Lecture 18: Eckart—Young Theorem

1 Singular Values, Matrix Norms, and Truncated SVD

Suppose
A E (Cm Xn

has rank 7, with compact singular value decomposition
'
A=U% V' = Zajujv;,
j=1

where
o12>092>---2>0.>0.

The singular values tell us not only the rank of A, but also how large A is in different directions.
This will allow us to approximate A using a matrix of smaller rank.

1.1 Two Matrix Norms

We will use two ways to measure the size of a matrix.

Definition (Frobenius Norm). For
A= (AZ]) S (men’

the Frobenius norm 1is

1/2
m n /

1Al = DD 145

i=1 j=1

Equivalently,
1Al

is the sum of the squared Euclidean norms of the columns of A.

Definition (/3 Operator Norm). For
A e (CmXTL

define

[Allpp = max [|Az], .
lell,=

Thus [|Al|,_,, measures the largest factor by which A can stretch a vector.



1.2 Unitary Matrices Preserve These Norms

If @ is unitary, then
Q] = [l -

Therefore, if U and V are unitary,

IUA|lp = 1Al = AV

and

IUA[ly 5 = 1 All250 = [AV 55 -

For the Frobenius norm, left multiplication by U preserves the norm of every column. Right
multiplication follows by applying the same argument to the conjugate transpose.

1.3 Matrix Norms from the Singular Values

Let
A=UXV*

be a full SVD, and let
¢ = min{m,n}.
Since multiplication by unitary matrices does not change either norm, we may measure A by

measuring .

For the Frobenius norm,
[Allp = 1%l -

Since the only nonzero entries of X are the singular values,

q
2
lAlE =) o3
j=1

For the operator norm,
||A”2—>2 = H2H2—>2‘
For any unit vector z, . ,
5213 = D" o2z < 02 31l < o
j=1 J=1
Equality is achieved by taking z = e;. Therefore,

[Allz0 = o1

Thus:

2
1Al =of + - +o7,  [[Allyse =01

The Frobenius norm measures the total size of all singular directions, while the operator norm
measures only the largest one.



1.4 Truncating the SVD

Suppose
1<s<r.

The rank-one expansion gives
* *
A = o1uv] + - - + opuv;.

If we keep only the first s terms, define

S
JR— . . *
Ag = E TjUjU;
j=1

Equivalently,
’f% ::D;Esv?a
where | | | |
Us=w Us |, Vo= 1un Vs |,
\ ! | \
and

Y, = diag(oq,...,04).

Since Ag is a sum of s rank-one matrices,
rank(A;) < s.

In fact, because o1,...,05 > 0,

’rank(As) =s. ‘

This matrix is called the truncated SVD of A.

1.5 The Approximation Error

Subtracting A, from A gives

-

_ )y

A—A; = E O U V.
Jj=s+1

Thus the nonzero singular values of A — Ay are

Og41y:++90p.

Therefore,

1A = Aslly o = o1,

and

1A= Adlp= ) o7

j=s+1

So the singular values tell us exactly how much information is lost by discarding the smaller singular
directions.



1.6 Why Low Rank Helps with Storage

A general matrix

AeCmxn

requires mn numbers to store.

A rank-s truncated SVD
As = U BV

can be stored using approximately
ms+ns—+s

numbers.

When
s < min{m,n},

this can be much smaller than mn.

The natural question is now:

Is A, actually the best rank-s approximation to A7

The answer is yes.

2 Optimal Low-Rank Approximation

Let
-
A=You azeza>0
j=1
and define

S

—_— . . *

A = g TjUfU;
Jj=1

We have already seen that A; has rank s.

We now show that no other rank-s matrix can approximate A better.

2.1 Best Approximation in Operator Norm

Theorem 2.1 (Best Rank-s Approximation in Operator Norm). Let
B c CmXTL

have rank at most s. Then

|4 = Bllgyy = 041

Since
HA - A8H2—>2 = 0s+1,

the truncated SVD Ay is a best rank-s approximation to A in operator norm.



Proof. Since
rank(B) < s,

the rank-nullity theorem gives
dim N (B) > n — s.

