A SHARP INEQUALITY RELATING YAMABE INVARIANTS ON
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ABSTRACT. Let (X™,g4+) be a conformally compact manifold with Ric >
— (n —1). If g4 is asymptotically Poincare-Einstein, we establish a sharp in-
equality relating the type II Yamabe invariant of X and the Yamabe invariant
of its conformal infinity.

1. INTRODUCTION

The Yamabe problem for closed Riemannian manifolds was completely solved by
Aubin and Schoen (cf. [A, SY] for complete exposition). For compact Riemannian
manifolds with boundary, there are two types of Yamabe problems and neither has
bee completely solved. Let (M™,g) be a compact Riemannian manifold (M™, g)
with nonempty boundary ¥ = 0M. The functional

E, (u):/ (4(“__21)|W|2+Ru2> dvg-i—Q/ Hu’do,,
M n by

where R is the scalar curvature and H is the mean curvature of the boundary, has
the important property of being conformally invariant: if § = ¢* ("~2)g is another
metric, then Ej (u) = E4 (u¢). The functional can be written as

2(n—1
E, (u):/MuLguclvg—+—2/Z <:L_2)gz+Hu) udog,

where Lju = —%Agu + Ru is the conformal Laplacian. The type I Yamabe
invariant is defined as

inf Eg (U)
ueH* (M)\{0} ( Fo a2 2 gy
M

Y (M, [g]) = >(n—2)/n'

g9

The type I Yamabe problem is whether the infimum is always achieved. It is proved
that Y (M, [g]) < Y (S%) and moreover the infimum is achieved if the inequality
is strict. The strategy to solve the type I Yamabe problem is to show that the
strict inequality Y (M, [g]) < Y (S%) is always true unless (M, [g]) is conformally
diffeomorphic to S7}. It has been confirmed in many cases (see [E1] and [BC]), but
some exceptional cases remain open.

The type II Yamabe invariant is defined as

: Eg (u)
M, ¥, = inf g .
Q( lg]) weHT(M)\{0} (f |u|2("71)/("*2) i )(n72)/(n—1)
b)) g
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It should be noted that @ (M, X, [g]) can be —oo. If Q (M, X, [g]) > —oo and the
infimum is achieved, then a minimizer u properly scaled is smooth and positive
and the metric ©*/("=2) g then has zero scalar curvature on M and constant mean
curvature on Y. The type II Yamabe problem is whether the infimum is achieved
when Q (M, X, [g]) > —oo. Parallel to the type I Yamabe problem, it is proved that
Q(M, % g) <@ (W, S”fl) and moreover the infimum is achieved if the inequality
is strict. The strategy to solve the type II Yamabe problem is to show that the strict
inequality Q (M, 3, [g]) < Q (B",S"™!) is always true unless (M, [g]) is conformally
diffeomorphic to B”. It has been confirmed in various cases (see [E2],[M1] and
[M2]). But there are still cases that remain open.

Apart from the minimization problem, both Y (M, [g]) and Q (M,X,[g]) are
important invariants and it is useful to have lower estimates for them. Let (X", g)
be a Poincaré-Einstein manifold and ¥ = X. We pick a fixed defining function r
on X which gives rise to a metric g = r2gy on X. As [g] and [g|x] are invariantly
defined, the Yamabe invariants Y (X, [g]) ,Q (X, %, [g]) and Y (X, [g|s]) are natural
invariants of (X", g4). X. Chen, M. Lai and F. Wang proved the following elegant
inequality relating these two Yamabe invariants.

Theorem 1. (Chen-Lai-Wang [CLW]) Let (X™, g ) be a Poincaré—FEinstein man-

ifold s.t. If the type II Yamabe problem on (X,g) has a minimizing solution, then

n—2 — 2
Y (X, [g <—Q(X,5,[g f n > 4;
( 7[g|2]) = 4(7171)62( ) 7[9]) ) an— )
32my (%) < Q (X, % [g))°, ifn=3.

