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2.1 Preliminaries

A. Formal Linear Combinations: Intuition

Given a sefX, we wish to give meaning t8%; + 2z>" and make the collection of such objectsArmodule.

B. Construction

1;ify =
Let X be a set and lek be a ring (withl). To eache € X, definex : X — Rbyx(y) = {0’ :f Y 4 v
s hy#z
(Thusx is a “characteristic function” with valugatz.)

Definition:  Forallz; € X, definel - z; = z;.

n n
For allz; € X ande; € R, if the sumz ciz; is not alreadyr;;, define it to bez € xi.

i=1 i=1

n
Z c;z; is called aformal linear combination of elements ofX .
=1

Definition: Let Fr<X> be the set of all formal linear combinations of elementXof

Then under pointwise addition of functions, and scalar iplidation by elements okR,

Fr<X> is anR-module.



Comments

1. Fr<X>isafreeR-module with basisX.
2. X C Fr<X>
3. ForR = Z,we call Fz<X> the free abelian group oi.

4. By the construction, given any sEt there exists a freB-module/abelian group having as a basis.

Notation

1. If AisaleftR-module, we writeg A.

2. If AisarightR-module, we writeAg.

R-biadditive functions

Definition: gis called anR-biadditive function if

£: (Ar) x (rB) = G

whereG is an abelian group.

Furthermorg must satisfy the following properties:

1. g(al +02,b) :g(al,b)+g(a2,b) Vai,as € A; b€ B
2. g(a, b + bz) = g(a, bl) +g(a, bz) Va € A; bi,b0 € B
3. {ar,b) = fa,rd) YVae A, beB, T€R



F. Tensor Product Intuition

We wish to construct a special type of “product” that “betrsli@dditively”.

Now formalize . . .



2.2 The Tensor Product

A. Definition

Given A andg B, we defined ® g B:

Fz<A x B>
A®grB =
U

whereU is the subgroup ofz<A x B> which is generated by the elements:
1. (a1 +az,b) — (a1,b) — (as,b)

2. (a,b1 +b2) —(a,b1) — (a,b2)

3. (ar,b) — (a,rd)

wherea, ai,as € A; b,b1,b € B; r € R.

B. Notation and Comments

1. a®b=(a,b)+U € AQRrB

n

2. Since elements af;,<A x B> look like Zci(ai,bi) forc; € Z, elementsofd ®g B look like

i=1

ci(as, b)) +U = Zcz’(ai ® b;)

1 i=1
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n
3. Since we may choose different representatives from a,cthserepresentatioz ci(a; ® b;)

i=1

for a typical element i ® g B is not unique.

4. Thezero elementn A®g B,is 0® 0 = (0,0) + U, which is sometimes simply written 8s



5. Properties:
a. (ag+a)®b=a;@b+ay®b
b. a®(b1+b)=a®b+a®bs
c. (ar)®@b=a® (rb)
(These are all true by definition &f.)

6. Additional Properties:

a. a®0=0
Proof
a20+a20 2% g0
Thus,a ® 0 = 0.
b. 0®b=0

7. Since elements A ® B are cosets, when you define a function with dondi®r B
you must make sure that it is well-defined. By definitiorlfthis amounts to showing that
the proposed function iR-biadditive on the underlying Cartesian product.

8. Warning: If A C B,itisnottrueingeneralthal g C C B®g C!
Reason: something involving “flatness” (See later)

9. Letk: A x B— A®g B be the canonical map defined by

(ai,bi) E) (ai, bi) +U=a;00;

Note thatk is R-biadditive.

10. The tensor product completely characteriZdsiadditive maps.
We will see this in théJniversal Property.
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C. Universal Property of A®zr B

For every abelian grouy and everyRz-biadditive functiorf : A x B — G, there exists a
unigue homomorphisrﬁ’ : A®gr B — @ such that the following diagram commutes:

Ax B A®grB

Proof

Given an abelian grou@¥ and R-biadditive functiorf : A x B — G, there exists a unique
homomorphisny : Fz<A x B>— G extending{, namely

© (Z ci(ai,bi)> = Zcig(aiabi)

i=1

Fy<A x B>
Let n: Fz<A X B>— be the canonical map.
U

Then we have the following diagram:

@
F;<Ax B> ——=> @G

F;<A x B>
A®RB=
U

Sincefis R-biadditive,U C Ee~ ¢, S0y factors uniquely through to give a
homomorphisn'g’ : A®gr B — G defined by

6



Thenf'A(a,b) = £'(a ® b) = fa, b).

Thusg’ﬁ = £ and the diagram commutes.

D. Unigueness

Let X be an abelian group with the property:
There exists aR-biadditive functiong : A x B — X such that:

For every abelian grou@ and everyR-biadditive functiorf : A x B — G, there exists a
unique homomorphisrg’ X =G

ThenX = A ®g B.
Proof

By the assumed property fof, there exists a unique homomorphismX — A ® g B so that the
diagram commutes:

Ax B X

By the assumed property fot ® g B, there exists a unique homomorphism A ® g B — X so
that the diagram commutes:



Ax B A®grB

Then we have the commutative diagram:

Ax B X

Since(e0)€ = £ andidx o £ = £, by uniqueness of the homomorphism in the Universal Prgpert
ed = de.

Similarly, 6 = idag,B-

Thusé is an isomorphism, an = A ®g B viad.



