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Chapter 1

Single First Order
Equations

1.1. Transport Equation

ut + B - Du(x,t) =0,
where B = (b1, ...,b,) is a constant vector in R".
(a) (n =1) Find all solutions to u; + cu, = 0.

Geometric method: (u,,u;) is perpendicular to (¢,1). The directional derivative
along the direction (¢, 1) is zero, hence the function along the straight line x = ¢t + d is
constant. i.e., u(z,t) = f(d) = f(x — ct). Here  — ¢t = d is called a characteristic line.

Coordinate method: Change variable. x1 = —ct, z2 = cx+t, then uy = uy, +ug,c,
Ut = Ug, (—€) + Ug,, hence uz + cuy = Uy, (1 + %) = 0; e, u(x,t) = f(z1) = f(x — ct).
(b) (general n) Let us consider the initial value problem
ut + B - Du(x,t) =0 in R™ x (0, 00),
{u(x,()) = g(x).
Asin (a), given a point (z,t), the line through (z,t) with the direction (B, 1) is represented

parametrically by (z + Bs,t + s), s € R. This line hits the plane ¢ = 0 when s = —t¢ at
(x — Bt,0). Since
d
d—u(x+Bs,t+s) =Du-B+u =0
s
and hence u is constant on the line, we have

u(z,t) = u(z — Bt,0) = g(z — Bt).

If g € C', then u is a classical solution. But if ¢ is not in C', u is not a classical solution,
but it is a weak solution as we will see later.

(c¢) Non-homogeneous problem

{ut + B - Du(z,t) = f(x,t) in R™ x (0,00)
u(z,0) = g(x).

HI
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This problem can be solved as in part (b). Let z(s) = u(x + Bs,t + s). Then Z =
f(z+ Bs,t+s). Hence

0 t
u(z,t) = z2(0) = z(—t) +/ 2/ (s)ds = g(x — Bt) —i—/o flx+ (s—t)B,s)ds.

—t

1.2. Linear first order equation

{a(x, Hug(z,t) + b(x, t)uy(z,t) = c(x, t)u + d(z,t) in R x (0,00)
u(z,0) = g(z).

The idea is to find a curve (x(s),t(s)) so that the values of z(s) = u(x(s),t(s)) on this
curve can be calculated easily. Note that

d

£z(s) = upd + uyl.

We see that if z(s), t(s) satisfy
. .
(11) $ CL(.’L‘7 )7
t =b(x,t),
which is called the characteristic ODEs for the PDE, then we would have

(1.2) %z(s) = c(x,t)z(s) + d(x, ).

This linear ODE in z along with the ODE (1.1) can be solved easily if (0) = 7, £(0) = 0
and z(0) = g(7) are given as initial data at s = 0, with 7 € R being a parameter. Let
x(t, s),t(r,s) and z(7, s) be the solutions.

Finally, if we can solve (7, s) in terms of (x,t) from z(7, s) and t(7, s), then we plug into
z(7,s) and obtain the solution defined by u(x,t) = z(7, s).

ExaMPLE 1.1. Solve the initial value problem
ug + ruy = u, u(z,0) = 2>

Solution: The characteristic ODEs with the initial data are given by

Hence

x(r,s) = e°r, t(r,s)=s, z(r,8)=eT>

Solve (7, s) in terms of (x(7,s),t(r,s)). From the expression, we see that

Therefore,
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1.3. The Cauchy problem for general first order equations

Consider a general first-order PDE
F(Du,u,z) =0, == (x1,...,25) € QCR",
where F' = F(p, z,x) is smooth in p € R", z € R,z € R™. Let
DyF = (Fy,,...,Fy), D.F = F,, D,F = (F,,,...,F,.).

The Cauchy problem is to find a solution u(z) such that the hypersurface z = u(x)
in the xz-space passes a prescribed (n — 1)-dimensional manifold S in xz-space.

Assume the projection of S onto the z-space is a smooth (n — 1)-dimensional surface
I". We are then concerned with finding a solution » in some domain €2 in R™ containing I'
with a given Cauchy data:
u(z) = g(x) forzel.
Let T' be parameterized by a parameter y € D C R"~! with 2 = f(y). Then the Cauchy
data is given by
u(f(y)) = 9(f(y)) = h(y) yeD.

1.3.1. Derivation of characteristic ODE.. The method we will use is motivated from
the transport equation and linear equation, and is called the method of characteristics.
The idea is the following: To calculate u(x) for some fixed point x € 2, we need to find a
curve connecting this x with a point x¢ € I', along which we can compute u easily.

How do we choose the curve so that all this will work?

Suppose that u is a smooth (C?) solution and x(s) is our curve with 2(0) € I' defined
on an interval I containing 0 as interior point. Let z(s) = u(z(s)) and p(s) = Du(x(s));
namely p;(s) = ug, (z(s)) for i =1,2,--- ,n. Hence

(13) F(p(s), 2(s), 2(s)) = 0.
We now attempt to choose the function z(s) so that we can compute z(s) and p(s). First,
we differentiate p;(s) = ug, (z(s)) with respect to s to get

(1.4) Pi(s) =D g, (@(s))iz(s), (i=1,...,n).
j=1

(Here and below, the “” means “%” .) This expression is not very promising since it involves
the second derivatives of u. However, we can differentiate the equation F'(Du,u,z) = 0 with
respect to x; to obtain
n
OF oF OF
1.5) —(Du,u, )y, s, + — (Du,u, x)uy, + —(Du,u,x) = 0.
( = ap] s Wy ) T4 82( ) T 81’1( y Wy
Evaluating this identity along the curve = = x(s) we obtain

" OF OF OF
1. g . —
(1.6) 2 apj“ w; (w(8)) + P J(z(s)) + oz,

0,

where F),, F, and F, are evaluated at (p(s), z(s), z(s)). Suppose z(s) satisfies
OF

(L.7) () = 5,

(p(s),2(s),z(s)) Vji=1,2,--- n.



1.3. The Cauchy problem for general first order equations 4

Of course, when the solution u(x) is known, this is just an ODE for z(7), for p(s) = Du(z(s))
and z(s) = u(x(s)). So we can solve (1.7) to get z(s) if u is known in C2.

Combining (1.4)-(1.7) yields

(1.8) pi(s) = —(Z];(p(s),z(s),x(s))pi(s) - gfz (p(s), z(s),z(s)).

Finally we differentiate z(s) = u(x(s)) to get

(1.9) Zp] DEAC Zpy ,2(s),2(s)).

We can rewrite equations (1 7)-(1.9) into a vector form:

(
#(s) = DpF(p(s),2(s),z(s)),
(1.10) is) = DpF(p(s),2(s),2(s)) - p(s),

ps) = —Da:F( (s),2(s), x(s)) = D-F(p(s), z(s), 2(s))p(s)-
Definition 1.1. This system of 2n+1 first-order ODEs together with F'(p(s), z(s), z(s)) =0
are called the characteristic equations for F'(Du,u,z) = 0. The solution (p(s), z(s), z(s))

is called the full characteristics and its projection z(s) is called the projected charac-
teristics.

What we have just demonstrated is the following theorem.
Theorem 1.1. Let u € C?(Q) solve F(Du,u,z) = 0 in Q. Assume x(s) solves (1.7), where

p(s) = Du(x(s)), z(s) = u(x(s)). Then p(s) and z(s) solve the equations in (1.10), for those
s where x(s) € Q.

Remark: The characteristic equations are useful because they form a closed system
of ODEs for (p(s),z(s),z(s)) as 2n + 1 unknown functions. If we know the initial data
(p(0), 2(0),2(0)) when s = 0, then we can find the values of (p(s),z(s),z(s)) for at least
small s. Since z(s) = u(z(s)), we will know the value of u(z) at x = z(s). As we will choose
the initial data (2(0),x(0)) according to the Cauchy data and thus

2(0) = h(y), =(0) = f(y),
we therefore need to find the initial data for p(0); this will be an important part of the

method of solving the equation using the characteristics. We will accomplish this after
some examples.

1.3.2. Special cases. (a) Linear equations B(z)Du(x) + ¢(x)u = d(z). In this case,
F(p,z,2) = B(x)p + c(x)z — d(),
and hence D,F' = B(x), D,F = ¢(z). So (1.10), together with F(p, z, z) = 0, becomes
(s) = DpF(p, z,2) = B(x),

2(s) = B(x)p = —c(x)z(s).
One can solve the first set of ODEs, then solve z. In this case, p is not needed.

ExXAMPLE 1.2. Solve
TUy — Yugy =u, x>0,y >0,
(,0) =g(x), =x>0.
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(Answer: u(z,y) = g((z2 + y?)'/?)errctan(v/z) )
(b) Quasilinear equations B(xz,u)Du + c¢(x,u) = 0. In this case,
F(p,z,x) = B(z,2)p+c(x,2), D,F = B(z,z).
Hence (1.10), together with F'(p, z,z) = 0, becomes
{j: = B(x, 2),
2= B(z,2)p = —c(z,2),
which are autonomous system for x, z. Once again, p is not needed.

ExXAMPLE 1.3. Solve

uz—I—uy:uZ, y >0,
u(z,0) = g(z).

9(z—y)

(Answer: u(z,y) = T—yo(e—y) Lhis solution makes sense only if 1 — yg(z —y) #0.)

(c) Fully nonlinear problem.

EXAMPLE 1.4.
Ugy Ugy = U, z1 > 0,
u(0,z2) = 3.

Solution: In this case, F(p, z,z) = p1p2 — z. The characteristic equations are
:L:leplsza x:Qsz2:p1,
Z=p1Fp, + p2Fp, = p1p2 + p2p1 = 2p1p2 = 2%,

plz_Facl_szlzplv pZZ_FxQ_FzPQZPQ-
The initial data with parameter y are given by
z1(0) =0, z2(0) =y, 2(0)=1>,
and

p1(0) =a(y), p2(0) =q(y),
where, from F'(p(0), z(0),z(0)) = 0,

aW)aely) =y*

Since u(0,y) = y?, differentiating with respect to y, we have

P2(0) = ey (5,0) = 2 = @2(y), 50 p1(0) =an(y) = 5.

Using these initial data we can solve the characteristic ODEs to obtain

1
z=2Z(y,s) = y’e*, p=pily,s) = Fve’ P2 =pa(y, s) = 2ye’,

mzmeZ/mw®®=%W—m
0

s 1
v = aay5) =y + [ milys)ds = Jule" + D).
0
This implies
U(l'l (ya S)a xZ(ya S)) = Z(ya 3) = y2€28'
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Given = = (x1, z2), we solve x1(y,s) = x1 and z2(y, s) = z2 for (y,s) and then obtain the
value u(z1,z2). Note that
1 + 4o = 4ye’,

and hence we must have

1
w(zy, ) = Z(y, s) = y?e* = 1—6(351 + 4x9)2.

(Check this is a true solution!)

1.3.3. The Cauchy problem. We now discuss the method of characteristics to solve the
Cauchy problem:
F(Du,u,z) =0 inQ; wu(z)=g(x) onl.

First of all, we assume that I' is parameterized by x = f(y) with parameter y € D C
R" ! where D is a domain and f is a smooth function on D. Let

u(f(y)) = 9(f(y)) = h(y), yeD R
Fix yo € D. Let 29 = f(v0), 20 = h(y0) = u(xg). We assume that py € R™ is given such that
(1.11) F(po, 20, z0) = F(po, h(yo), f(v0)) = 0.

In order that pg = (pg, - -+, ply) may equal Du(xy), it is necessary that
n

(1.12) hy, (yo) = > fo(wo)ph Vi=1,2,--,n—1,
i=1

where (f1, f2,---,f") = f.

Given yo € D, we say that a vector pg is admissible at yo (or that (pg,yo) is admissible)
if (1.11) and (1.12) are satisfied. Note that an admissible py may or may not exist; even
when it exists, it may not be unique.

Conditions (1.11) and (1.12) can be written in terms of a map F(p,y) from R™ x D to
R™ defined by F = (F1,- -, Fn), where

Fioy) =D L, @0’ —hyy(4) (G =12, ,n—1);
=1

Fnlp,y) = F(p,h(y), f(y)), yeD, peR™
Note that pg is admissible at yq if and only if F(pg,yo) = 0.

We say that an admissible (pg,y0) is non-characteristic if

9f*(yo) 9f™(yo)
oy T Jy1
OF : : :
det ap (p7 y)‘(PO,yO) = det (9f1'(y0) . 8f”.(y0) 7é 0.
aynfl e 3yn71
Fy, (po, z0,0) ... Fp,(po, 20, 0)

In this case, by the implicit function theorem, there exists a smooth function ¢(y) for y near
yo such that ¢(yo) = po and

(1.13) F(q(y),y) = 0; that is, p = ¢(y) is admissible at y.

In what follows, we assume (pg, o) is admissible and non-characteristic. Let ¢(y) be
determined by (1.13) in a neighborhood J of yo in D € R"~ 1.
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Let (p(s), z(s),z(s)) be the solution to Equation (1.10) with initial data

p(0) =q(y), 2(0)=h(y), =(0)=f(y) Vyel

Since these solutions depend on parameter y € .J, we denote them by p = P(y, s),z = Z(y, s)
and z = X (y, s), where

P(y7 S) = (pl(ya S)ap2(y7 S)v o apn(y7 8))5
X(ya 5) = (:El(y? 8)7 $2(y7 S)a e ’:L,n(y’ S)),
to display the dependence on y. By continuous dependence of ODE, P, Z, X are C? in (y, s).

Lemma 1.5. Let (pg, yo) be admissible and non-characteristic. Let xo = f(yo). Then, there

exists an open interval I containing 0, a neighborhood J of yo, and a neighborhood V of

xo such that for each x € V there exist unique s = s(z) € I, y = y(x) € J such that
= X(y,s). Moreover, s(z),y(z) are C? inx € V.

Proof. We have X (y0,0) = f(yo) = xo. The inverse function theorem gives the answer. In
fact, using ay X0 = gi and 8X ~ls=0 = Fp(po, 20, z0), we find that the Jacobian determinant

Af (yo) Af(wo)

Fy, (pos 20, x0)
8X(y7 S) . 83{1 ) ayr'bfl p1 .
detﬁb:yms:o = det : : : : ?é 0
Y,
8 n a n
Opm) .. U, (po,20,20)

from the noncharacteristic condition. Note that since X (y, s) is C? we also have y(x), s(x)
are C?. O

Finally we define
u(z) = Z(y(z),s(x)) YzeV.
Then, we have the following:
Theorem 1.2. Let (po,y0) be admissible and non-characteristic. Then the function u

defined above solves the equation F(Du,u,z) =0 on V with the Cauchy data u(x) = g(x)
onI'NV.

Proof. (1) If z e I'NV then x = f(y) = X(y,0) for some y € J. So s(x) =0, y(x) =y and
hence u(z) = Z(y(z), s(z)) = h(y(z)) = h(y) g9(f(y)) = g(x). So Cauchy data follow.

(2) The function
fy,s) = F(P(y,s), 2(y,5), X(y,5)) = 0
for all s € I and y € J. In fact, f(y,0) = 0 since (¢(y),y) is admissible, and
fs(y,8) = - Ps + FoZs + Fy - X
—F, (-F.P—F,)+F.F,-P+F, -F,=0
from the characteristic ODEs.

(3) Let p(x) = P(y(x),s(zx)) for x € V. From the definition of u(x) and Step (2), we
have
F(p(x),u(z),z) =0 VaxeV
To finish the proof, it remains to show that p(x) = Du(z). Note that

Zp’ Y, 8)# (y, 9),
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and, fori=1,...,n — 1, we claim
o0z L oxl
873/1‘(:% 8) - jz::lp](y, S)Tw(ya 8)'
The proof comes from the following argument. Fixed i =1,2,--- ,n — 1, let
r(s) = ij (y,s Y, ).

Then r(0) = hy, (y) — Z?:l qj(y)g—f;z(y) = 0 by the choice of ¢(y) = P(y,0), and

) 0%z - 9%ad op’ Ox7
"s) = 0y;0s ]z: 0y;0s Z 0s 0y;

§- (0 0rl o o
Oy; 0s  0s Oy; )

J=1

In the last equality we have used the fact

07 K 027
P n

and hence

0%z 0%l op? Ox?
Oy;0s Zp]@yzas Z dy; Os

Finally from F(P(y,s), Z(y,s), X (y,s)) = 0 and differentiating with respect to y;, we have,
foreachi=1,2,--- ,n—1,

_l’_

i(azﬁaxi 8F(9pj> _ 0F0Z
1

dxj Oy; ~ Opj Oyi 0z Oyi’
Hence
o (o oo
i(s) = ;(8% 0s 0s 8yi>
 [op) OF @F )W]
= ——+ {5 pJ
j; [8% Opj oz yi
oF
(1.14) = —5, (Py:5), Z(y, 8), X(y, 8))r(s)-

Consequently r(s) = 0, for r(s) solves a linear ODE with r(0) = 0.



1.3. The Cauchy problem for general first order equations 9

(4) Finally, using u(z) = Z(y(z), s(x)) and x = X (y(z), s(x)) for all z € V,

ds 2 oy’

_ k. k Os ;0 Y’
- +;(z o)
B & < 92t Oy

N ;p < 83:J Zz: y; 6@)

n

ox
_ E kYR E ks = _
k=1 k=1

So Du(x) = p(z) on V. O

ExAMPLE 1.6. What happens if I is a projected characteristic surface? Let us look at two
examples in this case.

(a)
{:L‘uw + yuy = u,

u(r,7) =17 V.

In this case, I' = {(7,7)} is a projected characteristic curve. We can see easily that
u=azr+ (1 — a)y is a solution for any « € R.

(b)

TUz + YUy = U,
u(r,7) =1 V.

In this case, I' = {(7,7)} is a projected characteristic curve; however, the problem does not
have a solution. In fact, if u were a solution, along the line x = y, we would have

0= %u(x,x) = uy(, ) + uy(z, ) = u(a;, ) _ % L0
(c)
TUg + YUy = U,
u(w,0) = g(z) VaweR.

In this case, I' = {(7,0)} is a projected characteristic curve; the problem can not have a
solution unless g(z) = kz for some constant k. In fact, if u is a solution, then, along the
line y = 0, we would have

g'(x) = %u(x,O) = uy(z,0) = u(z,0) — M

Hence g(x) = kz. In the case g(x) = kx the solution u = kx, obtained by eliminating
parameters in the characteristic solutions.
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ExXAMPLE 1.7. Solve
{2?1 TjUug; = au
u(z1, ...y Tn-1,1) = h(x1, ..., Tn_1).
Solution: The characteristic ODEs are
Ty =z, Jj=1,2,...,n,
z=aaz
with the initial data z;(0) = y; for j =1,...,n—1, ,(0) = 1 and 2(0) = h(y1,...,Yn). So
zj(y,s) =yje’, j=1,...,n—1; z,(y,s) =€ z(y,s) =e**h(y).
Solve (y, s) in terms of z, we have
e’ =y, Yj = xj/Tn.

Therefore,
as az L1 Tn—1
U(I’):Z(y78) =€ h(y) :xnh(;,, )

n ‘TTL
If & < 0, the only nice solution in a neighborhood of zero is identically zero since u(txg) =
tau(l'o).

EXAMPLE 1.8. Solve

B(u) - Du =
(1.16) us + Blu) - Du =0,
U(JI,O) = g(l’),
where u = u(z,t) (x € R", t € R), Du = (ugy, -+ ,Uz,), B: R — R"” and g: R — R are
given smooth functions.

In this case, let ¢ = (p, pn+y1) and F(q, z,2) = pny1 + B(z) - p, and so the characteristic
ODEs are
&= B(z), z(0)=y
t=1, t(0) =0
z2=0, 2(0) = g(y),

where y € R" is the parameter. The solution is given by

2y, s) =9(y), =(y,s) =y+sByy), tys)=s.
The projected characteristic curve Cy in the zt-space passing through the point (y,0) is the
line (z,t) = (y+tB(h(y)),t) along which u is a constant g(y). Hence u satisfies the implicit
equation
u(z,t) = g(x — tB(u(z,1))).
Furthermore, two distinct projected characteristics Cy, and Cy, intersect at a point (z,t) if
and only if

(1.17) y1 —y2 = t(B(g(y2)) — B(g(y1)))-

At the intersection point (z,t), g(y1) # g(y2); hence the characteristic solution u becomes
singular (undefined). Therefore, u(z,t) becomes singular for some ¢ > 0 if and only if there
exist y1 # y2 such that (1.17) holds.

When n = 1, u(x,t) becomes singular for some ¢ > 0 unless B(g(y)) is a nondecreasing
function of y. In fact, if B(g(y)) is not nondecreasing in y, then there exist y; < yo satisfying
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B(g(y1)) > B(g(y2)) and hence two characteristics C,, and C,, intersect at a point (x,t)
with
Y2—W
t=— > 0.
B(g(y2)) — B(g(y1))

If u were regular solution at (x,t), then wu(xz,t) would be equal to ¢g(y1) and g(y2) by
the analysis above. However, since B(g(y1)) > B(g(y2)), 9(y1) # g(y2), which gives a
contradiction.

The same argument also shows that the problem cannot have a regular solution u(z,t)
defined on whole R? unless B(g(y)) is a constant function.

1.3.4. Weak solutions. For certain first-order PDEs, it is possible to define weak solu-
tions, that are not necessarily in C'! or even continuous.

For example, for the divergence form equation
o) L 23 —0, zeR, y>0,
(m, 0) = g(z),

we say that u is a weak solution (or an integral solution) if

(1.18)

o

(1.19) / / wv, + S(u)vs) d:cdy:/ g, 0)0(, 0) dz

—00

holds for all smooth functions v: R x [0,00) — R with compact support.

Suppose R, S are smooth functions. Suppose V' is a subdomain of R x (0,00) and C
is a smooth curve z = ((y) which separates V into two regions V; = V N {z < ((y)} and
Ve =V n{z>((y)} Let u be a weak solution to (1.18) such that u is smoothly extended
onto both V; and V..

First we choose a test function v with compact support in V;. Then (1.19) becomes

0_//Vl wvy + S(u)vy] dedy = — //w (S(w))a] v dady.

This implies

(1.20) (R(u))y + (S(u)e =0 in V.
Similarly,
(1.21) (R(u))y + (S(u))e =0 in V.

Now select a test function v with compact support in V. Again (1.19) becomes

0= / / w)vy + S(u)vy] dedy
// w)vy + S(u)vy] dedy + // w)vy + S(u)vy] drdy.
Vi Vi

Now since v has compact support in V', we have, by integration by parts and (1.20),

//Vl w)vy + S(u)vy] dedy = //Vl (S(u))g|vdzdy

+/C[R(u_)yy_—i—S(u_)l/;]vdl:/C[R(u_)uy_—i—S(u_)l/;]vdl,
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where v~ = (v, ,v, ) is the unit out-normal of domain V}, and u~ is the limit of u from V,

to the curve C. Likewise,
// uw)vy + S(u)vy] dedy = / [R(uT)vy + S )y odl,
r C

where vt = (v,7,1,7) is the unit out-normal of domain V;, and u* is the limit of u from V;.

to the curve C. Note that v~ = —v+. Therefore, we deduce that

/ [(R(u™) — R(u™))y, + (S(u™) —S(u™))v, Jvdl = 0.
c
This equation holds for all test functions v as above, and so
(R(u*) = R(u™))v, + (S(u™) = S(u”))yy, =0 onC.
Since the domain Vj is inside z < ((y), the unit out-normal v~ on C' is given by

- () = (1, —¢'(y))

Vo= () s
1+ (¢'(v)
Therefore, we obtain the Rankine-Hugoniot condition:
d¢ _ _
(1.22) dy[ (u") = R(u")] = [S(u’) = S(u7)]

This condition sometimes is written as

CIIRw)]] =[S},
with [[A]] standing for the jump of A across curve C.

In fact, if u is smooth up to V; and V,. and satisfies (1.20), (1.21) and (1.22), then u
is a weak solution to (1.18) in V' (defined by (1.19) for all test functions v with compact
support in V).

ExAMPLE 1.9. Consider the Burgers’ equation u, + uu, = 0 as a divergence-form equation
with R(u) = u, S(u) = u?/2:
u?
Uy + () =0.
2 xT

(Different R, S lead to different results.) We study the weak solution of this equation with
intial data u(z,0) = h(z), where

1, if £ <0,
hz)=q¢1—x, if0<z<1,
0, ifx > 1.

The classical solution u(x,y) (by the characteristics method) is well-defined for 0 < y < 1
and is given by
1 ifx<y, 0<y<l,
u(w,y) =122 ify<z<1,0<y<l,
0 fr>10<y<L

How should we define u for y > 17 We set ((y) = (1 + y)/2, and define
{1 if e <(y)y>1,

=00 e s )y 1.
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It can be checked that this u is a weak solution containing a shock (where w is discontinu-
ous). (Note that [[R(u)]] = —1,[[S(v)]] = —5 and (' = 3.)
We now consider the initial data

if x <
h(z) = 0 itz <0,
1 ifx>0.

Then the method of characteristics this time does not lead to any ambiguity in defining u
for all y > 0, but does fail to define solution in the domain 0 < x < y. Define

(2.1) 0 ifr <y/2
ui(z,y) =
S FENTIEY Y

It is easy to check that the shock condition (Rankine-Hugoniot) is satisfied, and u is a
weak solution. (Note that [[R(u1)]] = 1,[[S(u1)]] = 3 and ¢/ = 1.) However, we can define
another such solution as follows:

1 ifx>y
u(z,y) =qx/y if0<z<y
0 if z <0.

The function wug is also a weak solution, called a rarefaction wave. (Note that usy is
continuous across both rays ¢ =0 (y > 0) and x =y (y > 0) and is a smooth solution on
each of the three regions between the two rays.) So there are two different weak solutions
for this Cauchy problem; therefore, the sense of weak solutions so defined does not give the
uniqueness of solution.

Can we find a further condition which ensures that the weak solution is unique and
physical? The answer is yes, it is usually called the entropy condition. We omit the details
in this course.

