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216,322,048 cases
4,500,679 deaths

COVID-19 demonstrates the importance of biosciences

What can mathematics do?
How will COVID-19 unfold in the future? 



The Promise of AI & Machine Learning 

won 25 of 43 contests and 
was ranked 1St among 98 
competitors in CASP13, Dec. 
2018.   

Input Output



Challenges of AI in biomolecular systems
• Geometric dimensionality: ℝ3𝑁 ,where N ~5000 for a protein.

• Machine learning dimensionality:  > 10243m, where m is the 

number of atom types in a protein.

• Molecules have different sizes --- non-scalable.

• Complexity: intermolecular & intramolecular interactions 



Given a protein with N

atom and an average of n

electrons in each atom
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de Rham
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Hilbert
Sequence data

Structure data
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Our Strategy
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Gauss Einstein

Cartan
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Multiscale PDEs

(Harness a century’s 
accomplishments in 

mathematics) 
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Discovery



Möbius Strips (1858) Klein Bottle (1882)

Classical Topology

Torus Double Torus
Leonhard Paul Euler
(Swiss Mathematician,       

April 15, 1707 – Sept 18 1783)

Seven Bridges 

of Konigsberg

Leonhard Euler (1735) 

Augustin-Louis Cauchy, 
Ludwig Schläfli, 
Johann Benedict Listing, 
Bernhard Riemann, and 
Enrico Betti



Topological invariants: Betti numbers

0 is the number of connected components.

1 is the number of tunnels or circles.

2 is the number of cavities or voids.
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Vietoris-Rips complexes of planar point sets

Simplexes:

0-simplex 1-simplex 2-simplex 3-simplex

Simplicial complexes of ten points:



Frosini and Nandi (1999), Robins 
(1999), Edelsbrunner, Letscher and 
Zomorodian (2002),  Zomorodian and 
Carlsson (2005), Edelsbrunner and 
Harer, (2007) Kaczynski, Mischaikow
and Mrozek (2004),…
Ghrist (2008),
……

Persistent homology  

FiltrationXia, Wei, IJNMBE, 2014;            
Xia, Feng, Tong, Wei, JCC, 2015 

Simplexes:

0-simplex 1-simplex 2-simplex 3-simplex

Cycle        group:

𝐾 = ෍

𝑗

𝑐𝑗𝜎𝑗
𝑞

Boundary operator:

k-chain:

Chain group:

Boundary group: 

Homology group: 

𝑍𝑞 = Ker 𝜕𝑞
𝐵𝑞 = Im 𝜕𝑞+1

𝐻𝑞 = Τ𝑍𝑞 𝐵𝑞

𝛽𝑞 = Rank 𝐻𝑞

𝜕𝑞𝜎
𝑞 =෍

𝑗=0

𝑞

−1 𝑗 𝑣0, 𝑣1, … , ෝ𝑣𝑗 , … , 𝑣𝑘

𝐶𝑞 𝐾, ℤ2

Betti number: 



Vietoris-Rips complexes, persistent homology and topological 
fingerprint

(Xia, Wei, 2014)

Algebraic Topology



Topological fingerprints of an alpha helix

(Xia & Wei, 

IJNMBE, 

2014, 2015)

Beta barrel Microtubule



Time

Algebraic Topology 
2D persistent homology of protein unfolding (1UBQ)

(Xia & Wei, JCC, 2015)
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Kelin Xia



Persistent cohomology
(incorporating non-geometric information in topology)

Zixuan Cang
SIAM JMDS
2020Wasserstein curves

Optimal transport

D1 D2 D3



Minimal Surfaces
A way to minimize energy 

and maximize stability

Viral morphologyJoseph L. Lagrange
(Italian 
Mathematician,
January 25 1736 –
April 10, 1813)

Leonhard P. Euler
(Swiss Mathematician,       
April 15, 1707 – Sept 
18 1783 

Helicoid

Man-made life, 

Mycoplasma 
mycoides



Differential geometry based minimal surface model

S=1

S=0

(Bates, Wei, Zhao, 2006; JCC,2008; Zhao, Cang, Tong & Wei, Bioinformatics 2018 )

