Chapter 2

Basic Properties of
Analytic Functions

2.1. Analytic and Harmonic Functions; the Cauchy-Riemann Equations

A function f defined in a complex domain D is differentiable at a point zg € D if the
limit
lim f(z) = f(z0) _ im f(z0 + h) = f(20)

z2—20 zZ— 2 h—0 h

exists; the limit, if it exists, is called the complex derivative of f at zy and denoted by
f'(20); that is,

_ h) —
F(z) = lim fz) = flz0) _ o Flzoth) = flz0)
Z—20 Z— 20 h—0 h
If f is differentiable at each point of the domain D then f is called analytic in D; in this
case, the derivative function is defined by
. +h)— f(2)
fi(z) = lim Y

(Note that h is complex number.) A function analytic on the whole complex plane is called
an entire function.

Note that the limit f’(z9) above is required to exist (and thus is equal to the same
number) no matter how z approaches zy or h approaches 0 in the complex plane. Also,
clearly, if f is differentiable at zg then it is continuous at zg.

Like in Calculus, the procedure of finding f/(z) is called differentiation of f. Differ-
entiation follows the usual rules for differentiation of real variable functions. For example,
if f and g are differentiable at zp then so are functions af + bg (a,b are constant complex
numbers), fg and f/g (if g(z0) # 0) at zp, and the derivatives can be found by the usual
formulas:

(af +bg)'(20) = af'(20) + by’ (20);
(f9)'(20) = f(20)9'(20) + f'(20)9(20);

<f>’ (o) = £/ C0)9(0) = S (o) (z0)
g) (9(z0))?

if g(20) # 0.

HI



2 2. Basic Properties of Analytic Functions

Furthermore, the chain rule for differentiation is also valid: If f is analytic in the range
of a function g defined in a domain D and if g is differentiable at a point 2y € D, then
f(g(z)) is differentiable at zy and

(f(9(2))) (20) = £'(9(20))g'(20)-

EXAMPLE 1. (1) Let f(z) = 2™, where n is a positive integer. Then f is entire and f'(z)
can be found as follows.

ron g (2 R) =2
fiz) = lim = ——
— lim (2" 4+ nz"1h 4+ ... 4 ") — 2" _ el
- h—0 h -
(2) Let f(z) = e*. Then f is an entire function. We now compute f/(z). Note that
z+h _ _z z,h _ 2z
o) = Tim © ¢ _p €C ¢
7 hg% h hli% h
h h
e —1 e —1
=1 G———L
o © h < w50 h
We want to show the limit
h
-1
li =1.
hlg%) h

This is a limit as complex variable h — 0. So let h = 0 + i7 # 0. Then
" —1—h=1[e"cosT —1—0]+i[esinT — 7]
=e(cosT — 1)+ (7 =1 —0) +ie’(sinT — 1) +ir(e” — 1).
Since |h| > |o| and |h| > |7|, we have by the triangle inequality that

eh—1-—nh
h

e —1
h

1—cost e —1—o sint — T

<e’ e’ + e —1J.

T

As |h| — 0, we have both o — 0 and 7 — 0, and hence the limit of each of the four terms
in the last expression is zero by elementary calculus of real variable functions (I'Hopital’s
Rule). Therefore

eh —1

lim =1.
h—0

Hence
(e*) = ¢€.

The Cauchy—Riemann Equations. Let f(z) = u(z,y) + tv(z,y) with z = x + iy in a
domain D of complex plane, where u, v are real-valued functions of (x,y). Suppose f is
differentiable at a point zp = xg + iyg € D. This means the limit

I — pi {0+ 1) — f(z0)
h—0 h
exists. Let h = o + i7 # 0. Then the quotient of difference

flzo+h) — f(z0) _ [u(xo + 0,90 + 7) — u(o, yo)] + i[v(wo + 0,90 + 7) — v(Z0, Yo)]

h o+ir




2.1. Analytic and Harmonic Functions; the Cauchy-Riemann Equations 3

The point is that this quotient of difference has limit L as h = ¢ + it — 0 and there are
many ways in the complex plane where h = ¢ + i7 can approach 0. First, by choosing
h=0 —0 (r=0), we have

I = lim [U(UCO +0,90) — u(z0,%0) 4 Z.U(ﬂﬁo +0,90) — ”(ﬂfoyyo)}
o—0 o g
ou Ov
= %(x()ay()) +Z%($07y0),

where the two partial derivatives must also exist. Secondly, by choosing h = it — 0 (o = 0),
we have

T—0 1T 1T

I — lim [U(l“o,yo + f) — u(wo, yo) n iv($07y0 + f) — U(anyO):|

= i 0, u0) + 5 (0, 0)
- Zay Zo, Yo ay Zo,Y0),

where the two partial derivatives must also exist. Therefore, since L = L, we must have

0 0 0 0
(2.1) £($O’y0) = 872(350’%)’ £($0’y0) = _é(l‘()vyﬂ)'

This is the Cauchy-Riemann equations. Therefore, we have proved the following

Theorem 2.1. If f = u + v is differentiable at zy = xg + iyo in a domain D, then all
the partial derivatives uy, vy, uy and vy ezist at (xo,yo) and satisfy the Cauchy-Riemann
equations

(2.2) Uy = Uy, Uy = vz at (To,Y0)-

The converse is also valid. We have the following result under some additional condi-
tions.

Theorem 2.2. Suppose f = u + v and all of the partial derivatives gz, uy,v; and vy
exist and are continuous in a domain D containing zg = xg + iyo. If the Cauchy-Riemann
equations

Uy = Vy, Uy = —Uy

hold at (zo,yo0), then f is differentiable at zy with f'(20) = uz(x0,Y0) + vz (z0, Yo)-

Proof. Let h = o + i with sufficiently small real numbers o, 7. By Taylor’s Theorem,
u(zo + 0, y0 + 7) = u(Z0, Yo) + ouz (0, Yo) + Tuy(T0, Yo) + o E1 + TE,

where E1, Fs depend on o, 7 and approach zero as o and 7 approach zero. Likewise,

v(zo + 0,y0 + 7) = v(x0, Y0) + 0Vz(x0, Yo) + TVy (X0, yo) + 0 E3 + TE},

where F3, B4 depend on ¢, 7 and approach zero as ¢ and 7 approach zero. By the Cauchy—
Riemann equations at zg = zg + iyg, we can write

f(zo+ h) = f(20) + [uz(x0,0) + vz (z0,y0) R + 0 (E1 + iE3) + 7(Ey + i Ey).
From this and the fact that |o| < |h|, |7| < |h|, we obtain

lim f(z0+h) — f(z0)
h—0 h

= uz (20, yo) + vz (0, Yo)

exists. This is exactly the statement that f is differentiable at 2o, with f/(z0) = u.(zo, yo) +
Z'Uw (JI(), yo) . O
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Laplace’s Equation, Harmonic Functions and Harmonic Conjugates. Note that
from the Cauchy-Riemann equations (2.2) it follows that if the real and imaginary parts u,
v of an analytic function f = u + iv have second-order partial derivatives at every point in
a domain D, then they must satisfy the Laplace’s equation:

AU=Upp +Uyy =0, AV =Vpp +vyy =0
in D. Such functions u, v are called the harmonic functions in D.

If v and v satisfy the Cauchy-Riemann equations (2.2) at every point in a domain D,
then v is called the harmonic conjugate of u in D. Note that the harmonic conjugate
is uniquely determined up to an additive constant. Therefore, the imaginary part of an
analytic function is uniquely determined by the real part of the function up to additive
constants.

EXAMPLE 2. Show u(x,y) = 23 — 3292 is harmonic and find its harmonic conjugate.

