THE MANIFOLD OF ALL LINESIN R?

Steven Sy

September 21, 2005

This was discussed by Dr. John McCarthy during MTH869 in I8p#A004.

STEP 1 (Setstep): LefX =the set of all lines iR3.

z

STEP 2 (Topological space step):
Note: If I € X, thenl ¢ R®, so wecan't give X the subspace topology from the standard topologiRdn
Thus we need to address the question: How can we topoldgz8/NVhat constitutes an open setXr?)
Here is the solution:
LetB = {B(z,e) : = (21,%2,23) andzy,z2, z3,£ € Q}.

ThenB is a countable basis fdfys, the standard topology di®.



ForeachB € B, defineLg = {l € X : [N B # 0}.

! / ;
B
<—— examples oflines id.p
x

Letl = {LB}BGB-

Notice that, by constructiort is a cover ofX .
Since/L is a collection of subsets ot £ is asubbasis for a topology7 on X.
Let 7 be the unique topology generated by the subbasis
This makeg X, 7)) into atopological space.
STEP 3 (Topological manifold step):
Claim1: (X, 7T) is second countable
Proof
SinceB is countablef is countable.
Since7 has a countable subbasjshas a countable basis. This proves the claim.
Clam2: (X, 7) is Hausdorff
Pr oof
Letly,l; € X with [y # I5.

Letp, € l1,p2 € Iz, p3 € Is.



To construct open sets i that separaté andl,, we consider open balls aroumpd, p,, andps
“small enough” such that all lines passing through “theball” are separated away from the lines
that pass through “thg, andps balls”. This is the concept we use to construct separatireg epts
in X.

L
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Since we don’t want any lines to intersect all 3 balls, we @tgrsa function that determines when

three points lie on the same line.

Thus, leff: R* x R* x R® — R be given by

g(x;yaz) = [d(l‘,y) +d(yaz) - d(a:,z)] : [d(y,m) +d(£L',Z) - d(yaz)] : [d(yaz) +d(z,a:) - d(y,m)]

Note: [(z,y,2) = 0iff z,y, z all lie on the same line.

Sincely # I, we have thap,, p», andps do not lie on the same line.
Thusf(p1,p2,p3) # 0.

Since the metriel is continuous{ is a continuous function.

Thus there exists an open neighborh@ddf (p;, p2, p3) so that
g(.’l,'l,.’li'g,afg) ;ﬁ 0, for all (1'1,1'2,.’):'3) eU.

Now {U; x Us x Us : U;P" C R*} is a basis for the standard product topologyRnx R? x R?,
so there existV; 7" C R® for i = 1,2, 3 such thaipi,p2,p3) € W1 x Wo x W3 C U.

Thusp, € W1, py € Ws, andps € W3.

SinceB is a basis foffgs, there existg, y2,ys € Q® ande;, €2, 3 € Q such that
p1 € B(y1,e1) C W1, p2 € B(ya,e2) C W2, andps € B(ys, e3).

ThUSll n B(yl,&'l) 76 @, lQ n B(yQ,Eg) 75 0, andl2 n B(y3,83) 7é 0

Thenwe havé; € Ly, c,), l2 € Lp(y,,e5), andly € Ly, o).
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Claim 3:

Proof

LetU; = LB(y1,51) andU; = LB(yz,Ez) N LB(y3,53)-
Thenly e Uy € Tandly, e Uy € T.

Sincel; is open inX containingl; andUs, is open inX containingls,
it remains to show that’; N U, = 0.

Now assume, by way of contradiction, tiat N Us # 0.

Thenletl € Uy NUs. Thenl € Ly, ;) N Lp(ys,e0) N LB(ys,es)-

Hencel N B(yi,e1) # 0,10 B(yz,e2) # 0, andl N B(ys, e3) # 0.

Thus there existg; , g2, g3 € I such thaly; € B(y1,€1), g2 € B(ys,¢2) andgs € B(ys, e3).
Then(qi,g2,93) € B(y1,€1) X B(y2,€2) X B(ys,e3) C W1 x Wa x W3 CU.
Since(q1,¢2,93) € U, fla1,42,43) # 0.

Hencegq,, g2, andgs do not lie on the same line, a contradiction.

ThusU; N U, = §, so(X, T) is Hausdorff. This proves the claim.

