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The Biggest Crisis of the Contemporary Science

The number of researchers in the world who know both graduate-
level mathematics and molecular-level biology is smaller than the 

number of fields medalists!

The rule of life has been there for billions of years but very 
little is known about it! 

None knows the existence and uniqueness of mathematical 
foundation for life!



A Brief Summary of Modern Biological Science  

1960s-2000 2000-Present

Organismal biology 
(i.e., nonliving organisms, living 
organisms,  developmental 
biology, morphology, anatomy, 
physiology, and medicine) 

Molecular organismal biology,
organomics, connectomics, 
foodomics, physiomics, 
pharmacogenomics, …

Ecology Molecular ecology

Evolution (i.e., life, and 
evolutionary biology) 

Molecular evolution

Molecular and cellular biology 
(i.e., cell biology, biochemistry, 
molecular biology, and genetics)

Omics (e.g., genomics, 
proteomics, metabolomics, 
metagenomics, lipidomics, 
glycomics, transcriptomics, 
epigenomics, …)

1960 20192000

Macroscopic MicroscopicMesoscopic



Funding for mathematical research is ~𝜀3

NSF Budget:  < $8 billion 
NSF DMS:  ~ $200 million 
Chinese NSF for Math: ~CN$600 million



It takes over 10 years and $2.6 billion 
to bring a new drug to market.



Drug design and discovery

1) Disease identification (physiology)
2) Target hypothesis (biochem./mole. biol.)
3) Virtual screening: drug pose, binding affinity,  solubility, 

partition coefficient, toxicity, and side-effects 
(biophysics/bioinformatics)

4) Drug structural optimization in the target binding site 
(biochemistry/biophysics/synthetic chem.)

5) Preclinical in vitro and in vivo test 
6) Clinical trials 
7) Optimize drug’s efficacy, pharmacokinetics, and 

pharmacodynamics properties (quantitative systems 
pharmacology)

M2 channel AmantadineInfluenza -- flu virus M2-A complex



PDB

GenBank

Biological data



Artificial Intelligence & Deep learning 
Bryson and Ho (Backpropagation 1969); Fukushima (Neo-Cognitron 1980); 
LeCun (CNN 1998); Hopfield (RNN 1982); Hochreiter and Schmidhuber
(LSTM 1997); Goodfellow et al (GAN 2014); Autoencoder; Image translation, … 



won 25 of 43 contests and was ranked 1St among 
98 competitors in CASP 13.  



How to do deep learning for 3D biomolecular data?
Obstacles for deep learning of 3D biomolecules:

• Geometric dimensionality: ℝ3𝑁 ,where N ~5000 for a protein.

• Machine learning dimensionality:  > 10243m, where m is the 

number of atom types in a protein.

• Molecules have different sizes --- non-scalable.

• Complexity: intermolecular & intramolecular interactions 

Solution: 

• Geometric simplification, dimension reduction & scale unification 



Sequence data

Structure data

Biophysics

Bioinformatics

Systems biology

Systems physiology

Machine learning  

Deep learning

Manifold learning

Transfer learning

Algebraic topology

Differential geometry

Graph theory

Multiscale modeling 

Drug 
Design & 
Discovery



Given a protein with N

atom and an average of n

electrons in each atom

Basic hypothesis:       

Intrinsic physics lies on 

low-dimensional manifolds 

in a high dimensional 

space 

Poisson-

Boltzmann, 

PNP, etc. ℝ3

QM/MM ℝ𝐾

3N< K <3N(n+1)Molecular 

Mechanics

ℝ3𝑁

Differentiable

Manifold

ℝ2
Algebraic 

Topology

ℝ1 Graph 

Theory

ℝ0 Geo-Top

Indices

ℝ0

Two schools of thinking

Multiscale

Coarse-grain 

ℝ𝑀 (3<M<3N)  

Quantum 

Mechanics  

ℝ3𝑁𝑛+3𝑁



Möbius Strips (1858) Klein Bottle (1882)

Classical Topology

Torus Double Torus
Leonhard Paul Euler
(Swiss Mathematician,       

April 15, 1707 – Sept 18 1783)

Seven Bridges 

of Konigsberg

Leonhard Euler (1735) 

Augustin-Louis Cauchy, 
Ludwig Schläfli, 
Johann Benedict Listing, 
Bernhard Riemann, and 
Enrico Betti



Topological invariants: Betti numbers

0 is the number of connected components.

1 is the number of tunnels or circles.

2 is the number of cavities or voids.