Moreover, the equality holds if and only if (X™,g4) is isometric to the hyperbolic
space (H™, gm).

In our previous work [WW], we removed the restriction in Theorem 1 and proved
that the inequality is valid for all Poincaré—Einstein manifolds. Since the inequality
is vacuous when Y (90X, [g]) < 0, we prefer to state the result in the following way.

Theorem 2. Let (X", g4) be a Poincaré—Einstein manifold whose conformal in-
finity has nonnegative Yamabe invariant. Then

Q(X,%,[g]) > 2\/8;_;;1/ (Z,[gls) ifn >4

Q(X,%,[g]) > 4/2nx () ifn=3.
Moreover, the equality holds iff (X™, g4) is isometric to the hyperbolic space (H", gy).

In this paper we prove that the same inequality holds in a much broader context.
It suffices for (X™, g4) to have Ricci curvature bounded from below Ric(g4) >
— (n —1) g+ and satisfy an asymptotic condition near infinity. This seems to us to
be the natural setting for the inequality and it fits well within the general framework
of understanding the boundary effect under a Ricci curvature lower bound. We now
explain the asymptotic condition precisely. Let (X", g+ ) be a conformally compact
manifold. As usual, we pick a fixed defining function r on X which gives rise to a
metric g = 72g, on X. We say that (X", gy) is asymptotically Poincare-Einstein
if

Ric(g4) +(n—1)g: = o (r?).

We can now state our main result.
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Theorem 3. Let (X", gy) be a conformally compact manifold whose conformal
infinity has nonnegative Yamabe invariant. If Ric(g4+) > —(n — 1) g4+ and (X™, g+)
is asymptotically Poincare-Finstein, then

Q(X.%.[9) = 2\/ Y (S lal]) iz 4

Q(X,%,[g]) = 4V2nx (%) if n=3.
Moreover, the equality holds iff (X™, g4) is isometric to the hyperbolic space (H", gy).

Remark 1. WhenY (3, [gls]) =Y (S" ) =(n—1)(n—2) wié(?_l), here wy,_1 is
the volume of S*~1, the right hand side then equals 2 (n — 1) wié(;L_l) =Q (W, S”fl).
Thus in this case we must have equality and hence rigidity. This rigidity results was
proved by [DJ] and [LQS]. Therefore our ineqaulity can be viewd as a quantative
version of their rigidity result: when the conformal infinity is closed to S"~1 in
terms of the Yamabe invariant, (Y, [ﬁ]) is close to the ball B™ in terms of the type
II Yamabe invariant.

The method in [CLW] is based on ideas introduced in Gursky-Han [GH] in which
they studied the type I Yamabe invariant on X. Let g € [g] be a type II Yamabe
minimizer and write gy = p~2g. The following identity plays an important role in
the proof of Theorem 1 as well as Theorem 2

_ Ap
Ty =T+(n-2)p" <D20—ng)7

where Ty and T are the traceless Ricci tensor of g4 and g, respectively. As g, is

Einstein, Ty = 0 and hence
1 A
pT = — <D2p— pg) :

n—2
By an integration by part over X, = {r > ¢}, using the fact that g has constant
scalar curvature, we obtain

1
/ p |T|2dvg = —/ T (Vp,v)do,.
n—2 X, )
The rest of the proof is to analyze the limit of the boundary term as ¢ — 0.
When g, is not Einstein, the above approach breaks down at the beginning.

Instead, we study a modified Yamabe problem which produces a positive function
u satisfying the equation

€

n(n—2)
—Ag u= —
Write u = v~ ("=2/2 and set & = v! (\Vv|2 — v2>. The following calculation is
crucial for our proof
div (u*"*?)vq)) e ale)

where )

A
Q= ‘DQU — Tvng + Ric(Vo, V) + (n — 1) [Vo]?.

