MIN-MAX FORMULAS FOR NONLOCAL ELLIPTIC OPERATORS ON
EUCLIDEAN SPACE

NESTOR GUILLEN AND RUSSELL W. SCHWAB

ABSTRACT. An operator satisfies the Global Comparison Property if anytime a function touches
another from above at some point, then the operator preserves the ordering at the point of contact.
This is characteristic of degenerate elliptic operators, including nonlocal and nonlinear ones. In
previous work, the authors considered such operators in Riemannian manifolds and proved they
can be represented by a min-max formula in terms of Lévy operators. In this note we revisit
this theory in the context of Euclidean space. With the intricacies of the general Riemannian
setting gone, the ideas behind the original proof of the min-max representation become clearer.
Moreover, we prove new results regarding operators that commute with translations or which
otherwise enjoy some spatial regularity.

1. INTRODUCTION

A map I : C2(R?) — CP(R?) is said to satisfy the Global Comparison Property (GCP) if
u < v in R and u(z) = v(z) = I(u,z) < I(v, ). (1.1)

The Laplacian operator, as well as its fractional powers —(—A)®/2 (o € (0,2)) all satisfy this prop-
erty. More generally, given a Lévy measure v(dy) (a measure on R?\ {0} such that min{1, |y|?}
is integrable with respect to v) the operator

Tu,) = [ utaty) = ule) = x5, ) Vulo) -y vidy)

will have the GCP. The GCP is also satisfied by Dirichlet-to-Neumann maps for elliptic equa-
tions, generators of Markov processes, Bellman-Isaacs operators in control and differential games,
among many examples. When the operator is known a priori to be local, then nonlinear examples
of maps with the GCP are of the form,

I(u,z) = F(D2u(x), Vu(z),u(zx)),

where F : Sg x R* x R — R is monotone in its first argument, and Lipschitz continuous in all
arguments.

The main contribution of this article is to address when certain operators acting on CZ(R%)
must necessarily enjoy a structure similar to those examples above. The canonical object used to
address this question will be a linear operator we choose to say is “of Lévy type”: those operators
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for which there exist functions, A(z) € Sg, B(x) € RY, C(z) € R, and measures u(z,dy) so that
L(u, z) = tr(A(z)D*u(z)) + B(zx) - Vu(z) + C(z)u(z) (1.2)

+ [ ) = ute) =~ L, o)1) Vue) -y e, dy)
with A(z) > 0, and sup/ min(|y*, 1)u(z, dy) < .
x Rd

We will review some recent results that show for I : CZ(R?) — Cj,(R?) that enjoys the GCP,
is Lipschitz, and has a natural structural constraint, there exists a family of functions, f.; and
linear operators of Lévy type, Lgp, so that

I(u, &) = minmax{ fop(x) + Lap(u, )} (1.3)

For linear operators, in the 1960’s Courrege [19] showed that all of those that satisfy the GCP
must have the form given in (1.2). All of our results here should be considered an extension of
Courrege’s result to the nonlinear setting.

In our previous work, [29], we showed such a min-max representation in (1.3). The result in
[29] in fact dealt with a more general situation where I : CZ(M) — CP (M) where M is a complete
Riemannian manifold. We will review the proof of this result in the context of Euclidean space,
where many of the arguments simplify greatly. Moreover, we prove two refinements of the main
result from [29] relevant to the Euclidean case, one involving translation invariant operators
and one for operators that behave continuously with respect to translation operators. Stated
informally, our results are the following:

Theorem 1. An operator I(u,x) that is Lipschitz and satisfies the GCP admits a min-max
formula in terms of Lévy type operators.

Theorem 2. In the previous theorem, assume further that I(u,z) commutes with translations.
Then the Lévy operators appearing in the min-max formula all commute with translations.

Theorem 3. Instead of translation invariance assume that the finite differences of I(u,x) com-
mute with translations up to a certain error depending on a modulus of continuity w(-). Then
the Lévy operators appearing in the min-max formula have continuous coefficients with common
modulus of continuity of the form Cw(2(-)).

Theorem 1 above is a special case of the main result in [29], and Theorems 2 and 3 are new.
1.1. Assumptions and main results. Here are our main assumptions.