Circle TorusPoint Sphere
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Vietoris-Rips complexes of planar point sets

Simplexes:

0-simplex 1-simplex 2-simplex 3-simplex

Simplicial complexes of ten points:



Frosini and Nandi (1999), Robins (1999),
Edelsbrunner, Letscher and Zomorodian
(2002),  Zomorodian and Carlsson (2005), 
Edelsbrunner and Harer, (2007) Kaczynski, 

Mischaikow and Mrozek (2004),
Ghrist (2008),
……

Persistent homology  

FiltrationXia, Wei, IJNMBE, 2014;            
Xia, Feng, Tong, Wei, JCC, 2015 

Simplexes:

0-simplex 1-simplex 2-simplex 3-simplex

Cycle        group:

𝐾 = ෍

𝑗

𝑐𝑗𝜎𝑗
𝑘

Boundary operator:

k-chain:

Chain group:

Boundary group: 

Homology group: 

𝑍𝑘 = Ker 𝜕𝑘
𝐵𝑘 = Im 𝜕𝑘+1

𝐻𝑘 =
𝑍𝑘
𝐵𝑘

𝛽𝑘 = Rank 𝐻𝑘

𝜕𝑘𝜎
𝑘 =෍

𝑗=0

𝑘

−1 𝑗 𝑣0, 𝑣1, … , ෝ𝑣𝑗 , … , 𝑣𝑘

𝐶𝑘 𝐾, ℤ2

Betti number: 



Vietoris-Rips complexes, persistent homology and topological 
fingerprint

(Xia, Wei, 2014)

Algebraic Topology



Topological fingerprints of an alpha helix

(Xia & Wei, 

IJNMBE, 

2014, 2015)



Time

Algebraic Topology 
2D persistent homology of protein 1UBQ unfolding  

(Xia & Wei, JCC, 2015)

R
a

d
iu

s

0

2

1

Kelin Xia



…

Original protein-

ligand Complex

Classify atoms 

into element 

specific groups

Generate 

topological, DG & 

graph fingerprints

Multichannel 
images 

(54x200)

…

Topological convolutional deep Learning architecture  

(Cang & Wei, PLOS 
CB, 2017)

Convolutional deep 

learning neural 

network

Convolution 
(128x200)

…

Pooling 
(128x100)

Flattening 
(1xN)

Prediction



Minimal Surfaces
A way to minimize energy 

and maximize stability

Viral morphology
Joseph L. Lagrange
(Italian Mathematician,
January 25 1736 –
April 10, 1813)

Leonhard P. Euler
(Swiss Mathematician,       
April 15, 1707 – Sept 
18 1783 

Helicoid

Man-made life, 

Mycoplasma 
mycoides



Differential geometry based minimal surface model

S=1

S=0

(Bates, Wei, Zhao, 2006; JCC,2008; Zhao, Cang, Tong & Wei, Bioinformatics 2018 )

𝐺 = න𝛾[area] 𝑑𝒓 area = |𝛻𝑆|

Generalized Laplace-Beltrami flow:  

Mean curvature 

𝜕𝑆

𝜕𝑡
= |𝛻𝑆| 𝛻 ∙

𝛾𝛻𝑆

|𝛻𝑆|

where  G is the surface energy,   gamma

is the surface tension,  and S is a surface 

characteristic function:

(𝛾)

Shan Zhao



Mean curvatures of 
subcellular structures

Differential Geometry

MeanGauss

Minimum Maximum

Shape index Curvedness

(Feng, Xia, Tong and Wei, JCP, IJNMBI,2012)

CRISPR

Kelin Xia



Protein binding site prediction by the product of 
curvature and electrostatics

(Xia, Feng, Tong & Wei, JCP 2013; Zhao, Cang, Tong & Wei, Bioinformatics, 2018)



de Rham-Hodge theory and discrete exterior calculus 

Hodge decomposition:

A vector field =  Harmonic  +  curl-free  + divergent-free   

(Zhao, Wang, 
Tong & Wei, 
2018)

Maxwell theory
Quantum mechanics/Solid state theory 
Quantum field theory/Yang-Mills theory

Cryo-EM data:  



Persistent cohomology

(Cang & Wei, 2018)

Zixuan Cang

Wasserstein curves

D1 D2 D3
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Molecular graph G(V,E)   

(Nguyen and Wei, 2018) 

Algebraic Graph Theory for Biomolecules  

Can one hear the 
shape of a drum?
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Algebraic graph theory for biomolecules  

Laplacian matrices and  
adjacency matrices

𝜆1
𝐿, 𝜆2

𝐿 , …

𝜆1
𝐴, 𝜆2

𝐴, …

Corresponding 
eigenvalues 

Eigenvalue  multiplicities in 
Laplacian and adjacency 
matrices  are associated with 
structural self-similarity, 
stability, flexibility and activity 
and hotspots, etc.  