(X, T) islocally Euclidean

Letl € X.
Sincel is a line, there exist&r1, y1, 21), (€2, Y2, 22) € I such thaizy,y1,21) # (22, Y2, 22)-
LetU; = {l € X : 3(z1,y1,21), (X2,Y2, 22) € [ such thatr; # z»},

Us={le X : Ix1,y1,21), (x2,y2,22) € l such thaty, # y2}, and

Us={leX: I(x1,y1,21), (T2,Y2, 22) € L Such that; # 25}.

Thenl € Uy, € Uy, orl € Us.



Subclaim 1:  For alli € {1,2,3}, U; is open inX
Proof
We will prove thatl; is open inX.
The proofs thal/; andUs are open inX are similar.
Letl; € U;.
Then there existe = (z1,y1,21) € l andb = (z3, y2, 22) € I such thatr; # x».

To construct our open neighborhood pfn X, we consider open balls arounadndb. We
choose these “small enough” such that all lines passingitfirehese balls form an open
set inX that is contained id/;.

/@/@7 )

(mlayhzl)

|z — 1]

Lete =
¢ 3

Notice thata € B(a,c) andb € B(b,e). SinceB(a,e) andB(b,¢) are open inR?* and
B is a basis forR3, there exist, €1, ca,62 € Q such thaw € B(ci,&1) C B(a,e) and
be B(CQ,EQ) - B(b, E).

Thenl N B(Cl,El) 75 Q) andl N B(CQ,EQ) 75 Q)
Hencel € L, ;) andl € Lpc, c,)-
Thusl € LB(01,61) n LB(C%Q).

SinceLp(c,,;)NLB(cs,e0) € T, 1.€. 0peninX, we have produced an open neighborhood of
I. We will have succeeded in showing tliatis open, if in factLg(c, ;) N Lp(c,,e5) € Ut

Thus it remains to show thdtg ., c,) N LB(cy,es) € Ut
Letm € LB(cl,al) N LB(C%EQ).
Thenm N B(Cl,&'l) # 0 andm N B(CQ,EQ) # .

Let (T1,81,t1) eEmn B(Cl,El) and(r2,52,t2) emn B(CQ,EQ).
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Then(rl,sl,tl) € B(Cl,El) - B(a,e) and(Tz,SQ,tz) € B(CQ,EQ) - B(b,é‘)

Then we have

3 = |zo — x| < |za — 12| +|r2 — 1| + |11 — 24
S d((r27827t2)7b) + |’f‘2 - T‘1| + d((rlvslatl)aa)
<e+|ra—ri|+e

Thus|re —r1| > €, S0ry # 3.
Hence we havéri, s1,t1), (2, s2,t2) € m such that; # rs.
Thusm € Us.
ThusLpc, e;) N LB(cs,e0) € Uy as desired.
This proves subclaim 1.
Subclaim 2:
Up={le X: In{0} xR xR) #Pandin ({1} x R x R) # 0},
Us={le X: IN(Rx {0} xR) #ZPandiN (R x {1} x R) # 0}, and
Us={le X: IN(RxRx{0})#0and/N (R xR x {1}) #0}
Proof

For a given line in;, the existence of two points with differingh coordinates gives rise
to a parametric equation for the line which can be used toaguee the intersection with
the planes indicated above, and similarly for the convensetion. The exact details of
the proof are left as a simple exercise.

LetV; =V, =V3 =R,
Now define mapsg; : U; — V; as follows:
@1 Uy = Vq:

Let! € U;. Thenln ({0} X R x R) = (0,’1)1,’11}1) andl N ({1} X R x ]R) = (1,’[)2,11]2) for
somevy, wq,v2,ws € R. Then |et(p1(l) = (’111,11]1,’1)2,’11}2).



Y2 : U2—>‘/2:

Let! € Uy. Thenin (R X {0} X R) = (ul,O,wl) andl N (R X {].} X R) = (u2,1,w2)
for someu;, wy, Uz, Ws € R. Then |et502(l) B (ul,wl,U2,U}2).

w3 : Us = Vi

Let! € Us. ThenIN(R x R x {0}) = (u1,v1,0) andiN (R x R x {1}) = (u2,v2,1) for
someuq, v1, U2,V € R. Then |et(p3(l) = (ul,vl,ug,vg).

To complete the proof thdtX, 7) is locally Euclidean, it suffices to show that is a homeomor-
phism for alli € {1, 2, 3}.

It is clear from the definition thap;, fori € {1, 2, 3}, is a bijection.

Thus, we need to show that, foe {1,2,3}, ¢; andy; ! are continuous.

