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3.1 Commutative Rings

A. Introduction

Let R be acommutativering (with 1).
Let M; and M, be R-modules.
Then the abelian group/; ® g M> is anR-moduleunder scalar multiplication defined bya®b) = (ra) ®b.
Definition:  Let M;, M», M be R-modules.
Thenf: My x M> — M is called ank-bilinear function if £ satisfies the following properties:
1. fis R-biadditive

2. rfa,b) = fra,b) = fla,rb) VreR,a€ Mi,be M,



B. Universal Property of M; ® g M, (Module Version)

For every R-modulé/ and everyR-bilinear functiorf: M; x My — M, there exists a
uniqueR-mapg’ : My, ® g M> — M such that the following diagram commutes:

M1 XM2 M1 RRr M2

Proof

GivenM andf as above) is an abelian group arftis R-biadditive, so by the Universal Property,
there exists a uniqdnaomomorphismg’ : M1 ® My — M so that the diagram commutes.

Then

£'(r(@a®b)) =£'((ra) ®b) [definition of M; ® g M module structure]

=('R(ra,b)

= {(ra,b) [commutative diagram]
= rf(a,b) [£is bilinear]
=r{'R(a,b) [commutative diagram]
=rf'(a®D)

Similarly, for the 2nd component.

C. Uniqueness
Let X be anR-module with the property:
There exists aR-bilinear functiong : M; x My — X such that:

For everyR-moduleM and everyR-bilinear function{: M; x My — M, there exists a
uniqueR-mapf’: X — M.

ThenX = M; ® g M2 (asR-modules).
Proof

Similar to before; Exercise



3.2 Ring Tensoring

A. Basic Facts

1. |RQgM = M| via r®a3>ra on generators

Proof
Define ¢:RxM — M by ¢(ra) =ra.

Theny is R-bilinear, so by the Universal Property (Module Version),
p extendsto alR-map ® : R®r M — M suchthat®(r ® a) = ra.

Define ¥: M - R®rM by a—1®a

ThenW is an R-map.

Furthermore, ¥®(r®a) =¥(ra) =1® (ra) =rQ®a
Then & = idrg,M-

Similarly, ®¥ =.dy, so® isanisomorphism with inversé.

2. M@egrR=M

Proof

a®r— ar defines anisomorphism as inl with inverse a—a® 1

B. Base Change

Let M be anR-module
Let S be anR-algebra (i.e.S is anR-module andS is a ring)
ThenS ®g M is anS-module.

Proof

SinceS is anR-module, S ®pg M is an abelian group.
ThenVs € S, define s(a®b) = (sa) ® b on generators, to make®g M anS-module.
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C. Examples

1 and | (%;)eaz=(%;)| wapime)

Proof

By Section B.

2. (%Z)@)ZQ:O (p a prime)

Proof

Let a®b beageneratorin ( pZ) ®z Q.

b - b
Then a®b=(pa)® - =0Q — =0.
p p

s {(F)e=() -0

Proof

Let a®b beageneratorin (% ) ®z <%) }

Then forsome A0, a= g + Z.

Then



4. |If Vis anR-vector space,then V @ g C is a C-vector space*.

Proof

By Section B



3.3 Isomorphism Theorems

A. Commutativity

dc
‘M1®RM2EM2®RM1 via a®bw— b®a ongenerators

Proof

Let f:M; x My — Mz ®g My, be definedby {(a,b) =b® a.

Sincefis R-bilinear, by the Universal Property (Module Version),
it extends to a uniqu&-map @¢ : My Qg My -+ My ® M; with a®b— b®a.

We similarly getanR-map Ve : My Qp My — M1 @ M2 with bQ@a+— a®b.

Then & and ¥ are inverses, s@®@¢ is an isomorphism.

B. Associativity

Pa

‘(M1®RM2)®RM3EM1®R(M2®RM3)‘ via (a®b)®cr— a® (b®c) ongenerators

Proof

VceMg,define KC:Ml X My = M, ®r (M2 ®RM3) by (a,b)r—>a®(b®c)

Thent, is R-bilinear, so by the Universal Property (Module Version),
it extends to a uniqu&-map £ : My @ Ms — M; ®@p (M ®@p Ms)
where a®b — a®(bxc)

Define g: (M1 ®R MQ) X M3 - M; ®g (Mz ®Rr Mg) by g(a,c) = EC’(Oé).
Sincet, is anR-map,vc € C, £is R-bilinear.

Thus, by the Universal Property (Module Version),
fextends to a uniquB-map @4 : (M1 ®gr M2) ®r M3 — M1 ®g (M ®r M3)
where (a®b)®c +— a®((bRc)

The inverse is constructed similarly.



3.4 The Multi-Tensor Product

A. R k-Multilinear Functions

Let My,...,My,M beR-modules.

Then g: My x---x My, -+ M iscalled an R k-multilinear function if the following holds:
1. Hlai, ..., aitap, ..., a)=fa,...,ai;...,ac) +flay,...,a;...,ax)
2. g(al,...,rai,...,ak) = r{(al,...,ai,...,ak)

Vi<i<k, Va;a,€M; VreR

B. The k-Multi-Tensor Product

GivenR-modules My, ..., My, M, we define

Fr< My x--- X My >
Mi®@Ms®---®@ My, = v

whereV is the R-submodule of Fr< M; x --- x My > generated by the elements:
1. (a1, ..., a;+a,, ..., ar) = (a1,...,0i,...,a) — (a1,...,a}, ..., ak)
2. (a1,...,7ai,...,ax) —rfas,...,ai,...,a)
V1<i<k, Va;a,€M;, VreR

Definition: Let R':M;x---x M, = M ®---® M}, be the canonical map
where (a1,-..,ar) — (a1,-..,a5)+V



C. Universal Property of the k-Multi-Tensor Product

For every R-modulé/ and everyR k-multilinear function g: M; x---x M, — M, thereexists a
unigueR-map g' M ®---® My — M such that the following diagram commutes:

KI
M1X"'XMk M1®®Mk

Proof

Similar to before (Exercise)

D. Unigueness

Let X be anR-module with the property:
There exists at k-multilinear function £: M; x --- x My — X such that:

For everyR-moduleM and everyR k-multilinear function £: My x --- x My — M,
there exists a uniquB-map g' : X - M.

Then X2 M ®---Q M,
Proof

Similar to before (Exercise)



E. Comments

1. For M;,M, R-modules, M; ® M; = M; Qg M,
Proof

Both satisfy the Universal Property of tif& 2-Multi-Tensor Product.
Do a uniqueness argument.

2. Inview of #1, we write a® b for the generators in both (isomorphic) modules,
as an “abuse of notation”.

3. For Mi,Ms,Ms R-modules,

M; ® My ® M3 = (My ®g M) Qg Ms = M; ®g (M> @ Ms)
4. Similar results as above hold fork R-modules M, ..., My.
5. Notation: a1 ®---®ay = (a1,...,ax) +V

6. All of thesek-multitensor products in this Chapter can be defined apatgly
in general floncommutative) rings usingbimodules

i.e. (ARr)®r (rBs)®s (sC) etc.