Assumption 1.1. The map I : C3(R?) — CP(RY) is Lipschitz continuous and has the Global
Comparison Property (1.1).

Assumption 1.2. The map I : C}(RY) — CP(RY) is translation invariant. Namely, for any
z,z € R? and u € CZ(R?) we have

I(ryu,x) = I(u,x + z), where T,u(x) := u(x + 2). (1.4)

Assumption 1.3. There is a non-increasing function p : (0,00) — R with p(R) — 0 as R — o0
such that if u,v € CZ(R%) are such that u = v in Bag(zo), then

1 1(w) — I(0)|| Lo (Br(zo)) < P(R)|[u — v Lo (may.-
Assumption 1.4. There exists a modulus, w, for all v,u € C’g(Rd), z,z € RY r >0, we have
I(v+71_su,z+2)—I(v,x+2)— (I(v+u,z) —I(v,z))|
< w(2)C(r) (lullc2(p,, @) + 1ull e B, ))) -
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It is allowed that C(r) — oo as v — 0; in some examples C(r) may be bounded and in some it
may be unbounded.

The meaning of Assumption 1.1 and Assumption 1.2 is self-evident. Assumption 1.3 seems
rather technical, but it will be necessary to obtain compactness for a family of measures arising
in the proof (and this assumption is satisfied by a broad family of examples). Note however that
this assumption is not needed for the translation invariant case as well as the setting of Theorem
1.9 as these two theorems are obtained with different methods.

Last but not least, Assumption 1.4 can be thought of as a “coefficient regularity” assumption.
For instance, in the linear and local case, in which I is a Lévy operator without integral part,
Assumption 1.4 is equivalent to the coefficients of the operator having modulus of continuity
Cw(-) for some constant C' > 0. In fact, Assumption 1.4 is stated so that it indeed linearizes to
this usual assumption that one expects in the linear case.

Remark 1.5. As mentioned above, one can check that for linear operators, Assumption 1.} is
equivalent to the coefficients of the local part being uniformly continuous and the Lévy measures
being uniformly continuous in the TV norm along shifts in the base point, i.e.

(e + ;) = (@, )llrvies,) < Cw(lz]).

By its design, Assumption 1.4 is a technical artifact of our proof, and as such, it is unlikely to be
sharp or even the most natural assumption. There is most likely room for improvement here. In
fact, one indication of the possibility to make a more natural assumption lies in the fact that even
when the original operator, I, is translation invariant (so the most regular dependence on x), it
does not necessarily follow that I also satisfies Assumption 1.4. This also reflects the fact that
we have taken a two completely different methods of proof for the results that concern translation
mvariant operators, and ones that have a modulus with respect to translations.

Remark 1.6. In Section 6, we give a short list of some operators that fall within the scope of
Assumptions 1.1-1.4 and Theorems 1.9-1.14. At the end of Section 6, we give a list of which
assumptions each example satisfies.

Remark 1.7. We note that one subtle improvement of the current work upon our previous one
in [29] is that because of a more streamlined proof for the translation invariant case, we were
able to establish the non-translation invariant case, Theorem 1.9 (below), without the technical
Assumption 1.3. This is purely an artifact of using an approzimation scheme in [29] to treat all
operators by the same method, and this turns out to have been not essential when one does not
want the extra information provided by Theorems 1.11 and 1.14.

The first theorem uses the notion of “pointwise” C? or O, and so we will define that property
here.

Definition 1.8. For a fized v we say that u € C*(x) (“pointwise C? at x”) if there ewists a
vector, Vu(x), and a symmetric matriz, D*u(z), such that

1
asy =z, |uly) —u(x) = Vu(z) - (y =) = 5y = 2) - (D*u(2)(y — 2))| < oy — a[*).
Similarly if u only enjoys the existence of Vu(z) and
asy =z, |u(y) —u(x) = Vu(z) (y — )| <o(ly — ),
we say that u € C1(z) (“pointwise C1 at x7”).

