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1.1 Categories

A. Motivation

“Common Theme”:
Introduce Groups, Define Group Homomorphisms, Prove Isphism Theorems
Introduce Rings, Define Ring Homomorphisms, Prove IsomismiTheorems
Introduce Module, Define Module Homomorphisms, Prove Isgrhism Theorems
You are just working in a different “category”.
In general,
Introduce “Objects”, Define “Morphisms”, where morphisnegigpose like maps.
Intuitively, we think of a “category” as:
1. Acollection of “objects”

+ 2. Acollection of “morphisms” (which we think of as maps)
* Not quite true: See LATER.

+ 3. A composition procedure for morphisms (which we canklihas function composition)

Now formalize . . .



B. Definition of a Category

A categoryC is an ordered triple of classe§X, Y, Z) such that:
1. Elements ofX are callecbbjects X is denoted byX = &£4(C).
2. Elementsol” are sets. IV €Y, elements of\f are callednorphisms.
Furthermore the following properties hold:
A. There exists a surjective functionfem,: X x X —» Y

Thus for every ordered paiid, B) € X x X of objects,
there exists a unique morphisii € Y and moreover all
elements ol” look like Kem (A, B) for someA, B € o£4(C).

B. Elements ofY are disjoint:
Thus if KRem (A, B) and Rem (C, D) are elements of’, then
(A,B) # (C,D) = Rem (A, B)N Rem,(C,D) =10
3. Elements o are functions calledompositions
Furthermore the following properties hold:
A. If F € Z Ftakesthe formF : Rem (A, B) x Rem (B, C) — Rem (A, C)
Notation:  F(f,q) = g£
B. Associativity of composition holds:  A(gf) = (Kg)f
C. ldentity morphisms exist:
For everyA € o£4(C), there exists a morphisiy € Kem (A, A) [€ Y] such that
1. f1,=¢ foreveryf e Rem (A, B)

2. 1,9=g foreveryg € Kem (B, A)



C. Comments

1. *Class: collection
Set: Ais asetif Aisaclass and a classB such thatd € B
2. ForA, B € o£4(C) with A # B, Rem (A, B) could be the empty set.
3. ForallA € o£4(C), 1, is unique:
Supposd, € Rom (A, A)with  £1, =[ VL€ Rem (A,B) and 1,g=g, Vg€ Rem (B, A)
Thenl, =1,1, =1,.
4. Morphisms ar@ot, in general, maps:
Let S be amonoid. Le#d be a symbol.
DefineCs: Cs = (X,Y,Z) where
X ={A}
Y ={S} [i.e.Rem,(4,A)=2S5]
Z={} with -:8x8— S standard multiplication

Then morphisms are just elementsSf

5. Despite comment, if £€ Kom (A, B), we write £: A — B, even thouglf is not always a function.

D. Examples

1. Set the category of sets
objects: sets
morphisms:  functionsf: A — B

(compositions:  function composition)
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Grp  the category of groups

objects: groups

morphisms:  group homomorphisms
Ring the category of rings
r—Mod: the category of lefR-modules (for fixedR)
Mod—g: the category of righRR-modules
Top the category of topological spaces

objects: topological spaces

morphisms: continuous functions
Let@ be aquasi-orderedset (i.e. reflexive and transitive relation; quoseantisymmetry= poset)
Forz,y € Q with z < y, define a new symbaf.
DefineCq: Cq = (X,Y,Z) where

X=Q

{igh; z<y

YV — el ts Reom ith Fe =
elements [(@,y) i m (2, ) {Q); otherwise

Z = compositions ¥4y =47 whenever <y <z

Cq is used in direct and inverse limits.



1.2 Functors

A. Intuition

A functor is thought of as a “function” between categories.

B. Definition of a Covariant Functor

LetC andD be categories.
A covariant functor F' : C — D is a function where:

1. A€eby(C) = FAe€etyD)

2. f:+A— B morphisminC = Ff: FA— FB morphisminD
3. 45830 morphismsic — Flgf) = (Fg)(FE)
4. ForallA € o£4(C), F(1,)=1,,

C. Definition of a Contravariant Functor

LetC andD be categories.
A contravariant functor F : C — D is a function where:
1. A€eby(C) = FAe€etyD)

2. f:A— B morphisminC = Ff: FB— FA morphisminD

3. A E) B j) C morphismsirC = F(gf) = (Ff)(Fg)
4. ForallA € o£4(C), F(1,)=1,,

Note: To define a functor, one must specify what it does to objaestswhat it does to morphisms.
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D. Examples of Covariant Functors

1. ldentity Functor: F:C—C where FA=A and Ff{={f
2. Forgetful Functors:

a. F:Grp— Set where
F[(4,)]=A and fe Aom(A,B) & (£: A— B)
b. F:Ring— Grp where

Fl(A,+,)]=(4,-) and fe€ Homg, (A B) & f¢€ %m

Rlng

3. Covariant Hm: LetAe€ o£4(r—Mod)

Define Aemp(A, ) : r—Mod — Set by
B € oj(r—Mod) %”'&‘f’f’ Aemp(A, B) € ofj(Sed

£:B—C Homanif ) Homp(Af) : Homn(A, B) = Homn(A,C)
9 = £y

Aside: For R commutative, %R(A, __) can take values i —Mod

4. Constant Functor: LetC andD be categories. L&D € o£4(D).
Define||:C —+D by
|Cl =D foreveryC € o£4C)

|£] =1, forevery morphisng.



5. (Algebraic Topology) “Fundamental Group x; functor”:
Definex; : Top— Grp by
x1(X) = m (X) (the fundamental group)

#1(f: M — N) = (g* 1 (X) — 7r1(Y)) where £ is the induced homomorphism

E. Examples of Contravariant Functors

1. Contravariant #%m: LetB € o£4(r—Maod)
Define %nR(_,B) : g—Mod — Set by

A € o€j(r—Mod) He ;'._HR(*,B) Homp(A,B) € o£4(Sed

£:A=C Homn(,_.5) Homp(£:B) : Homn(C,B) » Homn(A,B)
9 = g

Again if R is commutative, #mg(__, B) can take values ig —Mod

2. (Differential Topology) “ k-form pullback ** functor”:

Definex* : SmoothMan— k-forms by

** (M) = QF (M) (smoothk-forms onM)

#F(f: M = N)= (£ :QFN) - Q¥(M))  where ¢* is the induced pullback map



