MTH 415 2026 Fall

Homework 7 Solutions

Solution. Problem 1.

Let
2 4 0
A=|—-i 2 0
0 0 O
1. Since
2 1 0
A= -1 2 0| =A,
0 0 0

the matriz A is Hermitian.

2. The characteristic polynomial is

det(A — M) = (=\) det <2__ﬁ 5 i A) .

Hence
det(A— M) =-X((2-MN)?=1) =-AA—1)(A—3).

Therefore the eigenvalues are

0,1,3]
For \ =3,
(A-30)z=0
gives
—x1 4+ txo =0,
50
i
FE5 = span 1
0
For A =1,
(A—T)x =0
gives
x1 +1xe =0,
S0
—1
FE| = span 1
0
For A =0,
0
Ey = span 0
1
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3. Normalized eigenvectors are

1 —1 0
1 1 L 1 0
v3 = — ) v = — ) vy =
3 NG 1 NG 0
0 1
For example,
1 N 1
virr =g (=i 1 0) [ 1] =2((=)*+1)=0
0
Also,
vzug = 0, vivg = 0.

Thus eigenvectors corresponding to distinct eigenvalues are orthogonal.

4. Since the nullspace is the eigenspace corresponding to eigenvalue 0,

N(A) =spanq | 0

0

1

Hence

and by the rank-nullity theorem,

Solution. Problem 2.
Let A € C"*™ be Hermitian and satisfy

1. Suppose

for some nonzero eigenvector v. Then

nullity(A) = 1,

rank(A4) = 2|

A? = A

Av = X\v

A%y = A(\w) = Mo = A,

Since A2 = A,

A%y = Av = M.
Thus

A2 =),
S0
A(A—=1)=0.

Therefore

’ A=0o0orA=1 ‘
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2. By definition,

(N(A) = {z: Az = 0}.|

Now suppose y € C(A). Then
y= Az

for some x, and therefore
Ay = A%z = Az =y.
Hence
C(A) C{y: Ay =y}.
Conversely, if
Ay =y,
then y = Ay, soy € C(A). Therefore

’C(A):{x:Ax:x}.‘

3. Let z€ N(A) and y € C(A). Write
y = Ax.

Since A is Hermitian,

(z,y) = 2" Az = (Az)"z = 0.

Therefore
N(A) CC(A)* .

Conversely, suppose

zeC(A)*t.
Since Ax € C(A) for every x,
2*Ar =0
for every x. Since A = A*,
(Az)*z =0
for every x, which implies
Az =0.
Thus
ze N(A).
Hence
N(A) =Cc(A)*
4. For any x,
Az € C(A).
Also,
A(x — Az) = Az — A%z = 0.
Therefore

x— Az € N(A) = C(A)*.
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Thus
x=Ax+ (z — Ax),
where
Az € C(A)
and
x — Az € C(A)*L.
Therefore

A is the orthogonal projection onto C(A).‘

1/H



