MTH 415 2026 Fall

Homework 5 Solutions

Problem 1.
Let L C R” be a linear subspace, and let P;, denote the orthogonal projection onto L.

1. By definition of orthogonal projection,
PL(.%') el
for every x € R™.

2. Again by the definition of orthogonal projection,

x— Pp(z) € Lt

for every x € R™.
3. Suppose x € L.

Since Pp(x) € L, we have

x— Pr(z) € L.
From part (2),

x — Pr(zx) € Lt
Therefore,

x— Pr(z) € LN L.

Since

LN Lt = {0},
we obtain

x — Pr(z) = 0.
Hence,

PL(Z') = X.

4. We prove that Py, is linear.
Let z,y € R™ and let o, 8 € R.

Write

x = Pr(x)+ (x — PL(:U)),

y=Pr(y)+ (v — Py)),
where

PL(:U)’ PL(y) €L
and
x— Pr(z), y— Pr(y) € L*.

Therefore,

ax + By = (aPy(x) + BPLWY)) + (ale = Po() + By — PL(v))).

1/H



MTH 415 2026 Fall

Since L and L' are linear subspaces,
aPr(x) 4+ BPL(y) € L

and
a(z — Pr(x)) + By — Pu(y)) € L.

By uniqueness of the orthogonal decomposition,

Pp(ax + By) = aPr(x) + BPL(y).

Hence,

PL(‘T) € L7

5. Since

part (3) gives
Pr(Pp(x)) = Pr(z).

Therefore,

P} =Py.

6. We have
Tr = PL(LL“) + (33 — PL(x)),

with

PL(.’IJ) el
and

x — Pr(zx) € Lt

Hence,

By the Pythagorean theorem,
l|3 = 1P ()13 + ll= — Pr(x)|3:

Thus,

13 = 1P (@)[I3 + [l — Pr(=)]5.

Problem 2.
Let
U ={ug}izy and V =A{ve}im

be two orthonormal bases of the same subspace

L = span(U) = span(V).
(a)
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Since
Viy.ooy Up

form an orthonormal basis of L, the orthogonal projection of x onto L is

T

Pr(x) = 3 (v a)or.

=1

Since u; € L, we have
u; L x— Pr(x).

Therefore,
<uja l‘> = <uj7 PL(:L'»

Substituting the expression for Pr(x) gives

(uj, z) = <uj,z<vg,x>vg> :

=1
Using linearity of the inner product,

r

(uj,x) = Z(vg,a7><uj,vg>.

/=1

Hence,

r

(uj,z) = > (ve,){uj,vp).

(b)

By definition,

Using part (a),

Rearranging the sums,

T T
Py(z) = (vea) [ D (uj,ve)uy
Since
ULy .oy Uy
form an orthonormal basis of L, and
v € L,

we have

v = Z(uj,vg>uj.

j=1
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Therefore,

But the right-hand side is exactly

Hence,

| Py(z) = Py(z)]

for every x € R".
Thus, the orthogonal projection onto L is independent of the choice of orthonormal basis.
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