAMPLE 5.2. (The dyadic partitions.) For each n € N, P, = {j/2":j7=0,1,...,2"}
is a partition of interval [0, 1], and that P, is finer than P,, when m > n in N.

Definition 5.2. Let f be a bounded function on the finite interval [a, b]. Let P = {zg, ..., =y}
be a partition of [a,b] and set Azx; = x; —x;_q for j =1,2,...,n.

(1) The upper Riemann sum of f over P is defined to be the number

U(f,P):ZMj(f)ij, where M;(f)= sup f(z).

=) z€lzj—1,4]

HI
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(2) The lower Riemann sum of f over P is defined to be the number

:ij(f)A% where m;(f) = _ nf f(z).

z€lzj—1,74]

Clearly, from the definition, L(f, P) < U(f, P).

Remark 5.3. When dealing with the sums, the following telescoping technique is usually
very useful: If g: N — R, then

n

> gk +1) = g(k)) = g(n+ 1) — g(m)

k=m

for all n > m in N.

Proof. Write out all terms of the sum and cancel the same terms. O

ExXAMPLE 5.3. If f(x) = C' is constant on [a,b], then U(f, P) = L(f, P) = C(b— a) for all
partitions P of [a, b].

Proof. Note that M;(f) =m;(f) =C. So

U(f,P)= ZCA:CJ—CZ i —xj—1) =C(zp —x09) = C(b—a).
O
EXAMPLE 5.4. Let g(z) be the Dirichlet function:
1 2€Q
g(z) =
0 z¢Q.

Then, for all partitions P of an interval [a, b], we have
U(97P>:b_a7 L(.q’P):O

Lemma 5.1. Let f: [a,b] — R be bounded. If P,Q are partitions of [a,b] and Q is finer
than P, then

L(f,P) < L(f,Q) <U(f,Q) <U(f,Q).
Proof. Since @) is obtained from P by adding finitely many points, by induction, we only
need to prove the case when (@ is obtained from P by adding one extra point. So let
P={xo,x1,..., %61, Tk, -, Tn}y, Q={T0,%1, .  Tk1,Y,Thy...,Tn},
where zp_1 <y < x. Then

L(f,P:ij(f)A:cj, where m;(f)= inf f(x),

T€lwj_1,7;]

n

k—1
Q)—ij(f)Awﬁ( inf f<x>) <y—xk1>+( i f(e >) (o)t S my(f)A;.
j=1

z€[zk—1,9] z€ly,zy] ik
Note that
inf f(z)> inf f(z) and inf f(z)> inf  f(x).

TE[TK_1,Y] T€[T)_1,7k] z€[y,xk] TE[T_1,Tk]
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Hence
< inf f(x)) (y — wp—1) + ( inf f(z )) (Tx —y)
z€[rp—1,9] z€[y,zk]
> (ot @) (= s+ ) = (e
Consequently,
k—1 n
L(f,Q) > Y m;(f)Az; +my(f)Azk + Y my(f)Az; = L(f, P).
j=1 j=k+1
Similarly, we have U(f,Q) < U(f, P). O

Lemma 5.2. Let f: [a,b] — R be bounded. If P,Q are any two partitions of [a,b], then
L(f,P)<U(f.Q).
Proof. Note that P U Q is a refinement of both P and ). Hence, by the previous lemma,
L(f,P) < L(f,PUQ) <U(f,PUQ) <U(f,Q).

Upper and Lower Integrals.
Definition 5.4. Let f: [a,b] — R be bounded.
(1) The upper integral of f on [a,b] is defined to be the number

U) /bf = inf{U(f, P) : P is partition of [a, ]}.

(2) The lower integral of f on [a,b] is defined to be the number
b
L)/ f =sup{L(f,P) : P is partition of [a,b]}.
Clearly, from the previous lemma, we have (L) fab F<(U) f: I

Riemann Integrability. We now introduce the Riemann integrability using the different
definition from the text, but later show that this integrability is equivalent to the one given
in the text.

Definition 5.5. Let f be a bounded function on a finite interval [a,b]. We say that f is
(Riemann) integrable on [a, b] if the upper integral and lower integral of f on [a,b] are

equal; that is, f b f= f b f. In this case, this common value is defined to be the
(Riemann) 1ntegral of f on [a,b] and is denoted by

/f dx—/f )/sz(L)/abf-

1 zeQ.
0 = ¢ Q
interval [a, b] with a < b since (U) ffg =0b—a but ( f

ExXAMPLE 5.5. The Dirichlet function g(z) = { is not Riemann integrable on any
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Theorem 5.3. If f(z) = C is constant on [a,b], then f is integrable on [a,b] and
b
/ f(z)dx =C(b—a).