𝐺 = න𝛾[area] 𝑑𝒓 area = |𝛻𝑆|

Generalized Laplace-Beltrami flow:  

Mean curvature 

𝜕𝑆

𝜕𝑡
= |𝛻𝑆| 𝛻 ∙

𝛾𝛻𝑆

|𝛻𝑆|

where G is the surface energy,   gamma

is the surface tension,  and S is a surface 

characteristic function:

(𝛾)

Shan Zhao



Mean curvatures of 
subcellular structures

Differential Geometry (Connections & curvature forms)

MeanGauss

Minimum Maximum

Shape index Curvedness

(Feng, Xia, Tong and Wei, JCP, IJNMBI,2012)

Kelin Xia

HIV 
receptor



De Rham-Hodge theory and discrete exterior calculus 

Hodge 
decomposition:

A vector field =  Harmonic  +  curl-free  + divergent-free   

(Zhao, Wang, 
Chen, Tong & 
Wei, BMB, 2020)

Maxwell theory
Quantum mechanics/Solid state theory 
Quantum field theory/Yang-Mills theory

Cryo-EM data:  



Algebraic 

topology

Multiscale 

analysis

Differential 

geometry

Evolutionary
de Rham-

Hodge 

De Rham-
Hodge
theory

Manifold 
convergence

Persistent 
homology



Evolutionary de Rham-Hodge

(Chen, Zhao, Tong & Wei, DCDS-B 2020)

Filtration of a manifold

De Rham complexes induced by filtration 



Evolutionary de Rham-Hodge

Progression (homotopy)

P
e
rs
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te

n
ce

(Chen, Zhao, Tong & Wei, 
DCDS-B 2020)

Obtain multiscale spectral geometry & persistent topology 
from k-form Hodge Laplacians! Δ𝑘

𝑙,𝑝
= 𝜕𝑘+1

𝑙 𝑑𝑘
𝑙 + 𝑑𝑘−1

𝑙+𝑝
𝜕𝑘
𝑙+𝑝
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Molecular graph G(V,E)   

(Nguyen and Wei, JCIM, 2019) 

Algebraic Graph Theory for Biomolecules  

Can one hear the 
shape of a drum?

Φ12 +Φ13

−Φ12

−Φ13

0
.

−Φ12

Φ12 +Φ24

0
−Φ24

.

−Φ13

0
Φ13 +Φ34

−Φ34

.

0
−Φ24

−Φ34

Φ24 +Φ34

.

Laplacian matrix of G(VON,E) 

Eigenvalues: 𝜆1
𝐿, 𝜆2

𝐿 , …

0
Φ12

Φ13

0
.

Φ12

0
0
Φ24

.

Φ13

0
0
Φ34

.

0
Φ24

Φ34

0
.

Adjacency matrix 
of G(VON,E) 

Eigenvalues: 𝜆1
𝐴, 𝜆2

𝐴, …



O(N)

O(N2)

O(N3)

HIV capsid (313,236 
residues) would takes 
GNM 120 years to 
compute!

(Opron, Xia and Wei, JCP, 2013; JCP 2014; JCP, 2015; Nguyen, et al, 
JCIM, 2017, Bramer and Wei, JCP, 2018. Nguyen and Wei, 2018) 
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Geometric Graph Theory  
◼ Multiscale weighted colored graphs (MWCG)
◼ MWCG is about 40% more accurate than Gaussian network model 

(GNM) in  B-factor prediction, based on 364 proteins.  K. Opron



Simplexes (𝜎𝑞):
0-simplex 1-simplex 2-simplex 3-simplex

𝐾-chain: 𝐾 = ෍

𝑗

𝑤𝑗𝜎𝑗
𝑞

Chain group: 𝐶𝑞 𝐾, ℤ2

Boundary operator:

𝜕𝑞𝜎
𝑞 =෍

𝑗=0

𝑞

−1 𝑗 𝑣0, 𝑣1, … , ෝ𝑣𝑗 , … , 𝑣𝑞

𝜕𝑞: 𝐶𝑞(𝐾) → 𝐶𝑞−1(𝐾)

Adjoint boundary operator: 𝜕𝑞
∗: 𝐶𝑞−1(𝐾) → 𝐶𝑞(𝐾)