Protein
Hypergraph 

representation

Mark Kac: Can one hear the shape of a drum? 
Can one hear the interaction of molecules?



O(N)

O(N2)

O(N3)

HIV capsid (313,236 
residues) would takes 
GNM 120 years to 
compute!

(Opron, Xia and Wei, JCP, 2013; JCP 2014; JCP, 2015; Nguyen, et al, JCIM, 
2017, Bramer and Wei, JCP, 2018. Nguyen and Wei, 2018) 
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Geometric Graph Theory  
 Multiscale weighted colored graphs (MWCG)
 MWCG is about 40% more accurate than Gaussian network model 

(GNM) in  B-factor prediction, based on 364 proteins.  K. Opron



Multiscale: The Poisson-Boltzmann equation

Discontinuous dielectric 
constant at the interface 

Non-smooth interface 
(geometric singularity)

Singular charges (delta 

functions)
Chern et al, 2003; Geng, Yu, Wei, JCP, 
2007; Geng, Zhao, JCP 2017
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𝑄𝒊𝛿 𝒓 − 𝒓𝒊 − 𝒅𝒊 ∙ 𝛁𝛿 𝒓 − 𝒓𝒊 +𝚯𝒊: 𝛁𝛁𝛿 𝒓 − 𝒓𝒊

−𝛁 ∙ 𝜺 𝒓 𝛁𝝓 =෍

𝒊

𝑞𝒊𝑐𝒊𝒆
−
𝒒𝒊𝝓
𝑘𝑇

𝜌𝑁𝒂𝐶𝑙

𝜺 = 80 𝜺 = 1

Point charge         Charge polarization (Amoeba)



(Yu, Geng, Wei, JCP  2007)

Relative solvation energy deviations 
over grid refinement for  947 
proteins in the Amber test set

(Wang, Wei, 2015)

Electrostatic binding energies of 14 RNA-
protein complexes over grid refinement

(Nguyen, Wang, Wei, JCC, 2015)

(Liu, Wang, Zhao, Tong, Wei, JCC  2017)

MIBPB for solving the Poisson equation with protein 
interface

ESES



(Wang, Zhao, Wei, 2015)



…

Protein-
ligand 

complex

Element 
specific 
groups

Element 
interactive 
manifolds

Machine 
learning 

prediction

Algebraic 
topology

or
Differential 
geometry

or
Graph 
theory

or
Differential 

equation
or

......
…

Various 
Mathematical  

features  

Mathematical deep learning



Topological learning based predictions
Classification of ligands & decoys
DUD database  128,374 protein-

ligand/decoy pairs 

Predicting mutations on 
223 membrane proteins  

Binding affinity prediction of 
PDBBind v2013 core set of 195

protein-ligand complexes

Cang and Wei, PLOS CB,2017

Predicting mutations on 
2648 globular  proteins  

(Cang and Wei, Bioinformatics, 2017)

Cang, Mu and Wei, PLOS CB,2018

Prediction RMSD of LogP (Star set)  

Wu and Wei, JCC,2018



Given data Predicted complex

Drug Design Data Resource (D3R) Grand Challenge

Final predictions to be compared with experiments

P
re

d
ic

te
d

Experimental Drug pose (Nguyen et al, JCAMD, 2018)

Math based GAN

https://drugdesigndata.org/
https://drugdesigndata.org/


Discriminator

Generative Adversarial Networks for Drug Design 

1

0
1

Training set

𝒙

Generator ෝ𝒙

𝒛

Generator ෝ𝒙

𝒛

https://www.google.com/imgres?imgurl=https://image.shutterstock.com/image-vector/pixel-noise-vector-vhs-glitch-450w-690904402.jpg&imgrefurl=https://www.shutterstock.com/it/image-vector/pixel-noise-vector-vhs-glitch-texture-690904402&docid=IHIZGQyOaexdCM&tbnid=4zxGgOHpUoMX1M:&vet=10ahUKEwjpuNvLgt_eAhVG2oMKHcAKBD8QMwhGKAcwBw..i&w=450&h=273&hl=en&bih=670&biw=1205&q=noise&ved=0ahUKEwjpuNvLgt_eAhVG2oMKHcAKBD8QMwhGKAcwBw&iact=mrc&uact=8


D3R Grand Challenge 2         (2016-2017)
Given: Farnesoid X receptor (FXR) and 102 ligands

Tasks: Dock 102 ligands to FXR, and predict their poses, binding free energies and 
energy ranking  