Proof. It is easy to see that U(f, P) = L(f, P) = C(b— a) for all partitions P of [a,b] and
hence (U) f; f=(L) f: f, which proves the theorem. O

Connection of Riemann Integrals and Areas. Let f be nonnegative and bounded on
[a, b]. Imagine the region under the graph of y = f(z) defined by

Ri={(r,y) 2 € b, 0<y < f(2)).
Does R have an area, or how do we define that R has an area? Given a partition P =
{xo,21,...,2n} of [a,b], look at the j-th slice R; := {(x,y) : € [xj_1,24], 0 <y < f(z)}
and the rectangles U; = {(z,y) : ¢ € [zj_1,2;5], 0 <y < M;(f)} and L; = {(z,y) :
z € [zj_1,z], 0 <y < m;(f)}. Clearly L; € R; C Uj. So if R; has an area |R;|, then
m;(f)Az; < |R;| < M;(f)Ax;. Consequently, if R has an area |R|, then
L(f,P) < |R[ <U(f, P);

that is, an upper Riemann sum gives an over-estimate of |R| and a lower Riemann sum
gives an under-estimate of |R|. Hence, if the area |R| is well-defined, we must have that

(L)/abfé IR < (U)/abf-

However, if (L) fff < (U) ff f, then we have no reasonable way to choose a number |R|
between these two numbers and define it to be the area for R.

The Riemann integrability of f exactly states that when and only when (L) f: f=

U) ff f can the proper area of the region R be defined, which equals the Riemann integral
of f on [a,b]. Therefore, if f is nonnegative and integrable on [a, b], then we say the region
has the area |R| defined by |R| = fab f, namely,

b
(5.1) / f(z)dx = Area of R :={(z,y) : x € [a,b], 0 <y < f(z)}.
Criterion for Integrability. The following theorem gives an equivalent condition for

Riemann integrability.

Theorem 5.4 (Criterion for Integrability). Let f be a bounded function on a finite
interval [a,b]. Then f is integrable on [a,b] if and only if for each € > O there exists a
partition P. of [a,b] such that

U(f7P€)_L(f7P5) < €.

Proof. (Sufficiency for Integrability.) Let € > 0. Assume that there exists a partition P. of
[a,b] such that U(f, P:) — L(f, P:) < e. Then U(f, P.) < L(f, P:) + € and so

b b
(U)/ f§U(f,P6)<L(f,PE)+6§(L)/ f+e.

Since € > 0 is arbitrary, this proves that (U) ff f<(L) f; f and hence (U) ff f=(L) ff f.
So, by definition, f is integrable on [a, b].
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(Necessity for Integrability.) Assume f is integrable on [a,b]; namely, (U) f; f =
L) f; f. Let € > 0. Then there exist partitions P;, P» of [a, b] such that

b
U(f,P1><<U>/ fte/2 LR > /f—€/2

Let P. = Py UP,. Then P is a partition of [a, b]. Keeping in mind that (U) ff f=() f; fs
we have

U(f, Po) = L(f, P) SU(f, P) = L(f, P»)

= <U(f, P — (U) /abf) + ((L)/a f- L(f,Pz)>

<eg/24¢/2=c¢.

Integrability of Continuous Functions.

Theorem 5.5. If [ is continuous on [a,b], then f is integrable on |a,b].

Proof. Let £ > 0. Since f is uniformly continuous on [a, b], there exists a 6 > 0 such that
If(2) - f(y)| < bL for all z,y € [a,b] with |z — y| < 6.
—a

Let P = {xo,...,z,} be any partition of [a,b] with norm || P|| < 0. Since f is continuous on
each subinterval [z;_1, z;], by the Extreme Value Theorem, there exist ¢;,d; € [z;_1, z;]
such that

M;(f) = f(¢cj),  my(f) = f(dj).

Since ¢; — d;| < Azj < [|P|| < §, we have

€
M) = my(f) = fleg) — F(dy) <
Therefore,
U(f,P) = L(f,P) = Y (M;(f) = m;(f) Az < =e.
j=1
So, by the Criterion for Integrability, f is integrable on [a, b]. O

EXAMPLE 5.6. Prove that the function

_J0 0<z<1/2
f(x)_{l 1/2<zx<1

is integrable on [0, 1]. Note that this function is not continuous on [0, 1].

Proof. Let ¢ > 0. Choose 0 < z1 < 1/2 < x9 < 1 such that x9 — z1 < €. Let P. =
{xo, 1, 22, x3} with g = 0 and x5 = 1. Then P is a partition of [0, 1], and

ml(f):Ml(f):oa TTLQ(f):O, MQ(f):la m3(f):M3(f):
We easily see that

3

U(f, Pe) = L(f, P2) = Y (M;(f) = m;(f))Azj = mg — 1 < e
j=1
Therefore, by the Criterion for Integrability, f is integrable. O
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5.2. Riemann Sums
Definition 5.6. Let f: [a,b] - R and P = {zg, z1,...,z,} be a partition of [a, b].

(1) A Riemann sum of f with respect to P generated by a sample {t;} of points
tj € [xj_1,2;] is the sum

n

S(f.PAt}) = f(tj)Ax;.