1.4. Introduction to Hamilton-Jacobi equations

We study the initial value problem for the Hamilton-Jacobi equation
us + H(Du,z) =0,
{u(m, 0) = g(x).

The equation can be written as F(Du,u, u, x,t) = u + H(Du,z) = 0 with F(q,z,y) =
Pnt1+ H(p,z), where ¢ = (p, pny1) and y = (z,1). So

Fy = (Hp(p,x),1), Fy=(He(p,x),0), F.=0.
The characteristic equations are

p=—Hy(p,x), 2=Hypx) p—Hpz), t=1, i=Hpuz).

In particular, the equations
p = _Hx (p7 l’),
'fI‘" = Hp(pv .’L')
are the so-called Hamilton’s equations in ODEs.

The initial data for the characteristic ODEs at s = 0 are given by
z(0) =y, £(0) =0, 2(0) = g(y), p(0) = h(y),
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where h(y) is some function satisfying the admissible conditions. So t = t(y,s) = s and
hence x = z(y,t), p = p(y,t) and z = z(y, t).

The quantities L = 2, v = & and p = p(y, t) are related by
(1.23) v=Hy(p,x), L=Hypzx) p—H(p, x).

Suppose from (1.23) we can eliminate p to have the relationship L = L(v,z). Then 2z =
L(&,z). So the solution u is obtained from (s) and x(s) by

t

(1.24) u(z,t) = 2(y,t) = g(y) —i—/ L(i(s),z(s))ds with z(0) =y and z(t) = x.
0

This is the action functional in classical mechanics.

1.4.1. The calculus of variations. Assume L(v,z), v,z € R", is a given smooth func-
tion, called the Lagrangian.

Fix two points x,y € R™ and a time
A:={w: [0,t] = R"| w(0) =y, w(t)==x}.

Define the action functional
t
Iw] = / L(w(s),w(s))ds Y w e A.
0

A basic problem in the calculus of variations is to find a curve z(s) € A minimizing the
functional I[w]; namely,

Iz] < I[w] YweA.
We assume such a minimizer x exists in \A.

Theorem 1.3. The minimizer x satisfies the Euler-Lagrange equation:

—%(Lv(i‘(s),x(s))) + Ly(2(s),z(s)) =0 (0<s<t).

Proof. 1. Let y(s) = (y'(s), - ,¥™(s)) be a smooth function satisfying y(0) = y(t) =
Define i(7) = I[xz + 7y]. Then i(7) is smooth in 7 and has minimum at 7 = 0. So ¢ (0) =

2. We can explicitly compute i'(7) to obtain

¢
/(1) = [ (Luli i+ 79) i+ Lol mi o+ 7)) do.
0
So #'(0) = 0 implies
t
/ (Ly(Z,x) - g+ Ly(2,2) - y)ds = 0.
0

We use integration by parts in the first integral to obtain

/ot <_5L”(5”’$) + Lw(fﬂax)) Sy ds =0,

S

This identity holds for all smooth functions y(s) satisfying y(0) = y(t) = 0, and so for all
0<s<t,

—%Lv(j:,:c) + Ly(&,z) =0.
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We now set the generalized momentum to be
p(s) = Ly(2(s),z(s)) (0<s<1).

We make the following assumption:

For all p,x € R™, the equation p = Ly(v,x) can be uniquely solved for v as a smooth
function of (p,x), v ="v(p,x).

We then define the Hamiltonian H (p, ) associated with Lagrangian L(v,x) by

H(p,ﬂl‘) :pv(p,x)—L(v(p,x),x) (puxE]Rn)
ExXAMPLE 1.10. Let L(v,z) = %m]v|2 — ¢(x). Then L,(v,x) = mv. Given p € R", equation
p = Ly(v,x) can be uniquely solved for v to have v = %p. Hence the Hamiltonian

1 1 1

1
H(p,z)=p-—p—;ml 2+ ¢(z) = %IMQ + ¢(z).

In this example, L is total action and H is total energy density. The corresponding Euler-
Lagrange equation is the Newton’s law:

mi(s) = F(z(s)), F(x)=—D¢(z).

—p
m

Theorem 1.4. The minimizer x(s) and momentum p(s) satisfy Hamilton’s equations:

i(s) = Hy(p(s),z(s)), p(s) = —Ha(p(s),z(s))
for 0 < s <t. Furthermore
H(p(s),z(s)) = constant.

Proof. By assumption,
p=Ly(v(p,z),z) (p,z €R").
Since p(s) = Ly(2(s), z(s)), we have
i(s) = v(p(s),z(s)) (0<s <)
We compute by the definition of H(p,x), for each i = 1,2, ,n,
Hay(p, @) = p - va; (P, 2) — Lo(v(p, ), %) - 02, (p, ) — Lo (v(p, ¥), ) = —La, (v(p, ), ),

and

Hy, () = v'(p, ) +p- vy, (0, ) = Lo(v(p, 2), ) - vp, (p,2) = ' (v(p, ), ).
Thus
x(s) = v(p(s),z(s)) = Hp(p(s), z(s)).
By definition of p(s) and the Euler-Lagrange equation,
p(s) = Lo (#(s), x(s)) = La(v(p(s), 2(s)), (s)) = —He(p(s), x(s)).
Finally, observe

%H(p(s), 2(s)) = Hy - pls) + H, - () = —H, Hy + Hy H, = 0.

So H(p(s),z(s)) is constant on 0 < s < t. O
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1.4.2. Legendre-Fenchel transform and the Hopf-Lax formula. We now study the
simple case where Hamiltonian H = H(p) depends only on p € R™. We also assume
H: R"™ — R is convex and satisfies the super-linear growth condition:

H
lim 7(])) =00
Ipl=oe [P
The set of all such convex functions on R” is denoted by C(R").

Given any function L: R™ — R, we define the Legender-Fenchel transform of L to
be

L*(p) = sup[qg-p— L(q)] (peR").
qeR”

Theorem 1.5. For each L € C(R™), L* € C(R™). Moreover, (L*)* = L.

Thus, if L € C(R") and H = L* then L = H*. In this case we say H, L are dual
convex functions. Moreover, if L is differentiable at ¢ then, for any p € R™, the following
conditions are equivalent:

p-q=1L(g)+ L (p), p=Lg(q)

Likewise, if H = L* is differentiable at p then, for any ¢ € R", the following conditions are
equivalent:

p-q=1L(g)+H(p), q= Hy(p)
(For nonsmooth convex functions, similar duality properties also hold; see Problem 11.)

Therefore, if H is smooth then, from

q=Hp(p), L=Hy(p) p—H(p),
we can eliminate p to have L = L(q) = H*(q).

In order to solve the Hamilton-Jacobi equation, (1.24) suggests us to study the following
function:

t
u(z,t) ;= inf {/ L(1(s))ds + g(w(0)) | we CY([0,t];R™), w(t) = :c} ,
0
where we assume that g: R® — R is a Lipschitz continuous function; that is,

lg(z) — g(y)|

Lip(g) = sup =<0
z,yER", x#ty “r - y’

The following Hopf-Lax formula is useful because it transforms this infinite-dimensional
minimization problem to a finite-dimensional one and provides a good weak solution to the
Hamilton-Jacobi equation.

Theorem 1.6. (Hopf-Lax formula) For x € R, t > 0,

u(w,t) = min {tL (W) + g(y)} :

and w is Lipschitz continuous on R™ x [0,00) satisfying u(z,0) = g(x) for all z € R™.
Furthermore, if u is differentiable at some point (z,t), t > 0, then at this point (x,t), the
equation

ui(x,t) + H(Du(z,t)) =0

18 satisfied.
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Proof. Step 1. We first show that

u(e,t) = inf {tL (T’) + g(y)}

and that the infimum is a minimum follows by the growth condition of L. If w € C*([0, ]; R")
with w(t) = z, then by Jensen’s inequality,

. L{i(s))ds > L : i(s)ds = L(—),
0 0

where y = w(0). Hence

[ 2atends + atwio) = 1D + o) 2 int {o2 (252) <o}

t yeR”

This proves

u(z,t) > inf {tL (T) —i—g(y)}.

yER"
On the other hand, given y € R", let w(s) =y + $(z —y) for s € [0,t]. Use this w we have

u(z,t) < /0 L(w(s))ds + g(w(0)) = tL <x;y> + g(y).

u(,1) < inf, {tL (x;y) + g(y)} .

Step 2. We prove that w is Lipschitz on R™ x [0, 00). First, fix ¢ > 0 and z,% € R".
Choose y € R™ such that

Hence

u(a,t) = tL(—) + g(v).

Then .
u(@, 1) — u(e,t) = minftL(~— =) + 9(2)] — tL(~7) ~ g(y)

(choosing z =& —z+y) <g(&—z+y)—g(y) <Lip(g)lr — 2.
This proves |u(z,t) — u(z,t)| < Lip(g)|x — z|.
To establish the Lipschitz condition on ¢, we first prove the folllowing result, which will
also be used for checking the Hamilton-Jacobi equation

Lemma 1.11. For each x € R" and 0 < s < t,

u(z,t) = min {(t — 9L (f‘f) +uly, s)}.

yEeR™

In other words, to compute u(x,t), we can compute u at an earlier time s and then use
u(y, s) as initial data (at initial time s) to solve u(x,t) on [s,t].

Proof. 1. Fix y € R". Choose z € R" such that u(y,s) = sL(¥3*) + g(z). Since L is
convex,

tL(——) < (t - s)L(‘::i’) +sL(T—).
Hence B B B
ue,t) SEL(—=) + g(=) < (t = )L(5—2) + sL(*—) + g(2)

= (t=$)L(—2) + u(y, s)-
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This proves

u(z,t) < inf {(t - s)L(Lf) +u(y, s)} .

yEeR”™ t—

2. Let y € R™ be such that u(z,t) = tL(*Y) + g(y).
namely, z = fx + (1 — §)y. So, in this case,

rT—z x—Y z2—Y

t—s S
Hence . _ —
ulz, ) + (¢ =)L) < sLCE—E) 4+ gly) + (- 5) L)
—tL(*Y) + g(y) = ula, 1).

This proves

u(z,t) > inf {(t - s)L(%) +u(y, s)} .

yeR?
Finally the infimum is a minimum as seen from the above.

Continuation of Step 2. From the lemma,
u(z,t) < (t —s)L(0) + u(z,s) VaxeR™ t>s>0.

Furthermore,

w(z,t) — u(z, 8) = min {(ts)L (””_y) +uly, s) — u(z, s)}

yeR™ t—s
> i {- 92 ($22) - Ll — o1}
=(t—s) min {L(z) — Lip(g)|z|} (choosing y =x — (t — s)z2)
(t —s)max max {w-z— L(z)} (R =Lip(g))

2€R™ weBR(0)
=—(t—ys) wg}Ba}féo) max {w-z—L(z)} =—(t—s) wggﬁo)L (w).
Therefore,
—|t—s| max L*(w) <u(z,t)—u(z,s)<LO)t—s|
w€eBR(0)
Hence

lu(z,t) —u(z,s)| < Clt—s|] YVzxeR" t>s>0,
where C' = max{|L(0)|, max,ecp, o) | L*(w)|}.
Finally, given ¢ > 0,¢ > 0 and #,z € R", we have
u(z, t) — u(@, )] < Ju(z,t) = u(@, )] + |u(@, t) — u(@, )] < C(lz — 2] + [t — 1]),

where

C = max{Lip(g), |L(0)], g%fo)lL*( w)l}-

Step 3. Assume u is differentiable at a point (xg, ), to > 0. We show that
ut(wo, to) + H(Du(zo,t0)) = 0.
Let po = Du(zo,tp). Let € > 0 and, given any g € R", let

o(€) = u(zmo, to) — u(xo — €q,to — €).

o~ ‘
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Then ¢/(0) = u(zo,to) + q - po. On the other hand, by the lemma above
u(xo,to) < eL(q) + u(xo — €q,to — €)
and hence @ < L(q). This shows that ¢'(0) < L(q), or
q-po— L(q) < —u(xo,t0) YV qeR™
So, H(po) < —ui(xo,to) and this proves that u, + H(Du) < 0 at (xo, tp).
) = toL(%;

To prove the other direction, let y SPING be such that u(zo, to —) +g(y). For

0<e<tp,let z =z that is, ze =y + (1 — £)(20 — y). Then

to 6’

(
ulwo to) — ulzerto — ) 2 toL (") + g(y) - [(to — LG 9y >] = eL(=).
0 0— € 0

Define
é(€) = u(zo, to) — u(ze, to — €) = ulwo, to) — u <y +(1- %)(:cg —y),to — e> .

Then 2 > L(*4) for all € > 0. So ¢/(0) > L(*}-*), which reads

€ -

xot_ Y . Du(xg,to) + ut(l'o,t()) Z L(.T() _ y)
0 to
Hence
o — Ty —
H(Du(zo,t0)) > 22— Y. Du(zo, to) — L( Oto Yy > —uy(xo, to).
We have finally proved that u; + H(Du) = 0 at (xg,to). O

ExaMPLE 1.12. (a) Find the Hopf-Lax solution to the problem
1
ug + §|Du]2 =0, wu(z,0)=]|x|

Solution: In this case, H(p) = 5|p|? and hence L(q) = 3|q|*>. (Exercise!) So

a2
u(z,t) = min {M+ \y|}

yERN 2t

Given x € R", t > 0, the function f(y) = lz—yl® y' + |y| has a critical point at y = 0 and
possible critical points at yo # 0 if f/'(yo) = 0. Solvmg f'(y) =0leads to z = y + |y|t which

has no nonzero solution y if z = 0; in this case, u(0,t) = f(0) = 0. If  # 0 then f'(y) =0
has nonzero solution
x
Yo = (lz] — )7

x|
Comparing f(yp) and f(0), we have u(z,t) = f(yo) if |x| > t and u(x,t) = f(0) if |z| < t.

Hence
lo| — L if |z| > ¢,
u(z,t) = {|1}2 2
2t
(b) Find the Hopf-Lax solution to the problem

1
up + §|Du|2 =0, u(z,0)=—|z|

Solution: In this case,

yER™ 2t

u(z,t) = min {‘x_yQ - \yy}.
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2
Given x € R™, t > 0, the function f(y) = % — |y| has a critical point at y = 0 and

possible critical points at yg # 0 if f/(yo) = 0. Solving f'(y) = 0 leads to z =y — ﬁt, which

has nonzero solutions yo with |yo| =t if z = 0. If  # 0 then f/(y) = 0 has nonzero solution

x
Yo = (I$|+t)m-

Comparing f(yo) and f(0) in all cases, we have u(x,t) = f(yo) for all z,t. Hence
t
u(z,t) = —|z| — 3 (x eR™, t>0).

ExAMPLE 1.13. (Problem 6 in the Text.)
Given a smooth vector field b(z) = (b'(x),--- ,b™(x)) on R™, let z(s) = X (s, x,t) solve

{j: =b(z) (s€R),

(a) Define the Jacobian
J(s,x,t) :=det D, X (s,z,t).
Show the Fuler formula:
Jy = (divb)(X)J.
(b) Demonstrate that
u(e,t) = g(X(0,2,1))J (0, 2,1)

solves

up + div(ub) =0 in R™ x (0, 00),
u=yg on R" x {t = 0}.

Proof. (a) For any smooth matrix function M (s) of s € R, it follows that

(1.25) %(det M(s)) = tr((adjM (s)) M (s)),
where for any n x n matrix M, adjM is the adjugate matriz of M, satisfying
M(adjM) = (adjM)M = (det M)I.
(Exercise: Prove (1.25)!)
Let M(s) = (X3, (s,2,t)) and B(z) = (b, (2)). Then, by the equation,

M(s) = B(X)M(s) scR.

Therefore

J, = tr((adjM (5))M (s)) = tr((adjM (5)) B(X) M (5))
=tr(B(X)M(s)(adjM(s))) = tr(B(X)J) = (divb)(X)J.
(b) The uniqueness of X (s, z,t) implies that
X(s,z,t) = X(s —t,2,0) := Xo(s —t,z) (x€R" s, teR).
So Xo(s, ) satisfies the group property:
Xo(0,2) =z, Xo(s,Xo(t,2)) = Xo(s +t,x).
Hence J(s,z,t) = J(s —t,z,0) := Jo(s — t,z). By the Euler formula, Jy is given by
oy, ) = eJi (v B) (Xo(rw)ar
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From the group property of Xy, it follows that Jo(t + s,x) = Jo(s, Xo(t, z))Jo(t, z), which
implies

J(s, Xo(=s,2))Jo(—=s,z) = Jo(0,2) =1 (x € R", s € R).
Note that
u(z,t) = g(Xo(—t,z))Jo(—t, x).

Therefore, u(x,0) = g(x) (x € R"). We want to show that the classical solution built from
the characteristics method agrees with this function u(z,t). The characteristic ODEs are

t=b(z), t=1, 2= —(divb)(z)z.
The initial data are given by

z(0) =y, 10)=0, 2(0)=g(y) (yeR").
Hence
z=x(y,s) = Xo(y,s), t=t(y,s)=s
and

e Jo (divb)(Xo(ry))dr _ g(y)

z=2z(y,s) = g(y)

Solving (y, s) in terms of x = z(y, s) and t = t(y, s), we have
s=t, y= XU(_t7$)'
Hence our classical solution w(x,t) from the characteristics method is given by

9(Xo(—t, 7))
J() (t, Xo(—t, .’/U))

w($7t) = Z(% 5) = = g(XO(_ta I‘))JO(_ta ZL‘),

which is exactly the function u(x,t). O

Suggested exercises

Materials covered are from Chapter 3 of the textbook. So complete the arguments that are
left in lectures. Also try working on the following problems related to the covered materials.

Chapter 3: Problems 4, 5, 6, 10, 11, 13, 16.

Homework # 1.

(1) (7 points) Write down an explicit formula for a function u solving the initial value
problem

ur+b-Du+cu=0 inR" x (0,00),
u=g on R™ x {t = 0}.

Here ¢ € R, b € R" are constants, and g is a given function.
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(2) (8 points) Let u be a C! solution of linear PDE
B(z) - Du(z) = —u

on the closed unit ball Q in R™. If B(z)-x > 0 for all x € 99, show that u = 0 on
Q.
(Hint: Show that maxqu < 0 and mingu > 0).
(3) (15 points) Let a(z) be a given smooth function of z € R. Consider the quasilinear
PDE
uy + a(u) uy =0
with initial data u(x,0) = h(z), where h is also a given smooth function.

(a) Use the characteristics method to show that the solution is given implicitly

by
u=h(z—a(u)y).

(b) Show that the solution becomes singular (undefined) for some y > 0, unless
a(h(z)) is a nondecreasing function of z € R.

(c) Suppose u is a C? solution in each of two domains separated by a smooth curve
x = &(y). Assume u is continuous but u, has a jump discontinuity across the
curve, and also assume u restricted to the curve is smooth. Prove the curve
x = £(y) must be a characteristics, i.e., d{/dy = a(u) along the curve.

(4) (10 points) Consider the equation u, = (uz)3.

(a) Find the solution with initial data u(z,0) = 22%/2,

(b) Show that every C°° solution to the equation on whole R? must be of the
form

u(z,y) =ax + by + ¢
for some constants a,b,c € R.
(Hint: You may use the conclusion of Problem (3)(b) above.)

Homework # 2.

(1) Find the Legendre transform of L for
(a) (5 points)

L) =l (4 €R"),

where 1 < r < oo.
(b) (5 points)

1 1 n n
L(g) =S¢ Aq+b-qg=3 Z ijqiq; + Zbi%’ (g € R"),
7,7=1 =1
where A = (ai;) is a n x n symmetric, positive definite n x n-matrix, and
b= (b1, - ,bn) € R™.
(2) Let H: R™ — R be a convex function satisfying

H(p) ,
m ——= =+o00, min H(p)= H(0)=0.
lpl—c0 Pl Jip, H(p) = H(O)

(a) (5 points) Show that

in H*(q) = H*(0) =0.
Inin H"(q) (0)
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(b) (10 points) Let g be Lipschitz continuous and have compact support in R™.
If u(x,t) is the Hopf-Lax solution to the Hamilton-Jacobi problem
ut + H(Du) =0 in R" x (0, 00)
{U(ﬂf, 0) = g(),
show that, for each t > 0, u(x,t) has compact support in z € R™.

(3) (5 points) Let H(p) be a convex function satisfying the superlinear growth at

0o, and let g1, go be given Lipschitz functions. Assume u', u? are the Hopf-Lax

solutions of the initial value problem
ut + H(Du') =0 in R" x (0, 00),
u'(z,0) = g'(2),

Prove the L*°-contraction inequality:

sup |ul(z,t) — u?(z,t)| < sup |¢'(x) — ¢*(x)] Vt>0.
TeR™ zeR™



Chapter 2

Laplace’s Equation

2.1. Green’s identities

For a smooth vector field F = (fY,..., f"), we define the divergence of F by
. n 6f3 n . n .
div F' = 2371 = ZDij = Zfzj;j,
7j=1 7j=1 j=1
and for a smooth function u(z) we define the gradient of u by

Du =Vu= (ug,, - ,ug,)=div(Vu).
The Laplace operator on R” is defined by

(2.1) Au = Z Ugpa, = div(Vu).
k=1

A C? function u satisfying Au = 0 on a domain Q C R” is called a harmonic function
on 2.

The divergence theorem for C'-vector fields F = (fY,..., f™) on € states that
(2.2) / divFdz= [ F-vds,
Q o0

where v is the outer unit normal to the boundary 0.
For any u,v € C%(Q), let F = vDu = vVu, we have div F = Vu - Vo + vAu, hence
(2.3) / vAudxr = —/ Vu - Vudx +/ vVu - vdS = —/ Vu - Vodr + v@dS.
0 Q o9 Q oq Ov

Exchanging u and v in (2.3) we obtain

(2.4) /uAvdx:—/ Vu-Vvdac—i—/ u%dS.
Q Q oo OV

Combining (2.3)-(2.4) yields
ou ov
(2.5) /Q(UAU —uAv)dr = /89<U8V - ua) ds.

Equation (2.3) is called Green’s first identity and Equation (2.5) is called Green’s
second identity.
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Taking v = 1 in (2.3), we have

/ Audr = @ ds,
Q on Ov

which implies that if there is a C%(Q) solution u to the Neumann (boundary) problem

{AuZOinQ
9 loq = g(x),

then [, g(z)dS = 0. The Dirichlet (boundary) problem for Laplace’s equation is:

{ Au=0 1in Q,
ulag = f.

In (2.3), choose u = v, and we have

(2.6) /uAudx:—/ |Vul? dx—i—/ u% ds.
Q Q o Ov

Let uy, us € C%(Q) be solutions to the Neumann problem above and let u = u; — us.
Then Au = 0in € and % = 0 on 09; hence, by (2.6), Vu = 0; consequently u = constant, if
) is connected. Therefore, for such domains, any two C?-solutions of the Neumann problem
differ by a constant.

Let ug, uz € C%(Q) be solutions to the Dirichlet problem above and let u = u; — us.
Then Au =0 in Q and u = 0 on 99; hence, by (2.6), Vu = 0; consequently u = constant
on each connected component of 2; however, since u = 0 on 9052, the constant must be zero.
So u; = uz on Q (we don’t need ) is connected in this case). Therefore, the C%(Q)-solution
of the Dirichlet problem is unique. But later we will prove such a uniqueness result for
solutions in C%(Q) N C(9).

2.2. Fundamental solutions and Green’s function

We try to seek a harmonic function u(x) that depends only on the radius r = |z|, i.e.,
u(z) = v(r), r = |z| (radial function). Computing Au for such a function leads to an
ODE for v:

For n =1, v(r) = r is a solution. For n > 2, let s(r) = v/(r), we have s'(r) = —2=Ls(r).
1-n.

This is a first-order linear ODE for s(r) and solving it yields that s(r) = cr*~"; consequently,
we obtain a solution for v(r):

Cr, n=1,
v(r)=< Clar, n=2,
Cr?=™, n>

Note that v(r) is well-defined for r > 0, but is singular at » = 0 when n > 2.
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2.2.1. Fundamental solutions.

Definition 2.1. We call function ®(z) = ¢(|z|) a fundamental solution of Laplace’s
equation in R", where

—%r, n=1,

(2.7) ¢(r) =14 —5=Inr, n =2,
1 2—

nt=yan " on>3.

Here, for n > 3, a,, is the volume of the unit ball in R™.

Theorem 2.1. For any f € C3(R"), define
u(w) = [ 0o~ 9)f(w) dy

Then u € C*(R™) and solves the Poisson’s equation

(2.8) —Au(z) = f(z) for all x € R™.

Proof. We only prove this for n > 2 and leave the case of n = 1 (where ®(z) = —1[z|) as
an exercise.

1. Let f € C?(R™). Fix any bounded ball B C R” and z € B. Then
u(z) = / Bz — y)f(y) dy = / B(y)f (e — y) dy = /B o B0

where B(0, R) is a large ball in R™ such that f(z —y) =0 for all z € B and y ¢ B(0, R/2).
Therefore, by differentiation under the integral,

un @)= [ @ aa =)y, tain, @) = [ U@, (o~ ),
B(0,R) B(O,R)
This proves that u € C?(B). Since B is arbitrary, it proves u € C?(R™). Moreover

Au(z) = / B(y) Ao (x — ) dy = / B(y)A, f(x — y) dy.
B(0,R) B(0,R)
2. Fix 0 < € < R. Write

Au(z) = /B(o | O(y)Ayf(z —y)dy + /B(O R (YA f(z—y)dy =: I + Je.

Now
Cé?|lne| (n=2)
I.| < C||D? oo/ O(y)| dy <
L] < ClID*fllL |D(y)| y—{ce2 (n—3).

