Lecture 9: Review and Challenge Problems

Theorem 1. Any two bases of a finite-dimensional subspace V- C C™ have the same number of
vectors.

Proof. Let
Blz{ul,...,um}, BQZ{’Ul,...,’Uk}

be two bases of V.

Apply Gram—Schmidt to By and Bs. Since both sets are linearly independent, Gram—Schmidt does
not remove any vectors. Thus we obtain two orthonormal bases

Q:{Q17'~‘7Qm}a P:{p17)pk}

of V.
Since P is an orthonormal basis of V', for every ¢;,

k

=Y _(pja:)p;-

j=1
Hence, by orthonormality,
k
1= lgl® =Y 1{pja)l*
j=1
Summing over i gives

m=> "> pja)l*

i=1 j=

=

Similarly, since ) is an orthonormal basis of V|

for every p;. Therefore,

Since
(P> i)l = Hai pi)l,

the two double sums are equal. Hence
m=k.



Lemma 2. Let £L,K C C" be two linear subspaces such that
LN K ={0}.

Then LUK contains
dim(£) + dim(K)

linearly independent vectors.

Proof. Let
r = dim(L), s = dim(K),

and let

B={by,...,b}
be a basis of £ and

A=Aay,...,as}
be a basis of K.
Since

LN K ={0},

and neither A nor B contains the zero vector, the set
BUA

contains exactly r 4+ s vectors.

We claim that B U A is linearly independent. Suppose

T S
Zajbj + Z,Bkak =0.
j=1 k=1

Then
T S
D _aibj == Brax.
j=1 k=1

The left-hand side belongs to £, while the right-hand side belongs to K. Hence their common value

belongs to
LN K ={0}.

Therefore,
' S
Zajbj = 0, Z,Bkak =0.
j=1 k=1

Since B and A are bases, they are linearly independent. Thus
ap=---=a; =0, pr=-=pBs=0.
Hence B U A is linearly independent and contains
r+s=dim(£) 4+ dim(K)

vectors. 0



Theorem 3. Let B C R"™ be an orthonormal basis of a linear subspace L C R™. Then there exists
an orthonormal basis B of R™ such that

B C B.

Proof. Suppose
B={aq,....q}

Since B is an orthonormal set, it is linearly independent. Therefore, we can extend B to a basis of
R"™:
{Q17 ey Qy V41, - - - 7/U’n}‘

Now apply the Gram—Schmidt process to these vectors in this order.

Since q1, . . ., qr are already orthonormal, the Gram—Schmidt process leaves them unchanged. Thus,
the first k£ vectors produced are still

qi, .-, k.
Applying Gram—Schmidt to the remaining vectors vg1, ..., v, produces vectors

ak+17 vy Z]Vn

such that B
B = {qu"')qkazjk-‘rla"'aan}

is an orthonormal basis of R™.

Therefore,

O]

Definition (Sum of Subspaces). Let U,V C R™ be subspaces. The sum of U and V is defined by
U+V={u+v:uelU veV}
Lemma 4. Let U,V CR™ be subspaces. Then

dim(U + V) < dim(U) + dim(V').

Proof. Let

{ug,...,up}
be a basis of U, and let

{v1,...,vs}
be a basis of V.
We claim that

{ur, ..., up,v1,...,05}

spans U + V.

Indeed, for any = € U 4+ V, by definition of the sum of subspaces, there exist u € U and v € V such
that
Tr=u-+wv.



Since {uy,...,u,} is a basis of U and {v1,...,vs} is a basis of V, we can write

' S
u = E a;u;, v = E bjv;.
i=1 j=1
Therefore,
T S
r = E a;u; + E ijj.
i=1 j=1

Hence,
U+V =span{ug,...,Ur,v1,...,0s}.

Thus U + V is spanned by r + s vectors, so

dim(U +V) <r+s=dim(U) + dim(V).



