MATH 421, SECTION 2 TEST I SOLUTIONS FEBRUARY 18, 2009

1. Determine whether each of the following statements is true or false. If a statement is false,
provide a counterexample. (Write out the word “true” or “false” completely!)

(a)

Let f, g : [a,b] — R be integrable functions. Assume that f(z) > g(x) for all = € [a, b],
and that there exists a point ¢ € [a, b] so that f(c) > g(c¢). Then f: f(z)dz > f(fg(ac) dx.

Answer: False. Let [a,b] = [—1,1], let g(x) = 0, and let
1 ifx=0
flz) = .
0 ifx#0.

1 1
Then f(z) > g(x) for all z € [-1,1], f(0) > ¢(0), but [~ f(z)dx = [, g(x)dx = 0.
(Note that the statement would be true if we were to add the assumption that f — g
were continuous; then we could apply the results of problem 4 on page 115 of the
textbook.) O

Let f : (a,b) — R be a locally integrable function. Then |f| is a locally integrable
function.

Answer: True. If f is locally integrable, then by definition f is integrable on any interval
[c,d] C (a,b). Using Theorem 5.22, it follows that |f| is integrable on any interval
[c,d] C (a,b), which by definition means that |f]| is locally integrable. O

Let f : [a,b] — R be a function, and assume that |f| is integrable. Then f is integrable.
Answer: False. Let [a,b] = [0,1], and let
1 ifzeQ
flx) = .
-1 ifzxé¢Q.

Then f is not integrable on [0, 1], but |f(z)| =1 for all x € [0, 1], so |f] is integrable on
[0,1]. O

Let f:[0,00) — R be a locally integrable function. Then f is improperly integrable on
[0,00) if and only if lim,_,~ f(x) = 0.

Answer: False. Let f(z) = 1%& Then f is continous, and so, locally integrable,
lim, .~ f(x) =0, but f is not improperly integrable. O

Let x, y, w € R™, and assume that x-y = x-w, where - denotes the dot product. Then
y =W.

Answer: False. Let x = (1,0), y = (0,1), w = (0,—1). Thenx-y =0=x-w. O



2. (a) Let P = {xq,...,x,} be a partition of [a, b], and let f : [a,b] — R be a bounded function.
State the definitions of the upper and lower Riemann sums, U(f, P) and L(f, P), of f

over P.
Answer: .
U(f,P) = M;(f)(x; — ;1)
j=1
and .
L(f, P) = ij(f)(l’g Tj-1)
j=1
where
M;(f):= sup f(=)
T€[zj—1,75]
and

m;(f):= inf f(x).

T€[wj—1,2;5]

O
(b) Define what it means for a function f : [a,b] — R to be Riemann integrable.
Answer: A function f : [a,b] — R is said to be Riemann integrable if:
(i) f is bounded, and
(ii) for any € > 0, there exists a partition P of [a,b] so that
U(f7P) —L(f’P) <Ee&.
O



(c) Prove that the function f : R — R defined by

is Riemann integrable on [0, 1].

Proof. First note that f is continous on any interval that does not contain 0, and therefore
that f is integrable on any closed bounded interval that does not contain 0.

Let ¢ > 0. By the previous comment, f is integrable on the interval [¢/4,1], and by the
definition of integrability, we can choose a partition P; of [¢/4,1] so that

U(f, P1) — L(f, P1) <¢/2.
Define a partition P of [0,1] by P = {0} U P;. Then

U(f,P)—L(f,P)=< sup f(z) — inf ) (e/4=0)+U(f, 1) — L(f, P1)

z€[0,e/4] z€[0, E/4]
= (1= (=1)e/4+U(f, P1) — L(f, P)
28/2+U(f,P1)— (fvpl)
<e/24+¢e/2=¢,

and therefore f is integrable on [0, 1]. O



3. Let f: R — R be a continuous function. Prove that
1 x0+6
lim — x)dr = f(xg).
Jim o [ @)= fm)
Proof 1. In order to prove that

lim — f(z)dx = f(zo).

we need to show that for any € > 0, there exists a §’ so that

zo+9
5e(0,8) = 1/ " b de — flao)| <<

% ),y s

Let € > 0. Since f is assumed continous, we can find a ¢’ > 0 so

that

|z — xo| < & = |f(x) — f(zo)| < e.