Solution. It is easy to check
AU = Uy + Uyy = 62 — 62 =0,

hence w is harmonic. To find the harmonic conjugate of u, we need to solve for v that
satisfies the Cauchy-Riemann equations

Vg = —Uy = 62y, vy = Uy = 32% — 3y2.

From the first equation, integrate 6zy with respect to = and find v(z,y) = 322y +p(y), where
p(y) is independent of x. To determine this p(y) we need to use the second equation above.
Since v, = 322 +p'(y), the second equation implies p'(y) = —3y? and hence p(y) = —y>+C,
where C' is a constant. Hence the harmonic conjugate of u is given by

U(.T, y) = szy - y3 + Ca

where C' is any constant. Note that the complex function f(z) = u + iv = 2% — 32y? +
i(3z%y —y? + O) = (v + iy)3 +iC = 22 +iC is certainly analytic. O

Theorem 2.3. Suppose that f = u + iv is analytic on a domain D. If either Ref = u is
constant on D or Imf = v is constant on D, or |f|> = u? + v? is constant on D, then f is
constant (that is, both w and v are constants) on D.

Proof. This theorem will be used later; so we give a proof. We first prove that f must be
a constant on D if Ref = u is constant on D. To show this, we use the Cauchy—Riemann
equations to deduce that v, = —u, = 0 and v, = u; = 0 on D, and hence v must be
constant on each horizontal and vertical line segments lying in D. Since D is connected,
this shows that v must be constant on D and hence f = u + ‘v is constant on D. Now
assume that Imf = v is constant on D. Then Re(if) = —v is constant on D, and hence by
the result just proved, i f is constant on D.

We now assume |f|? = u? + v? is constant on D and would like to show f is itself
constant on D. If |f| =0 on D then f = 0. Assume |f| = ¢ >0 on D. Then f(z) # 0 for
all z € D. Hence ﬁ is also analytic on D. Note that

- 2

2= f(2)fz)=¢ ence z) = ——.
fEIF=F()fz)=c #0 h f(2) e

Therefore f = ¢?/f is analytic on D. This implies that g(z) = f(z) + f(z) is analytic on
D. For this analytic function g, we have Img = 0. By the conclusion just proved, g must
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be constant on D. However, since ¢ = 2Ref, this implies Ref is constant on D. Again by
the result proved above, f itself must be constant on D. ]

Exercises. Page 84. 1(a, b), 3, 4, 5, 8, 9, 10, 18, 19, 20(a, b, c), 23.

2.2. Power Series

A power series in z is an infinite series of the special form

o0
n
g an(z — 20)",
n=0
where ag, a1, - - -, are complex numbers, called the coefficients of the series; zg is fixed and

is called the center of the series.

The first major result on power series is as follows.

Theorem 2.4. Suppose there is some z1 # zy such that the series Y an(z1—20)" converges.
Then for each z with |z — zo| < |21 — 20|, the series Y an(z — z0)" is absolutely convergent.

Proof. Since ) a,(z1 — 20)" converges, it follows that

lim a,(z1 — 20)" = 0.
n—oo

Hence, there exists a number M > 0 such that |a,||z1 —20|" < M for alln =1,2,--- . Note
that
|an(z = 20)"| = lanl[z = zo["
n
= |an||Zl — Z0|n (|ZZO|> S ‘Z\4pn7
|21 — 20|

where p = %. Therefore > a,(z — 2z9)™ converges absolutely if 0 < p < 1; that is,
|z — 20| < |21 — 20| O

The Radius of Convergence. Given a power series » | an(z — 20)", define

S ={z: Zan(z — 2p)" converges}.
Then, there are three mutually exclusive cases:
(a) S ={z0}; (b) S=C; (c) S#{=}, C.
In any cases, define
R = sup{|z — z9|: z € S}.

Of course, R = 0 in the case (a) and R = oo in the case (b) above. In the case (c), we have
0 < R < oo and that the series Y a,(z — 29)" converges absolutely on |z — zp| < R and
diverges on |z — zg| > R. For, if z; € S and z3 ¢ S then 0 < |21 — 29| < R < |22 — 2p| < o0;
also, for any z with |z — 29| < R, there is 2’ € S such that |z — zg| < |2/ — 29| and hence
by Theorem 2.4, > a,(z — 2p)"™ converges absolutely. On the other hand, it is easy to see
that S C {|z — 20| < R} and hence any z with |z — zp| > R does not belong to S; that is
> an(z — 29)™ diverges.

The number R so defined is called the radius of convergence of the power series
S an(z — 20)".

Therefore the radius of convergence of a power series is the radius of the open disc inside
which the series converges and outside which the series diverges; note that such a disc is
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unique, and there is no information about the convergence on the boundary of the disc.
This disc is sometimes called the disc of convergence for the power series.

Theorem 2.5. Let R be the radius of convergence of the power series Y an(z — zo)".

. T an+1 . _ 1
(a) (Ratio Test) If L = nh_}n(glo |—an | exists, then R = 1.

(b) (Root Test) If L = 7}1_)1{.10 Vlan| eists, then R = 1.

(c) In general,
1

R= ——m——.
limsup {/|ay,|
n—oo

EXAMPLE 3. (1) The power series

o0

> (2= z0)"

n=0
has the coefficients a,, = 1 and hence the radius of convergence R = 1 by any of the tests
in the above theorem. This means this power series (called the geometric series of ratio
z — zp) converges (absolutely) for all |z — z9| < 1 and diverges for all |z — 29| > 1. Note that
the series diverges also for all |z — 29| = 1. We also know the value of this series is given by

1 1
2.3 — = = V |z — 1.
(2.3) > (2= 20) [ Sl Er— |z — 2| <

n=0

o0

(2) Find the radius of convergence of power series » °5"(z — 1)" and find a closed
form (that is a simplified value) for the series in its disc of convergence.

Solution. Since a,, = 5", we have
R=1/ lim V5" =1/5.
n—oo

To find a closed form for the convergent series, we have that, for all [z — 1| < %,

DB z—1)"=> (52— 5)"
n=0 n=0

1 1
—1_ (52 —5) =55 by (2.3) above since |5z — 5| < 1.

(3) Find the radius of convergence of the power series
o0
S g
n=0

Solution. Note that a, = 4*(=1"; that is,

{M ifn=0,24,- -
ap —

& ifn=135. .

Note that the ratio and root tests do not work in this case. However the test (c) in the

theorem above gives
1

1
a limsup V/4n(-1)" 4

n—oo

R
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O
(4) Find the radius of convergence of the power series
o
Z 4nz3n,
n=0
Solution. If we write the series out, it becomes
o0 oo
Z4nz3n -1 +4z3 +4226 +4329 +44212 4= Z amzm’
n=0 m=0
where a,, = 4™/3 if m =0,3,6,9,--- and a,, = 0 for all other m. So technically, we cannot

use either tests. But if we let w = 23 then the series becomes a power series for w:

oo oo
Z 4" = Z(4w)”,
n=0 n=0

which is a geometric series with ratio r = 4w. Hence this series converges when |4w| < 1 and
diverges when |4w| > 1; therefore the original series converges if 4|23| < 1 that is |z| < 1/V/4
and diverges if |z| > 1/+/4. Hence the radius of convergence is R = 1//4. O

The Derivative of a Power Series. We can now study some properties of the function
defined by a power series on its disc of convergence.