𝑞-combinatorial Laplacian operator: Δ𝑞 = 𝜕𝑞+1𝜕𝑞+1
∗ + 𝜕𝑞

∗𝜕𝑞

𝑞-combinatorial Laplacian matrix: ℒ𝑞 = ℬ𝑞+1ℬ𝑞+1
𝑇 + ℬ𝑞

𝑇ℬ𝑞

Betti numbers: 

𝛽𝑞 = dim ℒ𝑞(𝐾) − rank ℒ𝑞 𝐾 =# of zeros eigenvalues of ℒ𝑞(𝐾)

(Wang, Nguyen, Wei, IJNMBE,  2020)

(Goldberg, Thesis, 2002; Horak, Jost, AIM,  
2013; Serrano, Gomze, Arxiv, 2019,…)

Persistent Spectral Graph (Persistent Laplacian) 

Multiscale  
spectra & 
topological 
persistence!

Rui Wang

Software:
HERMES



…
Protein-
ligand 

complex

Element 
specific 
groups

Machine 
learning 

prediction

Mathematical 
representations

Algebraic 
topology

Differential 
geometry

Graph 
theory

And/or 

PDE

Mathematical deep learning



Drug Design Data Resource (D3R) Grand Challenges
26

Long-short term memory/ 
Gated recurrent unit

Funded in part by National Institute of General Medical 
Sciences

Hosted at the University of California, San Diego

Annually since 2015

GC4 (2018 -2019): 55 research groups



Given data Predicted complex

Drug Design Data Resource (D3R) Grand Challenge

Final predictions to be compared with experiments

P
re

d
ic

te
d

Experimental Drug pose (Nguyen et al, JCAMD, 2018)

Math based GAN

https://drugdesigndata.org/
https://drugdesigndata.org/


Our performance in D3R 
Grand Challenges, 2016-

2019.

Dr. D Nguyen Dr. Kaifu Gao Dr. Z Cang



Life cycle of SARS-CoV-2 in host cells 



Mutation Tracker

https://users.math.msu.edu/users/weig/SARS-CoV-2_Mutation_Tracker.html

Rui Wang

What governs SARS-CoV-2 transmission and evolution (new variants)?



We discovered the mechanism of 
viral transmission and evolution

Dr Jiahui Chen



We predicted key mutation sites in prevailing variants
Mutations at 501 and 452 in prevailing SARS-CoV-2 variants



Chen, Wang, Wang, Wei, JMB, July 2020

We discovered the mechanism of viral transmission and evolution 

All experiments, if done correctly, confirm our hypothesis



Mutation-induced binding free energy changes for spike 
protein-ACE-2 complex  (more infectious)

Wang, Chen, Gao, Wei, Genomics, 2021

Dr Jiahui Chen

The most observed 100 out of 651 RBD mutations 
from 506,768 patient genome sequences

RBD
ACE2

The odd for these 100 most observed 
mutations to be here accidentally is 
smaller than one chance in 1.2 nonillion!  



Genome-Math-AI modeling of protein-protein binding 
affinity changes following mutations



Predictions of deep mutations

Comparison between experimental data (Top panel, Science, 370(6521): 1208, 2020) and
machine learning predicted RBD-mutation-induced BFE changes (Bottom panel) for the
SARS-CoV-2 S protein and CTC-445.2 complex. The high similarity between these heatmaps
demonstrates the reliability of our machine learning predictions. Our model was extensive
validated and trained with tens of thousands of experimental data points.



Prediction of mutational impacts to Eli Lilly antibody therapy

The UK variant (N501Y) makes this 
antibody slightly more effective.                           

The South Africa variant (E484K) will reduce Eli 
Lilly antibody efficacy by about 25 times                          

The California variant (L452R) will reduce Eli Lilly 
antibody efficacy by about 2.7 times                          

CNN news (March 25): US government stops distribution of Eli Lilly 
Covid-19 antibody treatment due to spread of coronavirus variants



Delta
Lambda

Gamma

Beta

Delta plus

Beta plus

NuMu

Atlas of emerging variants

Xi
Omicron



Biology

The last frontier of science 
is biology.

The last frontier of biology 
is mathematics 
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