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. BACKGROUND

Definition:  LetZ(V) = @ T*(V), whereT'(V') is thek-fold tensor product o’ with itself.
i=0

productorlZ(V): (11 @ -+ Q@ ug)(w1 @+ Q@wy) =01 @+ QU QWi ® -+ @ Wy, € TF™(V)
Definition:  Letl = (z®y —y ®@z)7(v)
Definition: LetS(V)=Z(V)/I. S(V)is called thesymmetric algebra

Definition: Leto : Z(V) — S(V) be the canonical map.

Comments:
1. 8(V) inherits the grading fror&(V): S(V) = @ S*(V).
i=0

2. For{zy,---z,}, afixedbasisoV,S(V) 2 Flz1, - , Tp]
Definition:  LetJ = (z @y —y ®z — [zy])z(v)
Definition:  Let/(L) =Z(L)/J. U(L) is theuniversal enveloping algebra
Definition:  Letw : Z(L) — U(L) be the canonical map.
Definition:  LetT,, =T°® --- & T™, afiltration onZ(L)

Definition:  LetU,, = n(T),) andU_; =0
o0
Definition:  LetG™ = Uy, /Up—1 andG = (P G™
m=0
Definition:  Letn,, : U, — G™ be the canonical map.
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Definition:  Let¢,, =y, o w|p, : T™ — G™.
Remark: ¢, is surjective, being the composition of two surjective maps
Definition: Let¢ : Z(L) — G by ¢[(am)5—o] = (dm(am))o_,. Theng is surjective.

Definition:  (ProductinG): forz € G™,y € G", definezy = ¢+ (Z @ §), where
¢m(Z) = z andom (§) = y.

Claim: ¢ :Z(L) — G is an algebra homomorphism

Proof:
Letz € T™ andj € T™. Theng(Z)¢(§) = ¢m () dn ().
By definition of multiplication inG, ¢, (Z)$n (§) = ¢m+n(Z Q@ §) = ¢(Z @ §).
Thus¢(z)é(9) = #(Z ® §). This completes the proof.

Proposition:  ¢(I) =0

Proof:
Sincel = (z ® y — y ® =) z(v), it suffices to show thap(z @ y — y ® ) = 0.
Nowz @y —yQ®z € Tz, som(z @y —y @ x) € Us.
Thusgx(z @y —y @) =ma(n(z @y —y @ 7)) € G* = U2/ V1.
Hencegs(z ® y — y ® ) = a + U; for somea € Us.
Thusr(z @y —y®z)+U; =a+ Uy, son(z @y —y®x) —a € U.
Then(z®y—y®z+J)—a €Uy, so[zy]+J —a € Us.
Now [zy] + J € Uy, soa € Uy.
Thusge(z @y —y®z)=a+U; =U; =0.

This completes the proof.



Now by the proposition, we have thAiC £er ¢.

Thus the map factors througlr as in the diagram below:

Thus there exists a unique algebra homomorphisn$ (L) — G defined byw(a + I) = ¢(a).
Claim: w is surjective
Proof:

Letg € G. Sinceg is surjective, there exists€ Z(L) such that(a) = ¢g. Thena + I € S(L) and
wa+1) = g(a) = g.

Thusw : S(L) — G is a surjective algebra homomorphism.
Poincaré-Birkhoff Witt Theorem : w : S(L) — G is an algebra isomorphism

Thus to prove the theorem, it remains to show thé injective. It relies on various lemmas, and some extra
development.



II. PRELIMINARY DISCUSSION

Let (z))acq be an ordered basis &f LetI = {z)}xrca-

Then there exists a natural isomorphismF[I] — S(L).

Lety(zy) = 2\ € S

For each sequenée= (A1, - ,Ay), definez, = 2y, --- 2y, € S"™andz, =z, @--- @y, € T™.

By commutativity ofS(L), {2, } 5 increasinglS @ basis ofS(L).

Define a filtration onS(L) = €P S*(L): LetS,, = S°(L) @ --- & S™(L).

i=0

Definition:  For A € 2 andX a sequence, we say thak X if A < pforall p € X.