Theorem 2.6. Let the radius of convergence of power series > an(z— z9)™ be R > 0. Then
the function defined by

f(2) =) an(z—2)"
n=0

is infinitely differentiable within the disc |z — zo| < R, each derivative being again given by
a power series which is obtained from the original series by term-by-term differentiation;
that is,

(e 9]

fPE) = nn-1)n—k+Dan(z—20)"", k=1,2,--.

n=~k
In particular, by setting z = zy, we have
(k)
(2.4) ak:fk(‘zo), k=0,1,2,---.

We shall not prove this theorem, but remark that if a function f can be written as a
power series around zg then this power series must be the Taylor series of f:

©  rn)(,
=3 T gy
n=0

EXAMPLE 4. Show that

Z - e* for all complex number z.
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Proof. Let

z
f(z) = Z P
n=0
Then f(0) = 1. Since the radius of this series is R = oo, by the theorem above, f(z) is

infinitely differentiable at all z and

Zkl:

Therefore

(€7f(2)) = —e*f(2) +e*f(2) =0 V=
Hence e * f(z) must be a constant C for all z and so f(z) = Ce*. But f(0) =1so C = 1.
Therefore f(z) = e*, as needed. O

ExXAMPLE 5. Find the power series of sin z and cos z about z = 0.

Solution. Since

n=0
we have
1 _ 1 [ (i2)" (—iz)
cosz = J(e ) = (z 2 i
n=0 n=0
00 2k 4
z 2z
= —1)k =1-4+= v
kz_%( ) @ STRRPT :
Since sin z = —(cos z)’, we obtain
o0 2k+1 3 .5
2 z° oz
= — 2Lz Ly
sin z ;0( ) k1) 3 + ol z

O

Multiplication and Substitution of Power Series. Sometimes, we can find the power
series of product, quotient and composition of power series. This can be done just like
polynomials. For example,

(o) (St o) - Soe-ar

where

n
cn = aoby +a1bp—1 + - +anby = Z agbp_.
k=0
In particular, we may just need the following: for all k =1,2,-- -,

(z — zo)k Z an(z — zp)" = Z an(z — zo)”+k.
n=0 n=0

When finding the power series (Taylor’s series) of a function of type f(g(z)) at z = 2o,
where g(z) has power series at zg and f(w) has power series at w = wy = g(29) as follows:

z) = Z an(z —20)", flw) = Z by (w — wp)"
n=0 n=0
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We can replace w = g(z) into the power series of f(w) to obtain the power series of f(g(z))
at zg. This is especially useful when one of f and g is a polynomial of z — z.

EXAMPLE 6. (1) Find the power series of €*/(1 — z) about 2 in |z| < 1.

Solution. We know

2 3
z_ RN
e —1+z+2!+3!+ , all z
and
1 2, .3
Ezl—%z—i—z +224+--, |zl <L
Hence B . g 6
:1 2 72 73 74 <1
T 2k gt b gt |2|
O
(2) By substitution, we have
3 e Z3n
Ea— -
=Y
n=0

(3) Find the power series of (1 — 22)sin z about zg = 0.

(1—2%)sinz = (1—,2’2)2(—1)"“ﬂ =(1-2Y(z— £+Zi .
o (2n +1)! 6 120

7,21,
= 5" T1n”

Exercises. Page 103. Problems 1, 2, 3, 7, 8, 9, 14, 15, 18

2.3. Cauchy’s Theorem and Cauchy’s Formula

The Cauchy’s Theorem and Cauchy’s Formula are the linchpin of complex variables.

Theorem 2.7 (Cauchy’s Theorem). Let f be analytic in a domain D and let v be a
piecewise smooth simple closed curve in D whose inside Q also lies in D. Then

(2.5) /f(z) dz = 0.

Proof. The proof of this theorem under the additional assumption that f’ is continuous
in D follows directly from the Green’s Theorem above. For example, in this case, one can
apply Green’s Theorem to obtain

Lf(z) dz :i//g(fxﬂ'fy)dxdy.

Now, if f = u + iv then, by the Cauchy-Riemann equations,
fo+ify = (ug +ivg) + i(uy +ivy) = (up —vy) +i(uy +v,) =04+i0=0 in D.
Hence (2.5) holds.

However, without the hypothesis of continuity of f’, we cannot apply Green’s Theorem;
so we must use a more sophisticated technique to prove this theorem. This starts with the
following Cauchy-Goursat Theorem. O
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Theorem 2.8 (Cauchy-Goursat Theorem). Suppose f is analytic in a domain D. If T
is a triangle in D whose inside A is also in D, then

/F F(2)dz = 0.

Proof*. Let I = | [, f(z)dz]. So I > 0, and we want to show I = 0. Divide the solid
triangle I' U A into four triangles by joining the midpoints of the three sides of I'. Orient
the boundaries of all triangles positively, call the four small solid triangles €1, --- , €4 and
let their boundaries be ~1, - - , 74, respectively. Then

4
/Ff(z)dz = Z f(z)dz

j=1"7
f(z)dz| <4
Yi

I:

f(z)dz

Ym
:j:1,2,3,4}.

Let then Ay = Q,, and I'1 = ~,,. Then divide the solid triangle A; into four triangles
by joining the midpoints of its sides as above to obtain a solid triangle Ay with positively
oriented boundary I's such that

4
<D
j=1

where m € {1,2, 3,4} is chosen so that

:max{ A () dz

J

I =

(2)dz
Ym

L <4, =4

f(z)dz
T2

Continuing in this way, we obtain a sequence of solid triangles {A;} with positively oriented
boundary I';, j = 1,2,---, such that

(i) Aji1 is a subset of A;
1
(27,) length(I‘jH) = ilength(I‘j)

1
(t3i) the diameter of Ay = §{the diameter of A;}
(i) if I; = | [ f(2)dz|, then [; < 4l;4,.
J
In particular, for j =1,2,---

1
(ii)" length(T';) = glength(l“)

1
(ii1)"  diameter(A;) = gdiameter(A)

(iv) I <49I;.
Therefore, there exists a unique point zg in D that lies in all the A;. Since f is differentiable
at zo so, given € > 0, there is a small § > 0 such that the disc {|z — z0| < ¢} is in D and

f(z) = f(=0)

— f(20)| <€ forall 0<|z— 2z <.
z— 29

Equivalently,
£ (2) = [f(20) + f'(20)(z — 20)]| < €|z — 20| V |z — 20| <.
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We know there exists jo such that the triangles A; lies within the disc {|z — 29| < 0} for all
j > jo. By the direct computation or Green’s Theorem, we know that

/ dz:/ zdz =0
L r;

(or by the Cauchy’s Theorem just proved under the additional assumption). Therefore, for

all j > jo,
/ f(2)de
Ly

< ediameter(A;) - length(T';)

I =

[ (G = o)+ £ o)z = z0) =

<e max |z — 20| - length(T';)

zel';

< e% diameter(A) - length(T").
Finally by (iv)" above, we find, for all j > jo,
0 < I <471; < ediameter(A) - length(T")
for arbitrary € > 0. This proves I = 0. O

We now introduce a class of special domains. A domain D is called simply-connected
if, whenever ~ is a simple closed curve in D, the inside of « is also in D.

Theorem 2.9. Let D be a simply-connected domain and let f be an analytic function in

D. Then
/f(z) dz=0
.

for any closed polygonal curve v in D.

Proof. By connecting some vertices to form certain triangles, v can be separated into the
sum of closed triangles with line integrals on overlapping sides counted and thus cancelled
in opposite directions. Therefore this theorem follows from the Cauchy—Goursat theorem
proved above. O

Theorem 2.10. Let D be a simply-connected domain and let f be an analytic function in
D. Then there exists an analytic function F in D such that F'(z) = f(z) for all z € D.

