BASIC TOPOLOGICAL FACTS

TOPOLOGIES

Definition: A topologyon a setX is a collection7 of subsets ofX having the following
properties:

1.0, XeT
2U,VeT =UnNVeT

BUs€TVaeA = |JUa€eT

a€A

Definition: A topological spacg X, T) is an ordered pair whet¥ is a set and is a topology onX .

Definition: If U € T, we say thalU is anopensubset ofX.

Proposition:  If {U;}?; C T for somen, thenﬂ eT.
i=1

Proposition: U €T & Vx € U,3V € T suchthat € V C U.

(ThusU is an open subset ot iff for eachz € U,
there exists anpen neighborhoodV of 2 such that’ C U.)



BASES

Definition: If (X, T) is a topological space,lasisfor 7 is a subcollectioi8 of 7 with the property that it/ € T

then there is a subcollectidsi (possibly empty) of3 such thal/ = U B.
BeB

Proposition: B is a basis foff iff V2 € U, 3B € Bsuchthatt € BC U.

Proposition:  Given a setX, let B be a collection of subsets &f satisfying the properties:

1.X = U B
BeB

2.By,Bs € Bandxz € By N By, = dB € Bsuchthatt € B C B; N By

Then the collection of all unions (possibly empty) of elentsesf 5 forms a topology/ on X andB is a basis fof7 .

SUBBASES

Definition: If (X,7) is a topological space,gubbasisfor T is a subcollectior of 7 such that the collection of
all finite intersections (possibly empty) of elementsLof a basis fof7".

Proposition:  Given a sefX, let £ be a collection of subsets &f. Then the collection of all unions (possibly empty)

of all finite intersections (possibly empty) of elementsldiorms a topology orX and/. is a subbasis fof .

SUBSPACES AND PRODUCT SPACES

Proposition: Let (X, 7) be a topological space. LétC X.
Let7Ty ={BCA: B=AnUforsomeU € T}. ThenTy is a topology or4.

Definition: Let(X,7) be atopological space. Let C X.
ThenT, is called thesubspace topologyn A, and(A, T4) is called aopological subspacef (X, 7).

Remark: Let (A4, 74) be a topological subspace of a topological spa€eT).
Bis an open subset of iff B = AN U for some open subsét of X.

Proposition:  Let{(X;, 7;) }?_, be a set of topological spaces. &= {Uy x --- x U, : U; € T;,Vi=1,--- ,n}.
ThenB is a basis for some topolody.

Definition:  Let {(X;,7;)}", be a set of topological spaces. The topoldgygenerated by5 in the previous
proposition is called thproduct topology on X; x --- x X,,, and(X; x --- x X,,, 7)) is called aproduct space
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MAPS

Definition:  Letf: X — Y andletd C X. A is said to besaturatedif 4 = £ (f(4)).
Proposition:  If £: X — Y is injective, and4 C X, thenA is saturated.

Definition:  Let(X, 7;) and(Y, 72) be topological spaces.
Amapf: X — Y is said to becontinuousif V € 7> = g‘l(V) €T
(thus for every open subsktof Y, g‘l(V) is an open subset ot .)

Proposition: Let (X, 71) and(Y, 7z) be topological spaces.
If £: X — Y is continuousA C X, andg(X) CBCY theng|ﬁ : A — B is continuous.

Definition:  Let (X, 7:) and(Y, 72) be topological spaces.
Amap{: X — Y is said to beopenif U € Ti = fU) € T»
(thus for every open subsEtof X, g(U) is an open subset af.)

Definition: Let (X, 71) and(Y, 72) be topological spaces. Amgp X — Y is said to be &aomeomorphismif
1. £is bijective
2.fandg " are continuous.

Proposition: Let (X, 71) and(Y, 72) be topological spaces. LEt X — Y be a bijective continuous map.
Thenf: X — Y is a homeomorphismiff : X — Y is an open map.



QUOTIENT MAPS

Definition: Let (X, 71) and(Y, 72) be topological spaces. Amgp X — Y is said to be @uotient map if
1. fis surjective
2. fis continuous

3. If BCY such thag‘l(B) is an open subset of, thenB is an open subset af
(e.f'(B)eTi = BETz)

Remark: Conditions 2 and 3 above are sometimes written together as
“B is an open subset &f iff g‘l(B) is an open subset ot”

Important Point: ~ Condition 3 doe&NOT imply thatf: X — Y is an open map.
Thus we carNOT say that4 an open subset of = [(A) is an open subset &f.
The problem is that for any generic subgeC X, A is not necessarily saturated.
In general, quotient maps need not be injective.

Proposition:  If £: X — Y is a quotient mary, takessaturated open sets to open sets.

Proposition: Let (X, 71) be a topological space. LEt X — Y be a surjective map.
LetT, ={UCY :g‘l(U) € T1}. ThenT; is atopology onX andf: X — Y is a quotient map.

Definition:  The topology7; constructed in the above proposition is calleddetient topologyonY induced by

¢

Proposition: Let (X, 77) be a topological space. Let be an equivalence relation df.
Let X /~ denote the set of equivalence classes defined.by

Letr : X — X/~ denote the natural projectian(z) = [z].

Thenw : X — X/~ is surjective and letting; be the quotient topology oX /~ induced byr,
m: X = X/~ is a quotient map.

Definition:  Let (X, 7;) be a topological space, and letbe an equivalence relation df.
If 72 is the quotient topology oX /~, (X /~, Tz) is called thequotient spaceof (X, 7;) with respect to~.

Proposition:  If £: X — Y is a quotient map, and C X is asaturated openset,

thenf|a: A=Y andg|§(‘4) : A — {(A) are quotient maps.

Proposition:  If £: X — Y is a quotient map antl is an open subset df,
theng|Y., : /£ Y(U) = U is a quotient map.
¢ Ig_} w £ O q P

Proposition:  If £: X — Y is a homeomorphisng,is a quotient map.
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Proposition: If £ : X — Y isaquotientmap and : Y — Z is a quotient map,
thenf, o £, : X — Z is a quotient map.

Proposition (Universal Property of Quotient Maps): LeX, 7;), (Y, 72), and(Z, 73) be topological spaces.

Letr : X — Y be aquotientmap. Theft Y — Z is continuous ifff o : X — Z is continuous.

SECOND COUNTABLE, HAUSDORFF, LOCALLY EUCLIDEAN

Definition: A topological spacéX, T) is calledsecond countablef 7 has a countable basis.

Definition: A topological spacéX, T) is calledHausdorff if
Vp1,p2 € X with py # po, AU, Us € T (i.e. Uy, Uy are open subsets &f) such that
pL €Uy, ps € Us andU; NU; = 0.

Definition: A topological spacéX, T) is calledlocally Euclidean if
Vpe X,3U € T (i.e.U is an open subset ¢f) with p € U, 3V C R™ with V an open subset &",
and3 a homeomorphismp : U — V.

Proposition:  Any subspace of a Hausdorff space is Hausdorff and any ptaditausdorff spaces is Hausdorff.

Proposition:  Any subspace of a second countable space is second couatabéay product of second countable
spaces is second countable.

Proposition (Quotient Space Result): Lgt X — Y be a quotient map.
If X is second countable aidis locally Euclidean, thely” is second countable.