Now we can restate Theorems 1-3 above, in more precise terms.
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Theorem 1.9. If I : CZ(RY) — CP(RY) satisfies Assumption 1.1, then, for each x, there ezists
a family of linear functionals on C*(z) that depend on I and x, called K(I)z, so that for all
u € C%(z)

I(u,z) = UEICI’IEi(Iﬁl{d) Lg}l&)f()m{f(v, z)+ L(u—v)}.

Here, each L € K(Z),, has the form
L(u) = tr(A:DPu(a)) + By - Vula) + Coue) + | ulir+3) = ule) = Uy () Vula) - ),
and for some universal C, the terms also satisfy the bound for all x:

A+ Bel 1G5+ [ min{1 1y} () < T sp 505

The proof of Theorem 1.9 appears in Section 3.1, which is at the end of Section 3.

We want to point out to the reader that the notation in Theorem 1.9 is intentional in its use
of subscripts for e.g. A,, etc. This is because our construction does not actually produce L
as a linear mapping Cg — C’l?, and so it is not correct to think of having a family of L whose
coefficients are actually functions of x. Rather, it just says that at each z there is a family
functionals that have the desired structure, but it is not clear that they can be put together
across all z to make a family of z-dependent operators.

This situation changes under other assumptions, and in the next two theorems, our method
produces a family of linear operators mapping CZ(R%) — CP(R?), all of the form (1.2).

Theorem 1.10. If I : CZ(R?) — CP(R?) satisfies Assumption 1.1 and Assumption 1.2 then there
exists a family, {fab,Lab}mbeK(I), that depends only on I, where for all a,b, fu are constants,
and Lqy, are linear translation invariant operators mapping CZ(R?) — CP(R?) of the form (1.2)
(i.e. constant coefficients), and for all u € CZ(R?) and x € R? we have

I(u,z) = min m?x{fab + Lap(u, x)}.

Furthermore, for a universal C, for all fo, and Lgp,
| fab| + [Aab| + [Bas| + [Can| + /Rd min{L, [y*} pab(dy) < CII || Lip,ca—cp-

The proof of Theorem 1.10 appears in Section 3.1, which is at the end of Section 3.

Theorem 1.11. If I : C3(R?) — CP(R?) satisfies Assumption 1.1, Assumption 1.3, and As-
sumption 1.4, then, there exists a family, { fab, Lab}apex(r), that depends only on I, where for all

a,b, fa € CE(Rd) are functions, and Ly, are linear operators mapping C’g(Rd) — C’g(Rd) of the
form (1.2), and for all u € CZ(R?), we have

1(u, ) = minmax{ fap () + Lap(u, 7)},

and for a universal C, for all fu and Ly,

lasllzoe + I Aallzee + [ Basll o + |Capll o + sup /R nin{L g} s (2. dy) < O pgpescp
xT

Furthermore, if w is as in Assumption 1.4, then the functions fup, Aap, Bap, Cap, all have a
modulus of continuity Cw(2-), while for each r > 0 we have the estimate,

[tab(1) = prav(z2) I Tv(CB,) < C(r)w(2|lz1 — 22), (1.5)

where as above, C(r) > 0, is a constant that may possibly (but not necessarily) have the property
that C(r) — oo as r — 0.
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The proof of Theorem 1.11 appears in Section 5.5, which is at the end of Section 5.
Finally, we give a theorem that reduces the possible terms in the min-max over (1.2). Namely,
there are instances in which there may be no second order terms or first order terms. To state

this, we abuse notation slightly, and we give a shorthand as C'bﬁ (R%) to mean the following:

if 3 =247, for vy € (0,1), then, we mean Cg(]Rd) = C’bQ’V(Rd);
if 3 =27, then, we mean Cf(Rd) = CZ(RY);
if =2, then, we mean CJ(R?) = C}'' (RY);
if 3=1+4~, for v € (0,1), then, we mean C’f(Rd) = C’;”(Rd); (1.6)
if 3 =17, then, we mean CbB(Rd) = CH(RY);
if =1, then, we mean C’I’?(Rd) = Cl?’l(]Rd);
if 8 =+, for v € (0, 1), then, we mean C’f(Rd) = C’g”(Rd).
Definition 1.12. For a fized x, we say that u € CP(x) (“pointwise C°(z)”) if the same re-

quirements of Definition 1.8 hold, but the estimate on the right hand side takes into account the
different decay as follows:

e if, B =24, then u has a second order Taylor expansion and the right hand side is