Jj=1

(2) Let I(f) € R be a number. We say that the Riemann sums of f converge to
I(f) as ||P|| — 0 if for each € > 0 there exists a partition P. of [a,b] such that

IS(f, Pt — 1) <e

for every partition P finer than P. and every sample {t;} with ¢; chosen in the
j-th subinterval of P. In this case, we also say that the limit

I(f)= lim S(f,P,{t;}) = lim Y f(t;)Ax,

I1P[|=0 1Pll=0 &

exists. (Note that in the definition, we could also require ||P:|| < ¢.)

Theorem 5.6 (Second Criterion for Integrability). Let f be a bounded function on a
finite interval [a,b]. Then f is integrable on [a,b] if and only if the limit

I(f)= lim S(f,P{t;}) = lim Y f(t;)Ax,

(| Pl|—0 I1PI—=0 2=
exists. In this case, we have I(f) = ff f(z)dz.

Proof. (Sufficiency for Integrability.) Assume that the limit

I(f) = lim S(f, P {t;})= lim > f(t;)Ax,

1[50 P10 £

exists. Let € > 0. Then there exists a partition P = {xo,...,zn} of [a,b] such that
n
D ft) Az —I(f)] <</3
j=1

for every sample {t;} with ¢t; € [x;j_1,2;]. By the definition of m;(f), M;(f), we select
tj, 85 € [xj—1, ;] such that

m, f(sj) <my(f) + 6(b—a)’

f(t5) > M;(f) —
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and hence M;(f) —m;(f) < f(t;) — f(s;) +€/(3(b—a)). So we have

U(f, o) = L(f, Fo) = p_(M;(f) —m;(f))Ax;

n

(F(t3) = Fs))As + 55— 5 3 Ay

1 j=1

Z (tj)Az; —I(f)| + I(f)—zzlf(sj)ij +§
j=1 =

M- 1-

<

J

<§+§+§:€

By the criterion for integrability, f is integrable on [a, b)].

(Necessity for Integrability.) Suppose that f is integrable on [a, b] and that e > 0. There
exist partitions Pj, P» of [a, b] such that

b b
Lp)> [foe U< [ 1
Let P. = P; U P, be the refinement of Pj, P, on [a,b]. Then

b b
LUP) 2 LGP > [ foe UGP)SUMPY < [ fee
Let P = {xo,...,2,} be any partition of [a, b] finer than P, and {¢;} be any sample in P.
Then m, (f) < /(t;) < My (f) and
b
Wiz > [1-e vunsvgr < [ e
Hence

b n
[ r-e<ueP) <Y sw)an <UGP) < [ e
a ]:1

We conclude that )

stpen - [ 1] <e
for every partition P finer than P. and every samgle {t;} chosen in P. This proves that the
Riemann sums of f converge to I(f) = fabf as ||P|| — 0. O
Properties of Integrable Functions.

Theorem 5.7 (Linear Property). If f,g are integrable on [a,b] and o, € R, then
af + Bg is integrable on [a,b], and

/ab(af(x) + Bg(z)) dz = a/ab f(z) dx +ﬁ/abg($) d

Proof. Use Riemann sums and the Triangle Inequality. O

Theorem 5.8 (Additivity Property). Let a,b € R with a < b, and f be integrable on
[a,b]. Then f is integrable on each subinterval [c,d] of [a,b]. Moreover,

(5.2) /f dm—/f dx+/f



8 5. Integrability on R

for all ¢ € (a,b). Conversely, if a < c <b, f:[a,b] = R and f is integrable on [a,c] and
[c,b], then f is integrable on [a,b], and (5.2) holds.

Proof. 1. Assume that f is integrable on [a, b]. Let [c, d] be a subinterval of [a, b]. Let € > 0.
Choose a partition P of [a, b] such that

U(f,P)—L(f,P)<e

Let P = PU{¢,d} and P, = P' N [c,d]. Then P’ is a refinement of P on [a,b] and P is a
partition of [c, d], which is part of partition P’ of [a, b]. Therefore, we have

U(f,Pl)—L(f,Pl)SU(f,P,)—L(f,P,)gU(f,P)—L(f,P)<E

where U(f, Py), L(f, Py) are defined with P, being a partition on [c, d]. Hence, by the Cri-
terion for Integrability, f is integrable on [c, d].

2. Assume that a < ¢ < b, f: [a,b] - R and f is integrable on [a, ] and [c,b]. Let
e > 0. Choose partitions P; of [a,c] and P» of [c, b] such that

U(fvpl)_L(f7P1)<E/23 U(faP2)_L(f7P2)<€/2
Let P = P; U P,. Then P is a partition of [a, b], and we have

U(f, P) = L(f, P) = (U(f, ) + U(f, P2)) = (L(f, P1) + L(f, P2)) < /2 +¢/2 =&.
Hence, by the Criterion for Integrability, f is integrable on [a, b].

