Math 421, Homework #5 Solutions

(1) (8.3.6) Suppose that E C R™ and C is a subset of E.

(a)

Prove that if E is closed, then C' is relatively closed in F if and only if C is a closed set (as
defined in Definition 8.20(ii)).
Proof. First assume that C is a closed set. Then since C C E we have that

C=EncC

so C' can be written as the intersection of a closed set with E. Therefore C' is relatively closed
in F.
Next assume that C is relatively closed in E. Then, there exists a closed set B so that

C=EnNB.
Since F is assumed to be closed, this means that C is the intersection of two closed sets, so C'
is a closed set since intersections of closed sets are closed. O

Prove that C is relatively closed in F if and only if F \ C is relatively open in E.

Proof. Assume that C is relatively closed in E. Then, there exists a closed set B so that
C=FEnNB.
We then find that
E\NC=EnNC*
=FEN(ENB)°
=FEN(E°UB°)
=(ENE°)U(ENB°
=0U(ENB°) =EnNB"
Since B is closed, B¢ is open. Therefore E'\ C' is relatively open in E since it can be written as

F intersected with an open set.
Next assume that E \ C is relatively open in E. Then there exists an open set A so that

E\NC=EnNA. (1)
We claim that C' = E'N A¢. Indeed since C C F we have that E N C = C and thus
E\(E\C)=E\ (ENC")
=ENn(EnC°°
=EN(E°UC)
=(ENE9)YU(ENCQC)
=puC=C.
Meanwhile, gives us
E\(E\C)=E\(ENA)
=FEN(ENA°
=EN(E°UA°
= (ENE°)U(ENA®
=QU(EnNA°
= FEnNA“.
Combining the above gives C = EN A€ as claimed. Since A is open, A€ is closed, so C' = ENA°

implies that C' is relatively closed in F.
|



The following lemma will be useful in parts (a) and (b) of the next problem.

Lemma. Let E C R", and assume that U C E is relatively open in E. Then for any subset E' of
E, UNE' is relatively open in E'.

Proof. By the assumption that U C F is relatively open in F, there is an open set A so that
U=FEnA.
Since E' C E, EENE =F' so
UNE =(ENA)NE =(ENE)YNA=EnA.

Therefore U N E’ can be written as E’ intersected with an open set, so U N E’ is relatively open in
E'. |

(2) (8.3.7)
(a) If A and B are connected subsets of R and AN B # (), prove that AU B is connected.

Proof. Assume that AU B is not connected. Then there exist nonempty sets U C AU B and
V C AU B satisfying

e U and V are relatively open in AU B,
e UNV =0, and
e AUB=UUV.

Let © € AN B (which we are assuming is nonempty). Then either x € U or € V. Without
loss of generality assume that z € U. Then both U N A and U N B are nonempty since both
contain z. Since V C AU B is assumed to be nonempty, we know that V intersects at least one
of A or B, and without loss of generality assume that V' N A is nonempty.

Define sets U/ = U N A and V' = VN A, and note that both U’ and V' are nonempty. Since
A C AU B the lemma above implies that U’ and V' are relatively open in A. Moreover,

UnV =UnANVNA=UNV)NA=0NA=0,
and
U'uV' =UNAUWVNA)=UUV)NA=(AUB)NA=A.
Thus U’ and V' separate A, which contradicts that assumption that A is a connected set. We
can thus conclude that A U B is connected. (Il



(b) If {Eq},c4 is a collection of connected sets in R™ and Naea By # 0, prove that
E= UaEAEa

is connected.

Proof. Assume that E is not connected. Then there exist sets U C F and V C FE, which are
nonempty, disjoint (U NV = 0), relatively open in E, with E = UUV. Let z € NgecaE, (Which
we are assuming is nonempty). Then x € E=U UV so x € U or x € V, and without loss of
generality, we can assume that x € U. Therefore

UNE,#0 foralla € A (2)
since each of these sets contains z. Since V' C E we have that
V=VNE=VN(UscaFEs) =Uaca(VNE,).
Since V' is nonempty, this implies that there exist an o’ € A so that
VN Ey # 0. (3)

We claim that E,s is not connected, which would be a contradiction. Define U’ = U N E
and V' =V N E,. Both U’ and V' are nonempty by and (3). Moreover, the lemma above
implies that U’ and V' are relatively open in E, since E,, C E by definition of E. Moreover

UnNV =UNEs)N(VNEy)=UNV)NEy =0NEy =0
so U' N'V' = (). Furthermore, since £, C E, E,» N E = E, so
UuV' =UNEy)U(VNEy)=UUV)NEy =ENE, = E,,

so U' UV’ = E,. Therefore E, is not connected, which contradicts our assumptions. This
contradiction let’s us conclude that E is connected. O



(c) If A and B are connected subset of R and AN B # (), prove that AN B is connected.

