A SIMPLER PROOF OF FRANK AND LIEB’S SHARP
INEQUALITY ON THE HEISENBERG GROUP

FENGBO HANG AND XIAODONG WANG

ABSTRACT. We give a simpler proof of the sharp Frank-Lieb inequality on
the Heisenberg group H™. The proof bypasses the sophisticated argument for
existence of a minimizer and is based on the study of the 2nd variation of
subcritical functionals using their fundamental techniques.

1. INTRODUCTION

In a ground-breaking work [FL1], Frank and Lieb determined the sharp constant
and extremal functions for the Folland-Stein inequality on the Heisenberg group
H™. Recall

H™ ={u=(2,t): 2 € C™,t € R}
with the group law
uw-u' = (z,t) (2 t) = (z+ 2, t+ ¢ +2Im22') .
The Haar measure on H™ is the standard Lebesgue measure du = dzdt. For § > 0
we write du = (62, 52t) for the dilation. We denote the homogeneous norm on H™
by
1/4
ful = 1z 0] = (I21* + )

Throughout the paper @ = 2m + 2. The Frank-Lieb inequality then states
Theorem 1. Let 0 < A < Q and p =2Q/ (2Q — X). Then for any f,g € LP (H™)

Fwg (v) 27NN Il ((Q - ) /2)
/HW o S( ! ) 2 ((2Q N /4)

/11, llgll,

with equality if and only if
fw)=cH (6 (a"u)) g (u) = ¢H (5 (a " u))
for some ¢,¢’ € C and a € H™ (unless f =0 or g =0). Here H is the function

defined by
2\ 2 ) —(2Q-X)/4
H(zt) = (14 12P) +1 .

Via the Cayley transform, Theorem 1 is equivalent to the following formulation
on the sphere §?™*1 = {z € C™*!: |z| = 1},

Theorem 2. Let 0 < A < @ and p = 2Q/(2Q — X). Then for any f,g €
P (SZerl)

QI vas
/S2m+1><S2M+1 TRV (€) do ()

m—+1 A/Q | _
<(2“ ) mil((Q =N /2y oy g

m! T2 ((2Q —\) /4)
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with equality if and only if

c c

f(g) = |1 7£~ﬁ|(2Q_>\)/2’g(€) = |1 *£'ﬁ|(2Q_>\)/2

for some c,c’ € C and n € C™! with |n| <1 (unless f =0 org=0).

Their proof consists of two major steps. The first step is to prove that the

infimum
. f(u)g (v)
inf / —=dudv| : | f||, =g, =1
{ [ T R 11, = o,

is achieved by some (f,g) and moreover f = g. This requires some sophisticated
harmonic analysis on H™. The 2nd step is to work on S?*! and determine the
extremal function f = g. By using the invariance of the problem under the CR
automorphism group and a Hersch-type argument, they first arrange that f satisfies
a moment zero condition. Then by exploiting masterfully the 2nd variation of the
functional with test functions provided by the moment zero condition, they prove
that such f must be constant.

In this paper, we present a shorter proof of the Frank-Lieb inequality which
bypasses the subtle proof of existence and the Hersch-type argument. We use a
scheme of subcritical approximation. The starting point is that the operator

If (€)= /szm+1 1 _fé(.n}ﬂx/gda (n) -

is compact from L? (S*™+1) to )i (Sm+),ifp > 2Q/ (2Q — N) andp’ =p/ (p — 1).
Therefore the minimization problem

Ay = inf {I LIl 711, = 1}

has a minimizer u, which can be taken to be nonnegative. Moreover, due to a
symmetry-breaking, u, automatically satisfies a moment zero condition. Therefore
we can analyze the 2nd variation of the functional ||I\f|l, /|Ifll, at u, by fully
using Frank and Lieb’s techniques. Though we could not prove that w, is con-
stant as we had expected, we are able to show that u, converges to a constant in
L2Q/(2Q=A) (§2m+1) a5 p \, 2Q/ (2Q — ). This is enough to yield Frank-Lieb’s
sharp inequality.

