MTH 415 2026 Fall

Homework 4 Solutions

Problem 1.
Let
L = Col(Q).

Since the columns of () form an orthonormal basis for L,
P =QQ".

Therefore,

(Im — QQ1)x = (I,, — Pp)x = Pyox € Lt

On the other hand,
QQ"y="Prye L.

Hence,

(Im — QQM)z L QQ"y.

Problem 2.
Let the columns of U be
Ulye ooy Up.

Since U is orthogonal, its columns form an orthonormal basis, so
||Uj||2:1, jzl,...,n.

By the definition of the Frobenius norm,

1% =>_> " 1U;I

i=1 j=1

Grouping the entries by columns gives
n
UNE = lluyli3.
j=1

Since each column has unit norm,

n
013 =3 1=n.
=1

Therefore,

1Ullr = vn.

Problem 3.
Recall the dimension formula

dim(L + K) = dim(L) + dim(K) — dim(L N K).
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Since

L+ K CR",
we have
dim(L + K) < n.
Therefore,
dim(L) + dim(K) — dim(L N K) < n,
SO

dim(L N K) > dim(L) + dim(K) — n.

By assumption,
dim(L) + dim(K) > n.

Since all dimensions are integers,

dim(L) + dim(K) —n > 1.

Hence,
[ dim(LNK) > 1.|
Problem 4.
Let the columns of A be
1 2 3 1
|1 |2 K |1
1 2 3 -1
Notice that
as = 2aq, as = 3a;.
Thus, the first three columns span only one direction.
We have
lai]l2 =2,
S0
1
_ aq - 1 1
T el ~ 2 |1
1
Also,

1
2

Thus a4 is already orthogonal to q;. Since

¢lag=-1-1+1-1)=0.

laall2 =2,
we obtain
1
11 -1
q2 5 1
-1
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Therefore, a reduced QR decomposition is

A=QR,
where
1 1
111 -1
@=511 1
1 -1
Since
R=Q"A,
we obtain
2 4 6 0
R_<O 0 0 2)'
Hence,
1 1
A—l 1 -1 2 4 6 0
21 1 000 2
1 -1
Notice that
rank(A) = 2,

so the reduced ) has two columns and the reduced R has two rows.
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