Oy — =[**);
o if, B = 2T, then u has a second order Taylor expansion and the right hand side is
o(ly —*);

o if, B =2, then we include this in the previous case whenever u has a second order taylor
expansion al T;

o if, B =1+, then u has a first order Taylor expansion and the right hand side is
O(ly —|"*7);

e if, =17, then u has a first order Taylor expansion and the right hand side is o(|y — z|);

e if, B =1, then we include this in the previous case whenever u has a first order taylor
expansion at x;

o if, 3= €(0,1), then |u(y) —u(z)| < Cly — |

Assumption 1.13. All of Assumptions 1.1 — 1.4 hold, but with all instances of C’E(Rd) replaced
by CP (RY).

Theorem 1.14. For each of Theorems 1.9, 1.10, 1.11, we have the following variation: in each
case assume that I satisfies Assumption 1.13, for some (3 € [0,2%] (as enumerated above). Then,
taking into account Definition 1.12 for Theorem 1.9, the min-max formula holds in each of the
previous results with the following additions: if B < 2 then Ay = 0 for all a,b, while if § < 1
then By, = 0 for all a,b and the operators Ly take the form

Lupfu,2) = Canfa)u(w) + [ (e +9) ~ ula) (o, dy).
R
Moreover, the smaller B, the more reqular the Lévy measures pqp are at y = 0, namely, we have

sup /d min{1, [y|°} pras(z, dy) < .
R

a,b,x
The proof of Theorem 1.14 appears in Section 5.5, which is at the end of Section 5.

Remark 1.15. In Sections 4 and 5, one can see that at its heart, the fact that the modulus for I
is passed onto the coefficient functions in (1.2) is a consequence of our choice to use a Whitney
extension in an approximation to I, and the Whitney extension is well known to preserve a
modulus of continuity. The actual details are a bit more involved, but that is the main reason.
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We note the presence of the factor of 2 in the new modulus is a consequence of the Whitney
Eztension method; the interested reader can see [54, Chapter VI].

A further comment regarding the assumptions is in order. Suppose that I satisfies Assumption
1.4 with w = 0. In this case, taking v = 0 the assumption says that

I(t_pu,z+h) — 10,z + h) = I(u,z) — I(0, ),

and if we further assume that I(0,z) is constant (i.e. I applied to the zero function returns a
constant), then we have

I(t_pu,x + h) = I(u, ),

that is, I is translation invariant. However, at first sight it is not clear what happens in the
reverse direction. That is, we do not know how to show that a translation-invariant operator
automatically satisfies Assumption 1.4 with w = 0, and in fact we expect that this assumption
can be modified so that it seamlessly includes the translation invariant operators as well.

1.2. Notation. For the readers’ convenience, a summary of symbols used in the paper is pre-
sented below.

Notation  Definition

d space dimension

C? twice differentiable functions f with bounded f,V f, and D?f
Cf bounded functions of class C?, see (1.6) for definition

Sq symmetric matrices of size d X d

|- v total variation norm for a measure

L(X,Y)  space of bounded linear operators from X to Y
c.h.(E) the convex hull of a set F

CE complement of a subset of R?

FO(z,v) upper gradient of a Lipschitz function (Definition 2.1)

OF (x) generalized gradient of F' at x (Definition 2.3)

Gn grid with step size 27"

C(Gp) space of real valued functions defined in G,, (Definition 4.1)

Ci(Gy, subset of C(G,,) of functions vanishing outside [—2",2"] N G,, (Definition 4.1)
(Vo)lu(z) discrete gradient for step size 27" (Definition 4.7)
(Vn)?u(z) discrete Hessian for step size 27" (Definition 4.8)