Stage 1                                     Stage 2     
Pose Predictions (partials)           Scoring (partials) 
Scoring (partials)                       Free Energy Set 1 (partials)
Free Energy Set 1 (partials) Free Energy Set 2 (partials) 
Free Energy Set 2 (partials)

Dr D Nguyen

(Nguyen et al, JCAMD, 2018)

https://drugdesigndata.org/php/d3r/gc2/combined/pose/index.php?component=417&results=rmsd&chart=pose&ligand=Average&partial=0
https://drugdesigndata.org/php/d3r/gc2/combined/pose/index.php?component=417&results=rmsd&chart=pose&ligand=Average&partial=1
https://drugdesigndata.org/php/d3r/gc2/combined/scoring/index.php?method=scoring_stage2&component=443&partial=0
https://drugdesigndata.org/php/d3r/gc2/combined/scoring/index.php?method=scoring_stage2&component=443&partial=1
https://drugdesigndata.org/php/d3r/gc2/combined/scoring/index.php?method=scoring_stage1&component=417&partial=0
https://drugdesigndata.org/php/d3r/gc2/combined/scoring/index.php?method=scoring_stage1&component=417&partial=1
https://drugdesigndata.org/php/d3r/gc2/combined/free-energy/index.php?component=443&q=rmsd&set=1&partial=0
https://drugdesigndata.org/php/d3r/gc2/charts/free-energy/index.php?component=417&q=rmsd&set=1
https://drugdesigndata.org/php/d3r/gc2/combined/free-energy/index.php?component=443&q=rmsd&set=2&partial=0
https://drugdesigndata.org/php/d3r/gc2/combined/free-energy/index.php?component=443&q=rmsd&set=2&partial=1
https://drugdesigndata.org/php/d3r/gc2/combined/free-energy/index.php?component=417&q=rmsd&set=2&partial=0
https://drugdesigndata.org/php/d3r/gc2/combined/free-energy/index.php?component=417&q=rmsd&set=2&partial=1
https://drugdesigndata.org/php/d3r/gc2/combined/free-energy/index.php?component=443&q=rmsd&set=1


D3R Grand Challenge 3 (2017-2018)
Pose Prediction
Cathepsin Stage 1A           Cathepsin Stage 1B
Pose Predictions (partials)          Pose Prediction

Affinity Rankings excluding Kds > 10 µM
Cathepsin Stage 1             Cathepsin Stage 2   
Scoring (partials)                      Scoring (partials)
Free Energy Set Free Energy Set
VEGFR2 JAK2 SC2 p38-α
Scoring (partials)                      Scoring (partials)                 Scoring
JAK2 SC3 TIE2 ABL1
Scoring Scoring Scoring (partials)    
Free Energy Set Free Energy Set 2

Active / Inactive Classification
VEGFR2                               JAK2 SC2                       p38-α 
Scoring (partials)                      Scoring (partials)                  Scoring (partials)                

JAK2 SC3                            TIE2                                ABL1 
Scoring Scoring (partials)                 Scoring (partials) 
Free Energy Set Free Energy Set 1

Affinity Rankings for Cocrystalized Ligands
Cathepsin Stage 1             Cathepsin Stage 2      
Scoring (partials)                      Scoring (partials) 
Free Energy Set Free Energy Set

Dr D NguyenZixuan Cang

(Nguyen et al, JCAMD, 2018)

https://drugdesigndata.org/php/d3r/gc3/combined/pose/index.php?component=968&results=rmsd&chart=pose&partial=0&ligand=Mean
https://drugdesigndata.org/php/d3r/gc3/combined/pose/index.php?component=968&results=rmsd&chart=pose&partial=1&ligand=Mean
https://drugdesigndata.org/php/d3r/gc3/combined/pose/index.php?component=972&results=rmsd&chart=pose&partial=0&ligand=Mean
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=968&method=ligand&partial=0&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=968&method=ligand&partial=1&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=1009&method=ligand&partial=0&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=1009&method=ligand&partial=1&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/free-energy/index.php?component=968&partial=0&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/free-energy/index.php?component=1009&partial=0&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=966&method=ligand&partial=0&group=noties
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=966&method=ligand&partial=1&group=noties
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=969&method=ligand&partial=0&group=noties
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=969&method=ligand&partial=1&group=noties
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=965&method=ligand&partial=0&group=noties
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=970&method=ligand&partial=0&group=noties
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=967&method=ligand&partial=0&group=noties
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=971&method=ligand&partial=1&group=noties
https://drugdesigndata.org/php/d3r/gc3/combined/free-energy/index.php?component=970&partial=0&group=noties
https://drugdesigndata.org/php/d3r/gc3/combined/free-energy/index.php?component=967&set=2&partial=0&group=noties
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=966&method=ligand&partial=0&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=966&method=ligand&partial=1&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=969&method=ligand&partial=0&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=969&method=ligand&partial=1&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=965&method=ligand&partial=0&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=965&method=ligand&partial=1&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=970&method=ligand&partial=0&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=967&method=ligand&partial=0&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=967&method=ligand&partial=1&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=971&method=ligand&partial=1&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/free-energy/index.php?component=970&partial=0&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/free-energy/index.php?component=967&set=1&partial=0&group=active
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=968&method=ligand&partial=0&group=xray
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=968&method=ligand&partial=1&group=xray
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=1009&method=ligand&partial=0&group=xray
https://drugdesigndata.org/php/d3r/gc3/combined/scoring/index.php?component=1009&method=ligand&partial=1&group=xray
https://drugdesigndata.org/php/d3r/gc3/combined/free-energy/index.php?component=968&partial=0&group=xray
https://drugdesigndata.org/php/d3r/gc3/combined/free-energy/index.php?component=1009&partial=0&group=xray