Subclaim 3:  Foralli € {1,2,3}, ¢; is continuous

Pr oof

We will prove thatyp, is continuous. The proofs that andpsz are continuous are similar.

This proof will be similar in spirit, although slightly mo@mplicated, to the proof show-
ing thatU; was open inX.

Now ¢, : Uy — V4, and letU be openin/; = R*.
We want to show thap, ~1(U) is open inU; .
Letl € (pl_l(U)

Sincep: 1(U) C Uy, there existss = (0,y1,21) € I andb = (1,y2,22) € I for some
Y1,21,Y2,22 € L.

Theng&l (l) = (yl,zl,yz,zz) evU.
SinceU is open inR?, there existg’ > 0 such thatB (¢, (1),e') C U.
Let M = InLcwc{l, |y2 — y1|, |Z2 — 21|} and lete = rnwn{%, zg—lM}

Nowa € B(a,¢) andb € B(b,¢), so since3 is a basis folR?, there exists;, €1, ca,£2 € Q
such that € B(ci,£1) C B(a,¢) andb € B(ca,e2) C B(b,¢).



Hencel € L., ;) andl € Lpc, c,)-
Thusl € Lp(c, c1) N LB(cy,es)-
We now show thal g(c, ;) N LB(cs,es) C© Ur @NALp(c, c1) N LB(es,e0) € 1 H(U).
Letm € Lp(e, e1) N LB(eyen)-
Thenm N B(e1,e1) # 0 andm N B(cs,e2) # 0.
Thus there existéry, s1,t1) € m N B(cy,e1) and(rs, sa,t2) € m N B(ca, €2).
Then(ry, s1,t1) € B(ci,e1) C B(a, &) and(rs, s2,t2) € B(cg,e2) C B(b,¢).
Hence

1< |1 =ro|+|ra —ri|+|r1 — 0

< d((ra, s2,t2),b) + |r2 — r1| + d((r1, 51, %1),a)

<e+|ro—ri|+e
1

1
<o+lre—r|+ 5
<3 ra —71] 3
Thus|ry — 1| > %, sory # re. Thusm € Uy.
HenceLg(c,,e1) N LB(cs,es) € Ut
Lettingm € Lp(c, ;) N LB(c,,e0), WE get the same information as above.

Furthermore, sincer € Uy, there exist®1, w; € R such that for somé € R,
(0,'1)1,’[1)1) = (Tl,sl,t1) + tl(Tz — 71,82 — 81,ta — tl).

Then0 = r; + tl(TQ - 7’1). Sincer; ;é ro, t' = 12

ri—r2’

Nowwv; = s1 + tl(Sg - 81) =851 + 7.1T_17‘2 (52 - 51)

andw; = t; + t'(tz - t1) =t + -1 (tg - tl).

T —7T2

Similarly, sincem € Uy, there exist®y,ws € R such that for somé’ € R,
(1,v2,w2) = (12, 82, t2) +t"(r1 — r2, s1 — 82, t1 — t2).

Then, similarly,v2 = 89 + L—r2 (81 — 82) andws = ts + L_ra (t1 — tQ).

r1—re r1—re

NOWd(aa (7‘173177:1)) = d((07y17z1)7 (T17317t1)) <§g,
SO|s1 —y1| < &, and|t; — 21| < e.
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Also d(b, (12, s2,t2)) = d((1,y2,22), (re, 52, t2)) <&,
SO|sy — ya| < €, and|ty — 22| < e.

Then|s; —sa| <|[s1 —y|+ |y1 —y2| +|y2 —s2| <e+ M +e =2+ M.
Similarly, [t2 — #1] < 2e + M.

Then

d(aa (T17517t1)) = d((0>U17w1)7 (Tlaslatl))

\/’f’% + (81 - 7}1)2 + (tl - w1)2

2 2
T
Z\/T%+( 2 )(81—32)2+< : >('51—7f2)2
L —T2 L —T2

< \/52 + f—2(25+ M)? +
(3)?

= /€2 4+ 182(2c + M)?

< \/e2(2e + M)2 4 18¢2(2e + M)?

= V/19e2(2¢ + M)?

< /25e%(2e + M)?

=5e(2e + M)

2
< —+M
< 5¢ (3 + )
<be(M+ M)
= 10Me

2

Ty 22+ M)?
3

Then

(0,91, 21), (0,v1,w1)) <A((0,91,21), (r1,81,t1)) +d((r1,81,%1), (0,01, w1))
<e+4+10Me
< Me+ 10Me
=11Me

Similarly, we have tha#i((1, y2, 22), (1, v2,w2)) < 11Me.