3. To verify the additivity property (5.2), suppose that P is a partition of [a,b]. Let
Py=PU{c},PL=PFPyNJa,c],and P» = PyN|c,b]. Then Py = P U P; and

c b
U(f.P) > U(f. Ro) = U(f, P) + U(f. Py) > / e+ / /,

c b

Hence (U)f:fo:f—i—fcbfand (L)f:fﬁf;f‘i‘fcbf; SOf:f:f:f+fcbf- U

Theorem 5.9 (Order Property). Let a,b € R with a < b. If f,g are integrable on [a,b]
and f(z) < g(x) for all x € [a,b], then

/bf(x) dzx < /bg(a:) dx.
In particular, if m < f(x) < M foj’ all x € |a, b]:l then
m(b—a) < /bf(ac)da: < M(b—a).
Proof. For all partitions P, Q of [a,b], we have L(f,Q) < U(f,P) < U(g, P). So

[rome [ 120 fo- oo

The special case follows easily. g

Theorem 5.10. If f is (Riemann) integrable on [a,b], then |f| is (Riemann) integrable on

[a,b], and
b
x)dx S/ |f(x)|dx.
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Proof. Let P = {xg,...,x,} be a partition of [a,b]. We claim that
(5.3) Mj([f1) = my(If]) < Mj(f) =my(f) Vi=12,...,n
Indeed, let € > 0 and let x,y € [z;_1,x;] be such that
M;([fD) < [f (@) +e/2, my(If]) > [f(y)] —e/2.
Then M;(|f[) —m;(|f]) < [f(@)] = [f(y)| +e. If f(z), f(y) are both > 0 then
[f@)] = W)l = fz) = fly) < M;(f) —m;(f);
if f(z), f(y) are both < 0 then
f@)] = 1fW)] = fly) — flx) < M;(f) —m;(f);
if f(x) <0< f(y), then M;(f) =0 > m;(f) and
[f@) = fW)] = —flx) = fly) < —f(x) < —mi(f) < M;(f) —m;(f);
finally, if f(z) >0 > f(y), then M;(f) > 0> m;(f) and
[f@)] = 1fW)] = f(@)+ fly) < f(z) < M;(f) < M;(f) —m;(f)
Therefore, in any cases, we have |f(z)| — |f(y)| < M;(f) —m;(f). This proves
Mi(1f1) = m;(1f]) < [f @) = [fW)] + & < M;(f) —m;(f) +

for all € > 0; hence (5.3) follows. Let ¢ > 0 and choose a partition P of [a,b] such that
U(f,P)— L(f,P) < e. Then by (5.3) we have

U(lf, P) = L(If, P) <U(f, P) = L(f,P) <,

which proves that |f| is integrable on [a,b]. Using the inequality —|f| < f < |f| and the
Linear and Order Properties above, we easily have that

_/ab|f(g;)|dx§/abf(x)deLb\f(x)\dm,

which completes the proof. ]
Remark 5.7. The converse of the previous theorem is false. Indeed, consider the function
1 €
nay =4t TEd
-1 z¢Q.

Then |h(x)| =1 is constant and hence is Riemann integrable on an interval [a, b]; however,
it is easily seen that

b b
(U)/h:b—a>0, (L)/h:a—b<0,

and hence h is not Riemann integrable on [a, b].
Corollary 5.11. If f is (Riemann) integrable on [a,b], then f? is (Riemann) integrable on
[a, b].

Proof. Since f is bounded on [a,b|, assume |f(z)| < M for all = € [a,b]. Let P be any
partition of [a,b]. Then M;(|f]) < M and m;(|f|) < M. Note that M;(f?) = M;(|f]?) =
(M;(|£]))? and similarly m;(f2) = (m;(|f]))? (Verify!) and hence

M;(f2) = m;(f2) = (M;(1f))* = (my(1£1))?
= (M (171 +my (1F1) (M ([F]) = my(1F1) < 2M (M;([f]) = m;([f1))-
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This implies that

from which the integrability of f? is a consequence of the integrability of | f| proved above.

[l
Theorem 5.12. If f, g are integrable on [a,b], then so is fg.
Proof. Use the Corollary above and the identity
_(ft9*-r-g
f9= 5 :
]

Mean Value Theorems for Integrals. We continue to assume that a,b € R with a < b.

Theorem 5.13 (First Mean Value Theorem for Integrals). Suppose that f and g are
integrable on [a,b] with g(z) > 0 for all xz € [a,b]. Let

m= inf f(z), M= sup f(z).
z€[a,b] z€la,b]

Then there exists a number ¢ € [m, M| such that

/ f( /:g(x) dz.

In particular, if f is continuous on [a,b], then there exists an xy € [a,b] such that

[ 1) de = st [ o)

Proof. Since m < f(x) < M, g(x) > 0 on [a,b], we have mg(z) < f(x)g(xz) < Mg(x) for
all x € [a,b], and hence, by the Linear and Order Properties,

b b b
m/gé/fgSM/g

If ffg =0, then f; fg =0 and so any ¢ € [m, M| will prove the result. So assume f;g >0

b
and let ¢ = ff“bfg . This ¢ will prove the theorem since m < ¢ < M. In particular, if f is
29
continuous, then by the Intermediate Value Theorem, there exists an xy € [a,b] such
that f(zo) = c. O

Remark 5.8. The First Mean Value Theorem for Integrals above states that if f is
integrable on [a, b] with a < b, then

inf
BUINRAC

b
)<yt [ H@de < sw )

z€la,b]

In particular, if f is continuous on [a, b], then there exists an zg € [a, b] such that

b
= bia/ f(x)dx

In general, the number b f f(z) dz is called the mean-value or the average of integrable
function f on [a, b].
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Theorem 5.14. If f is integrable on [a,b] and define

:/:f(t)dt and  G(x /f

for all x € [a,b], where we define F(a) = 0 and G(b) = 0, then F and G are well-defined
and are continuous on [a, b].