Pose Predictions

BACE Stage 1A

Pose Predictions (Partials)

BACE Stage 1B

Pose Prediction (Partials)

Affinity Predictions

Cathepsin Stage 1

Combined Ligand and Structure Based Scoring

Ligand Based Scoring (No participation)

Structure Based Scoring

Free Energy Set

2/3 2/3 2 /2 1/2

BACE Stage 1

Combined Ligand and Structure (No participation)

Ligand Based Scoring (Partials) (No participation)

Structure Based Scoring (Partials)(No participation)

Free Energy Set (No participation)

BACE Stage 2

Combined Ligand and Structure 

Ligand Based Scoring (No participation)

Structure Based Scoring (Partials)

Free Energy Set

3/4 1/4

D3R Grand Challenge 4 (2018-2019)

Dr. D NguyenDr. Kaifu Gao

1/7 1/7 2/5

2/4 3/3 3/3

2/5 2/3 2/4

https://drugdesigndata.org/php/d3r/gc4/combined/pose/index.php?component=1146&results=rmsd&chart=pose&partial=0&ligand=Mean
https://drugdesigndata.org/php/d3r/gc4/combined/pose/index.php?component=1146&results=rmsd&chart=pose&partial=1&ligand=Mean
https://drugdesigndata.org/php/d3r/gc4/combined/pose/index.php?component=1470&results=rmsd&chart=pose&partial=0&ligand=Mean
https://drugdesigndata.org/php/d3r/gc4/combined/pose/index.php?component=1470&results=rmsd&chart=pose&partial=1&ligand=Mean
https://drugdesigndata.org/php/d3r/gc4/combined/scoringboth/index.php?component=1147&method=combined
https://drugdesigndata.org/php/d3r/gc4/combined/scoring/index.php?component=1147&method=ligand
https://drugdesigndata.org/php/d3r/gc4/combined/scoring/index.php?component=1147&method=structure
https://drugdesigndata.org/php/d3r/gc4/combined/free-energy/index.php?component=1147&group=default
https://drugdesigndata.org/php/d3r/gc4/combined/scoringboth/index.php?component=1146&method=combined
https://drugdesigndata.org/php/d3r/gc4/combined/scoring/index.php?component=1146&method=ligand
https://drugdesigndata.org/php/d3r/gc4/combined/scoring/index.php?component=1146&method=ligand&partial=1
https://drugdesigndata.org/php/d3r/gc4/combined/scoring/index.php?component=1146&method=structure
https://drugdesigndata.org/php/d3r/gc4/combined/scoring/index.php?component=1146&method=structure&partial=1
https://drugdesigndata.org/php/d3r/gc4/combined/free-energy/index.php?component=1146&group=default
https://drugdesigndata.org/php/d3r/gc4/combined/scoringboth/index.php?component=1479&method=combined
https://drugdesigndata.org/php/d3r/gc4/combined/scoring/index.php?component=1479&method=ligand
https://drugdesigndata.org/php/d3r/gc4/combined/scoring/index.php?component=1479&method=structure
https://drugdesigndata.org/php/d3r/gc4/combined/scoring/index.php?component=1479&method=structure&partial=1
https://drugdesigndata.org/php/d3r/gc4/combined/free-energy/index.php?component=1479&group=default


BiologyDriving by mathematics,  biology is 
transforming from qualitative, 

phenomenological and descriptive to 
quantitative,  predictive and analytical.

Biology became microscopic (i.e., 
molecular) in 1960s and added an 

omics dimension around the dawn of 
the millennium. 

The last frontier of science is  biology, 
while the last frontier of biology is 

mathematics.
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