Hence I. — 0 as € — 01. For J. we use Green’s second identity (2.5) with Q = B(0, R) \
B(0,€) to have

0,¢e

J5:/Q<I>(y)Ayf(w—y)dy
- B fz—y) . 0%
= [ so-vaswar+ [ |aw 250 - jo -0 as,
_ fle—y) . 9201
= /a 0 [‘P(y) v, flz—y) v, ]dSy

Lo 22Dy B0 s,

vy vy
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where v, = —¥ is the outer unit normal of 9Q on the sphere 0B(0,¢€). Now

Of(x —
[ a2y
9B(0,¢) Dy

as € — 07. Furthermore, V®(y) = ¢/(|y|) s hence

< C16(e)|| DS |z~ / ds < CemYg(e)] = 0

B(0,¢)

0P (y) %6_1 (n=2)
o, =Vo(y) vy =—¢'(e) = nén A1 (0> 3) for all y € 0B(0,€).
That is, 8<I>V(y) =7 L -5 and hence
v dB(0,¢)

0P
[ g0 Pas, = jw-y)as, - s
8B(0,¢) Dy 0B(0,¢)
as € — 07. Combining all the above, we finally prove that
—Au(z) = f(z) VaxeR"™

O

The reason the function ®(x) is called a fundamental solution of Laplace’s equation is
as follows. The function ®(x) formally satisfies

—A;®(x) =09 onxeR™,
where §p is the Dirac measure concentrated at 0:

(00, f) = f(0) V feCER").

Ifu(z) = [pn O( (y) dy, then, we can formally compute that (in terms of distributions)
—Au(z) = A Ar®(z —y)f(y)dy = — L Bl y)f(y) dy
==L Ay@(y)f(z —y)dy = (6o, f(z —-)) = f(z)

2.2.2. Green’s function. Suppose {2 C R" is a bounded domain with smooth boundary
Q. Let h € C%(Q) be any harmonic function in 2.

Given any function u € C%(Q), fix * € Q and 0 < € < dist(z, 09). Let Q. = Q\ B(z,¢).
Apply Green’s second identity

[ st - vwaumay = [ (a0 - o 5hw) as

to functions u(y) and v(y) = I'(x,y) = ®(y — z) — h(y) on Q, where ®(y) = ¢(|y|) is the
fundamental solution above, and since Av(y ) = 0 on €, we have

_/Qel“(x,y)Au(y)dy:/aQ uly )auy z,y)dS — / (2,9) 5 - (4)dS
:/asz u(y ) (z,y)dS — / (@,y)5 - v (y)dsS
+ /m,g) o (G0 )

=y @@= 1) ay( )ds
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where v = v, is the outer unit normal at y € 89 = 0QUOB(z,€). Note that v, = —¥=% at
y € 0B(z,€). Hence g%(y —z)=—¢(e) = T ds 5 for y € 9B(z,€). So, in (2.9), letting
oB

e — 0™ and noting that
o0 oh >
u(y) | =— W —2z)— s—(y) ) dS
[ >(8Vy< )= ) 45,

oh
- f@Bwu@)dsy— /8 o ) G )48, ()

[ @b g wis o
OB (z,€) Vy

and

we deduce

Theorem 2.2 (Representation formula). Let I'(z,y) = ®(y — z) — h(y), where h € C?*(Q)
is harmonic in 2. Then, for all u € C?(Q),

210) )= [ [r<x,y>§Z<y>—u<y>§2<m,y>} s - [ Tapduwiy (e )

This formula permits us to solve for u if we know the values of Au in Q and both v and
‘3“ on 0. However, for Poisson’s equation with Dirichlet boundary condition, du/dv is not
known (and cannot be prescribed arbitrarily). We must modify this formula to remove the
boundary integral term involving du/dv.

Given z € Q, we assume that there exists a corrector function h = h® € C?*(Q2) solving
the special Dirichlet problem:

(2.11) {Ayhx(y) =0 (y € Q)7

h*(y) = ®(y —z) (y € 09).
Definition 2.2. We define Green’s function for domain €2 to be
G(z,y) = ®(y,z) —h"(y) (z€Q yeQ, z#y).

Then G(z,y) =0 for y € 9Q and x € Q; hence, by (2.10),

oG
(2.12) uw) == [ty eis - [ Gla)dut)

Vy Q

The function

oG

K(I‘,y):—i(l‘,y) (IL’GQ, yeaQ)
vy

is called Poisson’s kernel for domain 2. Given a function g on 052, the function

Klg|(x) = - K(z,y)g9(y)dSy, (x € Q)

is called the Poisson integral of g with kernel K.

Remark 2.3. A corrector function h”, if exists for bounded domain €2, must be unique.
Here we require the corrector function h* exist in C2(Q), which may not be possible for
general bounded domains 2. However, for bounded domains ) with smooth boundary,
existence of h* in C?({)) is guaranteed by the general existence and regularity theory and
consequently for such domains the Green’s function always exists and is unique; we do not
discuss these issues in this course.
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Theorem 2.3 (Representation by Green’s function). If u € C?(Q) solves the Dirichlet
problem

{ Au(z) = f(z) (z€Q),
(@) =g(x)  (xe€dQ),

then

(2.13) u(z) = [ K(z.y)g(y)dS + / Glr.y)fw)dy (z€Q).
o0 Q

Theorem 2.4 (Symmetry of Green’s function). G(x,y) = G(y,z) for all z,y € Q, x # y.
Proof. Fix x,y € Q, x # y. Let
0(z) = Gla,2), w(z)=Glyz) (€U,

Then Av(z) =0 for z # x and Aw(z) for z # y and v|pn = w|sq = 0. For sufficiently small
e > 0, we apply Green’s second identity on Q. = Q\ (B(z,€) U B(y,€)) for functions v(z)

and w(z) to obtain
ow ov
/896 <v(z)ay(2) — w(z)ay(z)> dsS =0.
This implies

(2.14) /83(%6) ()5 - ua o) ) as = [ . (w61 gt - v 5o ) as,

where v denotes the inward unit normal vector on 0B(x,€) U dB(x,¢€).

We compute the limits of two terms on both sides of (2.14) as e — 0". For the term on
LHS, since w(z) is smooth near z = z,
<Ce"t sup Ju(z)] = o(1).

ow
v(z)—(2)dS
/63(36,5) ( )57/( ) 2€0B(w.¢)

Also, v(z) = ®(z — z) — h*(z) = ®(z — &) — h®(z), where the corrector h* is smooth in €.
Hence

ov od

li = li — =
ei%i OB(z,¢) ( )8V( )dS ei%h OB (z,€) )81/ (2 :n)dS w( )
So
lim LHS of (2.14) = —w(x).
e—0t
Likewise
lim RHS of (2.14) = —v(y),
e—0t
proving w(x) = v(y), which is exactly G(y,z) = G(z,y). O

Remark 2.4. (1) Strong Maximum Principle below implies that G(x,y) > 0 for all z,y €
Q, © #y. (Homework!) Since G(x,y) = 0 for y € 09, it follows that g—g(x, y) <0, where

vy is outer unit normal of  at y € 9. (In fact, we have g—g(az,y) < 0 for all x €  and

y € 0Q.)

(2) Since G(zx,y) is harmonic in y € Q \ {z}, by the symmetry property, we know that
G(z,y) is also harmonic in z € Q \ {y}. In particular, G(z,y) is harmonic in z € § for all
y € 0€; hence Poisson’s kernel K (z,y) = BG (x y) is harmonic in z € Q for all y € 9.
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(3) We always have that K(x,y) > 0 for all x € Q and y € 02 and that, by Green’s
representation theorem (Theorem 2.3), with f =0,¢9g=1and u =1,

K(z,y)dSy =1 (x€Q).
o0

Theorem 2.5 (Poisson integrals as solutions). Assume, for all 2° € 9Q and § > 0

(2.15) lim / K (x,y)dS, = 0.
D0\ B(20,5)

z—z0, 2€Q
Then, for each g € C(09Q) its Poisson integral u(z) = Klg|(x) is harmonic in Q and satisfies
lim  u(x) = g(a®) (20 € 9Q).

z—20, xeQ
That is, u = K[g] can be extended to be a C%(Q) N C(Q)-solution to the Dirichlet problem
Au =0 in Q,
u=g on 0N2.

Proof. Let M = ||g|/p~. For £ > 0, let § > 0 be such that
l9(y) —g(2)| <€ VyeoQ, |y—a°| <o
Then

u(z) — g(”)] =

| K@ - o) ds,
o0

< / K (z,9)lg(y) — 9(z°)| dS,
o

S/ K(w7y)lg(y)—g(w0)ld5y+/ K(z,y)|g(y) — 9(z°)| dS,
B(20,6)n9Q 99\ B(20,5)

< E/ K(z,y)dS, +2M K(z,y)dSy
B(20,5)ndQ 99\ B(20,5)

<e+2M K(z,y)dSy.
99\ B(a0,5)
Hence, by assumption (2.15),
limsup |u(x) — g(z°)| < e+ 2M limsup / K(z,y)dS, =e.
99\ B(a2,5)

z—x0, zeQ z—x9, xeQ

O

2.2.3. Green’s functions for a half-space and for a ball. Green’s functions for certain
special domains can be explicitly found from the fundamental solution ®(z).

Fix z € Q and let b(z) € R and a(z) € R™ \ Q. Then function ®(b(z)(y — a(z)) is
harmonic in €. For such a function to be the corrector function h*(y) we need
By —x) = (b(x)(y —a(x)) (y € 09),
which requires that
b(@)ly — a()| =y — x| (2 €, yed).

Such a construction is possible when (2 is a half-space or a ball. (Although a Green’s function
is defined above for a bounded domain with smooth boundary, it can be similarly defined for
unbounded domains or domains with nonsmooth boundaries; however, the representation
formula may not be valid for such domains or valid only in certain extended sense.)
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Case 1. Green’s function for a half-space. Let
QO =R" ={z = (21,22, -+ ,2,) € R" | 2, > 0}.

If 2 = (21,22, ,x,) € R", its reflection with respect to the hyper-plane z, = 0 is
the point
T= (5131,1'2, o, Tp—1, —.%'n).
Clearly &t =z (z € R"), & = (x € OR") and ®(z) = &(2) (v € R").
In this case, we can easily see that h*(y) = ®(y — z) solves (2.11). So a Green’s
function for R’} is given by

G(,y) =2y —z) - ®(y—2) (z,yeRY).
Then

_ -1 yn*xn_yn+xn
na |y ="y -2

The corresponding Poisson’s kernel of R’} is given by

oG e 21, i i
K(»"Uay):—%(iﬁ,y):ai%(x,y): (x e RY, y € ORY).

nap |z — y["
If we write y = (y/,0) with ¢/ € R"!, then
2z, 2xn

K(z,y) = = = H(z,y).

naglr —y|®  nay(|z’ —y'2 + 22)n/?

Hence the Poisson integral u = K[g] can be written as

22y, 9(y') dy’
21 — H ¢ ! d ! = Rn .

This formula is called Poisson’s formula for R’f. We show that this formula provides a
solution to the Dirichlet problem.

Theorem 2.6 (Poisson’s formula for half-space). Assume g € C(R"1) N L>®(R""!) and
define u by (2.16). Then
(i) u € C*(RY) N L=(RY),
(ii) Au(x) =0 in R7,
(iii) for all z° € OR"
lim  w(z) = g(2).

z—a0, z€RT}

This theorem differs from the general theorem (Theorem 2.5), where we assumed the
domain 2 is bounded. However, the proof is similar; we give a full proof below just to
emphasize the main idea.

Proof. 1. It can be verified that H(z,y’) is harmonic in x € R’} for each ¢/ € R™! and

(very complicated)

H(z,y)dy' =1 (z€RY).
Rn—1
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2. Since g is bounded, u defined above is also bounded. Since H(z,y’) is smooth in
x € R, we have

Du(x) = RleﬁH@awg@U@/

is continuous in z € R”} for all multi-indexes. This also shows that

Au(z) = RWJAmewﬁg@U@/ZO (z € RY).

3. Now fix 20 € OR", € > 0. Choose § > 0 so small that
l9(y") —g(a®)| < e if [y — 2 <0

Then if |z — 2°) < §/2 and = € R,

[u(@) 9@ =| | Hzy)ey) —g")dy
s/’ H@uﬁwwﬁ—gm%uy+/" H(z, ) o(y') — g()[dy/
R”—1NB(z9,5) R»—1\ B(z9,5)
=TI+

Now that
Ige/ H(z,y)dy = e.
Rn—1
Furthermore, if |z — 2°| < §/2 and |y — 2°| > 6, we have
/ 0 / 1 / 0
v 2Tl <y —2[+6/2< |y —z[+5ly —

and so |y’ — z| > |y’ — 2°|. Thus

Jsmmmw/ H(z, y)dy
Rn—1\ B(29,8)

2n+2 -
< HgHL :L’n/ \y'—xol_”dy/
Ny Rn—1\B(x0,5)

_ 2n+2HgHL°°xTL <(n B 1)0& ! /OO r—nrn—Z d7“>
S L L i e
4

noy,

(n—1)ap—1

lallz~ "2

T, — 0,

as z, — 07 if # — 2°. Combining these estimates, we deduce |u(z) — g(2°)| < 2¢ provided
that |z — 29| is sufficiently small. O
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Case 2. Green’s function for a ball. Let
Q=DB(0,1) ={zeR" | |z| < 1}.

If x € R™\ {0}, the point
x
[x[2
is called the inversion point to xz with respect to the unit sphere dB(0,1). The mapping
x +— T is called inversion with respect to 9B(0, 1).

T =

Given z € B(0,1), z # 0, we try to find the corrector function A* in the form of

h*(y) = ®(b(z)(y — ).
We need to have
b(x)lly — 2] = |y — x| (y € 9B(0,1)).
If y € 0B(0,1) then |y| =1 and
- - 2y-x 1 ly — |?
2 2
i =1-2y- T -
So b(x) = |z| will do the job. Consequently, for x # 0, the corrector function h* is given by
h*(y) = ®(|jzl(y — %)) (y € B(0,1)).

Definition 2.5. The Green’s function for ball B(0,1) is given by
Glay) = Oy —x) — (|zl(y — 7)) (z #0, = #y),
7 G(y,0) = &(—y) — 2(=[yly) = 2(y) — o(1) (=0, y #0).

(Note that G(0,y) cannot be given by first formula since 0 is undefined, but it is found from
the symmetry of G: G(0,y) = G(y,0) for y # 0.)

Since @y, (y) = ¢’(]y|)|y‘ = W (y # 0 and n > 2), we deduce, if z # 0, z # y,
Gy (z,y) = Py, (y — @) — Dy, (|z[(y — 7))l
_ 1 [ —Yi |x‘2((i')z_yz:|

ly — wl” (lzlly — ()

|: . |x‘2% :|
~nay |y—l‘|" |l‘||y—!i‘|)
So, if y € 0B(0,1), since |z|ly — Z| = |y — z| and vy, =y, we have

G 1 - [ziyi — 97 miys — o7
r y):ZGyi(ZE,y)yi: nanz [ ly—ar  Jy—a"
=1 i=1

z|? —
N mlyn ||y |7 $|711 (x € B(0,1)\ {0}).

The same formula is also valid if x = 0 and y € 0B(0,1).

Therefore, the Poisson’s kernel for B(0,1) is given by
oG 11—z

K - -
(z,9) o, (z,9) o Ty — 2

(x € B(0,1), y € 0B(0,1)).
Given g € C(0B(0,1)), its Poisson integral u = K[g] is given by

(2.17) u(x) :/ 9(y)K (x,y) dSy 1_"%‘2/ 9(y) dSy (x € B(0,1)).
8B(0,1) P

nan  Japo [y — x|
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By Green’s representation formula, the C2(B(0, 1))-solution u of the Dirichlet problem

Au=0 1in B(0,1),
(2.18)
u=g¢g ondB(0,1),

is given by the formula (2.17).

Suppose u is a C2 solution to the following Dirichlet problem on a closed ball B(a,r),
where a € R" is the center and r > 0 is the radius,

Au=0 1in B(a,r),
u=g¢g ondB(a,r).

Then function a(x) = u(a + rz) solves (2.18) with g(x) = g(a + rx) replacing g. In this
way, we deduce

u(z) = (2= = 1‘“#”2/ g(a +ry) dS,
T nay, 8B(0,1) |y — 52"

2 o 2 1-n
_r |z — al / g(z)r'="ds, (2= a+ry).
OB(a,r)

noy,r? r"z — x|?

Hence, changing z back to y,

U(J?) _ T2 B ‘1’ B CL’2 / g(y) dSy
(219) nanr 0B(a,r) ‘y - x‘n
- /a o WK @005, (@€ Blo,r)
where

2 12
L —le=a® e Blar), yeoBlar)

K(:L“,y;a,r) = nou,T |y_$|n

is the Poisson’s kernel for ball B(a,r).

The formula (2.19) is called Poisson’s formula on ball B(a,r). This formula has a
special consequence that at the center x = a it implies

r 9(y) 1 / ][
u(a) = —dS, = —— g(y)dS, = g(y) dS,.
( ) noy /(93(0,,7’) |y|n Y nanrn_l dB(a,r) ( ) Y dB(a,r) ( ) Y

Therefore, if u is harmonic in Q and B(a,r) CC € (this means closed ball B(a,r) C Q),
then

(2.20) u(a) = ][ u(y)dSy.

This is the mean-value property for harmonic functions that we will give another proof
of and study further in the section.

To conclude, we show that Poisson’s formula (2.19) indeed gives a smooth solution in
B(a,r) with boundary condition g.
Theorem 2.7 (Poisson’s formula for ball). Assume g € C(0B(a,r)) and define u by (2.19).
Then

(i) uw e C*(B(a,r)),

(ii) Au =0 in B(a,r),
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(iii) for each z° € OB(a,r),

: _ 0
x—mo,thgB(a,r) U(:E) N g(ﬂi‘ )

Proof. This theorem follows from the general theorem (Theorem 2.5 above) by verifying
condition (2.15). We prove the boundary condition (iii) only.

Fix 2° € 9B(0,1), € > 0. Choose § > 0 so small that
l9(y) — g(=®)| < e ify € dB(0,1) and |y — 29| < 4.
Then if |z — 2°| < §/2 and z € B(0, 1),

u(z) — g(®)] = / K(2,9)(9(y) — 9(2°)) dS,
8B(0,1)
< / K (z,9)lg(y) — g(c°)|ds,
B(2°,86)ndB(0,1)
4 / K(2,9)lg(y) — 9(a®)|ds,
(0B(0,1))\B(x°,5)

=714+ J
Now that

Ige/ K(z,y)dS, = e.
9B(0,1)
Furthermore, if |z — 2°] < §/2 and |y — 2°| > 6, we have

ly =l > |y — 2° — |z — 2% > §/2.

Thus
7 <2l [ K (2, 9)d8,
(0B(0,1))\B(z°,5)
2||g]| oo (1 — |2|?
< lgllze=( || )Qn(s—nnan =C5 (1 — |I’2),
now,
which goes to 0 as # — 20, since |z| — |2°| = 1. Combining these estimates, we deduce
|u(z) — g(2°)] < 2¢ provided that |z — 2°| is sufficiently small. O

2.3. Mean-value property

For two sets V and €2, we write V CC € if the closure V of V is a compact subset of ).

Theorem 2.8 (Mean-value property for harmonic functions). Let u € C?(2) be harmonic.
Then

o= f uwis=f  ut)ay
OB(z,r) B(z,r)
for each ball B(x,r) CC Q.

Proof. The first equality (the spherical mean-value property) has been proved above
by Poisson’s formula in (2.20). We now give another proof. Let B(x,r) CC Q. For any
p € (0,7), let

h(p) = ][ u(y)dS, — ][ u(z + p2)dS..
OB (z,p) 9B(0,1)
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Then, using Green'’s first identity (2.3) with v = 1,

n'(p) = ][ Vu(x + pz) - zdS, = ][ Vu(y) - y—r Sy
8B(0,1) dB(z,p) P

= ][ Vu(y) - vy dSy = ][ 3;(3;) dSy = '0][ Au(y) dy = 0.
OB(z,p) dB(z,p) IVy nJ B(z,p)

(Note that [0B(0,1)| = n|B(0,1)|.) This proves that h is constant on (0, r). Hence

h(r) = h(07) = lim u(z + pz)dS, = u(x).
=0t J 5B(0,1)
Hence
(2.21) ][ u(y)dSy = u(x).
OB(z,r)

So, by the polar coordinate formula,

/B - u(y) dy = /0 < /an) u(y)d5y> dp

~ ula) [ 0B )] dop = )| Bla. ).

This proves the ball mean-value property

(2.22) u(x) = ][B( )u(y) dy.
U

Remark 2.6. The ball mean-value property (2.22) holds for all balls B(x,r) CC Q with
0 <7 < ry, where 0 < 7, < dist(x,d9Q) is a number depending z, if and only if the spherical
mean-value property (2.21) holds for all spheres 0B(x,r) with 0 < r < r,. This follows
from the polar coordinate formula as above:

/B - u(y) dy = /0 ( /BB(M)u(y)dSy> dp.

For example, if (2.22) holds for all balls B(z,r) CC 2 with 0 < r < r; then

/or </63(a:,p) U(y)dSy> dp = u(x) /0'“ 0B(z, p)| dp

for all 0 < r < r,. Differentiating with respect to r yields (2.21) for all spheres 0B(x,r)
with 0 <7 < rg.

Theorem 2.9 (Converse to mean-value property). Let u € C?(Q) satisfy

for all OB(z,r) with 0 < r < ry, where 0 < 7, < dist(z,0Q) is a number depending x.
Then u is harmonic in Q.
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Proof. If Au(xg) # 0, say, Au(zg) > 0, then there exists a ball B(xg,r) with 0 < r < ry,
such that Au(y) > 0 on B(xg, ). Consider function

Mo = f  ulg)dS (0<p <)
9B(z0,p)

The assumption says that h(p) is constant on p € (0, 7,,); however, by the computation as

above
r

B (r) = ][ Au(y)dy > 0,
B(zo,r)

n

a contradiction. O

The following result shows that if u is only continuous and satisfies mean-value property
then u is in fact C'°° and thus harmonic.

Theorem 2.10 (Mean-value property and C*-regularity). Let u € C(Q2) satisfy

U(x) N ][BB(x,T)U(y)dS

for all spheres OB(x,r) with 0 < r < dist(z,0Q). Then u € C*°(Q) is harmonic in .
Therefore, every harmonic function on € is in C*°(2).

Proof. Let u. = u * 7. be the smooth mollification of u, where n.(x) = e "n(|z|/€) is the
standard radial mollifier. For each sufficiently small € > 0, let

Qe = {x € Q| dist(z,00) > €}.

Then u, € C*°(£2). (For more on smooth mollification, see Appendix C.5.)

Let x € Q¢ then B(x,e) CcC Q. We show uc(x) = wu(x); hence u = u, on Q and so
u € C*(Q,). This proves that u is in C*°(2) and, by the previous theorem, u is harmonic
in . Indeed,

() = /Q ne(s — y)u(y) dy = €™ /B el ut) dy

=" /06 n(r/e) </BB(;1:,7~) u(y)dSy) dr = e "u(x) /06 n(r/e)nayr™ ! dr

— u(z) /B o= o).
[l

Remark 2.7. Theorem 2.10 still holds if the mean-value property is satisfied for all suffi-
ciently small spheres 0B(x, ). See Lemmas 2.20 and 2.21 below.

2.4. Maximum principles

Theorem 2.11 (Maximum principle). Let 2 be a bounded open set in R™. Assume u €
C*() N C(Q) is a harmonic function in Q.

(1) Then the maximum principle holds:

max u = maxu.
Q oN
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(2) (Strong maximum principle) If, in addition, Q is connected and there exists an
interior point xo € Q such that u(xo) = maxg u, then u(x) = u(xo) for all x € Q2. In other
words, if u is a non-constant harmonic function in a bounded domain 2, then

u(z) < maxu (x € Q).

Proof. Explain why (2) implies (1). So we only prove (2). To this end, set
S={zxe€Q|ulr)=mu(xo)}

This set is nonempty since xg € S. It is relatively closed in 2 since u is continuous. We
show S is an open set. Note that the only nonempty subset that is both open and relatively
closed in a connected set is the set itself. Hence S = Q2 because 2 is connected. This proves
the conclusion (2). To show S is open, take any = € S; that is, u(z) = u(zg). Assume
B(z,r) cC Q. Since u(z) = u(zg) = maxg u, by the mean-value property,
uw) = uy< f u)dy= (o)
B(z,r) B(z,r)
So equality must hold, which implies u(y) = u(z) for all y € B(z,r); so, B(xz,r) C S and

hence x € S is an interior point of S, proving that S is open. O

If u is harmonic then —wu is also harmonic; hence, applying the maximum principles to
—u, one also has the minimum principles: all previous results are valid if maximum is
changed to minimum. In particular, we have the following positivity result for all bounded
open connected sets (domains) €2

If u € C*(Q) N C(Q) is harmonic and u|pg > 0 but Z 0, then u(x) > 0 for all x € ).

Proof. By the minimum principle, u > 0 on Q. If u(zg) = 0 at some xg € €2, then by the
strong minimum principle © = 0 on €2, which implies © = 0 on 0f2, a contradiction. (]

Theorem 2.12 (Uniqueness for Dirichlet problem). Given f and g, the Dirichlet problem
for Poisson’s equation

—Au=f inQQ,
U=y on 0N

can have at most one solution u € C*(2) N C(Q).