The paper is organized as follows. In Section 2, we present a proof for Jerison-
Lee’s sharp Sobolev inequality which is equivalent to Frank-Lieb’s inequality with
A = @ — 2. The analysis is simpler in this special case. In Section 3, we collect
some fundamental results on the operator 1. We present the proof for Frank-Lieb’s
inequality in Section 4. Finally, we make some further remarks and raise several
open problems in the last Section.

Acknowledgment. We would like to thank Rupert Frank for useful suggestions.

2. PROOF OF JERISON-LEE INEQUALITY

The Frank-Lieb inequality for A = @ — 2 is equivalent to the following sharp
Sobolev inequality established by Jerison and Lee in 1990’s



(2.1)

2 2 (2 \mH mat)jm |
/ <|vbf|2 + ”flf"’) do > T (,) ( [ ey do) :
§2m+1 m: §2m+1

Here we use the canonical pseudohermitian structure 6, = (2\/—18 |z|2) |szm+1 on

S?m+1 with Webster scalar curvature R = m (m + 1) /2 and the adapted Riemann-
ian metric 4gg, where go is the standard metric on S*™*1. (But to be consistent
with the general case, we still use the standard measure do which differs from the
usual pseudohermitian volume form 6. A (df.)™ by a scaling constant.) To prove
this fundamental result, Jerison and Lee [JL1] first proved that the sharp constant

(22) A= {E () 1oy m = 1}

where E(f) = [soms (|be\2 + mTQfQ) do, is achieved by a smooth and positive
minimizer u satisfying the following PDE

2
(2.3) —Apu + mTu = Au(mHD/m op §2mHL

This was achieved by a blow-up analysis which we outline. For any g < (m + 2) /m,
the embedding from S (S?™*1) to LiT! (S*™*+1) is compact and therefore the
minimization problem

Ay =t {E () fllyn =1}

has a smooth and positive solution u, which then satisfies the PDE

2
2.4 —Apu + = Agu? on S
4 q

and [ugl[,,, = 1. If {us} does not blow up as ¢ / (m+2)/m, the limit is a
solution for (2.2). If it does blow up, then one can properly scale and extract a
limit on H™. As H™ is equivalent to S?™+!, this limit also yields a solution to
(2.2). In [JL2] they proved that any positive solution of the PDE (2.3) must be of
the form

u(€) = c|cosht + (sinht) € - 7| >
for some t > 0 and n € S?™*1. The inequality (2.1) then follows.

In Section 3 of [FL1], assuming existence of a minimizer for (2.2) Frank and
Lieb presented a simpler proof for the classification of all extremal functions. We
will apply their idea to show directly that {u,} converges to a constant as g
(m 4+ 2) /m. Therefore constant functions are minimizers for (2.2) and hence the
sharp inequality(2.1).

For n € §*™*! and t > 0 we define ®;,, : S*™ ! — §?m+1 py

1 _ sinht + cosht€ -1
P = —(&- .
tn () cosht +sinht€ -7 (E—(&-mn)+ cosht + sinh ¢€ - ﬁn
This is a one-parameter family of CR automorphisms with ®¢, = Id. Moreover,
7 ,0c = ¢1.n0c, where

1
 Jcosht + (£ - 7)) sinh t]*

Pt (€)



4 FENGBO HANG AND XIAODONG WANG

(For more details we refer to the appendices of [FL1].) Given a function f, we get
a family f;, defined by

Fom (€)= Fo @iy (€) 61 (€).

It is well known that the CR Yamabe functional is invariant under such transfor-
mations, more specifically

E (ft,n) = E(f) ) ||ft,77||2(m+1)/m = ||f||2(m+1)/m .

With this invariance, we can establish a CR analogue of the Kazdan-Warner identity

Proposition 1. If a positive function f € C* (SQm“) satisfies the following PDE

m2
(2:5) —Apf + = f = KR
where K is a smooth function on S*™ 11, then
(2.6) /S - (VK, V), + TKT,] 2/ mge = 0,
where

Yy (§) =Re(&-7m), T =J¢

and (-,-), stands for the standard metric on S*™ 1.