1.3. Background. There were roughly two reasons that motivated the results we present in this
paper. First of all, the link between elliptic equations and a min-max formula for operators has
a long history, and it has been exploited extensively in the case of local operators. Until [29],
the connection was not known for nonlocal, nonlinear operators. Even so, the link between the
two was natural enough that there are at least a few results that assumed a structure like (1.3),
including [5], [35], [40], [47], [48], [51], among many others. Thus the theorems here and in [29]
give a sort of a posteriori justification to min-max assumptions that appeared in earlier works.
Secondly, a formula such as (1.3) can be very useful in connecting results about the integro-
differential theory (of which, there has been a large volume recently) with some other pursuits
that may not obviously relate to operators such as (1.2). Two recent projects that exploit or
were motivated by the min-max formulas are on some Hele-Shaw type free boundary evolutions
in [16] and some Neumann homogenization problems [30] [31]. Both of these relate to linear
and nonlinear Dirichlet-to-Neumann maps, studied in [26], and there is plenty more to learn
about the integro-differential structure in the nonlinear setting. The choice to pursue continuity
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properties such as the dependence given in (1.5), although a posteriori seems straightforward,
was not initially obvious, and it was motivated by recent results about comparison theorems for
viscosity solutions of integro-differential equations in [27].

As mentioned earlier, for linear operators, the representation of (1.2) goes back to Courrege
[19]. This was naturally connected with generators of Markov processes and boundary excursion
processes for reflected diffusions. Hsu [32] provides a similar representation for the Dirichlet to
Neumann map for the Laplacian in a smooth domain €2, and this corresponds to studying the
boundary process for a reflected Brownian motion. If I is not necessarily linear but happens
to satisfy the stronger local comparison principle, there are min-max results by many authors,
e.g. Evans [21], Souganidis [53], Evans-Souganidis [22] and Katsoulakis [38]. In this case, the
operator takes the form,

I(u,z) = F(z,u(z), Vu(z), D2u(x)),

which can be expressed as in Theorem 1.9, but with p(z,dh) = 0. This was extended to even
include the possibility of weak solutions acting as a local semi-group on BUC(R?), related to
image processing, in Alvarez-Guichard-Lions-Morel [1], and to weak solutions of sets satisfying
an order preserving set flow by Barles-Souganidis in [6]. In [1] it was shown under quite gen-
eral assumptions that certain nonlinear semigroups must be represented as the unique viscosity
solution to a degenerate parabolic equation.

Although it is still too early to tell, one hopes that theorems like those presented here can create
a bridge between some nonlocal equations for which regularity questions arise and the known
results about such equations when a min-max structured is known to hold. In the local setting,
there are a number of results that leverage the min-max to shed new light on certain issues, and it
would be interesting to see if similar things can be done for the nonlocal theory (see the discussion
in [29, Section 1] for an incomplete list of such results). The types of regularity results that could
find new applications via the min-max theorems here fall into roughly three categories: Krylov-
Safonov type results; regularity for translation invariant equations; and Schauder type regularity
results. For Krylov-Safonov, this means that solutions of fully nonlinear equations can be shown
to enjoy Holder estimates depending only on the L* norm of the solution; some examples are:
[9], [14], [15], [37], and [49], among many others. For translation invariant equations, these are
the results that show solutions to translation invariant equations very often enjoy C'1'® regularity
under mild assumptions; some examples are: [9], [17], [41], [44], [50], among others. Finally, for
Schauder regularity, we mean results that show that for z-dependent operators, under certain
regularity for the coefficients (such as Dini), solutions will have as much regularity as those
equations with “constant coefficients”; some examples are: [20], [36], [43], among others. On top
of questions of the type of Krylov-Safonov regularity mentioned above, there is another family
of regularity results that accompanies existence and uniqueness techniques for viscosity solutions
of elliptic partial-differential / integro-differential equations, and it is typically referred to as the
Ishii-Lions method, going back to [34]. Both this Ishii-Lions regularity and comparison results
could connect well with the operators treated in this paper, as many of the existing works on
nonlocal equations assume a min-max. The types of results that could be applicable are like
those in [2], [3], [4], [5], and [35], among others.

There is some more discussion of related works and background inside of the examples that
we list in Section 6.