We then integrate the above identity over X.. The analysis of the boundary term
follows the same strategy in [CLW].
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The paper is organized as follows. In Section 2 we discuss some background
material. In Section 3, we study a modified Yamabe problem and estimate the
corresponding invariants. As a corollary we prove Theorem 3. We discuss the
related problem on compact manifolds in the last Section.

2. PRELIMINARIES

Throughout this paper (X", g+) is asymptotically hyperbolic of order C™“: if
7 is smooth defining function on X, the metric g = r2g extends to a C™® metric
on X and |dp|§ =1 along ¥ := 0X. For all the analysis it suffices to have m > 4.
We also assume
Ric(g4) = —(n—1)g+

and that g, is asymptotically Poincare-Einstein in the following sense

Ric(g:) + (n— 1) g5 = 0 (r?).
Let h € [g|s] be a metric on X. It is proved in [Lee] that there is a defining function
r s.t. in a collar neighborhood of ¥
(2.1) gy =172 (dr2 + hT) ,

where h,. is an r-dependent family of metrics on X with h,.|.—o = h. Moreover we
have the following expansion (see, e.g. [GW])
h, :h+h2r2+0(7"2),

where

ho | s (Ric (k) = 5lagsh) , ifn >4

—ih, if n=3.

It follows that g = 72g, has totally geodesic boundary. As we assume Y (%, [g]s]) >
0, we choose h to have scalar curvature Ry, > 0.

Lee [Lee] constructed a positive smooth function ¢ on X s.t. A¢ = n¢ and near

0X
Ry,

4(n—1)(n—2)
Under the condition Rj > 0, he further proved that |d¢>|§+ < ¢%. Consider the

metric g := ¢~2g4 on X . Its scalar curvature is given by
(2.2) B=¢*(R+2(n—1)¢7"A0—n(n—1)62|do|’)
>¢? (R+n(n—1)).

Moreover, by a direct calculation the boundary is totally geodesic. We consider the
following modified energy functional

B () =By (f) - /X (Ry +n(n— 1)) 6 fdvg.

p=r"t+ r+0(r2).

Note that (R+n(n—1))¢? € C™ %% (X) under our assumptions. More explic-
itly, by (2.2)

B = [ [+ (R (et o= 1)) 12| oy 20

n—2



Since Ry +n(n—1) > 0, we have
(233) B (f) 2 E(f).
3. ESTIMATE ON MODIFIED YAMABE QUOTIENTS
For 1 < ¢ <n/(n —2), consider
Xq = inf E(f)
(fz |f|qul dog

Theorem 4. Let (X", g4) be a Poincaré—Einstein manifold whose conformal in-
finity has positive Yamabe invariant. For 1 < q < n/(n—2) the invariant A,
satisfies

)2/(q+1)'

~ —1 _(n—q(n=2))
Ag 2 2\/22 — Q;Y(ﬁ gDV (£,9) =5 ifn > 4

X > 427y (D)V (8,9) 70 ifn=3.

Since E (f) >0, it is easy to see that limg », /(;,—2) Xq = Xn/(n_g). Therefore, it
suffices to prove the above theorem for ¢ < n/ (n — 2).

Since the trace operator H' (X) — L™ (X) is compact for ¢ < n/(n —2), by
standard elliptic theory, the above infimum )\, is achieved by a smooth, positive
function f s.t.

(3.1) /Efq“w =1

and

(3.2)

74(::21) % = A f4 on .

{ U Af+Rf = (R+n(n—1)¢*f onX,

By the conformal invariance of the conformal Laplacian, we have
Lg (f¢7(n72)/2> _ ¢7(n+2)/2L§ (f)
= (R+n(n—1) fo- 22,

In other words, u := f¢~("=2)/2 gatisfies the following equation

(3.3) A, w2

9+ 4
Write u = v~ ("=2)/2_ Then
n _
Ag,v= 50 ! (|dv|§+ +v2> .
Equivalently Ay, v —nv = 2® with ® = v~} (\dv@+ — v2>.
Lemma 1. We have
(3.4) div (u—<"—2>vq>) = 2p~("=2)Q,
where

2

Q= + Ric(Vv, Vo) 4+ (n—1) Vo[> > 0.

