Worksheet on Images/Preimages

Definition 1. Let A and B be any sets, and let f : A — B be a function.
(1) Let C be a subset of the domain A of f. The image of C under f is the set f(C) defined by
f(C):={y € B|Fw e Cwith f(z) =y} = |J {f(2)}
zeC
(2) Let D be a subset of the codomain B of f. The preimage of D under f is the set f~1(D) defined

byl

that is

f7(D) ={z € A| f(2) € D},

re YD) < f(x)€D.

More informally, the image of C' under f is the set of values that f takes on C, while the preimage of D
under f is the set of points in the domain mapped to D by the function.
Here are some exercises to help understand these concepts. See section 1.5 in the textbook for help.

(1) Let f: R — R be defined by f(x) = 22 find each of the following images/preimages:

(a) f([-1,2) =7
(b) f([=2,1)U(3,5)) =7
(c) fH([=1,1]u{lo}) =7
(d) f7H{1}U[9,16)) =7
(e) f7H([=2,-1]) =7
(2) Consider a function f: A — B.
(a) If {Ca} ey s a collection of subsets of A, prove that

f(U ca> =J f(Ca).
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(b) If {Da},c; is a collection of subsets of B, prove that

I (U Da> =U s ma).

a€el a€ecl
(c) If {Ca}ye; is a collection of subsets of A, prove that

f(ﬂ ca> c () f(Ca),

acl ael
and find an example that shows we can’t replace the “C” with an “=".
(d) If {Da},cp is a collection of subsets of B, prove that

I (ﬂ Da) = ()7 (Da).
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(e) If C1 and Cy are subsets of A, show that
f(C1\C2) D f(C)\ f(Cr)

and find an example that shows we can’t replace the “O” with an “=".
(f) If Dy and D5 are subsets of B, show that

FTHDI\ D) = f7H(Dy) \ fH (D).

IThe term “inverse image” is sometimes used to mean the same thing as preimage. Do not let the word “inverse” or the
notation f~1(D) confuse you into thinking the function f in question is invertible. The preimage f~'(D) makes sense for any
function f : A — B whether there exists an inverse function f~! : B — A or not.
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