T3.7 Domain and Range of the Trigonometric Functions

A. Sineand Cosine
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1. Domain:

Sincew () is defined for any with ce, 6 = x and.w 0 = y, there are no domain
restrictions.

ThuSdem(sin) = (—00, 00) aNddem(ces) = (—00, 00).
2. Range:

The z-coordinate on the circle is smallest(at1, 0), namely -1; ther-coordinate
on the circle is largest &t , 0), namely 1.

Hence we can see thaty(ces) = [—1, 1].

By similar reasoning, we can see tha}(.m) = [—1,1].



B. Tangent

1. Domain:

Givenaw(f) = (z,y), we haverar 6 = 2. Now £ is undefined when = 0. When
does this happen?
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x x = 0 happens here

w

T 5w

Thustar 0 is undefined fop = ..., -3 —Z 2 3% 5%
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What is this in interval notation? To see it, let’s plot thipaled values on a number
line:
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ThuSdem (tan): ... U (=21, —=2) U (—
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Note: Each interval has an endpoint being an “odd multipl€ of

Since 2k + 1 is the formula that generates odd numbers {faan integer), we
recognize that

dom(tam): UNioN of all intervals of the forn U™ CHIT) \wherel € 7
[k is an integer]



ThUSdens () — U ((Qk j2L 1)7r’ (2k j2L 3)7r).
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2. Range:

SinceZ can be any numbekgg(tan) = (—00, 00).

C. Cotangent

1. Domain:

This is similar to tangent. Given(f) = (z,y), we havecet 6 = 7. Now I is
undefined whery = 0. When does this happen?
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y = 0 happens here

Thuscet 0 is undefined fof = ..., 27, —7, 0, 7, 27, ...
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Hencedom (cot) = | J (k. (k + 1)7).
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2. Range:

Now # can be anything, so.g(cet) = (—00, 00).

D. Secant

1. Domain:

Givenw(0) = (z,y), we havewec § = 1. Now 1 is undefined when: = 0. When
does this happen?
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T x = 0 happens here

So similar to tangentiom (sec) = | J
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(2k+1)m (2k+3)w
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2. Range:

On the right semicircley ranges fronmil down to0, so% ranges froml up tooco.

On the left semicircler ranges from neaito —1, so% ranges from-oo up to—1.
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Hencewg(sec) = (—00, —=1] U [1, 00).

E. Cosecant

1. Domain:

Givenw(0) = (z,y), we havec.c 0 = i Nowi is undefined wherp = 0. When
does this happen?
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y = 0 happens here

Thus, similar to cotangentem (cet) = U (km, (k+ 1)m).
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2. Range:

By the same reasoning as for secant, weggt-sc) = (—oo, —1] U [1, c0).



F. Summary

Domain Range
sin (—00, 00) [-1,1]

cos (=00, 00) (~1,1]

. ,gz ((Qk: -g Dr (2 -g 3)7r) (—o0,00)

cot kLEJZ(/m, (k+1)m) (—00, o0)

N kLeJZ ((% ; Dr (2 ; 3)7?) (o0, ~1] U [1,50)
ere kLEJZ(/m, (k+1)7) (=00, —1] U1, o0)

Note: To help remember the table, we remember that

1. tan and.ec are undefined at odd multiples §f

2. cot @andesc are undefined at multiples af