Proof. Since f is bounded on [a, b, assume |f(x)] < M for all = € [a,b]. For any x < y in
[a, b] we have that
y @ y y
:/ F(t)dt :/ £(t) dt+/ f(t) dt = F(x) +/ f(tydt

F(y) - F(z)| = /yf(t)dt S/y!f(t)\dtSM(y—w),

which shows that |F(z) — F(y)| < M|x —y| for all z,y € [a, b]. Similarly, we also show that
|G(x) — G(y)| < M|x — y| for all z,y € [a,b]. Hence F and G are both well-defined and
continuous on [a, b|. O

and so

Remark 5.9. Sometimes functions defined by F f f(t)dt are also considered for

x < a. For such a purpose, we extend the integral fa f(x)dx to the case a > b as follows.

We always define
/ f(z)dx =

for all functions f defined and bounded in some interval containing a. If b < a and f is
integrable on interval [b, a], then we define

/abf(z)dwz—/baf(m)dx

1 >0
EXAMPLE 5.7. If f(z) = ) v 0, then the function F(x) = [ f(t)dt is defined for
-1 x<

all z € R and is given by F(x) = |z| for all z € R.

Theorem 5.15 (Second Mean Value Theorem for Integrals). Suppose that f and g
are integrable on [a,b] with g(x) > 0 for all x € [a,b]. If m, M are two numbers satisfying

m < inf f(z), M > sup f(z),
z€[a,b] z€la,b]

then there exists a number ¢ € [a,b] such that

/abf(a:) d:c—m/ da:—i—M/

In particular, if f(x) > 0 for all x € |a,b], then there exists a number c € [a,b] such that

/abf(:n)g(x)dx—M/cbg ©) dx

m/ dt—i—M/ t)ydt Y x € la,bl.

Proof. Let



12 5. Integrability on R

Then F is continuous on [a, b] and by the Order Property,

b b b
Zm/gs/fgéM/nga
a a a

Hence by the Intermediate Value Theorem again, there exists ¢ € [a,b] such that
b
o= [ fg. O
5.3. The Fundamental Theorem of Calculus

Theorem 5.16 (Fundamental Theorem of Calculus). Let a,b € R with a < b and
f:la,b] = R.

(1) If f is continuous on [a,b] and F(x) = [ f(t)dt, then F € C'[a,b] and

(/f dt) f@) Vaelab)

(2) If f is Riemann mtegmble on la,b] and G is a continuous function on |a,b] which

is differentiable in (a,b) with G'(x) = f(x) for all x € (a,b), then
/ f(t) () — G(a) Yz €la,b].

Proof. Let us prove the second part only. Let € > 0. Since f is integrable on [a, ], choose
a partition P = {xg,...,z,} of [a,z] (so g = a,z, = x) such that

Zf(tj)ij - /w f(t)dt| <e
j=1

a

for any choice of sample {t;} with t; € [x;_1,2;]. Since G is continuous on [z;_1,z;| and
differentiable in (z;_1,x;), by the Mean Value Theorem, we choose t; € (z;_1,x;) such
that G(:L'j) - G(l’jfl) = G/(tj)Al’j = f(tj)Al'j. Therefore

o6t = [Lrou =]

= Zf(tj)A:cj—/xf(t)dt <e.
p o

Since € > 0 is arbitrary, we have G(z) — [T f(t)dt = 0. O

n

@ un—«x%;nw—/wﬂww

1

Theorem 5.17 (Integration by Parts). Suppose that f, g are differentiable on [a,b] with
f's g Riemann integrable on |a,b]. Then

b b
/ f'(x)g(x) de = f(b)g(b) — f(a)g(a) / f(2)g (x) dx

which can also be written as

b b
/f@mmmzﬂmMM—/fmﬂ@m

with the notation h(z)|% := h(b) — h(a).
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Proof. Let G(z) = f(z)g(z) for = € [a,b]. Then G is differentiable on [a,b] and G'(x) =
f(x)g(x)+ f(x)d (x) = ( ) for all = € [a,b]. Since f,g, f’, ¢ are all integrable on [a, b], it
follows that h, f'g and fg' are all integrable on [a, b]. Hence by the second part of FTC,

/ hz) dz = G(b) — Gla).
However, by the Linear Property,

/ab h(z)dz = /ab f(x)g(x)dx + /ab f(2)g (x)dz

So regrouping, we prove the theorem. O
ExaMPLE 5.8. Find fOW/Q rsinzdx.