Av
D%y — =2
v 9
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All the computation is done with respect to g4, but we drop the subscript to simplify
the presentation.

Proof. As v® = |Vv\2 — v2, we have, by using the Bochner formula

1
3 (VAP + 2 (Vv, V) + pAv) = |D211|2 + (Vu, VAV + Ric(Vv, Vv) — vAv — |Vo|?
(Av)*

n

- % (Av —nv) 4+ (Vo,V (Av —nv)) + Q

1
S0+ g (Vo, V) + Q

+ (Vu, VAV + vAv — n|Vo|* + Q

Thus,
AD = (n—2)v 1 (Vo,V®) +2Q
or
div (u—<"—2>vq>) — 2~ (=2,
O

We now consider the metric g = u*/ ("= g_ . Since u = f¢—("=2/2_ we also have

g = '](-4/(n—2)¢—2‘g+ — f4/(n—2)§.

As 0X is totally geodesic w.r.t. g and g is conformal to g, we know that X is
umbilic w.r.t. g and its mean curvature, in view of the boundary condition of (3.2),
is given by

n

A
(3-5) H = quqin—Z.

Set p = u?/("=2) = =1, By a direct calculation, the equation (3.3) becomes, using
g as the background metric

(3.6) 20Ap=n (|Vp|2 - 1) .

Let t be the geodesic distance to ¥ w.r.t. g. We need the following lemma which
is essentially contained in [CLW].

Lemma 2. Near ¥ = 0X, we can write

g=dt* + gij (t, x) da;da;,

where {x1,- -+ ,xp_1} are local coordinates on X. Then
H , 1/ R H2\, .4
S - t £3) .
P 2(n— 1) 6(n—2 ao1)t o)

In particular,

a7 (o )] = 55 -
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Proof. For completeness, we present the proof showing that the Einstein condition
is not required. In local coordinates

Vol* = (3P>2 +gu 00 00

ot 83:14895]4’

? dlog VG 0O 1 0 y 0
Apzig greveop 2 _ 9”’/(}7’? )

ot ot ot QG Ox; O0x;

Restricting (3.6) on ¥ on which both p and r vanish with order 1 yields %\g =1.
Differentiating (3.6) in ¢ yields

n \ ot =) "ot o T w0t 0w, ot Ow; 0w

Evaluating both sides on ¥ yields

2 (82/) alog\/a>| 282p
E:

(3.7) 2(8[)Ap+p8A ) —28[)@4_2 i Pp Op iy 10gk Op Op

alaet o 21>

Thus
0%p 1 9logVG H

@‘E:nq ot ch n—1
Differentiating the formula for Ap we get

0 <a3p 9?log VG alogmaﬂp)l
a0 b

o T o ot o
B (83p 2?logV/G  H? > |
= a1t

—A —
ot pls

o3 ot? n—

Differentiating (3.7) in 7 and evaluating on ¥, we obtain

2 (82p 9 2p\’ ?*p 2H? Op
s (G aeragon)is=2(GE) b 28 - o e

Using the previous formulas, we arrive at

Pp. 2 H? 9?log VG
|z—n 5 + SR

o n—1 ot?

By a direct calculation, we also have

9?log VG . H?
Tb = —Ric(v,v) — —
Therefore
03 .
a—tf\z = ———Ric(v,v)
R* H?

n—2 mn-—1
where we used the Gauss equation in the last step.
The second identity follows from a direct calculation. O
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We can now prove Theorem 4. Integrating the identity (3.4) on X, = {t > ¢}

yields
, , 0P
2/ v_(”_Q)deg+ :/ v_(’b_g)—dam.
X. X ov

€

Since g, = p~2g, we obtain by a direct calculation

foo e = [ o (90 =1) o
Q/XE v~ "D Qdv,, = /GXE a% [p,l (IVp|2 _ 1)} doy.