1.4. Another description of operators satisfying the GCP. Let us describe an elementary
but useful way to view operators satisfying the GCP, which is also related to the min-max
representation. First, we introduce a family of functional spaces.
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Definition 1.16. For § € [0,27] (using the abuse of notation in (1.6)) we define the space L
as follows. First, if f # 17,

LY :={h e LR | |h(y)| = O(lyl’) as |y| — 0},
while for 3 =17,
Ly :={h e L®R?) | |h(y)| = o(ly|”) as y — 0}

(We note the first space requires “Big-O”, while the second space requires “little-o”.) The spaces
L%O are Banach spaces, with norms given by

sup [h(y)| min{1, y|”} 7.
Y

Now, suppose we are given a continuous function
F:LFRY) xSy xRIxR xR - R.

Assume that this function is monotone (non-decreasing) with respect to the first two variables.
Then, given u € Cf (RY) define

I(u, x) := F(6,u, D*u(x), Vu(z), u(z), z)

where we are using the notation d,u(y) := u(zr +y) — u(z) — Vu(z) - yxp,(0)(y) for 8 > 1, and
dzu(y) == u(x +y) —u(z) for § < 1. It is clear the operator I thus defined has the GCP.

Do all operators with the GCP arise in this form? It is easy to see that the answer is positive,
at least when 3 < 2. Given I : C#(R%) — C°(R), with 8 < 2, we define a function

F:LPRY) xR x R xR? - R,

by the formula F'(h,p,u,x) := I(T_zh +7_zp- (-)xB, + u, z). It is straightforward to see that for
F so defined and u € Cf (R%) we have

I(u,z) = F(6,u, Vu(x),u(x), ).

2. REAL VALUED LIPSCHITZ FUNCTIONS ON BANACH SPACES

In this section we review various well known facts about Lipschitz functions on Banach spaces,
following Clarke’s book [18, Chapter 2]. We will refer most of the proofs to the relevant section
in [18]. The section ends with Theorem 2.6 which yields a min-max formula for any real valued,
Lipschitz F', such a result is neither new nor surprising, but we present it here in complete detail
for the sake of completeness.

We fix a Banach Space, denoted by X, an open convex subset X C X, and a function

F:KCX =R,
which is assumed Lipschitz with constant L > 0, that is
F(z) - F(y)| < Lllz — y|l ¥,y € K, (2.1)
Definition 2.1. The upper gradient of F at x € K in the direction of v € X, is defined as
FO(z,v) := lim sup Flo+tv) - F(x)
£\0 t
This can be seen as a function FO:JIC x X — R.

Proposition 2.2. The function F°(z,v) has the following properties
(1) For any x € K,v € X, and X\ > 0 we have FO(z, \) = A\F°(z,v).
(2) For any x € K, and v,w € X we have |F°(z,v) — FO(z,w)| < L|lv — w||.
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(3) If (w1, v) — (x,v) then limsup FO(zg,vi) < FO(x,v).
(4) FO(z,—v) = (—F)°(z,v).

Proof. We refer the reader to [18, Proposition 2.1.1]. O
Definition 2.3. The generalized gradient of F' at x € K is the subset of X* given by

OF(z) := {¢ € X* | FO(x,v) > ({,v) Yv e X}
We will denote by OF the convex hull of the union of OF(x),

OF :=c.h. (U 8F(w)> .

e

Proposition 2.4. The set OF (x), x € K, has the following properties

(1) OF(x) is a non-empty, convex, weak™-compact subset of X*.
(2) |[£|]| < L for every £ € OF (x).
(3) For any v € X, we have that

FO = l,v).
(2, v) E;g%w

Proof. We refer the reader to [18, Proposition 2.1.2].
O

The following theorem, due to Lebourg, is a generalization of the mean value theorem for
differentiable functions.

Theorem 2.5 (Lebourg’s Theorem). Let x,y be points in K. Then there exist z of the form
z=tx + (1 —t)y for somet € [0,1], such that for some { € OF(z)

F(z) - F(y) = ({,z — y).

Proof. We refer the reader to [18, Theorem 2.3.7].
U

Using the generalized gradient and Lebourg’s theorem we can easily prove a min-max formula
for Lipschitz functionals. Observe this is a general result for Lipschitz functionals in general
Banach spaces, and it does not involve anything like GCP (functionals with the GCP on C’bﬁ (RY)
are considered in the next section).