. LEMMA A

Lemma A:  For eachm € W, there exists a unique linear functin : L ® S, — S(L) such that the
following conditions hold:

(Am) £ (mA®z;) =2xz, forA <y
(Bm) Fork<mandzy; € Sp, [ (2x®25) — 2x25 € Sk
(Cm) Forallzy, € Sp_1, £ (@rx®f (2u®2;)) =€ (2u®f (23 ®@2z;))+{ ([2r2u]®27)
Then furthermor¢ |, ..  =¢ .
Preliminary Comments:
1. The expressions in the equation@,,) are well-defined i{ B,,,) is proven:
21 € Spm—1 C S, SOf (z, ® z,) € S(L) is well-defined.
Now zr € Sy,—1, SO bY(Bm)vEm(l"u ® 2p) — 2uZy € Sm—1 C Sm.
Sincez,zr € Sm, we have thaf (z, ® z,) € S™.

Similarly, f(z) ® z,) € S™.



2. If the first part of the Lemma is proven, then bgth | andf |..,  satisfy the given condi-
tions, so by the uniqueness in the first part of the Lemma,

£m|L®5m—1 ~€m—1

Proof of Lemma A:
We prove this by induction om.
Base Caserp = 0)
Y =0,s0z, =25 =1andSy =TF.
Defineg0 :L®Sy— S(L) by{o(x,\ ® 1) = z,, and extend td. ® Sy by linearity.

SinceX = @, we have that foralh € Q, A < Y andz, = 25 = 1 € Sp. Then
£, (2x ® 2,) = (2r ® 1) = 25 = 25 - 1 = 252, SO(AD) is satisfied.

Thenforz, € Sp,i.e.1 € Sy, {0(1'>\®z2)—z>\z2 zgo(ab\@l)—z;\ =2y —z2y=0¢€ S,
so(B0) is satisfied.

(C0) is satisfied vacuously.

If go : L ® Sy — S(L) is another linear map satisfyir(gl0), (B0), and(C0), then since
forall A € 2, A < £, we have by(A0), { (v ® 2,) = 2az5. Thus (zx © 1) = 2y =
£ (xx © 1), s0f = £ . Thusf, is unique.

Hence Lemma A is true fan = 0.

Induction Step

Assume that the Lemma is true for — 1 € W. Thus there exists a unique linear map
£, ,:L®Sm_1 — S(L) satisfying(Am—1), (Bm-1), and(Cp,—1). We will show that
the Lemma is true fom.We first show uniqueness, then existence:

Unigueness

Assume first that there exists a linear nfap: L ® Sy, — S(L) satisfying(Am),
(Bm), and(Cy,).

Since{z,, } s increasing and length, 1S @ basis ofS,,, it will suffice to show tha(m is
uniquely defined om), ® z, forall A € Q.
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Let A € 2, and letX be an increasing sequence of length

Case l:

Casel ll:

ALY
By (Am). £ (zx ® 2,) = 2xz,. This uniquely defineg .
ALY
SinceX is increasingy = (u,T'), whereX £ u, butp < T.
Then, by definitionz,, = z,z,.

Now by (A,,—1) (induction hypothesis), we have that
2y T Zple = gm_l(wli ® ZT)'

Sincez, € Spm—1andf |,qs,._, =£, . We have that

gm(mu ® ZT) =25 (1)

By (B,,—1) (induction hypothesis), we have that
qu (A ® 2p) — 2227 € Spy1.

Again, since we have thét | ., | =
{m(m\ ® 2;) — 2xZp € Sm—1.

m—1’

Lety =f (zA ® 2,) — 222,

Then
£o@n ®9) =L, (24 ® (€, (22 ® 2,) — 222,)))
= (xu®g () ® 2, ))—{m(m@zm)
=, (2496, @2 ®2,)) — 2u(az),

where the last line is true becayse< (u,T) < (A, T) [Case I].

Sincey € Sp—1andf |45 =

m—1

£ (@n®y) =E, (wu QL (2x® ZT)) — zu(2az,)-

Thus{ (azu ®f (A ® zT)) = 2azuzp +f (T, ® y), where we
switched the order of, andz, sinceS(L) is a symmetric algebra.