Proof. Fix a point zg in D and define a function F' in D as follows. Given any z € D let
~ be any polygonal curve connecting zg to z. Define

Fz) = / £(0) dC.

First, we claim F'(z) is independent of the choice of the polygonal curve « and hence F'
is well-defined. To see this, let 0 be another polygonal curve joining zg to z in D. Let
I' = v U (=4) be the closed polygonal curve consisting of v and the reversed curve of 4.
Then, by the previous theorem,

0= [ 10 = / fQac— [ o

Hence f7 f(¢)d¢ = [ f(¢) dC; this proves that F(z) is independent of the curve ~.
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Next we show that F is differentiable at every point z € D and F’(z) = f(z). This is to
prove

- {F(z + h})L ~F(z) f(z)} o

To prove this, assume the disc {|¢ —z| < 0} is contained in D for some § > 0. Let z = x + iy
and h = o + i1 with 0 < |h| < 6. Let L be the line segment joining z to z+ h. Then L is in
D since it is in the disc {|¢ — z| < §}. Let v be any polygonal curve 7 joining z to z in D
and let v U L be the polygonal curve consisting of v and L. Then since F(z) and F'(z + h)
are independent of the curves, we have

Fe+h)= [ F(Q)dc H@zjfumo
v

YUL

Hence
P+ =FE) = [ 10

Note that, by an easy computation,

Afumczﬂalﬁczﬂan

Therefore . .
- 1
e CEL Y IGRY O
v )~ F()
F(z+h)—-F(z 1
FEED I ) < g ma, 1106 - £(6)] - length (1)
= s (7O = (&) =0 as o] 0.
Therefore, F'(z) = f(z) for all z € D. O

Theorem 2.11. Let f and F be analytic in a domain D and F'(z) = f(z) for all z € D.
Let T be any piecewise smooth curve in D with starting point A and ending point B. Then

/Ff(z) dz = F(B) — F(A).

In particular, if v is a piecewise smooth closed curve in D, then

L F(2)dz = 0.

Proof. Assume I itself is smooth with parameterization y(t) with a < ¢ < b and v(a) =
A, v(b) = B. It is easy to see

[F(y@)) = F'(y(t)y'(t) = f(y()' (&) VT € [a,D].

Hence, by definition of the line integral and the Fundamental Theorem of Calculus,

b
Aﬂ@wzlfwwwwﬁ

b
= / [F(y(®))) dt = F(y(b)) — F(v(a)) = F(B) — F(A).

This integral would be zero if B = A, which is the case when I is closed. 0
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Final Proof of Cauchy’s Theorem. Let D be any domain and a simple closed curve v
along with its inside be contained in D. Then there exists a simply-connected subdomain
D’ in D that contains ~ and its inside. Since D’ is simply-connected, by the theorem above,
there exists an analytic function F' in D’ such that F'(z) = f(z) for all z € D’. Hence by

the previous theorem
[ #az=o
.

since 7 is a closed curve in D’. This completes the proof of Cauchy’s Theorem. g

Theorem 2.12 (Cauchy’s Formula). Let f be analytic in a domain D and ~y a piecewise
smooth positively oriented simple closed curve in D whose inside ) also lies in D. Then

(2.6) fla) = — [ LB

27 zZ—a

dz for all a € Q.
.

Proof. Let B, = {|z —a| < ¢} CC Q and Q. = Q\ B.. Let CD be a fixed diameter on the
circle |z — a| = €; let E, F' be two other points on the circle so that the closed arc CEDFC
represents the positively oriented circle e = {|z — a| = €}. Let A, B be the first intersecting
point with v of ray aC and ray aD, respectively; let G, H be two other points on v so
that the closed loop AGBH A along «y represents the positively oriented simple closed curve
~. Finally, let 'y = AGBDFECA and T's = ACFDBH A be two closed piece-wise smooth
curves. (See the figure below.)

Figure 2.1. The proof of Cauchy’s Formula

Let g(z) = % Then, by Cauchy’s Theorem above,

/Flg(z)dz:(), /FQg(z)dz:O.

Add the two integrals, cancel the line integrals on segments AC with C A and BD with DB,
and note that the line integrals on arc DEC and C'F' D are combined to the line integral on
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the reversed circle —9.. Hence we have

/79(2) dz = /569(2) dz.

1 [ f(z) _ 1 [ 1)
L dz = d

z—a 21 J5, 2 —a

Therefore

—  f(a) ase— 0, by Example (3) of §1.6.
O

Applications of Cauchy’s Theorem/Formula. Cauchy’s Theorem and Formula can be
used to evaluate certain line integrals and definite integrals. See more applications later in

§2.6.
2
d
/7 z+1 “

where 7 is any curve in the domain {z : Imz > 0} joining the points —1 + 2i and 1 + 2i.
(Or replace this example by any of Exercises 9, 11, 12 to avoid the logarithmic function.)

ExaMPLE 7. Evaluate the integral

Solution. The integrand
z 1
= = 1 —
& =a 2+ 1
is analytic in the domain {z : Imz > 0}, which is simply connected. Therefore, there exists
an analytic function F(z) on the domain such that F’'(z) = f(z). But what is F'(z) then?
In fact, let

F(z) = z—Log(z+ 1),

where Log(z 4+ 1) is defined and is analytic on the whole plane with the ray (—oo,—1]
deleted, and hence F(z) is analytic on the given domain {z : Imz > 0}, and it can be seen
that F'(z) = f(z) on the domain. Therefore,

/f (B) — F(A) = F(1 4 2i) — F(—1+ 2i)
= [1 4+ 2i — Log(2 + 2¢)] — [-1 + 2¢ — Log(27)]
In2
=2~ [In(vV8) +i2] + [ln2+zf] =2 =245
4 2 4
g
ExXAMPLE 8. Evaluate
=t
——dz.
ot1)=2 22 — 4
Solution. The integrand Zfi can be written as %, where f(z) = ;,22- Since f(z) is

analytic on |z +1| < 2 and —2 is inside the circle |z + 1| = 2, by Cauchy’s Formula, we have

/I 22 dzz/ f(2) dz = 2mif(=2) = 2mi(—1) = —2mi.

2
a41)=2 27 — 4 2tlj=2 2 T2
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EXAMPLE 9. Evaluate
27 1
—df.
/0 2+ sind

Solution. We try to write this integral as the defining integral for a line integral fv g(z)dz
for some complex function g and a closed curve ~. If the curve v has the smooth parame-
terization y(@) with 6 € [0, 2x], then

/ 9(z) dz = /0 " 9(4(0))7(0) do.

We would like to choose (@) so that the right-hand side definite integral is exactly the one
we need to compute. Usually, for the definite integral involving sinf or cosf, we always
choose v(#) = € and hence 7 is the unit circle. Introduce

z=~0)=¢" 0<6<2m,

then
sinf = %(ew —e ) = %(z — %),
dz=~'(0)d0 = ie?® do = iz db
and hence
df = i dz.
iz

The interval 6 € [0,27] is transformed to the simple closed positively oriented unit circle
|z| = 1. Hence

2m
1 1 1 2
/ _ d@:/ P S BN dZ:/ ) dZ
o 2+sinf lo|=1 2+ 55 (2 — ) iz lo|=1 2% +4iz =1

Therefore, we need to evaluate the line integral

2
- dz.
/|Z:1 22+ 4iz —1 ‘

We try to use Cauchy’s Formula. Note that
P4diz—1=(z2—p)(z—q); p=1i(V3-2), q=—i(V3+2),
and that p is inside the circle |z| = 1 and ¢ is outside |z| = 1. Hence

2 _ 2 _ f(2)
224+4iz—1 (2—p)z—q) z-—p’

where f(z) = %_q is analytic on and inside the circle |z| = 1. Therefore, by Cauchy’s
Formula,
2 f(2) :
,dz:/ dz =2mif(p
/|Z|:1 224+ 4iz—1 l2|=1 2 — D )
2 2 2
=27 —omi_ =L

p—q 23 V3

S | 2 2
a9 = t =T
/0 2 + sinf /,Z|:1 2idiz 1773

Finally we have
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ExaMPLE 10. Let 0 < a < 1 be a given real number. Evaluate

2m do
/0 1—2acosf+ a?’