Solution. Let f(x) = —cosx and g(x) = x. Then f'(x)g ( ) = xsinz and so

/2 7r/2
/ rsinx dxr = / f(z
0

w/2 9
:(O—O)+/ cosa:dx:sinx\g/ =1.
0

Inverse Function Theorem on R. We have the following result.

Theorem 5.18 (Inverse Function Theorem on R). Let I be an open interval and
f: I — R be one-to-one and continuous. Then J := f(I) is an open interval and the
inverse function f~' is continuous on J. If f'(a) exists and is nonzero for some a € I, then
the inverse function f~' is differentiable at b= f(a) and (f~1)'(b) = 1/f'(a).

Proof. 1. We first show that f must be strictly monotone on I. Suppose not. Then
there exist points h, k,l € I such that h < k < [ but f(k) does not lie between f(h) and
f(1). Since f(h) # f(1), with loss of generality, we may assume f(h) < f(l); then either
f(k) < f(h) < f(l) or f(h) < f(I) < f(k). Hence by the one-dimensional Intermediate
Value Theorem, either there exists z1 € (k,[) such that f(x1) = f(h) or there exists zy €
(h, k) such that f(x2) = f(I). In either cases, since f is one-to-one, we have contradiction:
x1 =h € (k,1) or z9 =1 € (h,k). Therefore, f must be strictly monotone on I. Without
loss of generality, in the following, we assume that f is strictly increasing on I; that is,
flz) < f(y) for all x < y in I.

2. Let I = (a, ). We claim that J := f(I) = (f(a™),f(87)) is an open interval.
It is clear that if a € («,f), then a € (a B') for some o/, with a < o/ < ' < f
and thus f(a/) < f(a) < f(B8'). Since f(a™) < f(&/) < f(B') < f(B7), it follows that
f(a) € (f(at), f(87)), which proves that f(I) C (f(a™), f(87)). Conversely, let b €
(f(at), f(B87)); namely, f(at) <b< f(87). Then there exist o/, 3’ with a < o/ < ' < 3
such that f(a/) < b < f(8'). Since f is continuous, by the IVT, there exists a € (¢/, )
such that f(a) =b and thus b € f(I), which proves that (f(a™), f(37)) C f(I). Therefore,
J:=f(I)=(f(a™), f(B7)) and is thus an open interval.

3. We now prove that f~! is continuous on J. Suppose that f~! is not continuous at
some point yo € J. Then there exists a sequence {y,} in J and a number gy > 0 with
(Yn) — o but

1 (yn) = f (o) >0 VnEN.
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Since y, # yo for all n € N, without loss of generality, we assume that there exists a
subsequence (y,,) with y,; > yo for all j € N. Hence

F " yny) > £ (o) +20 > £ (o)

Since f_l(ynj),f_l(yo) € I and I is an open interval, we have f~!(yo) +e0 € I = f~1(J)
and thus f~1(yo) +¢e0 = f~*(20) for some 2z € J. Then

F ny) > N 20) > £ (o)

This implies y,; > 20 > yo for all j € N, which is a contradiction to the convergence
(yn) — yo. So f~1is continuous on J = f(I).

4. Now assume f’(a) exists and is nonzero at some a € I, and we prove that f~! is
differentiable at b = f(a) € J and (f~1)'(b) = 1/f'(a). We choose an interval (c,d) C I such
that a € (¢,d). Then f(c) < b= f(a) < f(d). Choose 6 > 0 so small that b+h € (f(c), f(d))
for all |h| < 4. Fix such an h # 0 and set x = f~1(b+h). Then f(x) — f(a) =b+h—b= h.
By the continuity of f~!, we have that z — a if and only if A — 0. Therefore,

i SR = fHR) r—a _ 1
h—0 h ea f(z) — fla)  f(a)

O

Theorem 5.19 (Change of Variables). Let ¢ € Clla,b] with ¢ # 0 on [a,b]. Let
o([a,b]) = [e,d]. If f is integrable on [c,d)], then f(¢(x))|¢'(x)] is integrable on [a,b], and

/f t)dt = /f x)| dx.

Proof. By the assumption, ¢’ is either positive on [a,b] or negative on [a, b]. We consider
only the case when ¢'(x) > 0 for all x € [a,b]. In this case ¢ is strictly increasing on
[a,b] and ¢([a,b]) = [c,d] = [p(a),d(b)]. Also the inverse function ¢~': [c,d] — [a,b] is
also differentiable. Assume |f(z)] < M for all z € [a,b]. Let € > 0. Since ¢’ is uniformly
continuous on [a, b], choose § > 0 such that
[6'(s) = ¢'(8)| < 53777

m \V/S,te[a,b], |S—t|<5

Since ¢! is uniformly continuous on [, d], choose 1 > 0 such that

0 (y) — ¢ 1 (2)| <0 Vy,z€ed], |ly—=z<n.