Hence we have that
|y1 —1}1| < 11Mge, |21 — U)1| < 11Me, |y2 —1}2| < 11Me, |22 — U)2| < 11Me.
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Then

(Y1, 21,2, 22), (v1, w1, 09, w2)) =/ (y1 —v1)2 + (21 —w1)? + (y2 — v2)? + (22 — w2)?
< /(11Me)2 + (11Me)? + (11Me)? + (11Me)?

e’ 22¢'
= 2 = < = !
VA(11Me)? = 22Me < 22M 5y <¢

Thusypy (m) = (vi, w1, v2, w2) € B(p1(l),e') CU.
Thusm € 1 1(U).
Hence we have shown thBtg (., .,) N Lp(cs ) € 017" (U).

SinceLp(c,.e,) N LB(cs,e0) € U, We have that
LB(Cl,El) n LB(CQ,EQ) n Ul = LB(01,51) n LB(CQ,€2)'

Thus we havé € Lp(c, c,) N Lp(cy,e0) VUL C 0171 (U).
LetW = Lp(c,,e) N LB(cs,e0) NU1. ThenW is open inU;.
Thusl € W C o, 71(U).
Hence we have shown thai ~1(U) is open inU; .
Thusep; is continuous, and this proves the subclaim.
Subclaim 4:  For alli € {1,2,3}, ;! is continuous
Pr oof

We will prove thatp; ~! is continuous. The proofs that ! andps;~! are continuous are
similar.

NOW(pl U -V SO(pl_l : Vi = U,
LetU be open ir;.
ThenU = U; NV for someV that is open inX.

SinceU; is open inX, we havel/ open inX.

Mo
Then, by definition of/, U = U ﬂ Lp,, forsomeLgp, € L.
€N iq=1
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Then,

(017" (U) = ()" (U N LBM-Q>

a€Ain=1

- U N @™ Ens)

a€lia=1

U N #iEs..)

a€Ai=1

Thus to show thap; ~! is continuous, it suffices to show that (L, ) is open inR*,
for all « andi,,.

Leta € A,n, €N, andi, € {1, -+ ,n4}.

Letx = (u1,v1,u2,v2) € p1(LB,,;, )

Then there exists€ Lp,; such thatp; (1) = (u1,v1,uz,v2).

Thusl N By, # 0 and(0,u1,v1), (1,u2,v2) € L.

Then there existg = (r,s,t) € [N Bq;, # 0

Then there exists € R such thap = (r,s,t) = (1 —u)(0,u1,v1) + u(1,uz2,v2) € Bai, -

By definition of Lg there existg, e € Q such thatB,;, = B(q,¢).

Thenp € B(q,¢).
SinceB(g, €) is open, there exists > 0 such thatB(p, ') C B(q,¢).
Let M = max{|ul,|1 — u|} and letd = 2.

We will now show thatB(z,d) C ¢1(Lg,;, ):

Lety = (u},v!,ub,vh) € B(x,6) CVy = R,

Then there exists: € U; such thayy = 1 (m) and(0,u},v}), (1,uy, vh) € m.

Letp' = (1 —u)(0,u),v1) + u(1, ul,vh), and note thap' € m.
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Then

d(p,p') = \/[(1 —u)(ur — uf) + u(uy — uh)]* + [(1 = w)(vr — v}) + u(vs — v})]”
< = u)(ur —uy) +uluz —ug)| + (1= u)(vr — vi) +u(va — v3)|
<1 = ulfur = uy| + |uf|uz — uy| +[1 = ullvr — vy + [uljvz — v3]
< Md(z,y) + Md(z,y) + Md(z,y) + Md(z,y)

6’ !

=4Md(z,y) < 4M6:4M4M €

Thusp' € B(p,e') C B(g,€) = Bai.-
Sincep’ € m andp’ € Baiq, We have thatn N B, # 0.
Thusm € Lp,,_ .
Theny = ¢1(m) € p1(Lp,;, ).
ThusB(z,68) C ¢1(Lp.,, ), Sop1(Ls,., ) is openinR* = V.
Henceyp, ~! is continuous.
This proves the subclaim.
Thus(X, T) is locally Euclidean, and this proves the claim.
This makeg X, 7)) into atopological manifold.
STEP 4 (Topological atlas step): Letl = {(Uq, Va, pa) : @ =1,2,3}
Then, by the work from STEP 34 is a topological atlas.
STEP 5 (C*°-atlas step):
Leta, 8 € {1,2,3}.