Proof. As f satisfies the equation (2.5), it is a critical point of the functional

m/(m+1)
f(u) — E(u)/ </S2 B KuQ(m—i—l)/mdo_)

Thus
AP (fon) =0
dt t=0 t,n) — Y-
But E (fi,) = E(f) and, by a change of variables,

/ KR m g = / K (f 0 ®y,) 2"/ gldg
S2m+1 ’ S2m+1 ’
_ / K o &L p2m+1)/m g
S2m+1 tn
Therefore we obtain
/ (VE, X), f2m+0/mdg = 0,
§2m+1

with X = %|t:0q’tm' Direct calculation yields
X =V, + (T, T
and hence the formula (2.6) O

Corollary 1. If u > 0 satisfies (2.4) with 1 < g < (m + 2) /m, then

L, w@ e =0



Proof. The equation (2.4) can be written as
2
—Apu + mTu = Ku(mt2)/m,
with K = Aquq_(m+2)/m. By Proposition 1 and integration by parts

0= / (VK, V), + TET,] vt/ mdg
§2m+1

2
— <q - m+> Ay / [(Vu, Vi) + TuTy,] uldo
SQWL+1

m
1 m+2
N g+1 <q om ) Aq /S2m+1 [(Vuttt, an>0 +Tut™ Ty | do
1 m+2
RN ( o m > A /szm+1 wI (A + T?y) do
2(m+1) m+2
= — —— | A at1y, do.
q+1 (q m > q/g2m+1u Vo
Therefore [qo,, 1 u?tydo = 0 for all n € S* 1. This yields the desired conclu-
sion. O

By calculating the 2nd variation of the functional at the minimizer u,, we have
for any f with [q,,., ulfdo =0

2 2
/ (|be|2 + mf2> do > q/ <Vbuq|2 + mui) do/ ul™" f2do.
S2m+1 4 82m+1 4 SQm+1

By Corollary 1, we can take f(§) = uq (§) x; or uq (§) s, where z; = Re&;,y; =
Im¢;. Therefore, summing the corresponding inequalities for all such f’s, we obtain,
in view of [lugll, ., =1

2

) _
2, M” o5 Z 2 2, Mm” o5
q/82m+1 <|Vbuq| + 4 uq) do = /S27n+1 i |Vb (uqxi)| * |Vb (qui)‘ * 4 uq

m2
= /s2m+1 |Voug|* +u; <4 > (@il + yi&ﬂﬁ))] do

do

K2

[ m(m+ 2
= é2m+l ‘Vbuq|2 + (4)UC21:| dJ

m? (m+ 2
~1 Viugl do < — ( —— - 2do.
(q )/§2m+1 ‘ buq' 7= 4 ( m q) /S2'77L+1 a9

= 1, the above inequality implies that fgzmﬂ \Vbuq\QdU — 0 as

m+2
m

Therefore

As [lugll g4

q / mT“ It follows that we can choose a sequence ¢;
{u; = ugy, } converges to a nonzero constant c, i.e.

s.t. the sequence

2
Lo 19 = 0 o= 0,1 = el 1y = O

Therefore the constant function ¢ is a minimizer of (2.2) and the inequality (2.1)
follows.
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3. PRELIMINARIES FOR THE GENERAL CASE

In this Section, we present some fundamental technical results needed for the
proof of the Frank-Lieb inequality in the general case. We first recall the Funk-
Hecke theorem on S?™*1 (cf. [FL1, BLM] and references therein for more details).
The space L? (Szm'H) can be decomposed into its U (m + 1)-irreducible components

(3.1) L2 (8*"*) = @ uz0Hjin,
Here H; j, is the space of restrictions to S*™*! of harmonic polynomials p (z,%) on
C™*! that are homogeneous of degree j in z and degree k in z. For an integrable

function K on the unit disc in C we can define an integral operator with kernel
K (€ -77) on S+ by

10O = [, K0 mdowm,
The Funk-Hecke theorem states that such operators are diagonal with respect to
the decomposition (3.1). We need the following explicit results.

Proposition 2. (Corollary 5.3 in [FL1]) Let —1 < o < (m + 1) /2.