Let
L = span{vy,...,vs+1}.
Then
dimL =s+ 1.
Therefore,
dim L + dim N (B) > n.
Hence
LNN(B)
contains a nonzero vector.
Choose
x e LNN(B)
with
HfUHz =1
Since Bz =0,
(A— B)x = Ax.
Also, since = € L, we may write
s+1 s+1

x:Zajvj, Z|aj|2: 1.
j=1 j=1

Therefore,
s+1
Az = Z 005Uy,
j=1
and hence
s+1
2 2] 12
[Az|5 = o}l
j=1
Since
0j > 041 for j < s+41,
we obtain
s+1
2
| Azll5 = U§+1 Z |aj|2 = U§+1'
j=1
Thus

1A= Blly = [I(A = Bzl = [[Az[ly > o5t1-



The proof has a simple interpretation: a rank-s matrix B must kill at least n — s directions. Among
the first s 4+ 1 right singular directions of A, there is always a nonzero direction that B kills. On
that direction, the error cannot be smaller than o441.

2.2 Best Approximation in Frobenius Norm

We now prove the analogous result for the Frobenius norm.
Theorem 2.2 (Best Rank-s Approximation in Frobenius Norm). Let

B e Ccmxn

have rank at most s. Then

r

2 2

lA-B|z> Y o
Jj=s+1

Since

r
IA—AllE= ) o3,
Jj=s+1

the truncated SVD Ag is also a best rank-s approzimation to A in Frobenius norm.

Proof. Let
S =C(B),

and let
P

be the orthogonal projection onto S.

Since
dim S = rank(B) < s,

the subspace S has dimension at most s.

Write the columns of A and B as

| | | |
A=|ar -~ an|, B=[b - bs

Each b; lies in S. Since Paj is the closest vector in S to aj,

la; — bjlly > llaj — Payl|, .

Summing over all columns gives

1A= Bl > [I(1 = P)A|lr.

Now use the SVD
A=UXV*.



Since right multiplication by the unitary matrix V' preserves the Frobenius norm,

I(1 — P)A|} = ||(I - P)U|3.

Therefore,
-
2 2
I(I = P)AI7 =Y o7 |1 = Puyl3 -
j=1
Set
2
O(j = ||Puj||2 .

Since

Jujlly, =1,
we have

2
(I = P)ujlly =1 = ay.
Thus,
T T
2
I(T=P)A|7 =07 =D aja;.
j=1 j=1

Clearly,

Ojgcw‘é 1.
To control their sum, let

p1,...,Pt

be an orthonormal basis for S, where t < s. Since

t

Puj = " (pk, u;)pr,
k=1

we have

t
2
1Pujlly = > 1o, uy) .
k=1

Because
Uty -y Um

form an orthonormal basis of C™,

m t m t

2 2
S NPulls =D [prsui) > =D llpell = t.
7j=1 k=1

k=1 j=1
Therefore,

T
Zaj <t<s.
Jj=1

Since



the largest possible value of
T
2
Z 05
j=1

is obtained by placing all available weight on the first s terms. Hence,
T S
2 2
Sty < Yok
j=1 j=1

Therefore,

I = P)A|I > fo

j=s+1

Combining the inequalities,

1A~ BlF > ZU

Jj=s+1

2.3 The Eckart—Young Theorem

Combining the two results gives the central low-rank approximation theorem.
Theorem 2.3 (Eckart—Young). Let

T
A:Zc;'jujv;, 01> >0 >0.
For s <r, define

S
— . . *
Ay = g O U ;.
Jj=1

Then A is a best rank-s approzimation to A in both the operator norm and the Frobenius norm.
Moreover,

HA - ASHQﬁ\Q = Os+1,

and

JA- A= o

Jj=s+1

2.4 Interpretation

The SVD orders the rank-one pieces of A from largest to smallest:

A= (71111’[)1< + O-QUQU; -+ .-

The truncated SVD keeps the s most important pieces:

As = o1ugv] + - -+ + osusv;.

The Eckart—Young theorem says that no other rank-s matrix can do better.