Since f is integrable on [c, d], choose a partition P: of [¢,d] such that || P.|| < n such that

’S(f, P - [ ") dt' <ef2

for every partition P = {yo,y1,...,¥n} of [c,d] finer than P. and every choice of sample

€ [yj—1,yj]. Let P. = ¢'(P:). Then P. is a partition of [a,b] and ||P.|| < § (by the
choice of ). Now let P = {xg,z1,...,z,} be any partition of [a,b] finer than P, and let
tj € [xj_1,2;] be any sample points. Let P = ¢(P) = {y0,y1,--.,yn} with y; = é(z;)
and let u; = ¢(t;). Then P is a partition of [c,d] finer than P.. By the MVT, choose
¢j € [zj—1, ;] such that y; — yj—1 = ¢(xj) — ¢(z;—1) = ¢'(¢;)Az;. Then

F(o(t))¢ (cj) Az = f(uj)Ay;.
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Hence,
n d
> £t~ [ e
j=1 c
n n d
<D PO () — ¢ () Azy| + D F(8(t)¢ (¢)) Az — / f(t)dt
7j=1 j=1 c
n d
<MZ’¢ ¢'(cj)| Az + Zf(uj)ij_ f(t)dt
j=1 c
A - d
MZ gt 2oy [ 018 - | s
<e/2+¢/2=c¢.
This completes the proof. [l

Remark 5.10. The difficult part of the part is to show that f(¢(x))|¢'(x)| is integrable
on [a,b] when we only know f(t) is integrable on [c, d]. These two functions are defined on
different intervals and f is not assumed to be continuous. If we assume f is continuous then
the proof is much easier (see next theorem).

Theorem 5.20 (Change of Variables for Continuous Integrands). Suppose that
¢ € Cta,b] and f is continuous on some interval containing the set ¢([a,b]). Then

¢>(b
/ ) dt = / 7@
Note that the integral on the lefthand side still makes sense even when ¢(b) < ¢(a).

Proof. Define
/ f(o t)ydt Y x € la,b,

:/u ft)dt Yue ¢([a,bl),
$(a)

where the integral even when u < ¢(a) is well-defined as above. Then, by FTC, G'(x) =
f(é(x))¢' (x) and F'(u) = f(u). Hence by the Chain Rule,

(G(z) = F(6(x))) = G'(z) — F'(¢(2))¢(z) =0

for all z € [a, b]. Therefore, G(x)— F(¢(x)) is constant on [a, b], which can be evaluated to be
zero by choosing = = a. So G(x) = F(¢(x)) for all = € [a,b]; in particular, G(b) = F(¢(b)),
which exactly proves the theorem. ]
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5.4. Improper Riemann Integration

In this section, we extend the Riemann integrals to unbounded intervals or unbounded
functions or both.

We first make the following motivating fact about the Riemann integrals.

Lemma 5.21. Let a,b € R with a < b and let f be integrable on [a,b]. Then

b d
Lf@MZEﬁQ%Af@m)

Proof. Let F(z) = [ f(t)dt for all z € [a,b]. Then F is continuous on [a,b] and hence

/abf(x)dx:F(b)—F(a): lim ( lim (F(d) — F(c))) = lim <lim/ e dx)

c—at d—b— c—at \d—b

Improper Integrability.

Definition 5.11. Let (a, b) be a nonempty, open (possibly unbounded) interval and f: (a,b) —
R be a function.

(1) We say that f is locally integrable on (a,b) if f is integrable on each finite
closed interval [c, d] of (a,b).

(2) We say that f is improperly (Riemann) integrable on (a,b) if f is locally
integrable on (a,b) and the limit

(5.4) / f(x)dz = lim <d11£1_ / ‘ f(=) dm>

exists and is finite. In this case, this limit is called the improper Riemann
integral of f on (a,b). Sometimes we also use the notation

/abf(x) dx = /a+_ f(z)dx

to distinguish the improper integrals from the Riemann integrals defined earlier.

Lemma 5.22. The order of limits in (5.4) does not matter. In particular, if the limit in
(5.4) exists and is finite, then the limit

d
li li d
i ([ 1o

exists and equals fab f(z)dx.

Proof. Let xo € (a,b). Then
o d
li 1 Ydx | = i d li d
s (Jop [ @) = i ([ st g [ s01a:)

o d
(5.5) = lim/ f(z) dx—i—dliril_/ f(z)dx

c—at J.
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Since, for each ¢, limy_,;- fcd f(x)dz exists, we have

oy (g [ rorae) = [ ([ t0p0e= [ st
= m(}i_r)r;f [dl_igl /Cd f(z)dx — /Cxo f(z) dm]

d xo
= Jim [ f@de— tim [ o=

Therefore, in (5.5) letting 9 — b~, we obtain that
o d b~
li li de | = li li dz ) = d
Ji ([ wae) = i (g [Csere) = [ s

Remark 5.12. (i) If f is integrable on [c, b] for all ¢ € (a,b), then the improper Riemann
integral of f on (a,b) is also given by

/f d:pzcliré1+/cbf(x)dx ::/ajf(x)d:c

If this limit exists and is finite, we also say that f is improperly integrable on (a,b].
The similar situation applies at the endpoint b, in which case we say that f is improperly
integrable on [a,b).