Hence £, (mu ®f (zx® zT)) =zazgtf  (2uQy). (2)

Since we assumed that satisfies(C'y, ), we have that

£, (a»\ ®f (T, ® zT)) =f. (w“ ®f (A ® zT)) +£ ([zrzu]®2,)

Substituting in(1), we get
gm(m ®zg) = £, (xu ®£m(x>\ ® zT)) +{m([x>\w“] ® 2.).

Substituting in(2), we get
£ (aa®zy) =2z, +f  (mu@y)+{ ([2az] ® 2;).

Sincez, € Sm—1 andf |, , ={, . We havethat
£, (ma®@zy) =2z, +f (2 ®@y)+L  ([2a74] ® 2;).

This uniquely definegm inductively in terms ogmfl.

ALY, Em(az,\ ® 2y ) = ZrZg
ALY, (aa®zy) =2+ (u@y)+£ ([2237] @ 2;)

Hence(x): {
Thus, in either cas@n is uniquely defined o) ® z, by (x).

Existence

We've shown that if  exists, then it must be defined as(ir). We now define
£, asin(x), and show thatA, ), (B:), and(Cy,) hold:

Thus defing : L ® S,, — S(L) by

£, @A ®2;) =2a255 ALE
(#x): (L (@r®zy) =2z, +f (2 ®@y)+{  ([maz,] ® 2,),
whereX = (u,T)andy = £ (zx®2,) —2a2r; AL

and extend by linearity.

Now (Ar,) holds, by definition of .

0; A<Y

By (xx), [ (2ar®z5)—2x25 = {gml(w“ @y)+L, (exzy]®z.); A £x

We'll now show that( B,,,) holds:



Letk <mandz, € Sy, thenf (z\ ® 2;,) — 2x2, € Sk DY (Byn—1) (induction
hypothesis).

Ifk=m, =z, €Sk=5n andA <X thenf (zx® z;)— 232, =0€ Sp.

Thus it remains to show thatif = m, z,, € S, = Sy, andX £ X, then
£ @x®z;) —aoazg =f  (@u@y)+{ (2224 ® 2;) € S

It will suffice to show that each term is i, .

SII’]CG{ZF }F increasing and |ength7/71 |S a baSIS Osmfl, y - Z CFJ_ ZFJ- fOf some

jeJ
finite setJ.
Then
qu(m“ ®Y) — 2y = qu z, ® Z Cr 2, | — 2 Zcrj zr,
jeJ jeJ
=S, (s @70~ 205,

JjEJ

Now foreachj € J, [ (7, ® zFJ_) — 2u%;; € Sm-1, by (Bm—1), SO
Em—l (2, ®Y) — 2,y € Sm—1 C S

Sincez,y € Sm, we havethaf  (z, ®y) € Sm.
Thus the first term irf,,,.

Sincelzz,] € L, and{zx}rcq is a basis oL, [zxz,] is some finite linear com-
bination of elements fronfz } xeq. Then by linearity, and by similar reasoning
to the above, we have that the second term iS,in

Thus(B,,) holds.
We have to show th4C,,,) holds for anyz,, € S,,,—1:
If © < A, andp < R, then by the uniqueness constructi¢f,,) holds.

Supposer < u and)\ < R. Then {(C,,) with A andu roles reversed” holds:
£ . @u@f (oA ®2,) =f (@A @f (Tu ®25)) +{ ([2.22] ® 2z)

Thenf, (ex @ €, (0, ® 2)) = £, (@ O, (27 ® 2,)) — £, ([£,22] © 25)-

Since[z,za] = —[zazy] andf is linear, we havéCi,).
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Now suppose that = u:

Sincef (zA®f (2r®2,)) = (2A®f (2r®25)) +£, ([2A72] @ 25), (Cim)

holds.
Thus(C,,) holds for any), u providedA < Roru < R.
Now consider the case when neitbeK R noru < R:
ThenR = (v, ¥), wherev < ¥, v < A, andv < p.
Abbreviation: Forz € L andz € Sy, letf (z ® z) = zz.
Sincez, € Sy—2, by (Cr—1), we have