Proof. Let uj, us be any two solutions to the problem in C?(2) N C(Q). Let u = uy — us.
Then u € C?(2) N C(Q) is harmonic in ©Q and u = 0 on 9. Hence maxyq = mingg = 0; so,
by the maximum and minimum principles,

maxu =maxu =0, miny = minu = 0,
Q o0 Q o0

which implies u = 0 on Q. Hence u; = ug on . O
2.5. Estimates of higher-order derivatives and Liouville’s theorem
Theorem 2.13 (Local estimates on derivatives). Assume wu is harmonic in Q. Then

Ck
(2.23) [D%u(@)] < g llull 1 (Be,r)

for each ball B(x,r) CC Q and each multi-index o of order |o| = k.
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Proof. We use induction on k.
1. If k=1, say « = (1,0,--- ,0) then D = uy,. Since uw € C*° is harmonic, u,, is
also harmonic; hence, if B(z,r) CC £,

2n
w) = f = o

2" /
= riu(y) dsS.
anr"™ 0B(z,r/2) 1y)

2n 2n
Uz, ()] < / u(y)|dS < —
OB(z,r/2)

max
Q1™ T yedB(x,r/2)

u(y)l-

However, for each y € dB(z,r/2), one has B(y,r/2) CC B(z,r) CC £ and hence

n
i =|f, ] < st
Combining the inequalities above, we have
2n+1n
|tz (2)] < WHUHLl(B(x,r))-
oantln

This proves (2.23) with k = 1, with Cy = =~
2. Assume now k > 2. Let |a| = k. Then, for some i, « = 3+ (0,---,1,0,---,0), where
|8] = k — 1. So D*u = (DPu),, and, as above,
nk
|D%u(z)| < 7|\DBU||LOO(B(x,r/k))-

If y € B(xz,r/k) then B(y, %r) CC B(z,r) CC ; hence, by induction assumption with
DBy at y,

Ck:—l Ck—l(%)n+k_1
WHUIIL%B(%%T)) > k1 HUHLl(B(a:,r))'

|Du(y)| <
Combining the previous two inequalities, we have

Cy
|D%(z)| < W”UHLl(B(m,r)p
where C}, > Ck_lnk‘(%)r”rk_l. For example, we can choose

n+1 k
Ck:w, k=1,2,--.
Qp

O

Theorem 2.14 (Liouville’s Theorem). Suppose u is a bounded harmonic function on whole
R"™. Then u s constant.

Proof. Let |u(y)| < M for all y € R™. By (2.23) with k =1, for each i = 1,2,--- ,n,

Cy MG

C
|uz, ()] < WHUHL]‘(B(QT,T‘)) < mMOénrn =

This inequality holds for all r since B(z,r) CC R™. Taking r — oo we have uy,(z) = 0 for
each ¢ =1,2,--- ,n. Hence v is constant. [l
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Theorem 2.15 (Representation formula). Let n > 3 and f € C°(R™). Then any bounded
solution of

—Au=f on R"
has the form

u(w) = [ @ y)iwdy+C

for some constant C'.

Proof. Since ®(y) — 0 as |y| — oo if n > 3, we can prove that the (Newton’s potential)
function

o) = [ ®le - )f)dy

is bounded on R™. This function solves Poisson’s equation —A# = f. Hence u — @ is a
bounded harmonic function on R™. By Liouville’s Theorem, v — @ = C, a constant. O

Theorem 2.16 (Compactness of sequence of harmonic functions). Suppose {u’} be a se-
quence of harmonic functions in Q0 and

W (z)| <M (ze€Q, j=1,2,---).

Let V.CC ). Then there exists a subsequence {u/*} and a harmonic function i in 'V such
that

lim [[u* — @ —0.
Jim [u?* — 1| poo vy

Proof. Let 0 < r < dist(V,95). Then B(x,r) CC Q for all x € V. Applying the local
estimate above, we have

. CM _
|Du]($)|§7 ($€V’]:1a2a)

By Arzela-Ascoli’s theorem, there exists a subsequence of {u’} which converges uniformly
in V to a function @ in V. This uniform limit function % certainly satisfies the mean-value
property in V since each u/ does and hence is harmonic in V. g

Theorem 2.17 (Harnack’s inequality). For each subdomain V- CC Q, there exists a con-
stant C = C(V,Q) such that inequality

supu < C'infu
\% \4

holds for all nonnegative harmonic functions u on €.

Proof. Let r = 1 dist(V,0<). Let z,y € V, |z —y| < r. Then B(y,r) C B(x,2r) CC Q and
hence

1 1 1
u(x) = w(z)dz > / uzdz:][ w(z)dz = —u(y).
) ][3(1,27’) ) an2"1™ JB(y.r) ) 2" J By ) 2n )

Thus 2"u(y) > u(z) > u(y) if z,y € V and |z —y| < 7.

Since V is connected and V' is compact in €2, we can cover V by a chain of finitely many
balls {B;}¥_,, each of which has radius /2 and B; N B;_1 # 0 for i = 1,2,--- , N. Then

1
u(z) = Wu(y)

Ve, yeV.



2.6. Perron’s method for existence using subharmonic functions 41

2.6. Perron’s method for existence using subharmonic functions

Definition 2.8. We call u: Q — R subharmonic in  if u € C(Q) and if for every ¢ € Q
the inequality

ul€) < f u()dS = M€, p)
dB(&,p)

holds for all sufficiently small p > 0. We denote by () the set of all subharmonic functions
in Q.

Lemma 2.18. For u € C(Q)Na(Q),

max = max u.
Q oN

For v € C(€2) and B(&, p) CC (2, we define ug ,(z) by
UE’ T) = 2 xr— 2 u .
g % faB({,p) ﬁ dsy if z € B(gv p)

Note that in B(¢, p) the function u¢ , is simply Poisson’s integral of u[sp(¢ ;) and hence is
harmonic and takes the same boundary on 0B(§, p). Therefore ug , is in C(€2).

Lemma 2.19. For u € () and B(&, p) CC 2, we have u¢,, € 0(2) and

(2.24) w(x) <wugp(x) Vel

Proof. By definition, (2.24) holds if ¢ B(&,p). Note that v — ¢, is subharmonic in
B(&, p) and equals zero on 0B(&, p); hence, by the previous lemma, u < ug , on B(§,p).

Hence (2.24) is proved. To show that u¢ , is subharmonic in €2, we have to show that for
any x € ()

(2.25) ug p(x) < ][ ug p(y) dSy = Mug’p(a:,r)
OB(z,r)

for all sufficiently small r» > 0. If x ¢ OB(E, p), then there exists a ball B(z,r") CC Q such
that either B(z,7') C Q\ B(&, p) or B(z,r’') C B(&, p) and hence either ug ,(y) = u(y) for
all y € B(z,r") or ug ,(y) is harmonic in B(z, 7). In first case, (2.25) holds if 0 < r < 7' is
sufficiently small since u is subharmonic, while in second case, (2.25) holds for all 0 < r < 7/
since ug , is harmonic. We need to show (2.25) if x € 0B(&, p). In this case, by (2.24),

ug p(x) = u(x) < My(z,r) < Mug’p(x, T)
for all sufficiently small r > 0. O

Lemma 2.20. Foru € o(f2),
u(€) < Mu(€,p)
whenever B(, p) CC Q.

Proof. Let B(&,p) CC €. Then
u(&) < uﬁ,p(f) = Mu&yp(§7p) = Mu(gvp)'

Lemma 2.21. u is harmonic in Q if and only if both u and —u belong to o(€2).



2.6. Perron’s method for existence using subharmonic functions 42

Proof. If u,—u € o(Q2), then for all B(§,p) CC Q,
u<ug, —u< —ug, infd

Hence u = ug¢ p; in particular, u is harmonic in B(&, p). O

Given g € C(09), define
04(Q) ={ueC(Q)Nac(Q) | u<gon o},
and

wy(x) = esul()Q) u(z) (zeQ).

Set
m= i, M =g
Then m, M are finite, and m € 04(2). So 0,(f2) is non-empty. Also, by the maximum

principle,

u(z) < maxu = M foru € oy(Q), z € Q.

Hence the function wy is well-defined in .

The following has been left as a homework problem.
Lemma 2.22. Let vy,vg, - , v € 04(Q) and v = max{vy, vy, - ,vp}. Then v € g4().

Lemma 2.23. w, is harmonic in Q.

Proof. Let B(£,p) CC Q. Let x' 2%, -, be a sequence of points in B(¢, p'), where 0 <
P < p. We can find uj, € 04(2) such that

w, (") = lim wl(z®) (k=1,2,---).

—00
Define ‘ ‘ ‘ '
() = max{m, u(2), w(z), - (@)} (2 € D)
Then v € 0,(Q), m </ (x) <M (z € Q), and

lim o/ (zF) = wy(2*) (k=1,2,---).
j—o0

Let v/ = ué i then v/ is harmonic in B(¢, p),

m<vi(z) <M (xeQ),
and
lim o7 (2%) = wy(z®) (k=1,2,--).
j—>00
Since {v’} is a bounded sequence of harmonic functions in B(, p), by the compactness
theorem (Theorem 2.16), there exists a subsequence uniformly convergent to a harmonic
function W on B(&, p'). Hence

(2.26) W () = wy(2®) (k=1,2,---).

Of course W depends on the choice of {#*} and the subsequence of {v7}. However the
function wy is independent of all these choices.

Let 20 € B(&,p'). We first choose {z¥} in B(&,p') such that z' = 2% and 2% — 2°.
With this choice of {z*}, by (2.26) and the continuity of W,

wy(z¥) = W(2°) = kli)rgo W(2b) = klggo wgy(xF).
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Since {z*} is arbitrary, this proves the continuity of w, on B(&,p'). So w, is continuous in

Q.

We now choose {2¥} to be a dense sequence in B(¢,p'). Then (2.26) implies that
wg =W in B(, p'). Since W is harmonic in B(&, p’), so is wy in B(&, p’). This proves that
wy is harmonic in €. O

Therefore, we have proved that the function w, is harmonic in 2. To study the behavior
of wg(z) as x approaches a boundary point n € 92, we need some property of the boundary
00 at point 7.

A point ) € 92 is called regular if there exists a barrier function Q,(z) € C(Q2)No ()
such that

@y(n) =0, Quz) <0 (z€dQ\{n}).
Lemma 2.24. If n € 092 is regular, then

lim  wy(x) = g(n).

x—n, zEQ
Proof. 1. We first prove
. im i > .
(2:27) Jmind wy(z) = g(n)

Let € > 0, K > 0 be constants and

u(x) = g(n) — e+ KQy().
Then u € C(Q) N o (), u(n) = g(n) — ¢, and

u(z) < g(n) —e (zed).
Since g is continuous, there exists a 0 > 0 such that g(x) > g(n) — € for z € 9Q N B(n, ).
Hence

u(x) < g(z) (z€dQnB(n,0)).
Since @, (x) < 0 on compact set Q2 \ B(n,0), it follows that Q,(x) < —v on 9\ B(n,0),
where v > 0 is a constant. Let K = @ > 0. Then
u(@) =g(n) —e+ KQn(x) <M - Ky=m<g(z) (z€d\B(n0)).
Thus u < g on I and, by definition, u € g4(2). So
u(z) <wg(z) (xre€).

Then

—e= i < liminf :
o) = €=, fim u(o) < Jimiaf, (@)

This proves (2.27).

2. We now prove

(2.28) lim sup wy(z) < g(n).
x—n, xEQ

We consider function —w_4(z) which is defined by

—w_g(x) = — Esup(mu(al:) = inf U(x),
vEOT_4

where U = —v, with v € 0_4(12), satisfies

—-UeC(Qno(), —-U<-—g ond.
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For each u € 04(2) and each U = —v as above, it follows that u — U € o(2) N C() and
u—U<g+(-g)=0 on 0.
Hence, by the maximum principle, u — U < 0 in . This proves that u(z) < U(z) (z € )
for any v and U above and hence
wy(z) < —w_g(x) Ve
Applying (2.27) above to w_g4, we deduce (2.28) as follows:

limsup wy(z) < limsup (—w—_4(z)) = — liminf w_4(x) < g(n).
x—n, 2EN z—n, 2EQ z—n, 2€Q

Theorem 2.25. Let Q C R™ be bounded. The Dirichlet problem

Au=0 1in{Q,
U=g on 0f)

has a solution u € C?(2) NC(Q) for all continuous boundary data g € C(0Q) if and only if
every point n € 02 is regular.

Proof. If every point n € 0 is regular, then for each g € C(99Q), the function wgy(x)
defined above is harmonic in {2 and has boundary limit g; so, extending wy to 92 by g gives
a solution u to the problem in C?(Q) N C(Q).

On the other hand, given n € 912, if the Dirichlet problem is solvable for boundary data
g(x) = —|z—n| in C*(Q)NC(£), then the solution u is a barrier function at 1, u(z) = Q, (),
(Explain why); hence 7 is regular. O

Remark 2.9. A domain € is said to have the exterior ball property at boundary
point 1 € 9Q if there is a closed ball B = B(xg, p) in the exterior domain R™ \  such that
BN oQ = {n}. In this case, n is regular point of OS2 since the barrier function at 7 can be
chosen as

Q) = (@ — 20) — 9(p),
where ®(z) = ¢(|z|) is the fundamental solution above.

We say that 2 has the exterior ball property if it has this property at every point
n € 09. For such domains, the Dirichlet problem is always uniquely solvable in C?(Q)NC/(€2).

In particular, if Q is strictly convex, then 2 has the exterior ball property.

2.7. Maximum principles for second-order linear elliptic equations

(This material is from Section 6.4 of the textbook.)

The maximum principle for harmonic functions depends heavily on the mean-value
property of harmonic functions and so does the Perron’s method for the solvability of
Dirichlet problem of Laplace’s equation. Therefore, the proof of maximum principles and
the technique of Perron’s method are strongly limited to Laplace’s equation and can not be
used to other more general important PDEs in geometry, physics and applications.

We study the maximum principles for second-order linear elliptic PDEs in this section.
Existence of the so-called weak solutions for some of these equations is based on energy
method in Sobolev spaces and other modern methods of PDEs and will be briefly intro-
duced later; if you are interested in more of the modern theory of PDEs, you should register
in the sequence courses MTH 940-941.
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2.7.1. Second-order linear elliptic PDEs. We consider the second-order linear differ-
ential operator

Lu(z) = — Z Djju(z) + Z b (z + c(x)u(x).

Here Dju = uy; and Djju = ug,,;. Without the loss of generality, we assume that a(z) =
a’*(z). Throughout this section we assume that all functions a™, b’ and ¢ are well-defined
everywhere in ).

Definition 2.10. The operator Lu is called elliptic in Q if there exists A(z) > 0 (z € Q)
such that

n
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ij=1
If AM(z) > Ao > 0 for all z € Q, we say Lu is unlformly elliptic in Q.

So, if Lu is elliptic, then, for each z € €, the matrix (a%(x)) is positive definite, with
smallest eigenvalue not less than A\(x) > 0. We use the following notations:

n

Lou(z) = — Z Djju(zx) + Zb’
ij=1
Lu(z) ==Y a"(z)Diju(z) + Zb’ + ¢t (z)u(z),
ij=1
where ¢t (z) = max{0, c¢(x)}. We also denote ¢~ (z) = min{0, ¢(z)}. (Warning: I am using
a different notation for ¢~ (z) from the Textbook, where ¢ (z) = —min{0, ¢(z)}.)

First we recall a fact in linear algebra.

Lemma 2.26. If A = (a”) is a positive definite matriz, then there is an invertible matriz
B = (By;) such that A= BTB, i.e.,

n
a? = by (6,5 =1,2,--- ,n).

2.7.2. Weak maximum principle and the uniqueness.

Lemma 2.27. Let Lu be elliptic in Q and u € C?(Q) satisfy Lu < 0 in Q. If c(z) > 0, then
u can not attain a nonnegative mazimum in 2. If c =0, then u can not attain a marimum

i .

Proof. We argue by contradiction. Suppose, for some zg € Q, u(zg) is a maximum of u in
Q. Then Dju(zg) =0, and (by the second-derivative test)

d?u(zo + t€)

T =0 = Z Diju(x0)&i€; <0,

i,j=1
for any £ = (&1,...,&,) € R™. (This is to say the Hessian matrix (D;ju(zo)) < 0.) We write

n
0) =Y bribiy (1,5 =1,2,---,n),
k=1
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where B = (b;;) is a matrix. Hence

n

Z a"(z0) Diju(zo) = Z Z Diju(zo)bribr; < 0,

ij=1 k=14,j=1
which implies that Lu(xg) > c(xo)u(xo) > 0 either when ¢ > 0 and u(xo) > 0 or when
¢ = 0. This gives a contradiction to Lu(zg) < 0 in both cases. O

Theorem 2.28 (Weak Maximum Principle). Let Lu be elliptic in Q and
(2.29) bi(z)|/ANz) <M (xeQ,i=12---,n)

for some constant M > 0. If c(x) = 0 and u € C?(Q) NC°(Q) satisfies Lu < 0 (in this case
we say u is a sub-solution of L) in a bounded domain 2, then

max ¥ = max u.
Q onN

b (x)
all(z)

] e <

ifa>M+1, as

2. Consider w(x) = u(x) 4+ ev(z) for any ¢ > 0. Then Lw = Lu+¢eLv < 0in Q. It
follows from Lemma 3.6 that for any x € Q,

u(z) + ev(z) < max(u + ev) < maxu + € maxv.
o0 o0 onN
Setting € — 0T proves the theorem. O

Remark 2.11. (a) The weak maximum principle still holds if (a¥/) is nonnegative definite,
i.e.,, A(xz) > 0, but satisfies a,‘czik(‘x) < M for some k. (Then use v = e***.)
(b) If Q is unbounded, but is bounded in a slab |z1| < N, then the proof is still valid if

the maximum is changed to the supremum.

From the proof of Theorem 3.8 we can easily see the following

Theorem 2.29. Let Lu be elliptic in @ and satisfy (2.29). Let c(x) > 0 and u € C*(2) N
C°(Q). Then

maxu < maxu®  if Lu <0,
Q o0

max |u| = max |u| if Lu =0,
Q [29]
where vt (z) = max{0, u(z)}.

Proof. 1. Let Lu < 0. Let QF = {z € Q | u(z) > 0}. If Q" is empty, the result is
trivial. Assume Q7 is not empty, then Lou(z) = Lu(z) — c¢(x)u(z) < 0 in Q*. Note that
maxXy(o+) U = MaxpQ ut. Tt follows from Theorem 3.8 that

maxu — maxu = max u — maxu"'.

Q ar Q) o)

2. Assume Lu(z) = 0. We apply the inequality in Step 1 to u and v = —u, noticing

that v = —u~ = —min{0, u}, to deduce
(2.30) maxu < maxu’, —minu=maxv <maxv® = —minu".
Q o0 Q Q o0 o0
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This yields maxg |u| = maxpq |ul. O

Theorem 2.30. Let Lu be elliptic in Q and satisfy (2.29). If c(x) > 0 and Q is bounded,
then solution to the Dirichlet problem

Lu=f inQ, ulga=g
is unique in C%(Q) N C(Q).

Remark 2.12. (a) The maximum principle and the uniqueness fail if ¢(x) < 0. For example,
if n = 1, the function u(z) = sinz satisfies

—u" —u=0 inQ=(0,7), u0)=u(r)=0.
But u # 0.

(b) Nontrivial solutions can be constructed for equation —Au—cu = 0 with zero Dirichlet
boundary data in the cube £ = (0,7)" in dimensions n > 2, where ¢ > 0 is a constant.

2.7.3. Strong maximum principle. The following lemma is needed to prove a version
of the strong maximum principle for elliptic equations.

Lemma 2.31 (Hopfjs Lemma). Let Lu be uniformly elliptic with bounded coefficients in a
ball B and u € C%(B) satisfy Lu < 0 in B. Assume that 2° € OB such that u(x) < u(z)
for every x € B.

(a) If c(z) = 0 in B, then %(azo) > 0, where v is outer unit normal to B at 2°.
) >0

(b) If c(z) >

(c) If u(z") = 0, the same conclusion holds no matter what sign of c(x) is.

, then the same conclusion holds provided u(z") > 0.

Proof. 1. Without the loss of generality, we assume that B = B(0, R). Consider

v(x) = e=olel? _ gmaR?

Recall Lu = Lu — c(z)u + ¢t (x)u = Lu — ¢~ (z)u is an elliptic operator with nonnegative
coefficient for the zero-th order term; so, the weak maximum principle applies to L.
(Warning: Again, ¢~ = min{0, ¢} here, while the book uses ¢~ = —min{0, ¢}.) It is easy
to check that

Lo(z) = [— 43" a¥(@)e’wia; + 20 Y (a(x) - bi(x)xi)}e*aw + et (2)v(z)
(2.31) < [ — Aroa?|z]? + 20 tr(A(z)) + 2a)b(x)]|z] + c+(x))} e—all’
< 0 (here A(x)= (a¥(z)), b(z) = (b*(z),--- ,b"(x)))
R

on 5 < |z| < R, provided a > 0 is fixed and sufficiently large.
2. For any ¢ > 0, consider w.(r) = u(x) — u(x®) + ev(x). Then
Lw.(z) = eLv(z)+ Lu(x) — ¢ (z)u(x) — ¢ (z)u(z®)
< —c (z)u(z) — ct(x)u(®) <0

on 5 < |z| < Rin all cases of (a), (b) and (c).

R
3. By assumption, u(z) < u(2?) for all |z| = £; hence, there is a ¢ > 0 such that

we(z) < 0 for all |z| = &. In addition, since v|gp = 0, we have w.(z) = u(z) —u(z®) < 0 on
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|z| = R. The weak maximum principle implies that w.(z) < 0 for all £ < |z| < R. Hence
2¥ is a maximum point of w. on % < |z| < R and thus
0 0 0 0
0< 5;8 (%) = a—Z(mO) + EFZ(:UO) = a—Z(wO) — 2eRae R’

That is
ou

a—(xo) > 2eRae " >0, as required.
v

O

Theorem 2.32 (Strong Maximum Principle). Let L be uniformly elliptic in a bounded
domain Q with bounded coefficients and u € C?(2) such that Lu < 0 in .

(a) If c¢(x) > 0, then w can not attain a nonnegative maximum in 0 unless u is a
constant.

(b) If ¢ = 0, then u can not attain a mazimum in Q unless u is a constant.

Proof. We proceed by contradiction. Suppose that v is not a constant but there exists a
z € Q such that u(z) > u(z) for all x € Q. Let M = u(z). We assume M > 0 if ¢(z) > 0.
Then the sets

QO ={zreQ|ulz) <M}, Q={recQ|ulx)=M}

are both nonempty (since u # M), and thus ) #90QyNQ C C =90 NQ. Let y € O~ be
such that dist(y, C') < dist(y, 9). Let B = B(y, R) be the largest ball contained in 2~ and
centered at y. Then there exists a point 2° € C, with 2° € dB. Hence u(z) < u(z?) for all
x € B. Then Hopf’s Lemma would imply that %(mo) > 0, where v is the outnormal of B
at 2%; this contradicts to the fact that D;u(z) = 0 since u has maximum at z° € Q. O

Theorem 2.33. Let u € C2(Q)NC(Q). If Lu =0, c¢(x) > 0 and u is not a constant, then

lu(z)| < max|u(y)| Yz e .
yeoN

If Lu=0, ¢ =0 and u is not a constant, then

i < < vV x e .
yrgggﬁ(y) u(z) yné%’é“(y) x

Finally, we state without proof the following Harnack’s inequality for nonnegative
solutions of elliptic equations. (The proof for some special cases can be found in Textbook,
which actually follows from the proof of the similar result for parabolic equations later.)

Theorem 2.34 (Harnack’s inequality). Let V' CC Q be connected and Lu be uniformly
elliptic in  with bounded coeffients. Then, there exists C = C(V,Q, L) > 0 such that

supu < Cinfu
A7 14

for each nonnegative C? function u of Lu = 0 in Q.
2.8. Weak solutions and existence in Sobolev spaces

(This material is from parts of Chapter 5 and Sections 6.1 and 6.2 of the Texttbook.)

We study the second-order linear elliptic operator in divergence form:

Lu(z) = = Y Dj(a¥(x)Dyu(z)) + > b'(z)Diu(z) + c(z)u().
i=1

i,j=1
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Here we assume that a*(z) = a’*(x) and a¥/,b* and c are all bounded functions in €.

Definition 2.13. The operator Lu is called elliptic if there exists A\(z) > 0 such that

n

Z ( )515]2)\ ka, VweQ §€Rn
,j=1 —
If AM(z) > Ao > 0 for all z € Q, we say Lu is uniformly elliptic in Q.

Let 2 be a bounded domain in R™. We study the following Dirichlet problem:

(2.32) {Lu =f inQ,

u=20 on 0.

If a¥ are smooth and u is a C? solution to the Dirichlet problem, then for each function
v e CX(Q), vLu=0on Q. So [,vLudz = 0. Using integration by parts, we have

n

/Q(Z a () ug, (x T) vy, (T —i—Zbl x)Ug, ( )+c(m)u(w)v(w))daz=/gfvda:.

ij=1
Define

n

(2.33)  Blu,v] ::/Q(Z a () uy, (z T)vg, (T +sz T)ug, (z) + c(x)u(z)v(z))ds.

3,j=1

In B[u,v] we do not need u to be C? but we only need Du exists and is in L?(f2) in

order to define Blu,v]. In fact, the definition of Du can be even extended as long as it is in
L3(9).

2.8.1. Sobolev spaces H'(Q) and H{(Q). A function u € L?(Q) is called weakly dif-
ferentiable in Q if there exist functions w; (i = 1,2,--- ,n) in L} () such that

/ugbxidx:—/gbwidx (i=1,2,---,n)
Q Q

for all test functions ¢ € C2°(2). In this case we call w; the weak derivative of u in Q with

respect to z; and denote w; = uy, = Dju. Moreover, denote Du = Vu = (wy,wa, -+ ,wy,)
to be the weak gradient vector of u in (2.
Define

HY(Q) = {u € L*(Q) | u is weakly differentiable with D;u € L?(Q) for i = 1,--- ,n}.
Then H'(Q) is a linear subspace of L?(2). In H'(Q) we define

(u,v) = /Q(uv + Du-Dv)dz, ||ul| = (u,u)'? (u, ve HY(Q)).

Theorem 2.35. (u,v) defines an inner product on H'(Q) that makes H'(Q) a Hilbert
space.

We define HZ () to be the closure of C2°(Q) in the Hilbert space H((2).
EXAMPLE 2.36. Let Q@ = B(0,1) be the unit ball in R".