Letting € — 0, we obtain, in view of Lemma 2

R® H?
. 9 (n—-2) = / —
(3.8) / v Qdv,, s\n—2 n_1 doy

The rest of the argument is the same as in [WW]. We present it for complete-
ness. By (3.5) and the Holder inequality again

/ZHQda: <Aq>2/ 2(a=5) p2(n=1)/(n=2) gz
(3) Lo (
() (1 W)
(3

) (nﬁg—q)/(qH) )

Therefore

1)/ (a+1)

Vv (z,7) (72 9)/ @)

IA

Plugging the above inequality into (3.8), we obtain
2 Al

—(n— q

(3.9) Q/XEU "2 Qdv,, < -1

v (z,g /e - _L /dea.
1) >

n—2
When n = 3, this implies
A2V (2,9)8 00 > 39my ().

In the following, we assume n > 3. By (3.1) and the Holder inequality

1= / fq+1d5
z
< (/ fQ("_l)/(”‘Q)da) V(5,5) 70
=
atl(n—2) n—g(n=2)

—V (2, g) B0 V (8, 5) oD
Thus
n—g(n—2)
V(S,9) G0 < V(S g).



Plugging this inequality into (3.9) yields

2 / v_("_Q)de%
Xe

n-1 o )

ATk 2y (5, g) Tt — -y / .
4(n—1) (n—2)V (%,g9)"3 Js
V(Zag)ZZé - _2m—an=2)) 4 (n—1)
Sa-p [T Gy YD)
Therefore
% WY(E)V(E79)W,
n f—

This finishes the proof of Theorem 4
We are now ready to prove our main result.

Theorem 5. Let (X", gy) be a conformally compact manifold whose conformal
infinity has nonnegative Yamabe invariant. If Ric(g4+) > —(n—1) g4 and (X™, g4)
is asymptotically Poincare-FEinstein, then

— n—1 )
Q(®.x.03) > 2,/ "Ly (=) ifn > 4,
(n—2)
Q(X,%,[g]) > 4v/27x (2) if n = 3.
Moreover, the equality holds iff (X™, gy) is isometric to the hyperbolic space (H", gg).

Proof. By (2.3), we have @ (Y, 3, [g]) > Xn /(n—2)- Therefore the inequality follows
immediately from Theorem 4.

Suppose the equality holds. We present the argument for n > 4 and the same
argument works for n = 3 with trivial modification. If Y (3, [g]s]) < Y (S*~1), the
equality then implies

Q (Y, Y, [g]) = Xn/(n—2) <Q (W, Snil) .

Just like in the original Yamabe problem, this strict inequality implies that Xn /(n—2)
is achieved. Therefore in the proof of Theorem 4, we can take ¢ = n/ (n — 2) and
obtain

n—1
—(n— V(Z9)7 [5 -1,

(n 2) < 77 2 i — = .

2 /XE v Qdvg, < An—1) A/ (n—2) (n—2) (=) 0

Thus @ = 0. In particular, v > 0 satisfies the over-determined system

Av
D*v=—g,.
v n9+

This implies that (X", g4 ) is isometric to the hyperbolic space (cf. [CLW] for the
argument).

If Y (2,[gls]) = Y (S*'), then (,[g]s]) is conformally equivalent to S"~*,
by the solution of the Yamabe problem for closed manifolds. Then (X™,g4) is
isometric to the hyperbolic space (H", gi) by [DJ] and [LQS]. O
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4. SOME Di1sCcuUSsSIONS ON COMPACT MANIFOLDS WITH BOUNDARY

It is a natural question if the inequality in Theorem 3 holds for a compact
Riemannian manifold (M™, g) with Ric > — (n — 1) and II > 1. We are motivated
by the observation that some results for conformally compact manifolds follow from
results for compact Riemannian manifolds by a limiting process. As an illustration,
consider the following theorem by Lee.