0

Solution. Use the same substitution z = ¢ as above and we have

1 1 1
COSG:(«Z‘F)» df = —dz
2 z 12
and hence
/27r - _/ ! idz
o 1-2acosfta®  Jpm 1-a(z+3) +a?iz
! ! LS 1
= ——dz=—— 2 g h _
ai Jizj=1 (2 —a)(z — 1) z ai J1z—a z  (where f(2) z—%)
1 2
at [ mf(a)] 1— a2
The function
1 1 — a2

O<a<1, 0<6<2r,

P,(0) = —
a(0) 271 —2acosf + a?’
is called the Poisson kernel and satisfies

2
/ P,(0)do =1, 0<a<l.
0

Exercises. Page 116. Problems 1-7, 9, 11, 12.

2.4. Consequences of Cauchy’s Theorem

Theorem 2.13. Suppose that f is analytic in a domain D and zo € D. If the disc
{z : |z — 20| < R} lies in D, then

f(z)= Zak(z — zo)k YV |z — 20| < R,
k=0

where the coefficients ay are given by

_ 1 f(Q) _
g = 5 W(C—zo)k“dc k=0,1,2,---,

where v is the positively oriented circle {C : | — zo| =1} for any 0 <r < R.

Proof. First, by Cauchy’s Theorem, the number a;, defined above is independent of r for
all 0 < r < R. Given any z with |z — 29| < R, let » > 0 be a fixed number such that
|z — 20| <7 < R, and let v be the positively oriented circle | — zg| = . Then by Cauchy’s

Formula,
_ 1[5
J(2) = QWiAC—de'

Note that, for all ¢ € v; that is | — 20| = 7 > |z — 20|, it follows by the geometric series that
1 1 1 1

(—z ((—20)—(2—2) (—21—22

¢—20
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_ 1 i<2—20>k_§:(2—z0)k
I e AN A (S L

Since this infinite series converges absolutely and uniformly on ¢ € -, the interchange of
orders of integration and summation is legitimate and yields that

1
):ﬁ Vg(—Cld_271'Z/<Z:f kH)dC

- 1
:Z(Z—Zo)km/wa(C;kHdC Zak zZ—2p) k.

k=0

0

From this theorem, we obtain the following important facts about the analytic functions.

FACT 1. If f is analytic in a domain D then f has all orders of derivatives in D and each
higher order derivative f%) is also analytic in D.

This is due to the fact that an analytic function can be written as a power series at each
of the points in the domain. In fact, by the formula for a; and the property of Taylor’s
formula, we have the following generalized Cauchy’s Formula: If f is analytic in a
domain D and zy € D, then

k! f(¢
f(k)(ZO):.[Y(C(;kHdg k=0,1,2,-

211 — 20

for all piecewise smooth positively oriented simple closed curve v in D whose inside con-
taining zg is also in D.

FACT 2. If f is analytic in a domain D and f%)(z) =0 for all k =0,1,2,--- at some
point zg € D, then f(z) =0 for all z € D.

Proof. Let z; be any point in D. Let I' be a polygonal curve in D joining 2o to z1. One can
finds a finite number of closed discs in D, say, Ay, -, Ay with the property: the center of
Ay is zg and the centers of all Ay are on the polygonal curve and the center of Ay is inside
Ap_q forall k =2,3,--- ,N and z; € Ay. Since A; is a disc in D with center zp, by the
theorem above, f(z) =0 for all z € Ay, and hence %) is zero for all k =0,1,2,--- at the
center of Ay hence f =0 on As. Repeating in this way we have f = 0 on Ay in particular,

f(zl) =0. ]

FACT 3: The order of zero. Suppose that f is analytic in a domain D and f(zp) = 0
at some zg € D. Suppose that f is not identically zero in D. By Fact 2 above, there must
be a positive integer m such that

FP20)=0 k=01, ,m—1; f™(z)#0.

In this case, near zp in D

oo

f(z) = Z ak(z — zo)k — (z — zo)m[am —|—am+1(z — ZO) + .. .]7

k=m

where a,, # 0. In this case, we say f has a zero of order m at zj.
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It is easy to see that an analytic function f in D has a zero of order m at zg € D if and
only if

f(z) =(2—20)"g(z) where g is analytic in D and g(zp) # 0.
Morera’s Theorem. The following theorem shows that Cauchy-Goursat Theorem exactly

characterizes the analytic functions.

Theorem 2.14 (Morera’s Theorem). Let f be continuous in a domain D. If

Af(z)dz:o

holds for all triangles v in D whose inside also lies in D, then f is analytic in D.

Proof. Let zp € D and let disc A = {( : |( — z0| < R} be also in D. Define a function F'(z)
in A as follows:

re) = [ TR0 d,

where the notation means the line integral on the line segment joining zg to z. By the
definition, we can easily show that F is analytic in A and F’(z) = f(z) in A. This proves
that F' is analytic in A; so by Fact 1 above f is also analytic in A. Hence f is analytic in
D. O

Theorem 2.15 (Liouville’s Theorem). Let f be an entire and bounded function. Then
f must be a constant.

Proof. By Theorem 2.13 above,

f(z) = Z apz®  for all z,
k=0
where
1 f(z)

a

S dz k=0,1,2--
* T omi fyg A R

where R is any positive number. Let |f(z)| < M for all z. Then, for all k =1,2,---,

f(z)
/Z|:R o) dz

- (Length of circle |z| = R)

jag] =
ap| = —
k 27

z
Skt 1

< — max
27 |z|=R

1 M M

as R — oo. Hence a;, =0 for all k =1,2,--- . Therefore f(z) = a¢ is constant. O
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Analytic Logarithms. Let f be analytic in a simply-connected domain D and f(z) # 0
for all z € D. Then there exists an analytic function g in D such that

f(z)=e9%) Vv zeD.

Proof. Since the function % is analytic in the simply-connected domain D, by Theorem

2.10 above, there exists an analytic function F' in D such that

SO

) VYV zeD.

Hence
eFOSE) = e FOf () — e FOF(:)f(z) =0 ¥ 2 € D.

Therefore e~ (%) f(2) is constant in D; let e=¥) f(2) = C be a constant. Hence
f(z) = Cel'®) = L08CF () — e9?) | g(z) = LogC + F(z),

and ¢(z) is analytic in D and satisfies f(z) = €9} in D. Note that function g(z) is not
unique, for g(z) + 27ki with any integer k£ will provide another analytic function satisfying
the same requirement. Any such function g(z) is called an analytic logarithm of f(z). O

Exercises. Page 133. Problems 1, 2, 3, 9, 12, 17, 18, 21.

2.5. Isolated Singularities

A function f is said to have an isolated singularity at a point zg if f is analytic in a
punctured disc {0 < |z — zg| < r} for some r > 0. The meaning of “isolated” is that in the
full disc {|z — 20| < 7}, 20 is the only (possible) point at which f is not differentiable. The
isolated singularities play an important role in the applications of complex variables.