(a) Let > 0. Show that u = |z[~® € H!(Q) if and only if a < 252

(b) Show that u =1 — |z| € H}(Q).
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Theorem 2.37. Let Q be bounded. Then HZ(SY) is a Hilbert space under the inner product

(u, U)H& = /QDu -Dvdx  (u, v € H}(Q)).

Proof. 1. We first prove the Poincaré’s inequality
(2.34) lull 20y < Cl|Dull 2y (u € H(92)).

To prove this, assume 2 CC Q = (—a,a)". Fix any u € C(Q). Extend u to Q by zero
outside . For each y € Q, write y = (y1,¥’) with y1 € (—a,a) and y € Q' = (—a,a)" L.
Then

7
u(y1,y') =/ Uz, (21,9) dzr (y1 € (—a,a), ¥ € Q).
By Holder’s inequality,

a

lu(y1, y)* < (y1 + a)/ g, (21,9)|? dzy < 2a/ gy (21, 9)|? day,

—a —a

Y1

and consequently,

/ (. )2 diyn < da? / o, (21, ) 2 da1 (4 € Q).

—a —a

)n—l

Integrating over ¢’ € Q' = (—a,a , we deduce

[ 1P dy < 46 [ Jus, )P dy
Q Q

Therefore,
lullr2(q) < 2a[|Dulp2q) (v € CF(€))).

Since HJ(Q) is the closure of C2°(Q) in HY(Q2), we have deduced (2.34) from the above
inequality.

1/2
-
Then, by (2.34), {u;} is also a Cauchy sequence in H'(£2). Hence there exists a subsequence
{u;,} converging to some @ € H'(£2) under the H'-norm. Certainly @ € H} () and {u;, }
also converges to 4 in the H}-norm. This proves that H}(€2) is complete under the Hg-norm,
and hence H}(Q) is a Hilbert space. O

2. Suppose {u;} is a Cauchy sequence in H¢ () under the Hg-norm: lull g = (u,w)

Remark 2.14. (a) For a bounded domain € with Lipschitz boundary, the Sobolev-
Rellich-Kondrachov compactness theorem asserts that H'(Q) is compactly em-
bedded in L?(Q); that is, every bounded sequence in H'(£2) has a subsequence convergent
strongly in L?(Q2).

(b) By this compactness theorem, we have another version of the Poincaré’s inequal-
ity: For bounded domains €2 with Lipschitz boundary,

(2.35) [l — ][Qu||L2(Q) < C||Dullp2(q)  (u € H' ().
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2.8.2. Weak solution to Dirichlet problem.

Definition 2.15. A weak solution to Dirichlet problem (2.32) is a function u € Hg ()
such that

Blu,v] = / foder Yove HyRQ),
Q
where Blu,v] is defined by (2.33) with u,,, v, taken as weak derivatives.

The existence of weak solution falls into the general framework of Lax-Milgram The-
orem in functional analysis.

Let H denote a real Hilbert space with inner product (-,-) and norm || - ||. A function
B[-,] : H x H — R is called a bilinear form if
Blau + bv, w] = aB[u,w] + bB[v, w]

Blw, au + bv] = aBlw, u] + bBw, v]
for all u,v,w € H and a,b € R.

Theorem 2.38. (Lax-Milgram Theorem) Let H be a Hilbert space and B: H x H — R
be a bilinear form. Assume

(i) B is bounded; i.e., |Bu,v]| < af|ul|||v]] Yu,v € H, for some a > 0; and
(ii) B is strongly positive (also called coercive); i.e., Blu,u] > B|lul|?> Vu € H,
for some B > 0.

Then, for each | € H* (that is, [: H — R is a bounded linear functional on H ), there
exists a unique u € H such that

(2.36) Blu,v] =1(v) (veH).

Moreover, the solution u satisfies ||ul| < % 12| 2= -

Proof. For each fixed u € H, the functional v — Blu,v] is in H*, and hence by the Riesz
representation theorem, there exists a unique element w = Au € H such that

Blu,v] = (w,v) = (Au,v) Y v e H.

This defines a map A : H — H and it is easy to see that A is linear. From (i), ||Aul|?> =
Blu, Au] < al|ul|||Aul||, and hence ||Au| < allu]| for all w € H; that is, A is bounded.
Furthermore, by (ii), B|lul|?> < Blu,u] = (Au,u) < ||Aul|||u| and hence ||Au| > pB|u|| for
all u € H. By the Riesz representation theorem again, we have a unique wg € H such that
l(v) = (wo,v) for all v € H and ||l|| g+ = |Jwo||. We will show that the equation Au = wp has
a unique solution u € H. The uniqueness of u follows easily from the property ||Au— Avl|| >
Bllu — v|| for all u,v € H; the existence of u will be proved by using the contraction
mapping theorem. (See the textbook for a different proof.) Note that solution u to
Au = wy is equivalent to a fixed-point of map T': H — H defined by T'(v) = v — tAv + twy
(v € H) for any fixed ¢ > 0. We show that, for ¢ > 0 small enough, map T is a strict
contraction. Note that for all v,w € H we have | T(v) — T(w)| = [|({ — tA)(v — w)||. We
compute that for all u € H

I = tA)ul* = Jlull* + ]| Aull® — 2t(Au, )
lull*(1 + t2a® — 25t)
llul?,
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for some 0 < v < 1 if we choose t such that 0 < ¢t < Z—Q Therefore, map T: H — H is
a contraction (with constant ,/y < 1) on H and thus has a fixed point u by contraction
mapping theorem. This u solves Au = wgy. Moreover, from || f| g+« = ||wo|| = [|Au|| > B]|ul,
we have |lul| < % l{]| 7= The proof is complete. O

2.8.3. Existence of weak solutions. We state the following special existence theorem.

Theorem 2.39 (Existence of weak solutions). Let Lu be uniformly elliptic in Q with
bounded coefficients. Then there exists a constant M depending on the ellipticity constant
and the L>®-bound of coefficients b® such that, if c(x) > M, then, for each f € L*(Q), the
Dirichlet problem (2.32) has a unique weak solution u € Hg ().

Proof. 1. Let
() = /Q f@p(@)de (v e HY(S).

Then [ is a bounded linear functional on H{ (). (This uses Poincaré’s inequality (2.34).)

2. Using the boundedness of the coefficients, by Cauchy’s inequality and Poincaré’s
inequality (2.34), we deduce that

| Blu,v]| < al|Dullz20) | D20 = allullggllvllgy  (u, v € Hy(Q)).

(This also uses Poincaré’s inequality (2.34).)

3. By the uniform ellipticity with constant Ag > 0,

|3 @@, do > 2ol Dulfagoy = Aol

ij=1

By the boundedness of b and Cauchy’s inequality with e, we have

/ Z b () Uy, u dx
Qi1

where M depends only on g and the L>-bound of the coefficients b (i = 1,2,--- ,n). Note
that M = 0 if all b"’s are zero (i.e., Lu has no first-order terms). Therefore,

Ao 2 2 Aoy o 2
< 5 1Dullze(g) + Mllullze ) = S llully + Mlulzeq),

Blu,u] = Pl + [ (ela) = Mt ds (we Hy(@).

This is called the energy estimate.

4. By the energy estimate above, we deduce that if ¢(x) > M then

A
Blu,u] > Bllullfpyqp £= 3 >0 (ue Hy ().

Consequently, the bilinear form Blu,v] on Hilbert space H = H{ () satisfies all conditions
of the Lax-Milgram Theorem; therefore, we have the unique existence of weak solution. [

Remark 2.16. Can we show the weak solution is smooth enough to be a classical solution?
This is the regularity problem, which will not be studied in this course.

Also, what about if ¢(x) is not sufficiently large? This is related to the eigenvalue
problem of Lu and will not be studied in this course, either.
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Suggested exercises

Materials covered are from Chapters 2 and 6 of the textbook with some new materials
added. So complete the arguments that are left in lectures. Also try working on the
following problems related to the covered materials.

Chapter 2: Problems 2-11.
Chapter 6: Problems 1, 4, 5, 6, 8, 9, 10, 12.

Homework # 3.

(1) (15 points) Let © be a bounded domain in R™ with smooth boundary 0f2. Let
G(z,y) be Green’s function for Q and K(z,y) = —gTC;(m,y) (x € Q,y € 00) be

Poisson’s kernel for Q2. Then, for all u € C?(Q), we have

uw) = [ K@g)uw)is, - [ Glay)duwiy (@€ ).
o0 Q

Prove the following statements:

G(z,y) >0 (x,ye D,z #y); K(z,y) >0 (xeQ,yei); K(z,y)dS, =1 (z € Q).
o0
(2) (15 points) Let €2 be the ellipsoid %% + x—?’g + % < 1in R3. Use (without proof) the
fact that 2 has Green’s function G(z,y) to prove that for all u € C%(Q)

6
max |u| < max |u| + — max |Aul.
Q oQ 13 a

(3) (15 points) Let n > 3 and @ C R" be a bounded domain and 0 € . Suppose that u
is continuous on 0\ {0}, harmonic in Q\ {0}, u = 0 on 9, and lim, ¢ |2|" "2 u(z) =
0. Prove that u(z) =0 on Q\ {0}.

(4) (15 points) Let u be the solution of

Au=0 in R?}
u=gq on OR"}

given by Poisson’s formula for the half-space, where g is continuous, bounded on
ORY, and g(x) = |z| for x € OR, || < 1. Show that Du is unbounded near x = 0.

(5) (20 points) Recall that u: Q@ — R is subharmonic in  if u € C(Q2) and if for every
& € Q) the inequality

uwsf u()dS = M, (€. p)
9B(&,p)

holds for all sufficiently small p > 0. We denote by o(2) the set of all subharmonic
functions in 2.

(a) For u € C(Q) N (), show that maxg = maxyq u.

(b) If uy, ug, - -+ ,ur € o(2), show that v = max{uy,--- ,ur} € o(9).

(c) Let u € C?(€2). Show that u € o(f2) if and only if —Au < 0 in Q.
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Homework # 4.
(1) (10 points) Let Lu = —> 71", 0" (x)uge; + Doy b (2)uq, be a uniformly elliptic
operator in a bounded domain Q. If o is a C! function on R with o’(s) > 0 for all
s € R, show that, given any f and g, the Dirichlet problem

Lu+o(u)=f inQ
u=g on Of)

can have at most one solution u € C?(2) N C(Q).

(2) (10 points) Let a¥/ € C*(Q) and Lu = — doij=1 a" (x)Ug,z; be a uniformly elliptic
operator in a bounded domain Q. Let u € C3(f2) be a solution of Lu = 0 in (.
Set v = |Du|? + Mu?. Show that Lv < 0 in Q if A is large enough. Deduce

[Dull oo () < C ([ Dull o (a0) + [l Lo o0))
for some constant C'.

(3) (10 points) Given f € L?(Q2). Formulate and prove the existence of weak solutions
to the Neumann boundary problem in H'(Q):

—Au=f in Q,
%:0 on 0f).

(What is the necessary condition of f for existence of smooth solutions u? Show
the condition is necessary and sufficient for the existence of weak solution.)



Chapter 8

Heat Equation

The heat equation, also known as the diffusion equation, describes in typical physical
applications the evolution in time of the density u of some quality such as heat, chemical
concentration, etc. Let V be any smooth subdomain, in which there is no source or sink, the
rate of change of the total quantity within V' equals the negative of the net flux F through
A%

d

— ud:ﬂ:—/ F -vdS.
dt Jy v

The divergence theorem tells us

d
— [ udr = —/ div Fdzx.
Since V is arbitrary, we should have

u = —divF.

For many applications F is proportional to the gradient of u, but points in opposite direction
(flux is from regions of higher concentration to lower concentration):

F=—-aVu (a>0).
Therefore we obtain the equation
u; = adiv Vu = aAu,

which is called the heat equation when a = 1.

If there is a source in €2, we obtain the following nonhomogeneous heat equation

u — Au= f(z,t) x€Q, te(0,00).

3.1. Fundamental solution of heat equation

As in Laplace’s equation case, we would like to find some special solutions to the heat
equation. The textbook gives one way to find such a specific solution, and the problem in
the book gives another way. Here we discuss yet another way of finding a special solution
to the heat equation.



3.1. Fundamental solution of heat equation

o6

3.1.1. Fundamental solution and the heat kernel. We start with the following ob-

servations:

U\, are soifution to € one-armensiona eat equation Uy = Ugy 10T T € aln
1) Tf wy(x, ¢ lution to the one-dimensional heat equati f R and

t>0,5=1,...,n, then

w1, .oy Tnyt) = ur(z1,t) -+ Up (X, t)

is a solution to the heat equation u; = Au for x = (x1,--- ,2,) € R™ and ¢ > 0. This simple

fact is left as an exercise.

(2) If u(x,t) is a solution to the one-dimensional heat equation u; = ugy, then so is
w(A)u(Az, \2t) for any real A. Especially, there should be a solution of the form u(z,t) =

w(t)v(ﬁ—z). A direct computation yields

For u; = uy,, we need
w'(t)v — %[U"— + 20" + v'%] =0.
Separation of variables yields that
w'(t)t  4sv”(s) + 20'(s) 4 s0'(s)
w(t) v(s)

with s = %2 Therefore, both sides of this equality must be constant, say, A. So

1
s(dv" + ') + 5(41}' —2X\v) = 0;

this equation is satisfied if we choose A = —1/2 and 4v' + v = 0 and hence v(s) = e i.
this case,

w(t)t 1

w(t) 2

from which we have w(t) = ¢~3. Therefore

2
u=uy(x,t) = e W

Vit

is a solution of u; = u,,. By observation (1) above, function

_l=?

1 1z
u(z) = ui(z1, )ur(2,t) - - ur (vn, t) = € " (x € R", t > 0)
is a solution of the heat equation u; = Aw for ¢t > 0 and z € R™.

Definition 3.1. The function

1 =

Oz, 1) = § Gmypre >0,
0 t<O0

is called the fundamental solution of the heat equation u; = Au.

In

The constant W in the fundamental solution ®(z,t) is to make valid the following

(
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Lemma 3.1. For eacht > 0,

/ O(z,t)dr = 1.
Proof. This is a straight forward computation based on the fact (verify!)

/ e dy = Nz

—00

0

Note that, unlike the fundamental solution of Laplace’s equation, the fundamental solu-
tion ®(x,t) of the heat equation is C* in x € R™ for each ¢t > 0. Furthermore, all space-time
derivatives D*® are integrable on R™ for each ¢t > 0. Also notice that as t — 07 it follows
that ®(x,t) — 0 (x # 0) and ®(0,¢) — co. In the following, we will see that ®(-,¢) — dg in
distribution as t — 0.

We call the function
K(xaf%t) = Q)({L' - y7t) =

1 _lz—yl?

- n
(47rt)”/26 g (x, yeR", t>0)

the heat kernel in R"”.

3.1.2. Initial-value problem. We now study the initial-value problem or Cauchy
problem of the heat equation

(3.1) uy = Au, xeR" te(0,00),
‘ u(z,0) = g(z), zeR™
Define
u(w,t) = / ®(x —y, )g(y)dy = | K(z,y,t)9(y)dy
(3.2) 1 |z —y|? :

= t d R™ t>0).
(m)n/g/we # g(y)dy (z € R", t>0)

Theorem 3.2. Assume g € C(R™) N L>(R"), and define u by (3.2). Then
(i) u € C(R™ x (0,00)) N L>®(R™ x (0, 00)),
(ii)) vy = Au  (z € R?, t > 0),
(iii) for each z° € R™,
lim  wu(z,t) = g(20).

z—20,t—0t+

Proof. 1. Clearly, K(z,y,t) > 0 and [, K(x,y,t)dy =1 for all z € R" and ¢ > 0. Hence

|u(z, t)] < HglL""/]R K(z,y,t)dy = |lgll= (z €R", ¢ >0).

The fact u € C*°(R™ x (0, 00)) and solves the heat equation follows from the integrability of
D%® in R", differentiation under the integral, and the fact K; = Az K in R” x R™ x (0, c0).

2. For any fixed 2° € R” and € > 0, choose a § > 0 such that
€ .
l9(%) =gyl < 5 if 2" —yl <o,

Assume |z — 2°| < §/2. Then,

lu(z,t) — g(z°)| = /n Oz —y,t)(g(y) — g(=°) dy
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g/’ wx%mwwg@%wy+/ Bz — 1, 0)lg(y) — 9(«®)|dy
B(x0,6) R\ B(20,5)

=14+ J
Now I < ¢/2. To estimate J, note that if |y — 2% > §, since |z — 2°| < 6/2 < |y — 2°|/2,
then
ly — 2" <y -zl + o — 2" < fy — 2| + [y — 2°]/2.
Thus |y — 2| > 3|y — 2°|. Consequently

Jsmmmm/ B(z — y,t) dy
R\ B(29,6)

C _ly=c|?
< — e 4 dy
2 Jrn\ B(a0,6)
. _mO 2 _ls 2
< C’Q/ €7|J16t‘ dy:C e |16‘ dz,
t2 Jrn\ B(20,6) R™\B(0,5/v/)
by the change of variable z = y\_/%’o. We select a 0 < tg < §/2 such that
a2
C e s dz < <.
R\B(0,6/v/%) 2

Then for all |z — 20| < ty, 0 <t < ty, we have
lu(z,t) — g(z®)| < T+ J < % —l—%ze.
([l

Remark 3.2. (a) If ¢ is bounded, continuous, g > 0 and # 0, then function u(x,t) defined
by (3.2) is in fact positive for all x € R™ and ¢ > 0. Moreover, u(z,t) depends on the
values of g(y) at all points y € R™ no matter how far y and x are away. Even the initial
g is compactly supported, its domain of influence is still all of x € R™. We interpret these
observations by saying the heat equation has infinite propagation speed for disturbances of
initial data.

(b) Even when g is not continuous but only bounded, the function u defined through
the heat kernel K above is C* in R" x (0, 00) (in fact, analytic). Therefore, the heat kernel
K(x,y,t) has the smoothing effect in the sense that function u becomes infinitely smooth in
whole space-time as soon as time ¢ > 0 no matter how rough the initial data g is at ¢t = 0.

3.1.3. Duhamel’s principle and the nonhomogeneous problem. Now we solve the
initial-value problem of nonhomogeneous heat equation:

up — Au= f(z,t) (x€R", ¢t>0)
u(z,0) =0 (x € R™).
There is a general method of solving nonhomogeneous problem using the solutions of

homogeneous problem with variable initial data; such a method is usually known as the
Duhamel’s principle.

Given s > 0, suppose we solve the following homogeneous problem on R™ x (s, 00):
{at ~Ai=0 inR" x (s,00)

(8:3) u=f on R™ x {t = s}.
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Let u(xz,t) = v(z,t — s); then v(z,t) will solve the Cauchy problem

v —Av=0 in R™ x (0, 00)
v(x,0) = f(z,s) on R" x {t=0}.

One solution of v to this problem is given above by

’U(l‘,t) = K(a:,y,t)f(x,s) dy (xERn? > O)
Rn
In this way, we obtain a solution to (3.3) as
u(z,t) =Ul(x,t;s) = K(z,y,t —s)f(z,s)dy (x€R", t>s).
R”

Then, Duhamel’s principle asserts that the function
t
u(z,t) = / U(z,t;s)ds (zeR", t>0)
0

solves the nonhomogeneous problem above. Rewriting, we have

u(x,t) = O(x —y,t—s)f(y,s)dyds
(3.4) /0 /” 1

|z —y|?

t
B /0 (4t — )2 /R e 1= f(y,s)dyds (z € R", t>0).

In the following, we use CZ(Q2 x I) to denote the space of functions u(z,t) such that
u, Du, D?u, u; are continuous in  x I.

Theorem 3.3. Assume f € C2(R™ x [0,00)) has compact support in R" x [0,00). Define
u(z,t) by (3.4). Then u € C?(R™ x (0,00)) satisfies
(1) ue(z,t) — Au(z,t) = f(x,t) (x € R, t>0),
(ii) for each z° € R",
lim  wu(z,t) =0.

z—20,t—0t

Proof. By change of variables,
t
u(z,t) = / / O(y,s)f(xr —y,t —s)dyds (x €R", t>0).
0 n
1. As f has compact support and ®(y, s) is smooth near s =¢ > 0, we have

wie.) = [ [ aase—yt- s+ [ ow.0s@=v.0d

n

and
t
Uz (T, 1) :/ / @(y, s) fre;(x —y,t —s)dyds  (i,j =1,2,--- ,n).
O n

This proves u € CZ(R" x (0,00)).
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ur(x,t) — Au(z, t) //n (y,)[(0r — Ag) f(z — y,t — s)] dyds
+ [ a0 - v.0)dy

:/ /n D(y, s)[(—0s — Ay) f(x — y,t — s)| dyds
+ /0‘E /n O(y,s)[(=0s — Ay) f(z — y,t — 5)] dyds
+ [ e -v.00d

=I. + J. + N.
Now |J:| < C [; Jan ®(y,s)dyds < eC. Integration by parts, we have

I _/ /n y7 )]f(x*yvtis)dyds
[ e -vt-ad— [ S0 p0)d
— [ 2wt pdy+ [ ol pt )~ fo - pbldy-

since (0s — Ay)®(y,s) = 0.
3. Therefore,
ut(x,t) — Au(z,t) = lim (I. + J- + N)

e—0t
—tiw | [ @yt [ 00201 -t -e) - fa - oy
= lim P(y,e)f(z —y, t)dy
e—0t Rn
= lim [ ®(z—y,e)f(y,t)dy = f(z,t) (z€R", t>0),
e—0t Rn
by (iii) of Theorem 3.2. Finally, note ||u(-,t)||p~ < t||f||L~ — 0 ast — 0. O

Corollary 3.4. Under the previous hypotheses on f and g, the function

u(a:,t):/n O(x —y,t) dy—l—/ /n (x —y,t —s)f(y, s)dyds

s a solution of

{ut —Au = f(z,t) (ze€R" t>0)
u(z,0) = g(z) (x € R™).

3.1.4. Nonuniqueness for Cauchy problems. The following result shows that Cauchy
problems for the heat equation do not have unique solutions if we allow all kinds of solutions.
Later, we will show that the problem will have unique solution if the solution satisfies some
growth condition.

Theorem 3.5. There are infinitely many solutions to Problem (3.1).
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Proof. We only need to construct a nonzero solution of the one-dimensional heat equation
with O initial data. We formally solve the following Cauchy problem

Ut = Ugg, r €R, t € (—o0,0),
(3.5) u(0,t) = h(t), teR
ug(0,8) =0, teR.

We have the Taylor expansion in terms of z,

u(a,t) = hi(t)al.
§=0
A formal computation from wu; = uy, gives us
ho(t) = h(t), ha1(t) =0, K(t) = (j +2)(j + Dhjt2, j=0,1,2,....
Therefore .

hok(t) = mh(k)(t)» hog41(t) =0, k=0,1,...,

< p(k)
(3.6) u(z,t) = Z h(2k()t‘) z2k,
k=0

We choose for some o > 1 and define the function h(t) by

(3.7) h(t) = {OLt_a =0

e , t>0.

Then u given above is a honest solution of the heat equation and u(z,0) = 0, but this
solution, called a Tychonoff solution, is not identically zero since u(0,t) = h(t) for all
t > 0. Actually, u(z,t) is an entire function of x for any real ¢, but is not analytic in ¢t. [

Exercise 3.3 (not required). (a) Let @ > 1 and h be defined by (3.7) above. Show that
there is a constant 6 > 0 such that

|
PO )] < o3t

— t k=1,2,---).
(Qt)ke (>0’ )= )

(b) For this function h, prove that the function u given by (3.6) is a solution to the heat
equation in R x (0, 00) with u(z,0) = 0.

3.2. Weak maximum principle and the uniqueness

More practical question is the existence and uniqueness of the mixed-value problems in
a bounded open set.

3.2.1. Parabolic cylinders and the weak maximum principle. We assume () is a
bounded open set in R™, T' > 0. Consider the parabolic cylinder:
Qr =Qx(0,7):={(z,t) |z € Q, t € (0,T]}.
We define the parabolic boundary of () to be
Iy =0 Qr =07\ Qr;

that is,
FT = 8IQT = (89 X [O,T]) @] (Q X {t = 0})

First we have the weak maximum principle for sub-solutions.
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Theorem 3.6 (Weak maximum principle). Letu € C2(Qr)NC(Q7) and satisfy ug—Au < 0
in Qp. (In this case, we say u is a subsolution of heat equation.) Then

maxu — maxu.
ar 'y

Proof. Consider v = u — €t for any € > 0. Then
v—Av=u—Au—e< —e<0 ((z,t) € Qrp).

Let v(z%,t%) = maxg- v. Supose (2°,t%) € Q. Then 20 € Q and t° € (0, T]; consequently,
at maximum point (z°,t") we have Av(x?,t%) < 0 and vy(2°,¢°) > 0; this would limply
v — Av >0 at (2°,1°), a contradiction since v; — Av < 0. Hence (z%,t°) € Q7 and so

maxv = maxv < maxu.
ar Qr Qr

So

maxu < max(v + et) < maxv + €T = maxv + €I’ < maxu + €T
QT QT QT 8,QT O’QT

Setting € — 07, we deduce

maxu < maxu.
Qr o'Qr

The opposite inequality is obvious and hence the equality follows. [l

Similarly, the weak minimum principle holds for the super-solutions satisfying
up — Au > 0 in Qp.

3.2.2. Uniqueness of mixed-value problems. Theorem 3.6 immediately implies the
following uniqueness result for the initial-boundary value problem (or the mixed-value
problem) of heat equation in Qp. The proof is standard and is left as an exercise.

Theorem 3.7. The mized-value problem

ut_Au:f(l‘)t)v (‘Tat) € Qr,
u(z,0) = g(z), x €,
u(z,t) = h(z,t), r eI, tel0,T]

can have at most one solution u in C?(Qr) N C(Qr).