Theorem 2.6. Let F': K C X — R be a Lipschitz function, with IC convez, then for all x € I,
F = i F g —_— .
() = minmax{F(y) + {6,y — 2)}

Proof. According to Theorem 2.5, given x,y € K there is some ¢ € JF such that
F(z) = F(y) = {6,z —y).

In other words, for any  and y in K we have the inequality
F(z) < F Lz — :
(2) < max {F(y) + {{,z — y)}

This also yields an equality for y = z, thus F(z) = minmax {F(y) + ({,x — y) }.
yeK LeoF



10 N. Guillen, R. Schwab

3. FuncTIiONALS WITH THE GCP, REVISITED

Throughout this section K denotes an open convex set of Cbﬁ (R9) (see (1.6)). Moreover, for
p > 0, we shall write

Kp={ueC/RY | |[v—ullcs <p=vek)

Definition 3.1. Let F' be a map F : K C C,’)B(Rd) — R and € R%. Such a functional is said to
have the Global Comparison Property with respect to x if F'(u) < F(v) for any pair of functions
u,v € K such that u(y) < v(y) for all y and u(x) = v(zx) ~we will say in such a case that v
touches u from above at x.

The following two auxiliary functions will be useful throughout the section: Fix ¢g: R — R,
a nondecreasing C'*° function such that 0 < ¢g < 1, ¢o(x) = 0 for x < 0, ¢o(x) = 1 for x > 1.
Then, given r, R > 0 we define the functions

br.r(Y) = do (M_R) (3.1)

Urr(Y) =1 — drr(Y) (3.2)

The following Proposition was first proved in [29, Lemma 4.15, Corollary 4.16], we review the
proof here for the reader’s convenience.

Proposition 3.2. Suppose that F : K C Cf(]Rd) — R is a Lipschitz functional which has the
GCP with respect to x. Fix p > 0. There is a constant C(F, p) such that given R > 0, r € (0, 1),
and u,v € K,, then

|F(u) — F(v)| < C(F, p)r~" (HU —lles(Bay,(a)) T llu— vHLoo(Rd\BR(x))> -

Remark 3.3. It is worth comparing Proposition 3.2 with Assumption 1.5. In the latter, one is
interested in how I(u,z) depends very little on the values of u far away from x (so, as r — o),
whereas the former deals with a weak version of this property that holds only for r € (0,1) but
which follows alone from the GCP without the need for further assumptions on F'.

Proof. Take ¢ € C,?(]Rd), such that 0 < ¢ <1 and ¢(x) = 0. Then, for any y we have
u(y) < w(y) = u(y) + ¢(y) (lu = vll o spr(e)) — (wly) —v(y)))
with the above being an equality for y = x. Now, let pg be chosen so that
2|9llc2maypo < p.

Then, let us suppose that u,v € K, are such that |ju — UHC’B(Rd) < po. In this case, we have
b
w € K since v € K, and in this case the GCP says that

F(u) < F(w).
Moreover, F(w) < F(v) + Ll|w —v||¢s and w —v = (1 — @)(u — v) + ¢l|u — v|| oo (spt(4)), thus
Fu) = F(v) < L (1 = ¢)(u = v)lgs + Llju = vl oo (spr(ay) | 0ll s -
Consider the function ¢(y) = ¢, r(y — z). Thanks to r € (0,1), the following estimates hold
Igllcs < Cr?,
(1= ¢)(w = v)llcs < CrPllu—vllos(pp,,)-
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Substituting these in the inequality for F'(u)—F(v), the desired inequality follows when ||u—v||-s
is no larger than pg. Otherwise, ||u — v||os > po and iterating the inequality in the previous case
one obtains that

|F(u) — F(v)| < C(F, p)r~° (HU —llesBry, @) T llu— UHLOO(Rd\BR(x))) :
O

Lemma 3.4. Let F : K C Cf(Rd) — R be a Lipschitz functional which has the GCP with respect
to x. Then, for every £ € OF we have

(¢,vy <0 if v <0 everywhere and v(z) = 0.