(1) The eigenvalue of the operator with kernel |1 — ¢ -ﬁ|72a on the subspace
Hj’k 18
£ _ 27D (m+ 1 - 20) I'(j+a) I'(k+a)
k= I'?(a) FG+m+1—-a)T(k+m+1—0a)
(2) The eigenvalue of the operator with kernel |€ -7 |1 — & - 7| 7* on the sub-

space H; j is

(1_ (a=1)(m+1-2a)2jk+n(j+k—1+a)) )
* G-1+a)j+m+l—a)(k—1+a)(k+m+1—a)

When o = 0 or 1, the formulas are to be understood by taking limits with fived j
and k.

Remark 1. It is clear that E;, > 0 for all j and k if « = A\/4 with X € (0,Q).
Therefore we draw the following important corollary: the operator Iy is positive in
the sense that

(] f) = /S SOy, (§)do (n) = 0.

2m 41y §2m+1 |1 -£- ﬁ‘A/Q

E;

From Proposition 2 Frank and Lieb deduced the following inequality which plays
a crucial role.

Theorem 3. Let 0 < A < Q =2 (m+ 1), then there exist C > 0 s.t. for any f on
S2m+L one has

F(©f (MReg 7
/§2m+1 |1 _ E . ﬁ|>\/2 do (n) do (g)
A C2(m+1) -\
> T D e

where ay = \STI'FH Jszmss [ (n)do (1) is the average of f.

(IN(f—ag), f—ay),

Remark 2. Taking C = 0, this is precisely Theorem 5.1 in [FL1]. By inspecting
their proof, it is easy to get the above strengthened version.



Proposition 3. If f,,, = f o .61 /7, then

Iy (fen) = I (f¢§,"$”“’ _A/4) o, n¢k/4
Proof. By direction calculation, the following identity holds
(3.2 1200 (©) B0y @ =1~ T 610 € 900 (0)

We compute by a change of variables

o ®, tm+1 /p
Ix(fen) (§) = /s2m+1 ! |: (C);Sq/\ﬂ ©) do (€)

—(m~+1)/p’

o®; !
) / GICHL I
s ‘1 - f (pt M (C)’
It is easy to see that ¢, o ( ) =1/¢¢,—y, (¢) while using (3.2) we have
- B0 ] |1 04,0 (€) T b1 © B1y () (€) b1y ()

:|1—(I)t,((f) C’ ¢t7 /¢t777()

Therefore

Iy (ft,n) &) = [¢t,n (5)]>\/4 /SQm+1 |1 -, )¢

= I (Fol™i V) 0 @4y (6) ¢*/ 'O,

(m+1)/p ~A/4
f (C) ¢t,7 (C) dO’ (C)

|)\/2

4. PROOF OF THE SHARP INEQUALITY

We fix A € (0,Q). Recall that the operator I is defined by

nr@= [ e,

Given 1 < p < Q 1, set p* m > 1. By the work of Folland-Stein [FS],

I, is a bounded operator from LP (S2m+1) to LP” (82m+1). In other words, there
exists a positive constant C' s.t. for all f € LP (S2m+1).

A fllpe < CUAIL,-

The contribution of Frank and Lieb [FL1] (Theorem 2) is the determination of
the sharp constant and extremal functions when p = 259 y and hence p* = 25?_ -

Indeed, it is easy to verify that the sharp inequality in Theorem 2 is equivalent to

Theorem 4. For f € L7 (S?m+1)

20+ M Il ((Q — N) /2)
I3 fll e =< < > I2((2Q — ) /4)

To present our proof of the above sharp inequality, we start with the following

m!
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Proposition 4. For 1 < p < %,1 <qg<p= %, the operator Iy :
Lp (§2m+) — L7 (S*™+1) ds compact.

+ 1-0

p*

This result is more or less standard. We outline the proof. Write % =
with 0 € (0,1). By the Holder inequality, we have

6
I3 flly < 1IN, N f

Therefore it suffices to prove that I from LP (S2m+1) to LP (827’”1) is compact.
For any kernel K (&, 7), the following inequality for the integral operator I is well
known (in a much more general setting)

Hx fll, < Cr £l

]
P

1-6
p*

where

Ck::nmx{smié%#kaannmam>sm{é%ﬁlkwanndoQJ}.