There are precisely three possible distinct cases for a function f to have an isolated
singularity at zg:
(a) |f(2)] is bounded in 0 < |z — 29| < 7’ < r for some 0 < 1’ < 7.
(b) lim |f(2)| = 4o0.
Z—20
(c
(

C

) Neither (a) nor (b) holds. This is equivalent to the following conditions:
)7
limsup |f(z)| = +o0; liminf|f(z)] < oco.
220 Z—r20

In case (a), we say f has a removable singularity at zy (see below for the reason); in
case (b) we say f has a pole at zp; while in case (c), we say f has an essential singularity
at zgp.

We shall only study the first two cases; the essential singularities will not be studied.

Removable Singularities. Assume case (a) holds; that is, assume |f(z)| < M for all
0 < |z — 20| <7/, where 7’ € (0,7) is a constant. Let

Z — Z 2 z Z — Z r
g(z):{< 0)2/(z) 0< 2= 2] <

0 z = 29.
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Then g is defined in the full disc D = {|z — 29| < r}, and we show that g is analytic in D.
This is to say that ¢ is differentiable at every point in D. Certainly, g is differentiable at
each z € D\ {z}. At 2

§(20) = Tim ZELZ9G0) _y L p ) = 0
Z—20 zZ— 20 Z—20

since |f(2)] is bounded near zy. Therefore g is analytic in D and g(z9) = ¢'(z0) = 0. Let m
be the order of zero of g at zg. Then m > 2 and

g9(z) = (2 — z0)™h(z) where h is analytic in D and h(zy) # 0.
Let
f(2) =(z—2)"2h(z) z€D.
Then f is analytic in D and for all z € D\ {z}

F2) = (g2 G 9@ gy

(z—20)™ (2~ 20)?

Therefore, f can be extended to the whole disc as an analytic function f . Hence, in this
case, zg is called a removable singularity for f.

Poles. In case (b) above, |f(2)] — oo as z — zp; without loss of generality, assume
lf(z)>1 VY O0<|z—2z2] <

In this case, function g(z) = ﬁ is a bounded analytic function in 0 < |z — 29| < 7; that
is, g has a removable singularity at zg. Therefore there exists an analytic function ¢ in the
full disc D = {|z — 2| < r} such that g(z) = g(z) for z € D \ {z0}. Note that

1

19(20)| = lim |g(2)| = lim T 0

by the assumption in case (b). Hence g has a zero at zg and let m be the order of zero of g
at zg. Then
g(z) = (z — 20)"h(z) where h is analytic in D and h(zg) # 0.
Therefore, for all 0 < |z — 29| < r, we have
1 1 1 H(z
f(Z) = = m = ( ) m’
9(z)  (z—20)"h(z)  (z—20)

where H(z) is analytic in D = {|z — 29| < r} and H(zp) # 0.

In this case, we say f has a pole of order m at the singularity zy. Therefore, the order
of pole of f at zy is the same as the order of zero of% at zg.

The Residue at a Singularity. Assume f is analytic in a punctured disc {0 < |z—z¢| < r}
for some r > 0. Then the number
1

2mi

f(z)dz
|z—z0|=s
is independent of the number s as long as 0 < s < r. This can be easily seen from the
Green’s Theorem or an application of Cauchy’s Theorem. We define this number to be the
residue of f at zy and denote it by the notation

1
2.7 Res(f;z9) = — z)dz.
(27 e

21
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This is the definition of residue and does not give the most effective way to compute it. We
shall study some more effective ways to compute residues.

The Computation of Residues. Assume
H(z)
f(Z) - (Z . Zo)mv

where H is analytic in a disc {|z — z9| < r} and m is a positive integer. We claim

H(z) . ) _ Hm=D) ()
y |

(2.8) Res(f;20) = Res <(z — 2 (m —1)!

To see this, since H is analytic in {|z — 29| < r} we have

o0
H(z)= ch(z —20)F, |z — 20| <1,
k=0

where
H)
ck:ﬂ Vk=0,1,2,---.
k!
Therefore
c Cr—
f(Z):ﬁ‘F ZT;0+Cm+Cm+1(Z—ZO)+"'
_ % .y Gm
_(Z—Zo)m+ —I—Z_ZO—I—g(z),

where g(z) is analytic in |z — 29| < r. Hence by the definition of residue and generalized
Cauchy’s Formula,

1 Co Cm—1
Res(f:29) = — S T d
es(f; 20) o /|z—zo:s <(z T + + P Zo) 2

Hm=D(z)
(m—1)!

= Cmfl =

In particular, when m = 1, we have

(2.9) Res < H(z) -z0> — H{(z).

z—20

Laurent Series. Suppose that f(z) is analytic in an annulus D = {z: r < |z — 29| < R},
where 0 < r < R are given numbers. Then f can be written as the following Laurent
series at zp :

(2.10) f(2) :Zbk(z—zo)*k+2ak(z—zo)k, r<|z—z| <R,
k=1 k=0

where by, = a_y, for k=1,2,--- and all a;’s are given by

1 f(2)
= — ————d k=0,£1,£2, .-
= om /z20|=s (z — z0)k*t 2 0 2,

with s € (r, R) being any given number.
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Proof. Given z with r < |z — 29| < R, select two numbers r;, R; with
r<ry<l|z—z2) <R <R.

Let I' be the circle [w—zp| = R; oriented counterclockwise and let v be the circle |w—zg| = 71
oriented clockwise. Choose a radius of the circle |w — 29| = R that does not contain z and
let P, be the intersection points of the radius with I and -, respectively. Cut the annulus
{r1 < |Jw — 20| < R} along PQ, and this makes two simple closed curves. From this and
using Cauchy’s Formula, we have

_ L[ () L[ fw)
f(z)_27ri/pw—zdw+27ri/7w—zdw'
1

Then, on v and I', we express -~ as series around zp. This will eventually prove the
theorem. See Text for details. O

Now assume f(z) is analytic in the punctured disc {0 < |z — 29| < R}. Then
Res(f; 20) = by = the coefficient of (2 — zp) ™! in the Laurent series (2.10).

It can also be shown that

(1) f has a removable singularity at zg if and only if the coefficient b, of (z — 29) ™" in

the Laurent series equals zero for all k£ > 1.

(2) f has a pole of order m at zg if and only if the coefficient by of (z — 29)™* in the
Laurent series equals zero for all K > m + 1 and b,, # 0. In this case the sum
involving all negative powers of z — zp in the Laurent series is called the principal
part of f at zy. This is exactly a polynomial of order m without constant term

P<Z—lzo> :i('z—kaO)k'

k=1
(3) f has an essential singularity at zq if and only if there are infinitely many nonzero
coefficients by, of negative power terms (z — z9) ™% in the Laurent series.

z—z0"

ExampLE 11. (1)

224+32—1
L . 2) =(-2%+3(-2)-1=-3.
Res( 12 ) (=2)"+3(-2) 3

(2)

(3) Find the residues of
z+1
(224 4)(2—1)3

at each of its poles.

Solution. The poles are the zeros of the denominator and thus are —2¢, 2¢ and 1 with the
order 1,1 and 3, respectively. Note that
z+1 flz) _ 9(2) h(z)

RE) = oo 22 242 G-
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where
z+1 z+1 2t
pu— = h - 244
I& =t Y=o "W a
Hence
2 +1 24—
Res(R; 2i) = f(2i) = = '
es( ; Z) f( Z) (214_22)(27’_ 1)3 500 ’
—2i+1 24+ 710
Res(R, Z) g( 7’) (721' _ 21)(f21 — 1)3 500
h//(l) 12
Res(R;1) = o~ 125"

O
(4) Suppose that F' and G are analytic in the disc {|z — 29| < 7} with G(29) = 0 but

G'(z9) # 0. Then
F _\_ F(x)
Res <G,Zo) = Glz0)’
To see this, write G(z) = (z—20)g(z), where g is analytic in the disc and g(z9) = G'(z0) # 0.