3.2.3. Maximum principle for the Cauchy problems. We now extend the maximum
principle to the region R™ x (0,7].

Theorem 3.8 (Weak maximum principle on R"?). Let u € C2(R™ x (0,T]) N C(R™ x [0, T])
and satisfy

ur — Au <0, forO<t<T, reR"

u(z,t) < Ae®™’  for0 <t < T, x € R",

u(z,0) = g(z) for x € R
for constants A,a > 0. Then

sup  u(z,t) = sup g(z).
z€R™,t€[0,T) z€R"
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Proof. 1. We first assume that 4a7" < 1. Let ¢ > 0 be such that 4a(T" +¢) < 1. Fix
y € R" u> 0, and consider

n |z—y|?

’U(ﬂf,t) = u(m, t) — m64<T+57t) (.I S Rn, 0 S t S T)
6 —_—

lz—yl?
We‘”*“t) satisfies w; = Aw
(or by noting w(x,t) = C®(i(x —y), T + ¢ —t), where C is a constant, > = —1 and ®(x, )

is the fundamental solution of heat equation), and hence

vy —Av <0 inR" x (0,7].

A direct calculation shows that the function w(z,t) =

Now fix > 0 and let Q = B(y,r). Now consider the circular cylinder Q7. We have from
the maximum principle that

(3.8) v(y,t) <maxv (0<t<T).
o'Qr

2. If x € R", then v(x,0) < u(z,0) = g(z) < supgng. If 2 € 0Q, 0 <t < T, then

2

7 __r?
v(z,t) =u(x,t) — ———————FeH T+t
2
< AeokP P wren
- (T + € —t)/2
2
< Aealrtly)? _ ___H _amre
N (T +e)/?

< Aer D _ y(4(a + ) 2elotn)
where a + v = m for a positive number v > 0. Comparing the coefficients of 72 inside

both exponentials, we can choose r > 0 sufficiently large (depending on p and y) so that

Ae®THID® _ jy(4(a+ 4)) 2@ < supyg.
Rn

Therefore, we have v(x,t) < supgn g for all (z,t) € Q. Hence, by (3.8),

1%
So,

n
u(y,t) <supg+ ———————.

This being valid for all ;4 > 0 implies that u(y,t) < supgs g, by letting p — 0T.

3. Finally, if 4aT" > 1, we can repeatedly apply the result above on intervals
[0,T1], [T1,2Th],- - , until we reach to time T', where, say, 11 = 8—1(1. O
Theorem 3.9. There exists at most one solution u € CZ(R™ x (0,T]) N C(R™ x [0,T]) to
the Cauchy problem

up — Au = f(x,t), xeR" te(0,7),
u(z,0) = g(z), z eR"

satisfying the growth condition |u(z,t)] < Ae®™ for all € R", t € (0,T), for some
constants A,a > 0.

Remark 3.4. The Tychonoff solution constructed by power series above cannot satisfy
the growth condition |u(z,t)| < Ae®*” near t = 0.
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3.2.4. Energy method for uniqueness. We have already proved the uniqueness for
the mixed-value problems of heat equation from the weak maximum principle. Now we
introduce another method to show the uniqueness concerning more regular solutions and
domains.

Assume € is a bounded smooth domain in R"™. Consider the mixed-value problem

ut—Au:f inQT,
u=g on &'Qr.

We set the “energy” at t associated with u to be
(3.9) e(t) / (2, ).
Q

Here we abused the name of “energy” since the L? norm of the temperature has no physical
meaning.

Theorem 3.10. There exists at most one solution in C3(Qr) of the mized-value problem.

Proof. Let uj,us be the solutions. Then u = uz — u; € C?(Qr) solves

ur — Au =0 in Qp,
u=0 on O0'Qr.

Let e(t) be the energy associated with u. We have by Green’s identity,

e(t) = 2/ uug(x, t)de = 2/ uAudr = —2/ |Vu|?dz <0,
Q Q Q
which implies that e(t) < e(0) =0 for all ¢ € (0,7"). Hence v =0 in Q7. O

Theorem 3.11. There exists at most one solution u € C(Q27) of the following Neumann
problem

up — Au = f(x,t) in Qp,
u(z,0) = g(x) for x € Q,
9u(z,t) = h(z,t) forz €0, t €[0,T).

Proof. The proof is standard and is left as exercise. O

We can also use the energy method to prove the following backward uniqueness ressult,
which is not easy itself at all.

Theorem 3.12 (Backward uniqueness). Suppose u € C3(Qr) solves

u — Au =0 in Qp,
u(z,t) =0  forx €0, te[0,T].

If u(z,T) =0 for all x € Q, then uw =0 in Qr.

Proof. 1. Let

As before
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and hence
e(t) = —4/ Vu-Vuydr = 4/ (Au)? da.
Q Q

1/2 1/2
/ \Vu|? de = —/ uAudr < (/ u? dm) (/ (Au)? da:) .
Q Q Q Q

((1)? = 4 </Q Vul? dx>2 < e(t)e(8).

2. We show that e(t) = 0 for all 0 < ¢ < T and then we are done. We use contradiction.
Suppose otherwise that e(t) # 0. Since e(T") = 0, there must exist an interval [t1, 2] C [0, 7],
with

Now

Thus

€<t) >0 onte [tl,tg), €(t2) =0.
Set f(t) =Ine(t) for t € [t1,t2). Then

iy = SO 50 s

Hence f is convex on [t1,t2). Consequently
f(A=7mt1+71t) <1 —7)f(t1) +7f(t) (0O<T<1, t; <t<ty)

and so

e((1 =71ty +7t) <e(t) Te®)” (0<7<1, t; <t<ty).
Letting t — ¢, , since e(t2) =0,

0<e((l1—7)t1 +7t2) <e(t1) Te(ta)"=0 (0<7<1).
This is a contradiction since e(t) > 0 on [t1,t2). O
Remark 3.5. The backward uniqueness theorem for the heat equation asserts that if
two temperature distributions on ) agree at some time 7' > 0 and have the same boundary
values for times 0 <t < T', then these temperature distributions must be identical within

Q) at all earlier times. They will remain the same until a time when the boundary data
become different.

3.3. Regularity of solutions

In order to establish the regularity of a solution of the heat equation in a bounded domain
we use Green’s identity and the fundamental solution as we did for Laplace’s equation.

Theorem 3.13 (Smoothness). Suppose u € C?(Q27) solves the heat equation in Qp. Then
u € COO(QT)
Proof. 1. Consider the closed circular cylinder
Cla,tir) ={(y,s) [ ly —z[ < t—r? < s <t}
Fix (zg,tp) € Qr and choose r > 0 so small that C := C(xg,to;r) is contained in Q.

Consider two small circular cylinders

1
C" := C(xg, to; zr), C" := C(x,to; 57")

Let ((z,t) € C°(R™ x R) such that ¢ =0 outside C, (=1 on C" and 0 < ¢ < 1.
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2. We temporarily assume that v € C°°(C'). This seems contradicting to what we
needed to prove, but the following argument aims to establishing an identity that is valid
for C#-solutions once valid for C*-solutions of the heat equation. Let

v(z,t) = ((z, thu(z,t) (z€R™, 0<t < to).
Then v € C*°(R"™ x (0,tp]) and v = 0 on R" x {t = 0}. Furthermore,
vy — Av = Gu — 2DC - Du — ulA := f

in R” x (0,t). Note that f is C°° and has compact support in R™ x [0, 00); moreover v is
bounded on R™ x [0, 7T]. Hence, by uniqueness and Theorem 3.3, we have

v(x,t) = /0 /n O(x—y,t—s)f(y,s)dyds (z € R, te(0,t)).

Let (x,t) € C". Then
u(z,t) = //C O(x —y,t— $)f(y, s) dyds

= [[ 2w 1.t = 9l(G ~ AQu(y.5) ~ 2DC - Dul dys

= //C[(I)(x —y,t —5)(Cs + ACQ) + 2Dy ®(x — y,t — s) - DCJu(y, s) dyds

— [ =t 5)(G+ A+ 2D,8(w — gt~ 5)- DeJu(y. ) dyds.

c\C

Let I'(z,y,t,s) = ®(x —y,t —5)((s + AQ)(y, 5) + 2Dy P(z — y,t — s) - D{(y, s); then we have
(3.10) u(x,y) = //C\C/ [(z,y,t,8)u(y,s)dyds ((z,t) € C").

3. We have derived the formula (3.10) for C*°-solution u of the heat equation in Q.
If uis a C’%-Solution, let ue = n*u be the mollification of u. Then u, is a C°°-solution to
the heat equation in (£27). and hence the formula (3.10) holds for u.. Then we let € — 0
and deduce that (3.10) also holds for w in C”. Since I'(z,y,t,s) is C*® in (z,t) € C" and
(y,s) € C'\ C', the formula (3.10) proves u is C*°(C"). O

Let us now record some estimates on the derivatives of solutions to the heat equation.

Theorem 3.14 (Estimates on derivatives). There exists a constant Cy; for k,l =0,1,2,---
such that
Ck.i

anl _
C(Igtf;ifm |Dg Dyu| < m”uuﬂ(cm,t;r}) (la| = k)

for all cylinders C(z,t;7/2) C C(x,t;7) C Qp and all solutions u € C#(Qr) of the heat
equation in Q.

Proof. 1. Fix some point (z,t) € Qp. Upon shifting the coordinates, we may assume the
point is (0,0). Suppose first that the cylinder C(1) = C(0,0;1) C Qp and let C(3/4) =
C(0,0;3/4) and C(1/2) = C(0,0;1/2). Then, by (3.10) in the previous proof,

u(z,t) = //(7(1)\0(3/4) [(x,y,t, s)u(y, s)dyds ((z,t) € C(1/2)).
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Consequently, for each pair of k,1 =0,1,2,--- and all |o| =k,
(3.11)  |D®Dlu(e,b)| < / / IDEDIT (2, 4., 9)|uly. ) dyds < Cillull 1 oy
C(\C(3/4)

for some constant Cy ;.
2. Now suppose C(r) = C(0,0;7) C Qr and let C(r/2) = C(0,0;r/2). Let u be a
solution to the heat equation in Q. We rescale by defining
v(z,t) = u(rz,r*t)  ((z,t) € C(1)).
Then v; — Av = 0 in the cylinder C'(1). Note that for all || = k,
DeDlv(z,t) = T2l+kD?DiU(T.’E, r2t)
and [[v]|L1cay) = TTL%HuHLl(C(T)). Then, with (3.11) applied to v, we have

a Ch,
|DyDéU(y73)| < m”u”Ll(C(l)) ((y,s) € C(r/2)).

This completes the proof. O

3.4. Nonnegative solutions

From the example of Tychonoff solution above of heat equation, we know that the initial
data can not determine the solution uniquely. Some additional conditions are needed for
uniqueness; for example, in terms of the growth condition, as we discussed in the previous
section. This section we discuss yet another important uniqueness result due to D. V. Widder
for nonnegative solutions.

Theorem 3.15 (Widder’s Theorem). Let u be defined and continuous forx € R, 0 <t < T,
and let uy, uy and ug, exist and be continuous for x € R, 0 <t <T. Assume that

Ut = Ugg, u(x,0)=g(x), ulx,t)>0.

Then u is determined uniquely for x € R, 0 < t < T, is real analytic and is represented by
u(z,t) = /RK(m,y,t)g(y)dy.

Proof. 1. For a > 1 define the cut-off function (*(z) by (*(x) =1 for |z| < a—1; (*(z) =0
for |z| > a; (*(z) = a — |z| for a — 1 < |z| < a. Consider the expression

V() = /R K (9,0 (1)g (y)dy.

Note that ¢“(y)g(y) € C.(R"), we know that

a_

v —ve, =0 forxeR, 0<t<T,
v (z,0) = (*(2)g(x).
Let M, be the maximum of g(z) for |z| < a. Using K(z,y,t) < m, we have for
2| > a,
. 2Mga 1
0<v(z) < M K(x,y,t)dy < a :
— ()— a_a ( y)y_\/%hc]—a

2Mya
Let e >0 and let p > a + e Then

vi(x,t) < e<e+4u(zt), |z =p, 0 <t <T,
v (z,0) < g(z) <

e+u(x,0), |z[<p.
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By the maximum principle,
v¥(z,t) <e+ulx,t) for |z <p, 0<t<T.

Let p — oo and we find the same inequality for all z € R, 0 <t < T. Setting € — 0 yields
that

v (z,t) <wu(z,t), zeR, 0<t<T.

Since (“ is a non-decreasing bounded functions of a, we find that

v(z,t) = lim v*(z,t) = / K(z,y,t)g(y)dy
a—r o0 R
exists for r € R, 0 <t < 7T and
0 <w(z,t) <u(z,t).

Regularity of v(z,t) can be obtained from the analyticity of v*(x,1).

2. Let w = u — v. Then w is continuous for z € R, 0 <t < T, w; = wyy, w(x,t) >0
and w(x,0) = 0. It remains to show that w = 0. (That is, we reduced the problem to the
case g = 0.) We introduce the new function

t
W(x,t) = / w(z, s)ds.
0
Then Wy, (x,t) = w(z,t) = Wi(z,t) > 0. So W(x,t) is convex in z; hence,
2W(x,t) < W(x+ H,t)+ W(x — H,t)

for any H > 0. Given x > 0, integrating the inequality with respect to H from 0 to x we
find

T T 2x
20 W (3,1) < / W+ H,t)dH + / Wie— HtydH = [ Wy, t)dy.
0 0 0
From Step 1, for allt > s, z > 0,
2z
W0, / KO0 = )W)y > [ KOyt = )W (y.s)dy
0
e v/ Wy, s)dy > A Wz, s)
, > —————2xW(x,s).
\/47Tt—8 (9, 5)dy VA (t —s)

The similar argument can also apply to the case x < 0. Therefore, we deduce that

) /I (0.4) (xR, t> s3> 0).

(3.12) W(z,s) < ”(t%

x
3. Now for T" > € > 0, consider W(z,s) for x € R, 0 < s < T — 2. Then W(z,s) is

bounded for |z| < V7T and 0 < s < T — 2¢. Using (3.12) above with ¢t = T' — €, we have,
for |z| > V7T and 0 < s < T — 2¢,

W(z,s) < 612/€W(0,T —€).

Hence W satisfies the assumption of Theorem 3.8 for all x € R and 0 < s < T — 2¢, with
some constants a, A > 0. Since W(z,0) = 0, it follows that W (x,s) = 0 for s € [0,T — ¢).
Since € > 0 is arbitrary, W(z,s) = 0 for s € [0,T). That is u(z,t) = v(z, t). O
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5. Mean value property and the strong maximum principle

In this section we derive for the heat equation some kind of analogue of the mean value
property for harmonic functions.

Definition 3.6. Fix x € R", t € R, r > 0. We define the heat ball

1
Bla,tir) = {(y5) | D@ —y,t—5) =}
This is a bounded region in space-time, whose boundary is a level set of ®(x — y,t — s).

3.5.1. Mean-value property on the heat ball.

Theorem 3.16 (Mean-value property for the heat equation). Let u € CZ(Q7) satisfy
— Au <0 in Qp (that is, u is a subsolution to the heat equation). Then

2
u(z,t) < // Y dyds
4Tn xtr )

for all E(x,t;r) C Qp.

Proof. 1. We may assume that = 0, ¢ = 0 and write E(r) = E(0,0;r). Set

o(r) = // ‘y|2dyds

Let v(y, s) = u(ry,r?s) ((y,s) € E(1)). Then vs(y, s) < Ayv(y,s) in E(1). Let

1 ly|? n

H(y,s) = ®(y,—s) = W‘f = (yeR" 5<0).

Then H(y,s) =1 for (y,s) € 0E(1),
n ly[?

InH(y,s) = b In(—47s) + ds >0 ((y,s) € E(1)),

and
2

(3.13) AIn H)y + “;‘2 _ 2 Y %
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2. Note that Vu(ry,rs) = 1Vu(y, s), u(ry,r’s) = %vs(y, s). We calculate ¢/(r) as follows.

2
= // (y : vv(y7 S) + QSUS(y; S)) %dyds
rJJEQ) ]

2
// (y Vv|y| + 4vsy - V(In H)> dyds
E(1)
1 Iy\2
y Vu=5-dyds — (nvs +y - (Vo)) In Hdyds

" E(1)
_1 Iy\2
= y Vu=3-dyds — (nvsln H —y - Vou(ln H),) dyds
r E(1)

1 2

=_= [// y - Vv—ndyds + 4n // Vg lanyds] (using (3.13a))
r E(1) 8 E(1)

> 1 [// y - Vol dyds + 4n/ Av 1anyds] (as vy < Av, InH >0 in E(1))
r § (1)

// -Vv—2Vv-Vin H) dyds =0 (using (3.13b)).

Consequently, ¢ is an increasing function of 7, and hence

2
o(r) > ¢(0h) = u(0,0) //E(l) ’ysldyds.

3. It remains to show that )
// £ —5-dyds = 4.

Note that E(1) = {(y,s) | — & < s <0, |y|> < 2nsIn(—4ns)}. Under the change of
variables (y,s) = (y,7), where 7 = In(—47s) and hence s = —%, the set F(1) is mapped
one-to-one and onto a set (1) in (y,7) space given by E(1) = {(y,7) | T € (=00, 0), |y|*> <
—g-7€" }. Therefore,

// —|y|2dyds = /O / dr|y|*e” " dydr
2
EQ1) S —o0 J|y|2<—grTeT
_47rnan/ / r" e T drdr

= 4%1042”(271 )2/ (—7) ngzegTdT
n T oo
S / " etdt (t=—7)
n+2 27 n 0 2
4nan 21 n/2 . .
=12 ( ) F( +2) (here I'(s) is the Gamma-function)
n+2n

= 2nan(;)n/2r(§) =4 (noting that na,, = QF”(TL%/;)

This completes the proof. [l
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3.5.2. Strong maximum principle.

Theorem 3.17 (Strong Maximum Principle). Let 2 be a bounded domain in R". Assume
that u € C3(Q7) N C°(Qr) satisfies uy — Au < 0 in Qp (that is, u is a subsolution to the
heat equation) and there exists a point (zo,to) € Qr such that

u(o, to) = maxu.
Qr

Then u is constant in .

Proof. 1. Let M = u(zo,t9) = maxg_u. Then for all sufficiently small v > 0, E(z¢,t0;7) C
Qr, and we employ the mean value theorem to get

M = u(zg, tg) < ! // u(y )‘ 0 _y|2dyds // | 0 _y|2dyds M
’ 4 " E(Io,toﬂ“) ’ (t() - ) N 4T E($07t0: 0 - S)

As equality holds only if u(y,s) = M on E(xg,tg,r), we see that

uly,s) =M ((y,s) € E(zo, to;7))-

Draw any line segment L in Qr connecting (xo,tp) to another point (yo,so) in Qr with
sg < tg. Consider

ro = inf{s € [so, to] | u(z,t) = M for all points (x,t) € L, s <t < tp}.

Since u is continuous, the infimum rg is attained. We prove ro = sg. Suppose for the contrary
that 9 > sg. Then u(zg,79) = M for some point (zp,79) € L N Qp. From the previous
argument, u(x,t) = M on E(zg,ro;r) for all sufficiently small r. Note that E(zq,ro;7)
contains L N {ro — o < t < ro} for some o > 0; this is a contradiction to ry being the
infimum. Hence rg = sg and so u = M on L.

2. Now fix any z € Q and 0 < t < ty. (The following argument is not needed if Q is
convex.) There exist points {zg,z1, - ,Zm; = =} such that the line segments connecting
z;_1 to x; liein € for all 4 = 1,2,--- ,m. Select times tg > t; > --- > t,, = t such that the
line segments L; connecting (x;—1,%;—1) to (z;,t;) lie in Qp. According to Step 2, u = M on
L; and hence u(x,t) = M for all (z,t) € Qp. O

Remark 3.7. (a) The weak maximum principle follows from the strong maximum principle
above.

(b) If a solution u to the heat equation attains its maximum (or minimum) value at an
interior point (xo,tp) then w is constant at all earlier times t < to. However, the solution
may change at later times ¢t > tg if the boundary conditions alter after ty. The solution will
not respond to changes of the boundary data until these changes happen.

(¢) Suppose u solves the heat equation in Q7 and equals zero on 9Q x [0, T'|. If the initial
data u(x,0) = g(z) is nonnegative and is positive somewhere, then u is positive everywhere
within Q7. This is another illustration of infinite propagation speed of the disturbances
of initial data for the heat equation. (A positive initial local source of heat will generate
the positive temperature immediately afterwards everywhere away from the boundary.)

3.6. Maximum principles for second-order linear parabolic equations

(This material is from Section 7.1 of the textbook.)
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We consider the second-order linear differential operator 0; + L defined by

n

n
U + Lu= Ut — Z aij(xa t)uxzxj + Z bz(ajv t)uxz + C(:Ca t)’LL,
ij=1 i=1
where a*, b’ and c are all bounded functions in Q7 = Q x (0, T], where € is a bounded open
set in R™.
Without the loss of generality, we assume that a*(z,t) = a/*(z,t). The operator d; + L
is called parabolic in Q7 if there exists A(x,t) > 0 such that

n

Z aij(.%',t)ngj > )\(x7t) Zgl%’ V(l’,t) € Qr, £€R

ij=1 k=1
If M(x,t) > Xo > 0 for all (z,t) € Qr, we say the operator 9; + L is uniformly parabolic
in Qp.

3.6.1. Weak maximum principle.

Theorem 3.18 (Weak maximum principle). Assume 0, + L is parabolic in Qp. Let u €
C3(Qr) N C(Qr) satisfy ur + Lu < 0 in Qr (in this case, we say that u is a subsolution
of uy+ Lu=0). Then

(a) maxu =maxu if ¢(z,t) =0 in Qp,
O o'Qr

(D) maxu < maxu’ if c(x,t) >0 in Qp.
fops Q7

Proof. 1. Fix € > 0 and let v = u — et. Note that in both cases of (a) and (b) above,
ve+ Lo =wus + Lu — [e + c(z, t)et] < —e <0 ((z,t) € Qp).
We show that

(a) maxv=maxv if ¢(z,t) =0 1in Qr,

O o Qr
(3.14) L |
(b) maxv <maxu" if ¢(x,t) > 0in Q7.
Qr o'Qrp

To prove (3.14)(a), let v(2?,tY) = maxg-v for some (2°,t%) € Q. If (2°,¢%) € Qp then
2% € Q and t € (0,T); consequently at maximum point (2°,¢%) we have Dv(z",t%) = 0,
(Va,e,; (2°,%)) < 0 (in matrix sense) and vy(2°,¢%) > 0, and hence
n
v+ Lv = vy — Z aijvzizj >0 at (2%19),
ij=1
which is a contradiction, as v; + Lv < —e on Q7. Therefore, we must have (z,t%) € 9'Qr;
this proves (3.14)(a). Note that (3.14)(b) is obviously valid if maxg_v < 0. So we assume
maxg_-v > 0. Let v(20, 1Y) = maxg_-v > 0 for some (29,t%) € Qp. If (2°,¢%) € Qp then
2% € Q and ¥ € (0,7]; consequently at maximum point (z°,¢°) we have Dv(x?,t%) = 0,
(Va,e,; (2°,%)) < 0 (in matrix sense) and vy(z°,¢%) > 0, and hence

n
v+ Lv = vy — Z aijvwiwj +ew>cw>0 at (29,t0),
3,j=1
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which is also a contradiction, as v; + Lv < —e on Q7. Therefore, we must have (2°,t") €
d'Qr; hence

maxv = maxv < maxu < maxu™.

Qr o"Qr 'Qr d'Qr
2. By (3.14), we deduce that

maxu = max(v + et) < maxv + €I’ = maxv + €I’ < maxu+ €I if ¢(z,t) =0 in Qp,
Qr Qr Qr o'Qr 0'Qr

Qr Qr Qr
Setting € — 07 in both cases, we deduce

max u = max(v + et) < maxv + €I < g}gqur + el if e(x,t) > 0in Qp.
T

(a) maxu <maxu if ¢(z,t) =0 in Qr,
Qr o'Qr

Qr
() maxu < maxu’ if ¢(x,t) > 0in Q7.
QT a,QT
Clearly the equality holds in the case of (a) above. O

We have the following result for general ¢(z, ).

Theorem 3.19 (Weak maximum principle for general ¢). Assume Oy + L is parabolic in
Qr. Let u € C3(Q7) N C(Q7) satisfy uy + Lu < 0 in Qp (that is, u is a subsolution of
ug + Lu=0). Then

maxu < e“T max ut,

ar or

where C' is any constant such that c(z,t)+C > 0 in Qp. For ezample, C = —infq, ¢~ (z,1).
Proof. The inequality is obviously valid if maxg-u < 0. So we assume maxg-u > 0.
T T
Consider w(z,t) = e~ “*u(z,t). Then
wi + Lw = e~ “Yuy + Lu) — Ce %'u = e (uy + Lu) — Cw

and hence

wy + (Lw 4 Cw) = e “Yuy + Lu) <0 in Q.
The operator d; + L, where Lw = Lw+ Cw, is parabolic and has the zeroth order coefficient
é(x,t) = c(x,t) + C > 0 in Qp. Hence, by the previous theorem,

maxw < maxw™.
Qr o'Qr
Consequently, since maxg_—u > 0,
maxu = @X(eth) < T maxw < e“Tmaxw® < e“Tmaxu™.
QT QT QT a/QT 8/QT

O

The weak maximum principle for general ¢(z,t) implies the uniqueness of mixed-value
problem for parabolic equations regardless of the sign of c¢(x,t).