Theorem 6. (Lee [Lee|) Let (X", g4) be a conformally compact manifold whose
conformal infinity has nonnegative Yamabe invariant. If Ric(g+) > —(n—1) gy

and (X™,g4) is asymptotically Poincare-Finstein, then the bottom of spectrum
n 2
Ao (X", g4) = (n—1)" /4.

When the Yambabe invariant of the conformal infinity is positive, Lee’s theorem
follows from the following result for compact Riemannian manifolds.

Theorem 7. Let (M™,g) be a compact Riemannian manifold with Ric > — (n — 1).
If along the boundary ¥ := OM we have the mean curvature H > n — 1, then the
first Dirichlet eigenvalue
(n—1)°

YR

This theorem has a simple proof. Let r be the distance function to X. By
standard method in Riemannian geometry, we have

Ar<—(n-1)

in the support sense. A direct calculation yields

Ao (M) >

2
Aen=Dr/2 < _ (n ;1) n—1)r/2

This implies Ao (M) > % (for technical details see [Wal]).

We can deduce Lee’s theorem from Theorem 7 when the conformal infinity has
positive Yamabe invariant in the following way. As explained in Section 2, we pick
a metric h on the conformal infinity with positive scalar curvature and then we have
a good defining function r s.t. near the conformal infinity g, has a nice expansion
(2.1). Then a simple calculation shows that the mean curvature of the boundary
of X, := {r > ¢} satisfies

Ry,

2 +o0 (52) .
As Ry, > 0, we have H > n—1if € is small enough. By Theorem, Ag (X.) > @.
It follows that A\ (X) > %. As the opposite inequality was known by [Ma], we

have Ao (X) = @. When the conformal infinity has zero Yamabe invariant, the
situation is more subtle. But by an idea in Cai-Galloway[CG], a similar argument
still works (cf. [Wal]).

We now come back to Theorem 3. By the asymptotic expansion (2.1) the second
fundamental form of 0X. satisfies

I = (14 0(e)) gs

i.e. all the principal curvatures are close to 1. This leads us to consider a compact
Riemannian manifold (M™, g) with Ric > —(n —1) and II > 1 on its boundary X
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and ask the question whether the inequality
(n—1) :
(n—2)
Q(M,3,9) > 4y/27x (%) if n =3

holds. The answer turns out to be no in general. To construct a counter example,
we consider the hyperbolic space using the ball model B™ with the metric gy =

ﬁdw? For 0 < R < 1, the Euclidean ball

n
xe[B":|m|2=Zx?§R
i=1

is a geodesic ball in (B™, gy) and the boundary has 2nd fundamental form IT =

2 .
1'5}; I. We now consider
n—1
_ n . 2 _ 2 2
M=<zeB":|z|" = xi +kxy <R},
i=1

where k > 0 is close to 1. Then (M, gg) is a compact hyperbolic manifold with
boundary and on its boundary we have II > 1 if k is sufficiently close to 1 by
continuity. Since ¥ with the induced metric is rotationally symmetric, it is confor-
mally equivalent to the standard sphere S*~!. Thus, Y (£) =Y (S*~!). But when
k # 1, the boundary is not umbilic with respect to the Euclidean metric and hence
not with respect to gy either. By [E2] and [M2], Q (M, %, gn) < Q (W, S”_l). It
follows that the inequality (4.1) is false.

Therefore, for a compact Riemannian manifold (M™,g) with Ric > —(n—1)
and IT > 1 on its boundary ¥, it is more subtle to estimate its type II Yamabe
invariant in terms of the boundary geometry. It is an interesting question and we
do not have an explicit conjecture. Let us mention that in a similar setting, namely
for a compact (M™,g) with Ric > 0 and II > 1 on its boundary X, there is a
well-formulated conjecture [Wa2] on the type II Yamabe invariant in terms of the
boundary area.
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