13 n

If K is continuous, it can be approximated uniformly by polynomials in £, n by the
Stone-Weierstrass theorem. Therefore I : LP (SQ’”“) — LP (S2m+1) is compact
as it can be approximated by operators of finite rank. In our case K (§,71) =

1—¢ -ﬁ|7>‘/ 2 It is easy to see that it can be approximated by continuous kernels
—A/2 if [1—¢-7<
€ ) 1 n e,
G R VA i
[1—=¢&-7 if 1-¢-7[>e.
Therefore I, : LP (S?*™*+1) — LP (S*™*1) is compact.
We now take p > 522_. By a simple calculation, its dual p/ := -2~ < p*.

2Q-2" p—1
Therefore the following minimization problem

(4.1) Ay =sup { Il /£, : £ € L (§*"+1) £ # 0}

has a solution u, by Proposition 4. To simplify the presentation, we will drop the
subscript p temporarily. We can obviously assume that w > 0. It satisfies the
following Euler-Lagrange equation (when properly scaled)

{ vP~ = T)(u)

uP~t = I (v)
Then

(In(u—v),u—v) = ("' =P~ u—v)

= _/ (W=t =P (u—v)do
g2m41
<0.
By the positivity of I (Remark 1), we must have u = v, i.e.
I)\(u) =uP L.

Then
Bl

T,

or lull, = Ay P72 Tt is clear that lim 2o AL/ @72 = A=2(Q=N/(2Q-%)
P p P=agex P

p—2
= [ull,



Lemma 1. The function u satisfies
[, u@res©-o
S2m+1

Proof. We consider for any n € S?"+1 the family w, n=uo®; nd)(mH)/p Clearly
l[uenll, = l[ull,- By Proposition 3, we have

I)\ (ut,n) — I)\ (’U,¢ m+1)/P )\/4> t )‘/4-

Therefore

Il = [ 7@ (1 (w5 ) 000 9) e 0
:/Szm+1 ¢/\’2/4 m+1 q);}] (5)( (u¢ (m+1)/p’ ,\/4) (f))p’ do ()
= /S . o7 € (I (VMY (£)>p/da(§).

Differentiating log (||I,\ (ut)ll, / ||ut||p) at t = 0 yields,

o [l o v (252 o

= <m +1— /\4p/> /ngJrl |:]/\(u,)l7,¢ + I/\(u)l’/_lf,\(ué):| do

5(6) = Lucopr, (€)= 2Re (¢ 7).

By the Euler-Lagrange equation, I(u) = uP~!. Therefore we have

" /S2m+1 {“péﬁ * UIA(U@] do
[ el

= 2/ upébdo,
S2m,+1
Le. [omir u? (§)Re(§-7)do (§) =0 for all n € S* 1. The conclusion follows. [

By the 2nd variation, we have for all real f with [, uP~'f =0

(p/ - 1) /S?m+1 (I)\’U,)p/_Q (Iaf)2 S (p - 1)2 /SZm+1 up_2f2.

Using the Euler-Lagrange equation Iy(u) = uP~!, this simplifies as

(42) Lo o=t [ e
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By the Holder inequality

/ FILf = w272 f,(2-)/2 ],
S2m+1 S2m+l

1/2 1/2
p—2 £2 2—p 2
(o) ()

<(p- 1)/ ul =2 f2.
827n+1

In summary, we have for all real f with fgn wlf=0

, — /2
S§2m41 y§2m+1 |1 -¢- 77| S§2m+1
By Lemma 1, we can take f(z) = u(z)Rez; or u(z)Imz;,i =1,--- ,m+ 1 and

adding these inequalities yields

/ BeCTeyun)do (€) do () < (p— 1) / ur.
S

(2
2m+1 y §2m+1 |f - ?’]|>‘/2 §2m+1

Combined with Theorem 3, this implies

vy /S2m+1 = 4(Tn+>\1)/\ aw,u) Cf(?(nmjl;)—)\)\) (Ix (u— a), (u— a))
- A L, C@m+1)-N
_4(7771_|_1)_)\/82m+1u + 4(m+1)_)\ <I>\(U—CL)7(U—CL)>7

where a is the average of u. Therefore we have

4(m+1) b C2(m+1)-N) .
(p_4(m+1)—>\>/s2m+1u 2 A(m+ 1) — A (Ix (u—a),( ).

