
Math 421, Section 2 Final Exam May 8, 2009

Name:

Instructions:

• No calculators, books, notes, or electronic devices may be used during the exam.

• You have 2 hours.

• There are 7 problems, some with multiple parts. Complete all problems, and write all solutions
in the space provided on the exam.

• Unless indicated otherwise, you may use any theorem proved in the lecture, or any theorem
from single variable differential calculus. When applying a theorem, you should explicitly
verify that all necessary hypotheses are met.

• Additional scratch paper is provided at the end of the exam.

Good Luck!

Problem 1 (15 points)

Problem 2 (10 points)

Problem 3 (15 points)

Problem 4 (10 points)

Problem 5 (15 points)

Problem 6 (10 points)

Problem 7 (10 points)

Total (85 points)



1. Determine whether each of the following statements is true or false. If a statement is false,
provide a counterexample. (Write out the word “true” or “false” completely! No proof or
explanation is necessary if you answer “true,” and you don’t need to prove your proposed
counterexample is a counterexample if you answer “false.”)

(a) Let f , g : [a, b]→ R be integrable functions. Assume that f(x) ≥ g(x) for all x ∈ [a, b],
and that there exists a point c ∈ [a, b] so that f(c) > g(c). Then

∫ b
a f(x) dx >

∫ b
a g(x) dx.

(b) Let f : (a, b) → R be a locally integrable function. Then |f | is a locally integrable
function.

(c) Let E ⊂ Rn be a connected set. Then the interior Eo of E is connected.
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(d) Let E ⊂ Rn be a closed set. Let {xk}k∈N be a sequence with xk ∈ E for all k ∈ N, and
assume limk→∞ xk = x. Then x ∈ E.

(e) Let {Uk}∞k=1 be a collection of open subsets of Rn. Then the intersection ∩∞k=1Uk is
open.

(f) Consider a function f : R2 → R, and assume that ∂f
∂x (0, 0) and ∂f

∂y (0, 0) exist. Then f is
differentiable at (0, 0).

(g) Let V ⊂ Rn be an open, connected, set, and let f : V → Rm a function. Assume that
∂f
∂xj

(x) = 0 for all j ∈ {1, . . . , n}, and all x ∈ V . Then f is constant on V .

2



2. Let f : [a, b] → R be a bounded function, and assume that there is a c ∈ (a, b) so that f is
continuous on [a, c) and on (c, b]. Prove that f is integrable on [a, b].
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3. (a) Define what it means for a subset U of Rn to be an open set.

(b) Let U ⊂ Rn and V ⊂ Rn be open sets. Using only the definition of open set (and not
any theorems proved in lecture or the textbook), prove that the intersection U ∩V is an
open set.
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4. Let E be a subset of Rn. A point a ∈ Rn is called a cluster point of E if for every r > 0 the
set E ∩ Br(a) contains infinitely many points. Prove that every bounded infinite subset of
Rn has at least one cluster point.
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5. (a) Let V ⊂ Rn be an open set. Define what it means for a function f : V → Rm to be
differentiable at a point a ∈ V .
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(b) Define a function f : R2 → R by

f(x, y) =

{
x3+x2+y3+y2

x2+y2 if (x, y) 6= (0, 0)

1 if (x, y) = (0, 0).

At what points is f differentiable? (Support your answer!)
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6. Let V ⊂ Rn be an open set, and let f : V → Rm be a function. Define the directional
derivative Dvf(a) of f at a ∈ V along a vector v ∈ Rn by

Dvf(a) := lim
t→0

f(a + tv)− f(a)
t

=
d

dt

∣∣∣∣∣
t=0

f(a + tv).

Prove that if f is differentiable at a, then

Dvf(a) = Df(a)v

for all v ∈ Rn.
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7. Show that there exist an r > 0 and continuously differentiable functions

u(s, t) : Br((0, 0)) ⊂ R2 → R

v(s, t) : Br((0, 0)) ⊂ R2 → R

so that
u(0, 0) = 2, v(0, 0) = 0,

and so that

s cos(u2 + 5) + sin v − t = 0

(u3 − u2)et − sv2 + stuv + s3t = 4

for all (s, t) ∈ Br((0, 0)).
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(scratch paper)
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(scratch paper)
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(scratch paper)
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