
BASIC TOPOLOGICAL FACTS

TOPOLOGIES

Definition: A topologyon a set
�

is a collection� of subsets of
�

having the following
properties:

1. � �� � �
2. � � � � � � � � � � �
3. �	 � � � 
� � � � 
	�� �	

� �

Definition: A topological space�� � � � is an ordered pair where
�

is a set and� is a topology on
�

.

Definition: If � � � , we say that� is anopensubset of
�

.

Proposition: If ��� ���� � � � for some�, then
��
���

� � .

Proposition: � � � � 
� � � � �� � � such that� � � � � .

(Thus� is an open subset of
�

iff for each� � � ,
there exists anopen neighborhood� of � such that� � � .)
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BASES

Definition: If �� � � � is a topological space, abasisfor � is a subcollection� of � with the property that if� � �
then there is a subcollection� � (possibly empty) of� such that� � 
� �� �

�
.

Proposition: � is a basis for� iff 
� � � � �� � � such that� � � � � .

Proposition: Given a set
�

, let � be a collection of subsets of
�

satisfying the properties:

1.
� � 
� ��

�

2.
� � ��� � � and� � � � � �� � �� � � such that� � � � � � � ��

Then the collection of all unions (possibly empty) of elements of� forms a topology� on
�

and� is a basis for� .

SUBBASES

Definition: If �� � � � is a topological space, asubbasisfor � is a subcollection� of � such that the collection of
all finite intersections (possibly empty) of elements of� is a basis for� .

Proposition: Given a set
�

, let� be a collection of subsets of
�

. Then the collection of all unions (possibly empty)
of all finite intersections (possibly empty) of elements of� forms a topology on

�
and� is a subbasis for� .

SUBSPACES AND PRODUCT SPACES

Proposition: Let �� � � � be a topological space. Let	 � �
.

Let �
 � �� � 	 � � � 	 � � for some� � � �. Then�
 is a topology on	 .

Definition: Let �� � � � be a topological space. Let	 � �
.

Then�
 is called thesubspace topologyon	 , and�	 � �
 � is called atopological subspaceof �� � � �.
Remark: Let �	 � �
 � be a topological subspace of a topological space�� � � �.�

is an open subset of	 iff
� � 	 � � for some open subset� of

�
.

Proposition: Let ��� � � �� ����� � be a set of topological spaces. Let� � ��� � 
 
 
 � �� � �� � �� � 
 � � � � 
 
 
 � � �.
Then� is a basis for some topology� .

Definition: Let ��� � � �� ����� � be a set of topological spaces. The topology� generated by� in the previous
proposition is called theproduct topology on

� � � 
 
 
 � �� , and�� � � 
 
 
 � �� � � � is called aproduct space.
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MAPS

Definition: Let � � � � �
and let	 � �

. 	 is said to besaturated if 	 � � �� �� �	 ��.
Proposition: If � � � � �

is injective, and	 � �
, then	 is saturated.

Definition: Let �� � �� � and �� � �� � be topological spaces.
A map� � � � �

is said to becontinuous if � � �� � � �� �� � � ��
(thus for every open subset� of

�
, � �� �� � is an open subset of

�
.)

Proposition: Let �� � ��� and �� � �� � be topological spaces.
If � � � � �

is continuous,	 � �
, and� �� � � � � �

then� ��
 � 	 � �
is continuous.

Definition: Let �� � �� � and �� � �� � be topological spaces.
A map� � � � �

is said to beopen if � � �� � � �� � � ��
(thus for every open subset� of

�
, � �� � is an open subset of

�
.)

Definition: Let �� � �� � and �� � �� � be topological spaces. A map� � � � �
is said to be ahomeomorphismif

1. � is bijective

2. � and � �� are continuous.

Proposition: Let �� � ��� and �� � �� � be topological spaces. Let� � � � �
be a bijective continuous map.

Then� � � � �
is a homeomorphism iff� � � � �

is an open map.
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QUOTIENT MAPS

Definition: Let �� � �� � and �� � �� � be topological spaces. A map� � � � �
is said to be aquotient map if

1. � is surjective

2. � is continuous

3. If
� � �

such that� �� �� � is an open subset of
�

, then
�

is an open subset of
�

(i.e. � �� �� � � �� � � � �� )

Remark: Conditions 2 and 3 above are sometimes written together as
“
�

is an open subset of
�

iff � �� �� � is an open subset of
�

”

Important Point: Condition 3 doesNOT imply that� � � � �
is an open map.

Thus we canNOT say that	 an open subset of
� � � �	 � is an open subset of

�
.

The problem is that for any generic subset	 � �
, 	 is not necessarily saturated.

In general, quotient maps need not be injective.

Proposition: If � � � � �
is a quotient map,� takessaturatedopen sets to open sets.

Proposition: Let �� � ��� be a topological space. Let� � � � �
be a surjective map.

Let �� � �� � � � � �� �� � � �� �. Then�� is a topology on
�

and� � � � �
is a quotient map.

Definition: The topology�� constructed in the above proposition is called thequotient topologyon
�

induced by
� .

Proposition: Let �� � ��� be a topological space. Let� be an equivalence relation on
�

.
Let

� �� denote the set of equivalence classes defined by�.
Let � � � � � �� denote the natural projection� �� � � �� �.
Then� � � � � �� is surjective and letting�� be the quotient topology on

� �� induced by� ,
� � � � � �� is a quotient map.

Definition: Let �� � �� � be a topological space, and let� be an equivalence relation on
�

.
If �� is the quotient topology on

� ��, �� �� � �� � is called thequotient spaceof �� � �� � with respect to�.

Proposition: If � � � � �
is a quotient map, and	 � �

is asaturated openset,

then� �
 � 	 � �
and� �� �
 �


 � 	 � � �	 � are quotient maps.

Proposition: If � � � � �
is a quotient map and� is an open subset of

�
,

then� ��� �	 �� � � � �� �� � � � is a quotient map.

Proposition: If � � � � �
is a homeomorphism,� is a quotient map.
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Proposition: If � � � � � �
is a quotient map and� � � � � �

is a quotient map,
then� � � � � � � � �

is a quotient map.

Proposition (Universal Property of Quotient Maps): Let�� � �� �, �� � �� �, and�� � �� � be topological spaces.
Let � � � � �

be a quotient map. Then� � � � �
is continuous iff� � � � � � �

is continuous.

SECOND COUNTABLE, HAUSDORFF, LOCALLY EUCLIDEAN

Definition: A topological space�� � � � is calledsecond countableif � has a countable basis.

Definition: A topological space�� � � � is calledHausdorff if
� � �� � � �
with � � �� � �, ��� � �� � � (i.e. �� � � � are open subsets of

�
) such that

� � � ��, � � � � � and�� � �� � �.
Definition: A topological space�� � � � is calledlocally Euclidean if
� � �

, �� � � (i.e. � is an open subset of
�

) with � � � , �� � �� with � an open subset of�� ,
and� a homeomorphism� � � � � .

Proposition: Any subspace of a Hausdorff space is Hausdorff and any product of Hausdorff spaces is Hausdorff.

Proposition: Any subspace of a second countable space is second countableand any product of second countable
spaces is second countable.

Proposition (Quotient Space Result): Let� � � � �
be a quotient map.

If
�

is second countable and
�

is locally Euclidean, then
�

is second countable.
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