Proof sketch 1. Theorem 8.30 tells us that A N B are intervals, i.e. sets of one of the following

forms:
{r eR|a<z<b} with —oo < @ and b < 400
{zreR|a<z<b} with —oo < a < b < 400
{r eRJa <z <b} with —oo < a < b < 400
{reR|a<z<b} with —oo < a < b < +o0.

A straightforward, but arduous argument by cases shows that any two sets of one of the above
form have intersection with one of the above forms. Therefore A N B is an interval and hence
connected by Theorem 8.30. (Il

Proof 2. Let zg € AN B (which is assumed to be nonempty). Define
I ={[a,b] CR|x¢ € [a,b] C AN B}

i.e. an element of I is a (possibly degenerate) closed interval containing z¢ and contained in
AN B. Note that by definition

Since intervals are connected by Theorem 8.30, part (b) let’s us conclude that

E:= J a1 (4)
la,b]el
is connected.

We claim that £ = AN B, which will finish the proof. Indeed, from the definition of E we
have that £ C AN B since each interval on the right hand side of is assumed to be a subset
ANB. Let ce ANB. If ¢ > xy then we claim that [zg,c] C AN B. If not, then there would be
a d € (xg,c) with either d ¢ A or d ¢ B. Without loss of generality, assume that d ¢ A. Then
AN (—o0,d) and AN (d, +00) are nonempty (since the first contains zy and the second contains
¢) relatively open sets which separate A in contradiction to the assumption that A is connected.
We conclude that [xg,c] C AN B which implies that [z, c] € I and hence that ¢ € E. Similarly,
we can argue that if ¢ < xg, then [¢,z9] C AN B (or else either A or B wouldn’t be connected)
0 [e,z0] € I and hence ¢ € E. Hence AN B C E. Thus AN B = E as claimed and therefore
AN B is connected. O



(d) Show that part (c) is no longer true if R? replaces R, i.e. provide an example of a pair of connected
sets in R? whose intersection is not connected. (A clearly drawn picture and explanation of your
picture would be a sufficient answer here.)

Ezxample. Let
A = {(cost,sint)]|t € [0, 7]}
and
B = {(cost,sint) |t € [r,27]}.
Then A and B are connected because they are the continuous image of intervals (we will prove
this in class eventually), but
ANnB={(-1,0),(1,0)}

which is not a connected set since U = {(—1,0)} and V = {(1,0)} are nonempty, disjoint,
relatively openin AN B and ANB=UUYV. |



(3) (8.3.8) Let V be a subset of R™.

(a)

Prove that V' is open if and only if there is a collection of open balls { By}, 4 such that
V == UaGABa~

Proof. Assume that V' is open. Then for any z € V there is an €, > 0 so that B, (x) C V. We
claim that
V= U(EEVBEz ($)
Indeed if y € V then y € B, (y) so y € Uzev Be, (x) and hence V' C Uzey B, (). Conversely,
since B, (xz) C V for all x € V it follows that Uey Be, (x) C V. Therefore V = U,cy Be, (),
so V can be written as a union of open balls.
Now assume that there is a collection of open balls { B}, 4 so that
V =UqeaBa.

Then since any union of open sets is open, we can conclude that V is open. ]

What happens to this result if open is replaced by closed, i.e. is it true that a set is closed if
and only if it can be written as a union of closed balls? Prove or provide a counterexample.

Answer. Since a set with a single point is a closed ball of radius zero we can write any closed

set C as -
C= U Bo(df),

zeC
and hence every closed set is a union of closed balls.
However, since

(_Ll): U[_1+%71_%} = Ugl—l/n(o)a
neN neN
and (—1,1) is not closed, not every union of closed balls is a closed set. ]