Hence
0)
O) '

_ F(20) _ F(z
9(20) G'(z

(5) Find the Laurent series at 29 = 0 for f(z) = (sin z)/z5.

Solution.
_sinz_z—‘g—?—kgf—
f(Z) - Z3 - 23
11 22
:;—g‘Fg—"', Z#O.
This is the Laurent series of f(z) and the principal part is Z% and coeflient b; of term % is
zero and hence the residue of f at zg = 0 is zero. O

(6) The Laurent series of el/# can be easily obtained by the power series expansion of
e* as follows:

0 1 % 1
1/z _ - n __ )
€ —Zn!(l/z) _anz
n=0 n=0
1 1 1

T T L ST
+z+2!z2+3!z3+

Therefore
Res(e'/#;0) = 1.

Note that e!/# has an essential singularity at zop = 0 since the Laurent series has infinitely
many negative powers.

(7) (Exercise #12.) Find the Laurent series of at zp = 0 with first four terms.

62_
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Solution. Sinceezz1+z+z2—f+‘§f3!+%+-~-,wehave
1 1
-1 sro Dt
1 1

= — :1(a0+alz+a2z2+a323+---)
Pl g+ +E 4 2

where
1

L+ 5+ 5 +5+-

We can determine ag, a1, as, as, -+ by multiplication of power series

:ao+a1z—|—a222+a323+---.

z 22 28 2 3
<1+2+6+24—|—-~)(a0—|—a12+a22 +agz’+---)=1.

For example, this equality becomes
0 ﬂ@2(%ﬂ@>3...:1
a0+(m4—2)z+(@4—2—+6>z ot T+ t5g) .
Hence

Therefore,

This is the Laurent series for

Z at zg = 0. Easily we see the residue of the function at
e —
the pole is 1. O

Exercises. Page 150. Problems 1, 3, 5-8, 11, 14, 15, 22(a, b).

2.6. The Residue Theorem and Its Applications

Theorem 2.16 (The Residue Theorem). Suppose f is analytic in a simply-connected

domain D except for a finite number of isolated singularities at points z1,z9,- -+ ,zn of D.
Let v be a piecewise smooth positively oriented simple closed curve in D that does not pass
through any of the points z1,zo,--- ,zn. Then

(2.11) /f(z) dz = 2mi Z Res(f; zr),

all z, inside ~

where the sum is taken over all those singularities zx lying inside .

Proof. Let Q be the inside of v and 2z, 2},--- , 2/, are the isolated singularities that lie
in Q. Let A; be the closed disc with center z§ that is contained in €2 and be disjoint for
j=1,---,n. Let U be the domain Q \ U?ZlAj. Then the positively oriented boundary of
U is

OU =~y U (—=0A1)U---U(=0A).
By Green’s Theorem

f(z)dz =0.
ou
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Figure 2.2. The proof of Residue Theorem

Hence
n

/f(z) dz =) f(z)dz =" (2mi) Res(f; 2}).
g j=1"794; j=1
O

Applications of The Residue Theorem for Evaluating Integrals. We will apply the
Residue Theorem to compute real variable integrals of the following type.

Application 1: Suppose that P, Q) are polynomials of real coefficients and degQ) > degP+2.
Assume Q(x) # 0 for all real numbers x. Then

(2.12) /_Z ggg de=2ri Y Res <gg’3 ; zJ) :

Q(z)=0;Imz;>0

Figure 2.3. The integral path in Application 1
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Proof. Since Q(z) has finitely many zeros (a property of polynomials) and has no zeros on
the real axis, we assume that all zeros of () in the upper half plane are inside the semi-disc
Dr = {z : Imz > 0, |z| < R}, for all sufficiently large R > 0. (See Figure 2.3 given.) Let
~vr be the positively oriented boundary of Dg. Then by the Residue Theorem

P(z) = 2m es M'z
(2.13) e dz=2 > R (Q(Z), j>.

Q(z)=0;Imz;>0

However,

P(z) L  p(x) " P(z) z
(2.14) [y o) ¢ ‘/R o) +/|Z:R,1mz>o Q)

Let P(z) = anz™ + -+ +ag (ap #0) and Q(z) = by 2™ + -+ + by (b, # 0). Then, by the
assumption on degrees, m — n > 2. Therefore

P(z)  apz™+---+ag ZMay + L 4+ 90 o
Q) " bue by (bt gy ) f(2),
where
f(z) an+“n7—1+...+%g_>al as |z| — oo.

byt imep b
Hence there is a constant M > 0 such that, for R sufficiently large,
‘P (2)

o | =TGN < MBET Yz = R

Therefore, for such R’s,

P(z)
/|zR,Imz>0 Q(z) e

From this, since n — m + 1 < —1, we have

< MR"™(zR) = tMR"™™"1,

. P(z)
lim
R—00 J|;1=Rr,Imz>0 Q(Z)

In (2.14), letting R — oo, we have

i RP(JU) = 271 es @'z
LY T kD DR <Q(z)’ >

Q(Zj):O;Iij >0

dz = 0.

However, we also know that gg% ~ |z|"~™ and thus is bounded by x~2, which has finite
P(z)

improper integral at +oo, for all large |x|, so the imporper integral ffooo o dx converges
o0
/.

ExaMpPLE 12. (1) Compute

and
P(z) r = lim RP(JU) T = 271 es @'z
o= dm [ ge=m X ()

Q(Zj)ZO;Iij >0

/oo x2 s — E
oo (T+a2)(d+22) " 3
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Solution. Here P(z) = 22 and Q(z) = (1 + 2%)(4 + 2%), and Q(z) = 0 has two solutions
z1 =i and zo = 2¢ in the upper half-plane Im z > 0. Note that

P(2) 22 22

Q) (z—i)z+i)A+22)  (1+22)(z—2i)(z +2i)

Hence 9
P . 7 1
QY T A T e
P _. (24)? 1
Res (—=;2i) = = —.
(@ = Tr@p@it) 3
Therefore, by (2.12),
> P(x) o1 1 T
dr =27mi(—— + —) = =
/_oo o) =G ) =3
]
(2)
/°° dx T
Lo (T4 22)2 27
Proof. Note that 1+ 22 = 0 has one solution zy = i in the upper half-plane and that
1 B 1 _ H(z)
(14222 (z—)2(z+19)2 (2 —1)%
where
H) = o H() =
(2497 (2493
Hence
(1+22)%’ (i+1)3  4i
Therefore, by (2.12),
o dz 1 1 =
_dr b Nl
/oo a2z TR <<1 n >> a2
]

Application 2: Compute the integrals of the type
> P(z)cosx /OO P(z)sinz
2.15 / Sl P
(219) QW Q@
where P, Q are polynomials of real coefficients and Q(x) # 0 for all real x.
Note that if x is real, then

cosz = Re(e™®); sinz = Im(e™).
Therefore to compute (2.15) we can compute the value of the integral

(2.16) /_ h Pg(f)m dx

and then take the real and imaginary parts of this value to get the integrals in (2.15). Note
that the improper integral (2.16) converges if deg@ > degP + 2 and

© P(z)et® — lim RP(w)ei’” .
[ = [ g
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Theorem. If degQ) > degP + 1, then

(2.17) Jim /_ z P(”“;Le)m de=2mi Y Res <Pé;()ze) : zj> .