0

(ii) It is easily seen that f is improperly integrable on (a, b) if and only if f is improperly
integrable on (a, ¢| and also improperly integrable on [c, b), where ¢ € (a,b) is some number.
In this case, we have that

/aif(x)dz::/[Lif(x)dx+/cb £(z) dz

EXAMPLE 5.9. Show that function f(x) = 1/+/x is improperly integrable on (0, 1].

Proof. Exercise! O

EXAMPLE 5.10. Show that function f(x) = 1/22 is improperly integrable on [1, o).

Proof. Exercise! O

Properties of Improper Integrals.

Theorem 5.23 (Linear Property). If f, g are improperly integrable on (a,b) and o, 5 €
R, then af + Bg is improperly integrable on (a,b), and

/ab(af(x) + Bg(z)) dz = a/ab f(z) dx +ﬁ/abg($) d

Proof. Use the Linear Property of integrals on each subinterval [c, d] of (a,b). O

Theorem 5.24 (Comparison Theorem for Improper Integrals). Suppose that f,g
are locally integrable on (a,b) and 0 < f(z) < g(z) for all x € (a,b). If g is improperly
integrable on (a,b), then f is also improperly integrable on (a,b) and

[ 1w < [ g
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Proof. Fix ¢ € (a,b). Let F(d) = fcd f(z)dz and G(d f g(z)dx for d € [c,b). Then by
the Order Property, F'(d) < G(d). Note that F' and G are increasing on [c,b) and G(b™)
exists. Hence F' is bounded above by G(b™) and so F(d™) exists and is finite. This shows
that f is improperly integrable on [c,b). By the similar argument, we also show that f is
improperly integrable on (a, c|; thus f is improperly integrable on (a,b). The order property

[ rwies [ gwa

follows easily from the order property of the Riemann integrals of f and g on each subinterval
[c,d] of (a,b). O

EXAMPLE 5.11. Show that f(z) = (sinz)/z/? is improperly integrable on (0, 1].
Proof. Since 0 < sinz < z for all x € [0, 1] (use elementary calculus to prove it!), it follows

that
0< flo)<a- 273 =2"12 vaie(01]

Since x~ /¢ is improperly integrable on (0, 1], by the theorem above, f is improperly inte-
grable on (0, 1]. O

1/2

EXAMPLE 5.12. Show that f(z) = (Inz)/2°/2 is improperly integrable on [1,c0).

Proof. Since 0 < Inz < z for all x > 1 (use elementary calculus to prove it!), it follows
that

0< f(zx) < xox 2 =232 v >,
Since x is improperly integrable on [1,00), by the theorem above, f is improperly
integrable on [1,00). O

—3/2

Lemma 5.25. If f is bounded and locally integrable on (a,b) and |g| is improperly integrable
n (a,b), then |fg| is improperly integrable on (a,b).

Proof. Use 0 < |fg| < M|g| and the Comparison Theorem above. O

Absolute and Conditional Improper Integrability.

Definition 5.13. Let f: (a,b) — R.
(1) We say that f is absolutely integrable on (a,b) if f is locally integrable on (a,b)
and |f| is improperly integrable on (a,b).
(2) We say that f is conditionally integrable on (a,b) if f is improperly integrable
on (a,b) but |f| is not improperly integrable on (a,b).

Theorem 5.26. If f is absolutely integrable on (a,b), then f is improperly integrable on

(a,b) and
b
< [ 116 da.

Proof. Since 0 < |f|+ f < 2|f|, by the Comparison Theorem, f + |f]| is improperly
integrable on (a,b). Hence, by the Linear Property, = (|f] + f) — |f] is also improperly
integrable on (a, b). Moreover, for all ¢ < d in (a, b),

/|f )| da.

We then complete the proof by takmg the limit as ¢ — a* and d — b™. O

x)dx

x)dx
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The converse of Theorem 5.26 is false.

EXAMPLE 5.13. Prove that f(z) = is conditionally integrable on [1, 00).

Proof. Integrating by parts, we have for all d > 1,

4 sin coszx|d 4 cosx
der = — — 5 dz.
1 X X 1 1 xr

Since 1/z? is absolutely integrable on [1,00), we have (cosz)/x? is absolutely integrable
n [1,00); hence (cosx)/x? is improperly integrable on [1,00). Taking the limit as d — oo

above, we have
o s o0
sinz cos T
dx = cos(1) — 5 dx
1 €z 1 Zz

exists and is finite. This proves that (sinz)/z is improperly integrable on [1, 00).

We now show that |sinz|/x is not improperly integrable on [1,00), which proves that
(sinz)/x is conditionally integrable on [1,00). Note that if n € N and n > 2 then

v |Slnx\ / \smx! / ) 21
dr > dx > de = — —.
/ Z Z sl e =237

Hence
" | sinz|

lim dr =
n—oo [y x

So | sinz|/x is not improperly integrable on [1, c0). O