4(m+1) . 2Q
Note that TmT)=x = 20-x

By the positivity of Iy, the RHS is nonnegative. As a consequence (now reat-
taching the subscript p), we have (I (up, —ap), (up —ap)) — 0 as p N\ %227?)\ By

the Euler-Lagrange equation Iy(u) = uP~lagain and the observation that I maps
a constant function to a constant function, this means fsm 1 ug_l (up —ap) — 0

as p \, 25—?)\ Thus, asp\zé—?)\

P _ p—1
ub = a, ub™ +o0(1)
§2m+1 §2m+1

1 (p—1)/p
< a, [s2m [P (/ u;;) +o(l).
827n+1

This implies

m 1/p
lugll, < ap |87 +0(1).

On the other hand, we have [lupl, > a, |SQm+1|1/ ” by the Holder inequality.

~ a |S2m+1|1/P

. w* .
— 0 .S
Therefore lim . 22 llupll, 0. We assume that v, — v in
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Q
Lo (S2m+1). Clearly, limp\ 20 _ap=a, the average of v. We have
2Q—X

vl 2o < \ligﬂQ lupll 22
TN

. om+1|(P— 5525 )/p
< iyl e 0

PN3g=x

= lim ap|ng+1|1/p

) 2Q
P\ 3Q—X

om+1] 255>
= a|s?m1| 9

In view of the Holder inequality, we must have v = a, i.e. v is constant and all the
inequalities in the formula above are equalities, i.e.

a |S2m+1|% _ ”,UH

2Q = hm ||upH 2Q .
2Q— X\ N 2Q 2Q—X

2Q—X\
The weak *-convergence plus the convergence of the norms implies strong conver-

L 29 N L
gence u, — a in L2~x (S?™F1). Therefore the constant function is a minimizer
for

inf | Iy f|| 20 /[If]l 2

2Q+x 2G-x

Theorem 4 then follows from a simple calculation.

5. FURTHER REMARKS

In a later paper [FL2], Frank and Lieb showed that the new method developed
in [FL1] can be adapted to give a new, rearrangement-free proof of the following
sharp Hardy-Littlewood-Sobolev inequality on R™ which was proved originally by
Lieb [L] using rearrangement arguments.

Theorem 5. Let 0 < A <n andp=2n/(2n — \). Then for any f,g € LP (S™)

FO9 , ooy | o apLln=2)/2) ( T \'7"
/SW g O ) ST ) (F(n/2)> 111, gl

with equality if and only if

c c

f)= 1—¢. a‘(zw,\)/zvg(g) = 1—¢ a|(2n4)/2

for some c,c’ € C and a € R™*! with |a| <1 (unless f =0 or g=0).

Our method can also be adapted to give a simpler proof of Lieb’s theorem. In
this case, we work with the operator

nre- [ 45

sv |¢ =
and consider, for p > 2n/(2n — A), the minimization problem
(5.1) Ap = sup {[I1nfl, / If1l, : f € L7 (8"), f #0}.

The rest of proof requires minor modifications and we omit the details.
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We end with some open problems. In the CR cases, it would be interesting to
classify all positive solutions to the Euler-Lagrange equation

In(u) = uP™!

for all p > 2Q/(2Q — \) on S*™*1 not merely extremal functions of the corre-
sponding inequality. On S”, this kind of classification results can be established
by the powerful method of moving planes or moving spheres (cf. [CLO, Li]). On
S?m+1 the classification was known in the critical case p = 2Q/ (2Q — \) only when
A = Q — 2 by the work of Jerison-Lee [JL2]. The critical case when A # Q — 2 and
all the subcritical cases seem to be largely open on S?™*! as far as we know (cf.
[W1, W2] for discussions about the significance of such classification problems).
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