Q(z;)=0;Imz;>0

We define this value to be the Cauchy’s principal value of the improper integral (2.16)

and denote it by
o0 P(:c)e
PV. / dr = lim dx.
( ) — 0o Q(l’) R—o0 Q

Note that if an improper integral ffooo f(z) dx converges then

/_: F()dz = (P.V) /_Z (@) da

Proof. Again, we use the integral path g in Figure 2.3 inside which all zeros of Q(z) in
the upper half plane lie. Let g = {z : Imz > 0, |z| = R}. As above, we only need to show

P(z)e*

(2.18) lim

R—o0 )

dz = 0.

We parameterize dg using z(#) = Re' with 0 < § < 7. Then dz = iRe' df and

zz(@)| Re(iz(0)) — e—RsinQ.

le =e
Therefore
/ ’ Z 12(0 Rez@ do
ORr
" | P(Re! ) ~Rsin®
S R sin da
/0 Q(Re?)
As above, there is a constant M such that, for all sufficiently large R,
P(Re")
< MR"™.
Q(Rei®)| ~
Also,

™ ) /2 . T .
/ e—Rsm@ do = / e—RsmG do +/ e—RsmG do
0 0 w/2

w/2 )
=2 / e~ ftsinb g (using substitution § = 7 — 7 in the second integral).
0
Note that the function h(f) = 3129 is decreasing on (0, 7/2) (checking h’(6) < 0) and hence

sin@Z—H Vo<6<m/2
T

Hence
e fsind < o~QR/MO v << /2
and thus
T2 /2 ~QR/m)0\x/2
—Rsin6 —(2R/m)0 _c == —eft
do < df = = 1 :

/0 e > /0 € —2R/m lo 2R ( ‘ )

So

2.19 "R g T
(2.19) /Oe <z
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Combining these estimates, we have
/7r P(Rew)
o |Q(Re?)

since n — m < —1. This completes the proof. O

Re B0 qp « xMR"™™ 0 as R — oo

ExaMPLE 13. (1) Compute

Solution. First of all,

e’} 00 T
cos T e
/ 22%:%/ —— dx
o TPt @ o TPt @

and the integral is convergent; second, 22 + a® = 0 has only one solution zy = «i in the
upper half-plane and

iz 120 —«

e . e e
Res | 5—=ai ) = = —.
“+ o 220 200

o0 —Q —Q
/ ﬂdx:Re 2m’e—, :We—.
oo T2+ a2 2t a

Hence

(2) Compute
0 .3
(P.V.)/ IS% dz = me V2 cos(V2).

Solution. We set
28 e?z
iz _
JE) = s~ ot 16
The function f has two poles in the upper half plane U at z; = v/2(1 + 1) = 2¢/™/* and
2o = V2(=1 4 i) = 2e%™/* (by finding the 4-th roots of —16 = 2%¢'™). Therefore, the
residues are

3

eizz?’ 6izzi% 1 . ;
Res(f;21) = ———c| = —=| =€t = _V2(-140)
es(f, 21) (24 4 16)/ 2=z 423 lz=z 46 ‘
and
eizz?) eizzg ]. ; 1 3
R . e — = — = — 122 - - \/5(7177‘)
es(f, 22) (24 + 16)/ 2=z 423 lz=2z 46 46

By the Residue Theorem and the result above,

> y3sinz o0 w3
PV. ——dx =1 PV. —d
( )/_ 16" m[< )/_ 2" + 16 x]

= Im[27i(Res(f; z1) + Res(f; 22)]
= e V? cos(V/2).
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Application 3: Compute the integrals of type

2m
R(cos,sin®) db,
0

where R(z) = % are certain rational functions.

We have done such problems directly using Cauchy’s Formula in some special cases
before. As before, we use the substitution: z = e’ so that

1 1 1 . 1 1
dH—Edz, 6050—5(z+;), 5111«9—2—1,(,2—;)_
Therefore
o 1 1.1, 1\ 1
2.2 | _ oo oLy L
(2.20) ; R(cosf,sinf) df /Z|1R<2(Z+z)’2i(z z)> = dz

Then one can use the Residue Theorem to compute this line integral by studying the poles

of function
1 1.1 1 1
1O =R (564 Dg- D) &

inside the unit disc |z| = 1.

ExAMPLE 14. Compute

2m 1 2
/ 72d9:i.
0 24 cos?6 V6

Solution. With z = €%, it follows that df = dz/iz and cosf = (= + 1). Therefore

/2“ 1 de—/ dz
0 2+cos?d 2|1 Z'Z(2—|—%(22+2—|—Zi2))

/ 4z d
= z
|2]=1 2(24 + 1022 + 1)

- /M:1 f(2) dz,

4z _ F(z)

1@ = 0251 ~ icl)
has two poles inside the circle {|z| = 1} at

21 =i\/5—2v6; 20 =—i\/5—2V6

by solving G(z) = 24 +1022+1 = (22 +5)? — 24 = 0. (Note that G(z) = 0 has four solutions
+iv/5 + 2v/6, but only 21,2 defined above are inside the unit circle; the other two are
outside the circle.) The residues are

F(Zl) 421 1 1

where

R . — — - =
SUi2) = 3G T i 1 20m) (255 i2vG
and F(29) 4 1 1
29 zZ2
Res(f; z2) = - = - - ’
i) = E,) T g+ 20m) (245 i2v6
Hence

21 1
——df = d
A 9 + C082 0 /|z|1 f(z) z
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= 2mi[Res(f; 21) + Res(f; 22)] =

SI¥

Theorem 2.17.

 sin2 gz T
3 dr = —.
0 xr 2

Proof. The proof is a little tricky. We use the identity 2sin? 2 = 1 — cos 2z = Re(1 — %)

to write ) ”
00 o3 1 00 1 _ 2w
/ Sm;c dxr = =Re (/ s da:)
0 x 2 0 T

and compute the following improper integral using the complex variable method discussed

above ”
0 1 _ p2ix
/ j dx.
0 x
Let i
1 —e 24
f(Z) = 22

This function has only the pole at z = 0. We integrate f(z) along the path 7. r given below:
Since f is analytic inside 7 g, we have

Figure 2.4. The path v r

€

—€ R
(2.21) 0:/ f(z)dz = Rf(x)dx—i—/ f(z)dx + ; f(z)dz+/ f(z)dz.
Ve,R € R

Note that on the semi-circle 6g = {|z| = R,Imz > 0}, z = Re? with 0 < 0 < 7, and hence

14+ e—2Rsin9 9

F(R)| < < 7
and so
2
f(z)dz| < ﬁﬂ'R —0 as R — oc.
OR
Also note that
)
1 [1+2z'z+ @) 4 ...
f(2) = >
—21

z
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where g(z) =2 — %z + --- is an entire function. Therefore

/fee Yiee' dt

/ 7166“ dt — / g(ee™)iee™ dt
€ 0

= —27 + a term that goes to zero as ¢ — 0.
In (2.21), taking the real part first and then letting R — oo and € — 0 we have

0 = 2R, b dr | —2
e (/0 f(x) ZE> T
R h dx | =
e (/0 f(x) x) T
> gin? x 1 e ™
/0 :L*Q dr = §Re </0 372 dl’) = 5

Exercises. Page 167. Problems 1-11.

and hence

and so

Homework Problems for Chapter 2. (From Textbook)
21 1(a,b), 3,4, 5, 8,9, 10, 18, 19, 20(a, b, ¢), 2
2.2 1,2,3,7,8,9, 14, 15, 18
23 17,9, 11, 12
24 1,2, 3,9,12, 17, 18, 21
25 1,358, 11, 14, 15, 22(a, b)

2.6 1-11