-1
a(Uanl Ua,
Letras = <Pa|ga§wﬁ "o (S%migwﬁ E))

Thent,s : 93(Uq NUB) = wa(Uq N Ug).
We need to show that,s is C°.

Thus we need to show thats, 721, 713, 731, T23, andrsy areC°.
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We will show thatr;, is C°. The other 5 are similar.

Computerys:

Ui NnU;

If I € Uy NUs, thenl € U; so there existy, wy,v2, w2 € R so that(0,v1,w1) € I and(1,ve,w2) € L.
Furthermore] € U, so there exisky, 21, x2, 22 € R so that(z1,0,21) € l and(zs, 1, 22) € 1.

Since(0, vy, wy) € I, there exists; € R such tha{0, vy, w;) = (1 — s1)(21,0, 21) + s1(x2, 1, 22).

Since(1,v2,w2) € I, there exists, € R such tha(l,ve,ws) = (1 — $2)(21,0, 21) + s2(x2, 1, 22).

Z1
r1—x2

Then, by the first equatioﬁ,: (]. — 81).1'1 + 8122 = 811 — 81T2 =1 = 81 =

Note that the last equality above holds, becdusd/; implies that distinct points have distinctoordinates.

r1—1
r1—T2

Then, by the second equatidn= (1 — $2)21 + S2Zs = Sa1 — S2X2 =1 — 1 = $3 =

Then, we have,

1

v1=81= T1—T2
wy = (1 —s1)z1 + 5122 = wl—j;Q sz + wlz_lwz .29
we = (1 — s2)z1 + 8220 = 41611_%;2'21+;1—:;‘22-

Then, we have,

1 X122 — 221 21 —1 (71— D)2+ (1 - xz)z1>

T12(.’L'1,Z1,$2,22) = ; ) )
X1 — T2 r1 — Ty r1 — T2 X1 — T2

Each coordinate of15(x1, 21, T2, 22) is a rational function iy, 21, x2, 2o With nonzero denominator,
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S0T12 IS C®.
This makesA into aC*-atlas.
Step 6 (C>°-manifold step):  Let\ = (X, T, |A]), where| A is the unique maximal atlas containing

ThenM is aC®-manifold of dimension 4.

Exercises

1. LetY =set of all lines inR? passing through the origin.
Prove tha®” is a smooth submanifold of dimension 2 of M.

2. LetA = {(a,b) € R® x R : a = b} (thusA is the diagonal irR® x R?).
Letq: (R* x R*)\A — X be defined by;(a, b)=the unique line through andb.
Prove thayy is a quotient map.

3. LetP and@ be parallel planesiif®®. LetU(P,Q) ={l€ X : INP # andiNQ # 0}

(thus this is the set of lines hitting botR and Q). Let opg) : U(P,Q) = P x Q be defined by the
rule o(p,)(1) = (4,B), wherel N P = {A} andiN @ = {B}. Prove thatpp,q) is a homeomorphism
from U (P, Q) to P x @ (with respect to the subspace topologies inherited fldrandR? x R?). Hint:
Restrict the quotient mapfrom Exercise 2 to get a quotient map that looks “similar”<,1>@p,Q)—1 . This will
give continuity of the inverse. For continuity of the funatand to show/ (P, @) is open, use the kernel of
an appropriate linear transformationThis homeomorphism gives rise to a more general set of ctiats
constructed earlier.

4. Show that the topological atlas constructed in Exercisea3’>°-atlas and gives rise to the same smooth
structure forX as constructed earlier.

5. Letw : X — R® be defined byr(I) =the unique poinp on the linel for which
4((0,0,0),p) <d((0,0,0),q), forall g onl (Thusr is the “closest point to the origin” map.)
Prove thatr is C* with respect to the smooth structures involved.

6. Letp be a point inR®\ {(0,0,0)}. Prove that there exists a smooth maplU — X such that
(i) U is an open neighborhood pfin R* and
(i) 7o ¢ : U — R is equal to the inclusion mapc : U — R3

A smooth mapp : U — X with the properties described above is callddal smooth section of the map

m : X — R® near p. In order to get such a local smooth section, you will need &kensure that your
open neighborhoo® of p does not contairf0,0,0). The reason for this is that it turns out that the map
7 : X — R?® does not have any local smooth sections rfead, 0). It only has local smooth sections away
from (0,0, 0).
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