For § € (0,9’), we therefore have that

1 $0+5 1 :r0+§ 1 l’o+§
— fx)dr — f(xg)| = | = f(x)dzr — f(x / 1dx
i |, S@de = gteo)| = |5 [ @ e = ptaoys [
1 To+0 1 To+0
=55 [, e g [ st
1 zo+0
=55 [, 10~ )
1 x0+6
< _
<o), 1@~ )l ds
1 x0+5
< % o_s edx
= ¢&.

Hence ¢ € (0,¢") implies that

<e

zo+0
% | f@)de— fao)

0—0

as required.

Proof 2. Here we will use the Mean Value Theorem.




Since f is assumed continous, the Mean Value Theorem for integrals implies that for every

d > 0, we can choose an x5 € [xg — d,x0 + J] so that

1 xo+06
%/’6fWMx=ﬂm»

Using the squeeze theorem, we see that

lim x5 = g
6—0t

since
x9—0 < x5 < xo + 0.

By continuity of ?, we then have that
lim xTrs) = Zo),
5 1 0 f( 5) f( 0)

and therefore
1 zo+0

f(a)dw = lim f(x5) = f(xo).

1im —
§—0t 25 z0—09 §—0+

O

Proof 3. Here we will use the Fundamental Theorem of Calculus (FTC). (There is some
danger of circularity here since we needed to prove a result similar to the one here in order
to prove the FTC, but since I did not forbid the use of the FTC in this problem, you were

free to use it.)
Define .
Flz) = / (1) dt

for any ¢ € R. Note that since f is assumed to be continous, the FTC implies that F is

differentiable, and that F'(z) = f(z).
We then have that

L[ = ! +9 o
lim - o b B B
5 H(I)lJr 55 /3306 f(z)dx 11m+ (F(xo+96) — F(zp —0))

1 F —

=— | lim (o +9) = F(zo) + lim
2 \s—0+ ) 5—0+
1 /



4. Let f, g : [0,00) — R be locally integrable functions, and assume that g(z) > 0 for all
x € [0,00). Assume that the limit
f(z)

L:= lim —=
v—o0 g(x)

exists and satisfies L € (0,00). Prove that f is improperly integrable on [0, 00) if and only if
g is improperly integrable on [0, co).

Proof. According to the definition of limit, the equation

L = lim M

a—o0 g(x)
means that for any € > 0, there exists an IV, so that x > N implies that

f(x)

19| <e.

Since L > 0 is finite, we can, in particular, find an N, so that x > N implies that

L
fo) | L
9(x) 2
or equivalently, so that
L  f(z) 3L
PSS S 2

for all z > N. Note that this implies that g(z) is nonzero for all > N, and since g(z) > 0
for all z > 0, we have that g(x) > 0 for all x > N. We can therefore multiply this inequality
through by g(z) to find that

L 3L
0 < 59(x) < f(2) < 5g(2)
for all z > N.
3L

Now, if g is improperly integrable on [0, 00), then =g is improperly integrable on [0, 00)
(Theorem 5.42), and therefore % g is improperly integrable on [N, c0). The inequality

3L
0< f(z) < 79(;3) for all z > N

then allows us to apply the comparison theorem for improper integrals (Theorem 5.43) to
conclude that f is improperly integrable on [N, 00). Since f is assumed locally integrable on
[0,00), f being improperly integrable on [N, 00) is equivalent to f being improperly integrable
on [0, 00).

Similarly, if f is improperly integrable on [0, c0), we use the inequality

L
0< Eg(a:) < f(x) for all z > N



with the comparison theorem for improper integrals to conclude that % g and g are improperly
integrable on [NV, 00), which, with the assumption of local integrability of ¢, implies that g is
improperly integrable on [0, c0).

O