TuTyZy = TTuZ, + [T,2,]2,  (in abbreviated notation)
Now z, € Spm—2,S0 bY(Bm—1), Zp2y — 2424 € Sm—2
Thusletw = 2, — 2,2, € Sm—2.
Then

TpZy = W+ Zu2g. (4)
Sincew € Sp,—2, (Cr—1) implies that

TATL,W = T, TAW + [ZAZ,|w (5)

3)

Now v < ¥ andv < py, so by the uniqueness construction agéfr,, ) holds for

Zu2u
ATy (2u24) = ToTa(2u2y) + [227,](2424) (6)
Adding (5) and(6) yields
ATy (Tu2y) = ToTa(Tpzy) + (222, ](T42,) (7)

Now

Zxa(Tpz,) = Tatu(2v2,) = Ty (Tu2y,), DY (Ap) (8)



Substituting(3) into (8), we get
TA(Tpzg) = TATLTL2Ze + TA[TLT0]2, (9)
Substituting(7) into (9), we get
DA (T 70) = BTy + (032, (002,) + Tr[27, )2, (10)
Claim: zxz[z,z.]2, = [zu.](Tr2y) + [ZalTuT0]]2e (11)
Proof:

[z,2,] € L, so[z,z,] = Z cx Tk, WhereK is a finite subset of?.
keK

Then
Ta[zuzy]zy, = @A (Z Ckﬂfk) 2y
keK
= Z CLTAT |2y
keK
= Z ck (Tpxazy + [TaTr]2y) by (Cr-1)
keK
= (Z Ckﬂvk) Trzy + [T Z CkTE) 2y
keK keK

= [zuey)(2r2y) + [2a[zuz0]]20

This proveq11).
Substituting(11) into (10), we get

ZA(Tpz,) = Tz, HEaro[(Tpzy ) FXums] (a2, ) +HTA[zpz0]]2,
(12)

SinceA andu were interchangeable in the above argument, we also gedéime i
tity:

Tu(r25) = TuBurZy T[2u @) (@22, )+ oy (Tu2, ) Hlou[or, ]z,
(13)
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Subtracting'13) from (12), we get

Ex(Tu7n) — Tu(Br70) = Tu@ATLZ, — BuuE2zy + [oalEueulzy — [Eulmraillz,
= 2y (2r0uzy — Tu0a2) + 32 ])z, + [2uleuea]lz,
(14)

By (3), using indices\ andy, we have zxz,z, = £,Zxr2q + [TrTp]24-
Thus
TALpZg — TpTrZy = [TATy]2, (15)
Substituting(15) into (14), we get
oA (@uz)—u(2r2,) = T [orzaley Haalzum ]z, +ealaa]lz, (16)
By (11), with relabeled indices, we have
zy[eazulzy = [Brzu)(@0zy) + B[z )]z, (17)
Substituting(17) into (16), we get
ex(@pzp)=u(eazy) = 2] (@0 2y )+ ([0 [2r2,]] + [2a[zuz]] + 2z, 22]]) 2,
Thus, by the Jacobi identity, we get
oA (Tpzy,) — T (Tr2y) = [BA7y](T024)
Hence, by(A4,,) again, we have(z,z,) — z,(zrz,,) = [Trzu](z0 2y )-
Thus,za(z,2,) — zu(Trz,) = [Taz,)2,.
Rewriting this, we have
£ ®f (2, ®2,) =f (0, (2x ®2,) + £, ([£r3] © 2,).
Thus(C),) holds.
Thusgm exists via the definition given.

This completes the induction step.
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Thus Lemma A is proven.