Theorem 3.20. The mized-value problem
ut—{—Lu:f(l’,t), (l‘,t) € Qr,
u(z,0) =g(x), zeQ,
u(z,t) = h(z,t), xe€dQ, tel0,T]

can have at most one solution u in C?(Qr) N C(Qr).
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Proof. Let uy,us be two solutions of the problem in C?(Qr) N C(Qr). Define u = uy — us.
Then u € C?(Qr) N C(Qr) solves uy + Lu = 0 in Q7 and satisfies u = 0 on §'Q7. Hence

maxu < T maxut = 0.
Qp o'Qr

Hence u < 0 in Qp; that is, u3 < wg in Qp. By symmetry (or applying the maximum
principle to —u), we have ug < uy in Qp. This proves u; = ug in Q7. O

3.6.2. Harnack’s inequality and the strong maximum principle. Let € be a smooth
and bounded domain of R™. We consider the special case when the operator 0; + L is given
simply by

n
up + Lu = up — Z a;j(x,t)Diju
ij=1
and is uniformly parabolic in Qr. i.e., there are positive constants A and A such that
MNEP < iz, 0)€8 < AP ((2,t) € Qr, L €R™).
ij
We also assume a;; is smooth on 7. Then we have the following

Theorem 3.21. Assume V CC Q is connected. Then, for 0 < t1 < to < T, there is a
constant C depending only on V,t1,ts and the coefficients of L such that

supu(.,t1) < Cinfu(.,t2)
% 1%

whenever u > 0 is a smooth solution of uy + Lu = 0 in Q.

Proof. 1. Without loss of generality, we may assume that v > 0 (otherwise consider u + €
and let € — 0) and assume that V' is a ball since in general V' is covered by a finite number
of balls.

Let v(x,t) = Inu(z,t). The idea is to show that for some v > 0

(315) U(Cﬂg,tg) — U(l’l,tl) > =7 (:Ul, o €V, 0<t] <ty < T)
This will imply u(x1,t1) < e7u(x,t2), proving the theorem.
Note that
La
v(xg, ta) —v(xy,t1) = / £’U(SCL‘2 + (1 = s)zq, sta + (1 — s)t1)ds
0

= /(;1[<1'2 — a;l) - Dv + (tQ — tl)vt]ds

1
> /0 (t2 — t1)or — [ Dof?] ds — C(e).

Therefore to show (3.15), it suffices to show that
(3.16) vy > v|Dv]? = inV x [ty,ta].

2. A direct computation shows that

Dj'U = 7Ju, Dijv = Uu — i ]u = Uu — DiUDjU,
u u u

'LL2
wp Do @i Diju
V¢ = ; = 7u = E (aijDijv + aiijDjv) =a+ [,
ij
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where
Oé(w, t) — Z aijDijv, B(.%', t) = Z (lz‘jDiUDj’U.
ij ij
Note that 3 > A|Dwv|?. Hence, to show v; = a+ 3 > v|Dv|? — 7, we only need to show that
w:=a+ kB > — for some k € (0,1/2) to be determined later. To this end, we calculate

Dio = agDigv + Y DwDiag,

kl kl
D=2 Z aijDikUDjU + Z DkaijDiijU,
Dy =2 Z aijDiklUDjU + 2 Z aijDikaﬂv + R,

where R is a term satisfying
(3.17) |R| < e|D?v|? + C(e)|Dv]> + C (e > 0).
Hence

Z ap Dy =2 Z aklaijDiklijU + 2 Z aijaleikaﬂv + R

(3.18) %l ijkl ijkl
=2 Z aijDiOszU + 2 Z aijaleik.ijw + R,
ij ijkl

where R is also a term satisfying (3.17).
3. Notice that D;jv; = D;ja + D;;8 and hence

a = Z[aijDijUt + a5t Dijv]
ij
= Z aijDijo + 2 aijDijff + Z aije Dijv
ij ij ij
= Z aijDijoz +2 Z aiijvDia + 2 Z aijaleikajw + R,
ij ij ijkl
where R is also a term satisfying (3.17). Note that, by the uniform parabolicity and linear

algebra,

Zaijaleikaﬂv > )\2|D2U|2.
ijkl

Hence, with suitable choice of € > 0 in (3.17), there exists a constant C' > 0 such that
n
(319) ay — Z aijDija + szDlOé > )\2|D2U|2 — C|DU‘2 — C,
ij i=1

where

n
bi =-2 Z aiijv.
j=1
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To derive a similar inequality for 5(z,t), we compute by (3.18)
Bi—> auDuB = aiyDivDjv+2> ai;DiwDjv— Y agDif
kl ij ij kl

=2 Z aiijU(DiUt — Dia) -2 Z aijaleikaﬂv + R

ij ijkl
=2 Z aiijUDiﬂ -2 Z aijaleikale + R,
ij ijkl

where R is a term satisfying (3.17). Hence, with the same b; defined above,

(3.20) Bt — Zakszzﬁ + ZbiDiﬁ > —C(ID*0)* + |Dvf? + 1),
i i

By (3.19) and (3.20), for the function w = a+ /3, we can choose k € (0,1/2) sufficiently
small such that

n
)\2
(3.21) we+ Lw + Y bpDyw > 5|D%|2 — C|Dv]* - C.
k=1
4. Choose a cutoff function ¢ € C*°(Qp) such that 0 < ( < 1and ( =1 on V X [t1, t2]
and ( = 0 on &Qp. Let u be a large positive constant.
Claim: H(x,t) = (*w + put > 0 in Qp, which implies that w + pt > 0 in V x [t1,t2].
So, w > —uty > —v. This proves the theorem.

We now prove this claim. Suppose > not; then there is a point (zo,t0) € Qp such that
H(xp,tg) < 0 is the minimum of H on Qp. At this minimum point, ¢ # 0,

DpH = (*(4wDi¢ + (Dyw) =0, Hy— Y ayDwH + > bDpH < 0.
kl k
Note that
Hy = p+ Crwg +w(¢h)e, DpH = ¢*Dyw +wDy(¢Y),
Dy H = C4Dklw + DZ(C4)Dkw + Dk(C4)Dlw + kal(C4).
Hence, at (xq, to),
(Dyw = —4wDr¢ (k=1,2,--- n)

and

0>p+¢t <wt —Y apDpw + Y kakw> + ) bpwDR(¢Y) = 2 apDrwDy(¢*) + Ry,
ki k i ki

where |Ri| < CC?lw|. Note also that DywD;(¢*) = —4w(2Di¢Di¢ and |by| < C|Dv.

Therefore, by (3.21), at (z, to),
)\2
(3.22) 0>p+ ¢t (2]D2v]2 — C|Dv|? - C’) + Ry,

where |Ra| < C(¢2Ju] + C3Ju]| D).
5. Since H(zo,t9) < 0 and hence w = a + k8 < 0, we have
|Du|*(xg,t9) < C|D*v|(z0,t0), |w(zo,to)| < C|D*v|(x0,10),
and so by (3.22)

)\2
(3.23) 0>p+¢t (4\1)%\2 —C> + R,
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where |Ry| < C(C%w| + ¢3|w||Dv|). At (z0,1p), using Young’s inequality with €, we have
[Ra| < CCID0] + CC D% < ! D] + Ce),
which is a contradiction to (3.23), provided p > 0 is sufficiently large. O

From this Harnack’s inequality, we can derive the Harnack’s inequality for elliptic equa-
tions. Suppose, in the operator L above, that a;;(z,t) = a;;j(x) is independent of ¢t. Then
any solution u(x) to Lu = 0 is a time-independent solution of parabolic equation us+Lu = 0.
Therefore, we have the following theorem.

Corollary 3.22 (Harnack’s inequality for elliptic equations). Let

n

Lu=— Z aij(x)Diju
1,7=1

be uniformly elliptic in £ with smooth a;;. Then, for any connected subdomain V CC 2,
there exists a constant C(L,V) > 0 such that

sup u(z) < C(L,V) inf u(z)
zeV zeV

whenever u > 0 is a smooth solution to Lu = 0 in €.

And we can also deduce the following stronger version of maximum principle.

Theorem 3.23 (Strong maximum principle). Assume that u € C3(Qr) N C° (7).

(i) If ug + Lu < 0 in Qp and u attains its maximum over Qp at a point (g, tg) € Qp,
then u must be a constant on §Qy,.

(i1) Similarly if vy + Lu > 0 in Qp and u attains its minimum over Qr at a point
(zo,t0) € Qr, then u must be a constant on Sy, .

Proof. We prove (i) as (ii) can be shown by replacing v with —u.

1. Select any smooth, open set W CC 2, with zg € W. Let v be the solution of
vy + Lv = 0 in Wy and v|grw, = ulow,. (We assume the existence of such a solution.)
Then by the weak maximum principle, we have

u(z,t) <wv(x,t) <M

for all (z,t) € Wr, where M := maxg_—u = u(zo, o). From this we deduce that v(zo,t0) =
u(zg, to) = M is maximum of v.

2. Now let w = M — v(x,t). Then
w+ Lw =0, w(z,t)>0 in W,,.

Choose any connected V- CC W with 2o € V. Let 0 < t < ty. Using Harnack’s inequality
we have a constant C' = C(L,V,t,ty) such that

0<w(zt)<C ig‘f/w(y,tg) = Cw(zo,tp) = 0.
y

This implies that w = 01in V4. Since V is arbitrary, this implies w = 0 in W},. But therefore
v =M = u(zg,ty) in Wy,. Since v = u on Wy, we have u = M on O'Wy,.

3. The above conclusion holds for arbitrary open sets W CC 2, and therefore u = M
on (. O
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Suggested exercises

Materials covered are from Chapters 2 and 7 of the textbook with some new materials
added. So complete the arguments that are left in lectures. Also try working on the
following problems related to the covered materials.

Chapter 2: Problems 12-17.
Chapter 7: Problems 1, 7, 8.

Homework # 5.

(1) (10 points) Write down an explicit formula (without proof) for a solution of the
Cauchy problem

u—Au+cu=f inR"x (0,00)
u=yg on R" x {t =0},
where ¢ € R is a constant.

(2) (10 points) Let ¢ € C(R™) be bounded and satisfy g € L'(R™). Show that the
Cauchy problem

—Au=0 inR" x(0,00); wu(z,0)=g(z) (x€R")
has a unique solution u satisfying
lu(z,t)| < CA+t)"™? (zeR", t>0),
where C'is a constant.
(3) (10 points) Let K(z,y,t) be the heat kernel defined by

K(z,y,t) = (drt) " 2e~l#=P/4 (x4 e R t > 0).
Prove
K(x,y,t) < (n/2em)"?|z —y|™ (x, y € R™, t > 0).
/ K(z,y,t)K(y,z,8)dy = K(x,z,t+s) (z, z€ R", t>0, s>0).

(4) (10 points) Given a continuous function h: [0,00) — R with h(0) = 0, derive the

formula
z2

=9 h(s)ds

u(z,t) =

Var / (t—s) 3/ 2°¢
for a solution of the initial/boundary-value problem of the heat equation u; —uz, =
0 in the quadrant = > 0, t > 0 satisfying the conditions:

uw(z,0) =0 (x>0), u(0,t)=h(t).

(5) (10 points) Let Qp = {(z,t) |0 <z < 1,0 <t < T}, and let 9'Qp be the parabolic
boundary of Qp. Let u € C(Q7) N C(Q7) be a solution of

up = a(x, t)Uzy + 2b(x, t)uy + c(z, t)u  ((x,t) € Qp),

where a, b, ¢ are given bounded functions in Q7 and a > 0 in Qp. Show directly
without quoting mazximum principles that

Ju(e,0)] < €T ax]ul,

where C' = max{0, supq,. c(z,t)}.
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(6) (10 points) Let €2 be a bounded open set in R™ and 0 < T < co. Assume B: R" —
R and o: R — R are smooth functions. Show that, given any functions f,g,h,
the following initial/boundary value problem

ur — Au+ B(Vu) + o(u) = f(z,t), (x,t) € Qr,

u(z,0) = g(z), x €,

u(z,t) = h(z,t), x €I, te|0,T]
can have at most one solution u in C%(Q7) N C(Qr).

(Hint: You may use, without proof, the maximum principles and uniqueness theo-
rem for linear parabolic equations.)



Chapter 4

Wave Equation

In this part we investigate the wave equation

(4.1) u — Au =0

and the nonhomogeneous wave equation

(4.2) uy — Au = f(x,t)

subject to appropriate initial and boundary conditions. Here x € Q C R™, ¢t > 0; the

unknown function u : © x [0,00) — R.

We shall discover that solutions to the wave equation behave quite differently from
solutions of Laplace’s equation or the heat equation. For example, these solutions are
generally not C*° and exhibit finite speed of propagation.

4.1. Derivation of the wave equation

The wave equation is a simplified model for a vibrating string (n = 1), membrane (n = 2),
or elastic solid (n = 3). In this physical interpretation u(z,t) represents the displacement
in some direction of the point at time ¢ > 0.

Let V represent any smooth subregion of 2. The acceleration within V' is then

d2
— | udr = / Updx,

/ F-vdS,
ov

where F denoting the force acting on V' through 9V, v is the unit outnormal on OV.
Newton’s law says (assume the mass is 1) that

/ Ut = / F-vdS.
\%4 ov

This identity is true for any region, hence the divergence theorem tells that

and the net force is

Ut = divF.
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For elastic bodies, F is a function of Du, i.e., F = F(Du). For small v and small Du,
we use the linearization F'(Du) ~ aDu to approximate F, and so we obtain

ur — aAu = 0.

When a = 1, the resulting equation is the wave equation. The physical interpretation
strongly suggests it will be mathematically appropriate to specify two initial conditions:
initial displacement u(x,0) and initial velocity ui(x,0).

4.2. One-dimensional wave equations and d’Alembert’s formula

We first focus on the following Cauchy problem for 1-D wave equation:

{utt—umzo in R x (0, 00),

(4.3)
u(z,0) = g(z), u(z,0) =h(x) on R x{t=0},

where g, h are given. We derive the solution u in terms of g, h.
Note that

Ut — Ugy = (Ut - Um)t + (Ut - Um)x = V¢ + Vg,
where v = uy — u,. So, for a classical solution u, function v solves the initial value problem
for linear transport equation:

v+ v, =0, v(x,0)=ux,0)— uz(x,0) = h(x) — ¢'(x) = a(z).

Solving this problem, we have v(z,t) = a(x — t), that is,

up — ugy = v(z,t) =alr —t), u(zr,0)=g(x).

Again this is an initial value problem for a nonhomogeneous linear transport equation of u.
Solving this problem gives

u(z,t) = g(x +t) +/0 v(z—(s—t),s)ds

t
:g(x+t)+/ alr —s+t—s)ds
0

x4+t

zg(fc+t)+;/“ a(y) dy

x+t
=gz +1)+ 2/ [h(y) — ¢'(y)] dy,

x—t
from which we deduce the d’Alembert’s formula:

T T — T+t
(4.4) u(w 1) = 9L ”);g( t)+;/x

h(y) dy.

—t

Remark 4.1. (i) From d’Alembert’s formula (4.4), any solution u to the wave equation
Ut — Uge = 0 has the form

u(z,t) = F(zx+1t)+ Gz —t)

for appropriate functions F' and G. Note that F(x + t) and G(x — t) are called traveling
waves, with speed 1 and travelling to right and left. Conversely, if F and G are C?, the
function v above is indeed a C? solution to the wave equation; this is the case when g € C?

and h € CL.
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(ii) Even when initial data g and h are not smooth, we still consider the formula (4.4)
defines a (weak) solution to the Cauchy problem. Note that, if initial data g € C* and
h € C*¥ 1, then u € C* but is not in general smoother. Thus the wave equation does
not have the smoothing effect as does the heat equation. However, solutions to the one-
dimensional wave equation do not lose the regularity from initial data, which, as we shall
see later, is not the case for the higher dimensional wave equation.

(iii) The value u(xg, to) depends only on the initial data from zg—tg to z¢g+to. Therefore,
[xo — to, xo + o] is called the domain of dependence for the point (xg,%p). The Cauchy
data at (x0,0) influence the value of u in the region

I(xo) ={(z,t) |zo—t <z <20+, t >0},
which is called the domain of influence of x.
We easily have the following property.
Lemma 4.1 (Parallelogram Property). Any solution u of the 1-D wave equation satisfies
(4.5) u(A) +u(C) = u(B) +u(D),

where ABCD is any parallelogram in R x [0,00) of slope 1 or —1, with A and C being two
opposite points. (See Figure 4.1.)

Figure 4.1. Parallelogram Property

EXAMPLE 4.2. Solve the initial-boundary value problem

Ut — Ugg = 0 z>0,1t>0,
u(z,0) = g(z), ut(x,0) = h(z) x>0,
u(0,) = k(t) t>0,

where functions g, h, k satisfy certain smoothness and compatibility conditions.
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t
Region (II)
A= (z,t)
D
B Region (I)
g E = (z,1)
0 x

Figure 4.2. Mixed-value problem on > 0, t > 0

Solution. (See Figure 4.2.) If (z,t) := E is in the region (I), that is = > ¢, then u(z,t) is
given by (4.4):

glx+t)+glx—t) 1

t+x
u(x,t) = 5 + 2/:v h(y)dy.

In particular, on x = ¢,

T 2z
u(x,z) = 9(2)24-9@) + ;/0 h(y)dy.

If (z,t) := A is in the region (II), that is, 0 < 2 < ¢, then we can use the parallelogram
property to obtain

u(z,t) = u(B) +u(D) —u(C)

r+t x+t t—x t—x
+t)+g(0) 1 [ t—x)+g(0) 1 [
:k(t_x)+‘w+/ h(y)dy — g(az)g()+/ h(y)dy
2 2 Jo 2 2 Jo
t _ t_ 1 t+x
=k(t—x)+ glett) —gt =) + / h(y)dy.
2 2 t—x
Therefore, the solution u to the problem is given by
+t)+ —t x
W02 =0 ot )y (¢2120),

(4.6) u(z,t) =

k(t — ) + 9(”””)59“”) 3 [T hdy (0<a <t).

Of course, we need certain conditions in order that this formula does define a smooth
solution in the domain = > 0, t > 0. (Exercise: derive such conditions on g, h, k.) O
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t
V)
(II) (I11)
)
B 1)
KXe E
0 T x

Figure 4.3. Mixed-value problemon 0 <z <7, t >0

ExXAMPLE 4.3. Solve the initial-boundary value problem

Utt — Ugpy = O, (l‘,t) S (0,71') X R+,
u(z,0) = g(z), u(z,0) = h(x), =€ (0,7),
u(0,t) = u(m,t) =0, t>0.

Solution. (See Figure 4.3.) We can solve u in the region (I) by formula (4.4). In all other
regions we use the formula (4.5).

Another way to solve this problem is using the method of separation of variables.
First try find the solutions of wave equation in (0,7) x (0,00) satisfying the boundary
condition that are in the form of u(x,t) = X (z)T'(t). Then we should have

X"(2)T(t) = T"(H)X (z), X(0)=X(r) =0,

which implies that
T”(t) B X”(IL’)
Tt)  X(x)

where A is a constant. From
X"(x) = XX (z), X(0)=X(n)=0,
we find that A = —j2 for all j = 1,2,..., and
X;(z) =sin(jz), Tj(t) = a;cos(jt) + bjsin(jt).
To make sure that u satisfies the initial condition, we consider

(4.7) u(x,t) = Z[aj cos(jt) + bj sin(jt)] sin(jz).

o]
J=1
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Set t = 0 for u and u¢, and we have
o0 o0
u(@,0) =g(x) =Y _ajsin(jz), u(z,0)=h(x) = jbjsin(jz).
j=1 j=1

So a; and jb; are the Fourier coefficients of functions g(z) and h(x) on [0, 7]; that is,

2 (" 2 [T
a; = / g(x)sin(jx)dr, bj = — h(z)sin(jz)dx.
T Jo J™ Jo
Substitute these coefficients into (4.7) and we obtain the solution u in terms of trigonometric
series. The issue of convergence will not be discussed here. ([l

4.3. Higher dimensional wave equation
In this section we solve the Cauchy problem for n-dimensional wave equation (n > 2)

(4.8) {utt — Au =0, (x,t) € R™ x (0, 00),

u(z,0) = g(z), ue(z,0) = h(x), zeR"

The idea is to reduce the problem to a certain one spatial-dimensional problem that we are
able to solve. This reduction requires the spherical mean method.

4.3.1. Spherical means and the Euler-Poisson-Darboux equation. Let z € R", r >
0, ¢ > 0. Define the spherical means:

Ulairt) = [ ult)dS, = My g (asr),
OB (z,r)
G(x;r) :][ g(y) dSy = My(z;r),
OB(z,r)

H(z;r) = ][aB( )h(y) dSy = Mp(x;r).

Lemma 4.4 (Euler-Poisson-Darboux equation). Let u € C™(R" x [0, 00)) with m > 2 solve
(4.8). Then, for any fived x € R™, U(x;r,t) € C™(R} xR)") and solves the Cauchy problem
of the Euler-Poisson-Darboux equation

(4.9) Uy — Upr — 22U, =0 in (0,00) x (0, 00),
‘ U=G, U =H on (0,00) x {t = 0}.

Proof. 1. Note that the regularity of U with respect to t follows easily. To show the
regularity of U with respect to (r,t) € [0,00) x [0,00), we compute, for r > 0,

Ui t) = - ][B( Auty, .

From this we deduce that lim,_,q+ U,(z;7,t) = 0 and, after some computations, that

1
Upr(z;7,t) = ][ AudS + < — 1> ][ Au dy.
OB (z,r) n B(x,r)

Thus lim,_,o+ Upp(z;7,t) = %AU(ZE, t). We can further compute U,,, and other higher-order
derivatives of U up to the m-th order, and this proves that U € C™(R;} x R}).
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2. Using the formula above,
(4.10) U = T][ Auly,t)dy
nJ B(x,r)
1
= — A t)d
o /BW) u(y,t)dy
1
= — t)dy.

Thus

1 1 "
Tn_lUr = utt(yv t)dy = / / utt(yv t) dSy dp7
NCn JB(x,r) nan Jo 0B(z,p)
and so
1
(4.11) (r"u,), = / u(y, ) dSy = " Uy,
NCn JB(x,r)

which expands into the Euler-Poisson-Darboux equation. The initial condition is satisfied
easily; this completes the proof of the theorem. O

4.3.2. Solution in R? and Kirchhoff’s formula. For the most important case n = 3,
one can see easily from the Euler-Poisson-Darboux equation that

1
(4.12) (rU)py = rUpp +2U, = ;(T2UT)T = Uy = (rU)y.

That is, function U(r,t) = 7U(z;r, t) satisfies the 1-D wave equation in 7 > 0, ¢t > 0. Note
that

U(,t)=0, U(r,0) =rG :=G, U(r,0)=rH := H.
Hence, by formula (4.6) with k£ = 0, we have for 0 <r <t¢

~ 1 - N 1 r+t
U(r,t) = §[G(r+t) —G({t—r)]+ = H(y)dy.
—r+t
We recover u(z,t) as follows:
T (r, t
u(z,t) = lim U(z;r,t) = lim Ulr,t)
r—0+ r—0+ r
, Gr+t)—Gt—r) 1 [+ . = =
=1 — H = H(t).
T = o [ ] = G+

This gives the Kirchhoff’s formula for 3-D wave equation:

0
a(et) = 2 t][ 9(y)ds, +t][ h(y)ds,
ot 0B(x,t) OB(x,t)

(4.13)
= ][ (th(y) + g(y) + Dg(y) - (y — x))dS, (z € R? t>0),
OB(z,t)

where we have used

][ g(y)dSy = ][ g(x +t2)dS,
dB(x,t) 8B(0,1)

i/ i/
= Sy | = = x +t2)dS,
at< BB(Zﬁt)g(y) y> at( 83(071)9( ) )

and so
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1
= ][ Dg(z +tz) - zdS, = ][ Dyg(y) - (y — z)dS,.
8B(0,1) tJ oB(x,t)

We will give some remarks about Kirchhoff’s formula later.

4.3.3. Solution in R? by Hadamard’s method of descent. Assume u € C?(R%x [0, c0)
solves (4.8) with n = 2. We would like to deduce a formula for u in terms of g, h.

The trick is to consider u as a solution of a 3-D wave equation and then apply Kirchhoff’s
formula to find w. This is called the Hadamard’s method of descent. We now discuss
it in more details. Define

(w1, e, x3,t) = u(x1, T2, 1).
Then u(z,t) solves
Uy — At = 0, (z,t) € R3 x (0,00),
u(z,0) = g(x), (z,0) = h(z), =eR3,
where g(x1,x9,x3) = g(z1,22) and 71(3;1,3:2,3:3) = h(z1,z2).
If we write = (21, 22) € R? and Z = (x1,22,0) = (2,0) € R3, then

0
u(z,t) = u(z,t) = — t][  g(y)dSy | + t][ ~ h(y)dS,,
ot 0B(z,t) 0B(z,t)

where B(Z,t) is the ball in R? centered at Z of radius ¢.
We parameterize y € B(Z,t) with parameter z € B(z,t) in R? by
y=(243), y3 = £7(2),

where v(z) = y/t? — |z — z|?, and hence

Z—T t
Dv(z) = ————m—, 1+ |Dv(2)|]? = —.
1) =~ VIR = =

We can then compute that

1
G(y)dS, = — / a(y)ds
][aé(m) WSy = OB(z.t) ()5,
2
== 14D 2
w7 [, SOVIF DR

_ 1 9=) o

21t Jp(at) /2 — |z — x|?
t
= ][ —g(z) dz.
2) By /12 — |z — x|?

Therefore,

_o (e 9(2)
(4.14) M = (2][ B(z,w\/md”)
| ¢ h(z)

———" _dz (ze€R% t>0).
2 ) By /12 — |z — z)?

_l’_

Since
g(z + tw)

t2][ g(z)dz:t][ gatritw)
B(at) /12 — |z — 2|2 B(0,1) /1 — |wl?
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we obtain
0 2][ 9(z) ][ g(x + tw) ][ Dg(z + tw) - w
— |t — dz | = L dw+t —— 2 dw
ot ( Blat)\/t? — |z — z|? B(0,1) /1 — |w|? B(0,1) +/1—|w]?
= t][ —g(z) dz + t][ —Dg(z) (z—2) dz.
Blat) V1? — |2 — z[? Bat) V* — |z — xf?

So we can rewrite (4.14) to deduce the so-called Poisson’s formula for 2-D wave equa-
tion:

2 sy —
(4.15) u(z,t) = 1][ tg(z) + 1°h(2) + tDg(2) - (z — x) ,_ (2B, t>0)
2J B(ay) 2 — |z — x|?

