MTHI132 - Examples

2.1 Problems
A Table and Some Graphs

Example 1. Approximate f’(3) using the table to the right:

: — i L@=FB) 1 fA-FB) | F2)-FB)
Solution f’(3) = lim ~ (P =)

(4Ll
r—3 z—3 2

4-3

Example 2. For the function f whose graph is given
to the right, arrange the following numbers in increasing
order and explain your reasoning.

0 f'(=2) f'(0) f'2) f'(4)

Solution f’(a) > 0 mean f(z) is increasing at a, f'(a) <

711\ __
+ )=

3/2

0 means f(z) is decreasing at a. Since f'(a) is the slope
of the tangent line, the steeper the tangent line is, the
larger the absolute value of f’(a) is. Hence

f10) <0< f(4) < f(2) < f'(-2)
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Example 3. A particle starts by moving to the right along a horizontal line; the graph of its position
function is below for ¢ € [0, 6] seconds.

(a) When is the particle moving to the right? Moving to the left? Standing still?

(b) Draw a graph of the velocity function.
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Solution: the particle is moving to the right on [0,2), to the left on (2,3) U (4, 6], and stand still on (3,4).

Standard Problems
Example 4. Find f'(1) for f(z) =22*> =3z +5

Solution: f’(l) — lim fa+h)—f1) _ lim 2(1+h)%2—3(1+h)+5—(2—3+5)

— iy hE2R% s _
lim . lim i = lim lim(1+42h) =1

h—0 h h—0
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Example 5. Find the equation of the tangent line for f(t) =

Solution: Let us first simplify f(z)

f(t)—2t+1—2t+6_5—2(t+3)_5—2— bt
Ct+3 t+3  t+3 7 t+3
Now we use this simplified f to compute the derivative.
2 5 (2 o )
fUA+h)—f4) " 4+ h+3 T 4430 5 5
/ _ — — g
f4) = lim h = h =TT T 19

The tangent line is
y—f(4)=f(4)(z—4)
Evaluate f(4) =2 —5/7 =9/7, inserting this and f’(4) = 5/49 to the above equation to obtain

Example 6. Find the equation of the tangent line for g(x) = /5 — z at x = 1.

g +h) —g(1)

vVo—(1+h) —+v/b5—-1 V4 —h—2
Solution: ¢'(1) = lim = lim 5-(+h) > = lim vizh=2
h—0 h h—0 h h—0 h

. V4—h—2 4—h+2 ) 4—h—4 ) 1
= lim : = lim =lim —— = —-1/4.
h—0 h Vi—h+2 0h(y/4—h+2) h=0 J4—h+2

And ¢g(1) = v/5 — 1 = 2. Inserting these into the equation of the tangent line

y—g(1)=g'(x)(z—1)

we obtain
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Non-Standard Problems

Example 7. Determine whether f/(0) exists in each case:

(a)

2 +3x ifz>0
f(x>_{o itz <0

Solution: By definition f’(0) = lim M

z—0 x—0

. We cannot directly evaluate this limit since f(z)

has different expressions on the two sides of 0. We need to evaluate the left limit and the right limit

separately.
lim f(x) = J(0) = lim 0-0 =0
z—0— x—0 z—=0— 1 — (0
— f(0 24+ 32-0 243
lim (x (>:limx+—w:1mx+$:limx+3:3
z—04+ x—0 z—0+ x—0 z—0+ x z—0+4
Since the limit on the left does not agree with that on the right, the limit lir%
z— xr —
exist. Hence f/(0) D.N.E.
22 sin 1 ifx#0
fz) = x
0 ifx=0
Solution: By definition,
22 sin L 0
— (0 -
f(0) = lim Jl@) = J(0) = lim ——*—— = lim z'sin —.
z—0 x—0 z—0 x—0 z—0 x

Next we use the Squeeze theorem to show that this limit is 0. Multiplying each term in
!
—1<sin— <1
x
by x, if x > 0, we have

—rx<gzxsin— <z
T

if x < 0, we have

—x>xsin—>x

T
Using the squeeze theorem, implies
) 1 ) .
lim zsin— = lim 2 = lim —x =0
z—0t xT z—0t z—0t
implies
. 1 ) .
lim zsin— = lim = lim —2 =0
r—0~ xr r—0~ r—0~
Hence
limzsin— =20
x—0 X
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f(z) = f(0)
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