IV. LEMMAB

LemmaB: There exists a representatipn L — g{(S(L)) such that the following two conditions hold:

Proof:

a.p(za)zg = 2x25 fOr A < X

b. p(z))zg = 2a25 (mod Sp,), if ¥ has lengthn

Foreachn € W, let{ :L® S, — S(L) be the unique linear map from Lemma A.
Forz, € L, definep,, : S(L) = S(L)bya— £ (zx®a)fora € Sy_1, and extend by linearity.
By linearity, pjz,,1(a) =€ ([zrz,] ® a).
Then
Parpe, (@) = puy (€, (24 ® @) = £, (22 O F, (2, ® a)). (1)
By (C,), we have that
£, @x®f (z,®a))=f (2, Qf (zr®@a))+{ ([zrz,]®a) (2)
Substituting(2) into (1), we get
Parpe, (@) = € (2, ®L (2r ® ) +{ ([2az,] ® a)
Thus,pz, pz, (@) = ps, e, (@) + Plesz,)(a).
Thusp(s,2,] = PayPz, — Pr,Pzy-
Definep : L — gf(S(L)) by zx = pa,, and extend by linearity.
Thenp([zaz,]) = Plara,] = ParPo, = Pa,Por = PEX)P(TL) — p(zu)p(2r) = [p(22), p(24)]-
Thusp is a Lie algebra homomorphism, pas a representation.

Sincep(z)zy, = pzy (2) = (22 ® 2,,), () and (b) are satisfied liyl,,) and(By,).
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This proves Lemma B.

V. LEMMAC

LemmaC: Lett € T, N J. Thenthe homogeneous compongptof ¢ of degreen liesin I
Proof:
Lett € T,, N J.

Thenty, = Y cim,, ., Where eaclL,, (i) is of lengthm.

Letp: L — gf(S(L)) = End(S(L)) be as in Lemma B.
Since(U(L), 1) is a universal enveloping algebra, we have the followingdien:

L s uw

End(S(L))
By the Universal Property, there exists a unique homomempi: U(L) — Exd(S(L))
Definep : Z(L) — End(S(L)) by j(a) = pla + J).
Thenj is an algebra homomorphism addC e p.
Sincet € J, p(t) = 0. (1)

Nowt € T,,, sot = ZC,']'QZ

0,5

whereX; is a sequence of lenggh

z;(4)?

Thenﬁ(t) :p: (Z ciijj(i)) = Zcijﬁ(mzj(i)) = Zcij(ﬁ(m))zj(i) = Zcij (p(z)))jj(i)'
1,7 1,7 1,7 1,7

Thus(t) - 1= 3" ei; [ (&) 1]-
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By Lemma B, part (a), we havg(t) - 1= _ cijz, -

Y]

By (1), we have)  cijz, ., = 0.

%]

= 0, for X of lengthm. (2)

Zm ()

By linear independenci CimZ

Now foro : Z(V) — Z(V) /I = S(V'), we have

7m) =0 (Z cimwzm(i)> - Ecima(wzm(i)) = Ecimzzm(i)'
i

By (2), we have that(¢,,) = 0. Thust,, € Eexo = I.

This proves Lemma C.

VI. POINCAR E-BIRKHOFF-WITT THEOREM

Poincaré-Birkhoff Witt Theorem :  w : S(L) — G is an algebra isomorphism
Proof:
By Section lw : S(L) — G is a surjective algebra homomorphism.
It remains to show that is injective.
Letw(t) = 0. Specifically, let =t + I € S™ such thatu(¢ + I) = 0.
Thenforg : Z(L) — G, ¢(t) = 0 for ¢t € T™ (definition ofw)
Henceg,,(t) =0 fort € T™.

Thus(nm, o |z, )(t) = 0 fort € T™ (definition of¢,,), where
m:I(L) - Z(L)/J =U(L) andny, : Uy, = Up /Up—1 = G™.

Hencer(t) € Bercyy, = U1 = 71(Tin—1).

Thus there exists € T,,—; such thatr(t) = = (t').
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Thenn(t —t') =0, sothatt — ¢’ € e = J.
Sincet' € Ty, andt € Ty, t —t' € Ty,,. Thust —t' € T,,, N J.

Sincet is the homogeneous componenttof ¢’ of degreem, by Lemma C, we have thate 1.
Thust=t+1=0.

This completes the proof.
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