Remark 4.2. (a) There is a fundamental difference for wave equations between n = 1
and n = 2,3. In both Kirchhoff’s formula and Poisson’s formula, the solution u depends
on the derivative Dg of the initial data u(x,0) = g(z). Therefore, if g € C™, h € C™1
then u € C™ !, u; € ™2 and thus there is a loss of regularity for wave equation when
n = 2,3 (in fact, for all n > 2). This is different from the 1-D case, where u, u; are at least
as smooth as g, h.

(b) There are also fundamental differences between n = 3 and n = 2 for wave equations.
In R?, we need the information of initial data f and g in the whole disk B(x,t) to compute
u(x,t). While in R? we only need the information of initial data f and g on the sphere
0B(x,t) to compute u(x,t) and, in this case, a “disturbance” originating at x( propagates
along a sharp wavefront |z — xg| = ¢. This is called the Strong Huygens’ principle in
R3. But for n = 2, a disturbance at xo will affect the values of the solution in the region
|z — xo| < t. That is, the domain of influence of the point (z,0) is the surface |z — xo| =t
for n = 3, and is the solid disc |x — xo| < ¢ for n = 2. (Imagine you are at position x in
R™ and there is a sharp initial disturbance at position zg away from you. If n = 3, then
you only feel the disturbance (hear the sound) once exactly at time ¢ = |x — x|; however,
if n = 2, you will feel the disturbance (feel the wave) all the time ¢ > |z — x¢|, although the
effect on you will die out as t — 00.)

4.3.4. Solution for general odd dimensions n. For general odd dimensions n, we use
the following result whose proof is left as an exercise.

Lemma 4.5 (Some useful identities). Let f : R — R be C*+1. Then, for k =1,2,...,

0 (&) (L) e rren = (LE) v,

14\ = e d
I I (GRS SE T =1
e

where B = (2k—1)!! = (2k—1)(2k—3)---3-1 and 5]’-“ (j=1,2,--- ,k—1) are independent
of f.
Now assume that n = 2k +1 (k > 1). Let u € C**1(R™ x [0,000)) be a solution to wave

equation uy — Au = 0 in R™ x (0, 00). Then the function U(x;r,t) defined above is C**1 in
(r,t) € [0,00) x [0, 00). Set

ke
Virt) = <71‘8&r> 1 (r* YU (x;r b)) (r>0, t>0).
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Lemma 4.6. Vi =V, forr >0,t >0, and V(07,¢) = 0.

Proof. Using part (i) of Lemma 4.5, we have

2
Vo = (g2 g 0210 = ()
= GO = e ) = Ve,

where we have used the Euler-Poisson-Darboux equation (4.11): (r?*U,), = r?*Uy. That
V (0T, ¢) = 0 follows from part (ii) of Lemma 4.5. O

Then, by (4.6), we have for 0 <r <t

1 - B 1 r+t
(4.16) Virt) = §[G(r +t) -Gt —r)]+ B / H(y)dy,
t—r

where

Gr) — 190 4 k177 (O

(T) _( 8 ) (7’ (l‘,’l”, ))7
(4.17) q 5
i — (9 k=1, 2k—1 )

A(r) = G4 0 s ,0))

But recall u(z,t) = U(z;07,t) and, by (ii) of Lemma 4.5,
Virt) = (22010210 (1) Zﬁk J+1 Uzr )
’ ror e
and so
u(z,t) = U(x;07,t) = lim V(Z’ 2
r—0 Or
1 e Ny 1 r+t
— i Glr 1) — Gt =) / H(y)dy
’80 r—0 2"" 27’ t—r
1 . .
= G+ H()

Bo
Therefore, we derived the following formula for the solution of the Cauchy problem
(4.18) ug —Au=0, (z,t) € R" x (0,00),

’UJ(.%,O) :f($)7 Ut($,0) :g(x)> r e R"

when n = 2k 4+ 1. That is, for odd n > 3,

ot =g () (o) ™ (7, 79)

+ (1;) E <t”—2][8B(x7t)hdS)} (x € R™, t > 0).

When n = 3 this formula agrees with the Kirchhoff’s formula we derived earlier for wave
equation in R3.

(4.19)

Theorem 4.7 (Solution of wave equation in odd dimensions). If n > 3 is odd, g €
C™H(R™) and h € C™(R™) for m > £, then u defined by (4.19) belongs to C*(R™ x
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(0,00)), solves wave equation uy — Au = 0 in R™ x (0,00) and satisfies the Cauchy condi-
tion in the sense that, for each z° € R,

li t) = 0 i N h 0 '
(x,tw(ig}o),»ou(x’ ) =9, (x,tp(fg}o),»o“t(xv ) = h(z")

Proof. We may separate the proof in two cases: (a) g = 0; (b) h = 0. The proof in case
(a) is given in the text. So we give a similar proof for case (b).

1. Suppose h = 0. Let v, = (n—2)!l and k = 71. Then 1 < k < m—1 and the function
u defined by (4.19) becomes

a0 = (EGR) (o). o f, o

By Lemma 4.5(ii),

k—1 ; ;
_ 1 k| (s DG G B 0 () — (0
u(z,t) = P 2 B; [(] + 1>t]W +t/ ST | ,y—nG(x ,0) =g(z")
as (z,t) — (2°,0), t > 0. Also, by Lemma 4.5(i),
110Nk, 1 a1 DNk

The first identity implies w;(z,t) — 0 as (z,t) — (2°,0), t > 0.
2. In the second identity of (4.20), note that

Gt:t][ Agdyzll/ Agdy
NnJ B(z,t) napt™ B(z,t)

and so

1 1
(t*Gy), = gt < / Ag dy> = / AgdS = t"1 ][ Agds.
NCQn JB(x,t) NCn JB(x,t) OB(x,t)

@GR () =GR, 200

On the other hand,

O O

and
AG(x,t) = Ay g(x+2)dS, = ][ Ag(x + 2)dS, = ][ AgdsS.
aB(0,1) aB(0,1) 9B (x.t)
This proves uy — Au =0 in R™ x (0, 00). O

Remark 4.3. (a) To compute u(z,t) for odd n > 3, we only need the information of g,
Dy, .. .,Danlg and of h, Dh,.. .,DnTigh on the boundary 0B(z,t).

(b) If n = 1, in order for u to be of C? we only need g € C? and h € C'. However, if
n > 3 is odd, then in order that solution u defined by (4.19) is of C?(R™ x (0, 00)), we need
g € C™*HR") and h € C™(R™) for some m = “FL. For example, if n = 3 then we need
g € C® and h € C?. Therefore there is a possible loss of smoothness for higher-dimensional
wave equations.
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4.3.5. Solution for even n by Hadamard’s method of descent. Assume that n is
even in this section. Goal is to derive a representation formula similar to (4.19). The trick
is to use Hadamard’s method of descent, used before for n = 2.

Note that if u(x,t) is a solution of the wave equation in R™ x (0, 00), it is apparently
true that v(z,z,41,t) = u(w,t) is a solution to the wave equation in R"™! x (0, 00) with
initial data

v(z,Tpi1,0) = G2, 2nr1) = 9(2), vz, 2011,0) = h(z, 2011) = h(2).

Since n + 1 is odd, we may use (4.19) to obtain the formula for v(x, x;11,1). Like before,
set Z = (z,0) and B(Z,7) to be ball centered Z of radius r in R**1. Then

s =0 = ol () Gan) ™ (7 9

n=2 _
(o) (7, 198)]

As above, we parameterize y € B(Z,t) with parameter z € B(x,t) in R” by

Yy = (ZaynJrl)? Yn+1 = i7(2)7 PY(Z) = m,

to compute that

g(y)dS, = /
][aé(m,t)g( a5,y (n+1)04n+1t” OB

2)\V/ 1+ |Dy(2)|? dz

(TL + 1)an+1t /B (z t)

- (n+1)04n+1t" 1/ B(ayt) \/t? z—:z:\2
_ 2ay, ][ 9(z) .
(n+ Dan+1) Bay /12— |z — 22

(n + 1)0%-1-1 (n _ 1)” Tl (u81ng ay, =

We deduce that, for even n,

Note that

10N/l 0N\
e = (G Ga) ™ (0, =)
2 Y
- t" ——dy | |.
* (t 01&) < ][BW) N y)}
When n = 2 this formula agrees with the Poisson’s formula we derived earlier for wave
equation in R2.
Theorem 4.8 (Solution of wave equation in even dimensions). If n > 2 is even, g €
C™HL(R™) and h € C™(R™) for m > "$2, then u defined by (4.21) belongs to C*(R™ x
(0,00)), solves wave equation uy —Au = 0 in R™ x (0, 00) and satisfies the Cauchy condition

in the sense that, for each z° € R,

li 1) = g(a2), li 1) = h(z0).
(x,t)a(;crg}O),bOu(x ) =9@) (m,t)—>(1cr0r,10),t>0ut(x ) (z7)

This follows from the theorem in odd dimensions.
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Remark 4.4. (a) There is a fundamental difference between odd n and even n. For even
n we need information of f and g (and their derivatives) in the whole solid ball B(z,t) to
compute u(z,t).

(b) For odd n, a “disturbance” originating at x( propagates along a sharp wavefront
|x — xg| = t. This is called the Strong Huygens’ principle. While, for even dimensions,
a disturbance at z¢ will affect the values of the solution in the region |x — z¢| < ¢. That is,
the domain of influence of the point (x¢,0) is the surface |x — zg| = ¢ for odd n, and is the
solid ball |x — x| < t for even n.

4.3.6. Nonhomogeneous problems and Duhamel’s principle. We now turn to the
initial value problem for the non-homogeneous equation

(4.22) uy — Au = f(x,t) in R™ x (0, 00),
' u(z,0) =0, u(z,0) =0 for x € R™.

Motivated by the Duhamel’s principle used above for the heat equation, we let U(z, t; s)
be the solution to the initial value problem

{Utt(x,t; s)—AU(z,t;s) =0 in R" x (s, 00),

(4.23)
U(x,s;8) =0, Uz,s;s)= f(x,s) forxzeR™

Theorem 4.9. Assume n > 2 and f € C"/2+H(R™ x [0,00)). Then

t
(4.24) u(z,t) = / U(x,t;s)ds
0
is in C2(R"™ x [0,00)) and is a solution to (4.22).

Proof. 1. The regularity of f shows that the solution U to (4.23) is given by formula (4.19)
or (4.21) above. In either case, we have u € C%(R" x [0, 00)).

2. A direct computation shows that
t ¢
ut(x,t) = Ulx, t;t) —i—/ Ui(z,t;s)ds = / U(z,t; s)ds,
0 0

t

u(z,t) = Ug(x, t;t) + / Up(z,t;s)ds = f(x,t) + / U (x,t; s)ds,

0
u(z,t) /AUxts
Hence uy — Au = f(x,t). Clearly u(x,0) = u(z,0) = 0. O

Note that if v(x,t) is the solution to the initial value problem
v (z,t) — Av(z,t) =0 in R™ x (0, 00),
v(z,0) =0, v(z,0)= f(z,s) forxzeR",

then
Uz, t;s) =v(z,t —s) xze€R" t>s,
is the solution to (4.23). Therefore,

t
u(w,t):/v(x,t—s)ds zeR" t>0,
0

is the solution to the non-homogeneous problem (4.22).
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ExaAMPLE 4.10. Find a solution of the following problem

U — Ugy = te*,  (z,t) € R x (0, 00),
u(z,0) =0, w(x,0)=0.

Solution. From d’Alembert’s formula, we know that the problem

Vg — Vg =0,  (x,t) € R x (0,00),
U($50) =0, Ut($,0) = se”,

has solution
1 x+t s
v(z,t) = / se¥dy = ~(e" Tt — ™1,
2/, 2

So

Hence

u(:c,t):/o Ul(z,t;s)ds

1

= i[e“'t(—te_t —e 1) — et (te! — el +1)]
1

= 5(—215@” + ettt et

ExXAMPLE 4.11. Find a solution of the following problem

utt_Au:f(‘rat)a ((L‘,t) € R x (0,00),
u(z,0) =0, uy(r,0) =0, xcR3

Solution. Using Kirchhoff’s formula, the solution v to the following Cauchy problem
vy — Av =0, (z,t) € R3 x (0, 00),
{v(m,O) =0, v(z,0) = f(x,s), z=€R3,
is given by

v(z,t) :t][ f(y,s)dS,.
OB(x,t)

Hence the solution U to (4.23) is given by
Uletis) =vlat=9) = (t=9) | fly9)ds,

OB(z,t—s)

t t
u(x,t):/ U(m,t;s)ds:/(t—s) <][ f(y,s)dSy> ds
0 0 OB(z,t—s)
t
ar Jo Jop(at-s) t—S
t _
_ 1/ / fly,t—r) dS,dr
4T Jo JoB(e,r) r
1

am B(xz,t) ’y - .@’

Note that the domain of dependence is a solid ball now. O

so that
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4.4. Energy methods and the uniqueness

There are some subtle issues about the uniqueness of wave equation using the formulas
(4.19) and (4.21). These formulas only hold under more and more smoothness assumptions
on the initial data g, h as dimension n gets larger and larger. For initial data that are only
C?, we cannot use such formula to claim the uniqueness of the C? solutions. Instead we
will need the fact that certain quantities of the wave behave nicely (e.g., conserved).

Let © be a bounded open set with a smooth boundary 9. As above, set Qp = Qx (0,7
and let

I'r=9Q=0r\Qr.

4.4.1. Uniqueness of mixed-value problem. We are interested in the uniqueness of
initial-boundary value problem or mixed-value problem:

ug — Au = f in Qp,
(4.25) u=g on I'p,
uy =nh on Q x {t =0}.

Theorem 4.12 (Uniqueness for wave equation). There exists at most one solution u €

C%(Qr) of (4.25).

Proof. If @ is another solution, then v = u — 4 solves

vy —Av =0 in Qp,
v=0 onI'r,
vy=0 onQx{t=0}.

Define the energy
1
eft) = 2/(vf($,t) +1Do(a, ))dz (0<t<T).
Q

Divergence theorem yields (note that it seems v € C? is needed in using the divergence
theorem below; however, the end result holds for only v € C? by a smoothing argument)

et) = /(’Ut’Utt + Dv - Dv)dx
Q

= / vt(vtt — A’U)d$ + / Ut@ds =0
Q o Ov
since v = 0 on 0f2 implies that v; = 0 on 9. Therefore v =0 from v = 0 on I'7. ]

4.4.2. Domain of dependence. We can use the energy method to give another proof of
the domain of dependence for wave equation in whole space. Let u € C? be a solution of

ug —Au =0 in R" x (0, 00).
Fix g € R", tp > 0 and consider the backwards wave cone with apex (zg,to):
K(xo,to) = {(x,t) | 0 S t S to, ’.%' — $0’ S to — t}.

Theorem 4.13 (Finite propagation speed). If u = uy = 0 on B(xo,to) x {t = 0}, then
u =0 within the cone K (xo,to).
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Remark 4.5. In particular, we see that any “disturbance” originating outside B(x, tp) has
no effect on the solution within the cone K(zo,ty) and consequently has finite propagation
speed. We already know this from the representation formula if u(z,0) and w(x,0) are
sufficiently smooth. The point here is that energy methods provide a much simpler proof.

Proof. Define the local energy

e(t) = 1/ (2(x, 1) + | Du(e, £)[2)de (0 <t < to).
B(xo,toft)

2
Then
1 to—t
elt) =3 / / (uf (z0 + 7€,1) + |Dulzo + €, t)[*)r" " drdSg,
0 €]=1

and so, by Divergence theorem,

to—t
et) = / / [wgup(zo + 7€, ) + Du - Duy(zo + 7€, )7 LdrdSe
0 l§1=1

1 _
~3 e+ G0 060 + DGy + (o~ 08,0 to — e
£l=1
1
= / [wguy + Du - Duyldx — — / [u?(x,t) + |Du(z,t)|*]dS
B(zo,to—t) 2 OB (zo,to—t)
ou
= ugug — Auldr + up—dS
B(zo,to—t) dB(xo,to—t) ov
1
3/ [uf (e, 1) + | Du(z. 1) )ds
2 aB(xo,toft)
ou 1 1
(4.26) = / [u — — —ul(x,t) — |Du(w,t)\1 as <0
9B(zo,to—t) tay 2 ! 2
since, from |g—jj| = |Du - v|| < |Dul|lv| = |Dul, it follows that
ou 1, 1 ) 1, 1 )
- _ = _Z < _Z _Z
w2 (e, t) — 5 Dule, ) < ul|Du| — Sud(a, 1) — £ Du(a, 1)

1
=~ (jul — [Du])? 0.

Now €'(t) < 0 implies that e(t) < e(0) = 0 for all 0 < ¢ < t3. Thus vy = Du = 0, and
consequently v = 0 in K (zo, to). d

4.4.3. Examples of other initial and boundary value problems. Uniqueness of wave
equation can be used to find the solutions to some mixed-value problems. Since solution is
unique, any solution found in special forms will be the unique solution.

EXAMPLE 4.14. Solve the Cauchy problem of the wave equation

{utt —Au=0, inR3x (0,00),

u(z,0) =0, w(x,0) = ﬁ

In theory, we can use Kirchhoff’s formula to find the solution. However, the computation
would be too complicated. Instead, we can try to find a solution in the form of u(z,t) =
v(|z|,t) by solving an equation for v, which becomes exactly the Euler-Poisson-Darboux
equation. Details are left as exercise.
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EXAMPLE 4.15. Let A € R and A # 0. Solve
ug — Au+ Au =0 in R" x (0, 00),
u(z,0) = g(z), u(z,0) =h(z) (zeR").
If A = p? >0, let v(z,2n11,t) = u(x,t)cos(prni1). If X = —p? < 0, let v(z, zp41,t) =
u(x,t)et*n+1. Then, in both cases, v satisfies the wave equation in n + 1 dimension. The
initial data of v at ¢ = 0 are also known from g, h. Show solution v must be of separate
form: v(z, xp41,t) = u(z,t)p(xn41); this gives the solution wu.
ExXaMPLE 4.16. Solve
ug — Au=0, z=(%,1,) € R"!x(0,00), t €(0,00)
u(x,0) = g(z), w(x,0) =h(z), x,>0,
w(#,0,t) = 0.
Extend the functions g, h to odd functions F' and G in z,. Then solve the wave equation

to get a solution % on whole space R x (0,00). Hence u = 1y, >0 is the solution to the
original problem.

EXAMPLE 4.17. Let © be a bounded domain and Qp = Q x (0, 7] where T' > 0. Solve

uy — Au = f(x,t) in Qp,
u(x,0) = g(z), w(x,0) =h(z), ze€Q,
u(z,t) =0 x €0, tel0,T).

Use the method of separation of variables to find a solution of the form
(o]
w=" ()T (1),
j=1

where
—Auj = Njuj,  ujlan =0,
Ti(t) = AT(t) = f5(t),  T;(0) =a;,  Tj(0) =1bj,
and {u;(x)}32, is an orthonormal basis in L*(Q), and f;(t), aj, b;j are the Fourier coefficients
of f(z,t), g(x) and h(z) with respect to u;(x) respectively.
The question is whether there is such an orthonormal basis. We need some machinary

for Laplace’s equation to answer this question. In any case, the answer is yes, but we will
not study this in this course.

4.5. Finite propagation speed for general second-order hyperbolic
equations

(This is from §7.2.4 in the textbook.)

We study a class of special second-order equations of the form
(4.27) up + Lu=0 (z,t) € R" x (0, 00),

where L has a simple form
n

Lu=— Z aij(:z)Diju,
ij=1
with smooth symmetric coefficients (a;;) satisfying uniform ellipticity on R™. In this case,
we call equation (4.27) uniformly hyperbolic.
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Let u be a smooth solution to (4.27). Let (xo,tp) € R™ x (0, 00) be given. We would like
to find some sort of a curved backward cone C, with vertex (zo,to) such that v = 0 within
Cifu=wu=0o0nCo=Cn{t=0}

We assume C' is given in terms of a function ¢(z) smooth positive on R™ \ {xo} and
q(z0) = 0 by

C = {(z,t) e R" x (0,10) | q(z) < to — t}.
For each t € [0,1¢) let
Cy={z e R" | q(x) < ty—t}.
Assume 0C; = {z € R" | g(x) = tg — t} be a smooth, (n — 1)-dimensional surface for each
te [O, t()).
We define the energy

1 n
e(t) = / (U% + Z aijuxiux,)da: (0 <t <tp).
2 Je, L J
3,j=1
In order to compute €’(t), we need the following result.

Lemma 4.18. Let f(x,t) be a smooth function and define

a(t) = Bz, t)dx (0 <t<tp).
Ct
Then
N O B )
@(t)— Ctﬁt( 7t)d /(’}Ct ‘Dq(.f[?)‘ds

Proof. Let ¢(x) =ty — q(x). Then C, is the level set {¢(z) = r}. By Coarea Formula,

= x, t)dx = K Bz, 1) r
olt) = s Bl ) /t </{¢($)r} \D¢(x)\ds> ar

From this, we have

o (4 — fo Be(x,t) . Bz, t)
= </{W>r} 1D¢<x>rds>d f g 5T

- B B(z,t)
= . Bi(x, t)dz /act Da(@)] ds

Apply this lemma, we compute

n
e/(t) :/ (ututt + Z aijugciuxjt) dx

Ce ij=1

1 - 1
- = Uy Uy | —— d.S
9 /80,5 (ut + Z azjuzzumy) |Dq|

3,j=1

=:A - B.
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Note that a;juz, te;t = (@ijuz,ut)z; — (ijUs,; )z, ue. Then, integrating by parts, we deduce
that

n

A= Uy (utt — Z (aijuxi)xj>d:v +/ Z iUy, VjurdS
Cy

ij=1 9Ct ; j=1
_/ Uy Z ajj m]umldx—i—/ Z Uz, VjusdS,
Ci 1,7=1 aCy 1,7=1
where v = (v1, 19, -+ ,1y) is the usual outer unit normal to 0C%. In fact,

Dq

= Dal on 0Cy = {q(x) =ty — t}.

Since (v, w) = Z?jzl a;;v;w; defines an inner product on R"”, by Cauchy-Schwarz’s inequal-
ity

n n 1/2 1/2
| ] = (3 wgun,) (32 ass)
17]21 Z’jzl 7‘7 1
Therefore,
1/2 n 1/2
|A| < Ce(t / ( Z amuwzu%) |ut\< Z az‘jVil/j) dsS
Ct i,j=1 ,j=1
1 ) " 1/2
S Ce(t) + 2/ (Ut + Z az]u%uz]>< Z az]VzV]> ds.
oC ij=1 i,j=1
If we have
1/2 1
a2 (3 wm) "< g

1,j=1

then we obtain that |A| < Ce(t) + B and so
e (t) < Ce(t).

This proves that e = 0 if ¢(0) = 0.
Note that condition (4.28) is equivalent to

(4.29) D e, e, < 1.
ij=1

In particular, this condition is satisfied if ¢ solves the generalized Eikonal equation:

(4.30) > e e, =1

ij=1
Therefore, we have proved the following theorem

Theorem 4.19 (Finite propagation speed). Assume q is a function positive, smooth and
satisfying (4.30) for all x # x¢ and q(xo) = 0. Let C' and Cy be defined as above. If u is a
smooth solution to (4.27) and satisfies u = us = 0 on Cp, then u =0 within the cone C.
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Suggested exercises

Materials covered are from Chapter 2 of the textbook with some new material (from Chapter
7) added. So complete the arguments that are left in lectures. Also try working on the
following problems related to the covered materials, some problems being from Chapter 12
of the textbook.

Chapter 2: Problems 21-24.
Chapter 12: Problems 2, 3, 6, 7.

Homework # 6.

(1) (10 points) Let f : R — R be C™*!. Prove that for k =1,2,...,m,
2 — —
(@) (Z2)GE) () = (R aR)F e f(r);
(b) (%d%)k_l(r%_lf(r)) = Z;:é B]’?rj“%(r), where B}“ are constants;

(c) B = (2k — )= (2k —1)(2k —3)---3 - 1.

(2) (15 points) Solve the mixed value problem for 1-D wave equation

Ut = Ugs, z>0,¢t>0;
u(x,O) = g(a:), ut(:v,()) =0, >0
u(0,1) = auy(0,1) t>0,

where o # —1 is a constant and g € C?(R™") vanishes near x = 0.
Moreover, show that if & = —1 the problem has no solution unless g = 0.

(3) Let h € C%(R?) and let u(x,t) solve the wave equation in R® x R
uy = Au,  u(z,0) =0, w(z,0)=h(z).
(a) (5 points) If 0 < h(x) < 1, show that 0 < u(z,t) <t for all z € R? and ¢ > 0.
(b) (10 points) Assume h(x) = ﬁ Find the explicit solution to the given
problem in the form of u(z,t) = U(|z|,t). What is u(0,)?
(4) (10 points) Show that there exists a constant K such that
lu(z,t)] < ?U(O) vt >0
whenever u is a smooth solution to the Cauchy problem of 3-D wave equation
ugg — Au=0 in R? x (0,00); wu(z,0) = g(x), us(x,0) =0
and U(0) = [gs(lgl + |Dg| + | D?g|) dy < oc.

(5) (10 points) Let f(p,m,u) be a smooth function on (p,m,u) € R” x R x R and
£(0,0,0) = 0. Assume u(z,t) is a smooth solution to the nonlinear wave equation

ug — Au+ f(Du,ug,u) =0 on R™ x [0, 00).
Given any (xo,tp) € R™ x (0,00), let
K(zo,t0) = {(z,t) | 0 <t < tg, |z — 20| < to —t}.

Show that u =0 on K(xg,ty) if u=u; =0 in B(zg,tp) when t = 0.
Hint: Use the energy method. Let
1

e(t) = / (u2 4 |Dul> + u?)dz (0 <t <t).
2 B(Cto,to—t)

Compute € (t) and show €'(t) < Ce(t).
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