In other words, if F' has the GCP with respect to x, then any ¢ arising as a generalized gradient
of F also has the GCP with respect to x. Furthermore, for any such ¢ and r € (0,1) we have

(€,0)] < Cr77 ([ollenga,y + 0] e ) -
Proof. Let v € K, and let v € Cbﬁ(]Rd) be such that
v <0 in R v(z) = 0.

Then, us = u + tv touches u from below at x for each small ¢, therefore F'(u;) < F(u) for every
t, and

F tv) - F
FO(u,v) = lim sup (uttv) (v) <0.
t—0 t

Since,

0.v) = F°
(2B = ),

it follows that (¢,v) < 0 for any ¢ € OF(u), and the first part of the Lemma is proved. For
the second part, one argues similarly, except that instead of invoking the GCP, one applies
Proposition 3.2 in order to pass the same estimate for any £ € 9F. O

Fix a functional ¢ having the GCP with respect to . Then, define Cy by
Cy:=((,1). (3.3)

This associates a constant Cy to any £ having the GCP. Likewise, we shall associate a vector By
and positive semi-definite matrix A,. First, let us introduce some notation,

S:={¢ € C?(By(0)) | ¢ =1 in aneighborhood of 0, 0 < ¢ < 1 in all of R?}. (3.4)
Given ¢,n € S, define the function

u(w) + 6 — ) (Vule), = o) + (- — 2)(Du(w)(- — 7). — 2 3)
Poaual) = ) oL —RITE). e} A2

For z = 0 we will simply write Py g,. Observe that, for example, if 8 = 2 then Py, ,, , is a smooth
function which, in a neighborhood of x, coincides with the second order Taylor polynomial of the
function u at the point z.

Definition 3.5. Given any ¢ € § let By 4 be the vector defined by
(Brg.e) = (€, 0(-)(-,e)), V vectors e.
At the same time, given n € S let Ay, be the symmetric matriz defined by
tr(Ag, M) = (€,n(-)5(M(-),")), V symmetric matrices M.



12 N. Guillen, R. Schwab

The following lemmas will characterize all of functionals having the GCP with respect 0 (com-
pare with Courrege’s original proof [19], see also [29]).

Lemma 3.6. Let ¢ : Cbﬂ(Rd) — R be a bounded linear functional which has the GCP with respect
to 0, and ¢,n € S (defined in (3.4)). There is a positive measure jp on R4\ {0} with

[ min{Llsl?} peldy) < €l
RA\{0}

such that for any u € C’f(Rd) we have the following representation,
for 8>2, and u € Cf (R%) N C*(0),
(6.0 = Cu(0) + (B, Tu(0) + (e Du(0) + [ 0(u) = Pagl) (),
for p€[1,2), and u € Cf(Rd) N (0),
(6:0) = Coa0) + (Begn Tu() + [ 1(s) = Poya(s) eldy),
for p€(0,1), and u € C’f(Rd),
(€.0) = Coul0) + [ uly) = u(0) ().
(The notation, C%(0) and C*(0), appears in Definition 1.8.)
Remark 3.7. We want to note that the dependence of p only on £ is not a typo. Even though

the vector By and matriz Ay, clearly depend on the functions ¢ and n, the reader can see in
the proof in (3.6) that uy does not depend on ¢ or n.

Proof. It suffices to prove the representation formula for u € CZ(R%) (even if B # 2), as it trivially
extends to all of Cbﬁ (R?) by approximation. We fix u € CZ(R?)NC?(0). We recall Py, ,, is defined
n (3.5). Since Py . € Cbﬁ(Rd) for each fixed ¢, n, we may write
u=u—Ponut Lonu
and linearity gives
<£7 u> = <€7 P¢J]7U> + <€7 U= P¢7777U>
Let us study each of these two terms. Using the definition of Cy, By 4, and A, we have for 8 > 2

d d
(6 Paya) = u0) (6, 1) + 32 0u(0) (6 2i6 () + 3 > OFul0) (. n(w)airs)

i=1 i,j=1
= Cyu(0) + (Brg, Vu(0)) + 5tr(Ag, D*u(0)),

as well as the corresponding expressions in the other cases when 5 < 2. Next, we analyze the
second term in the expression for (¢, u) above, that is

<£, U — P¢’777»U>'
First take the case 8 # 1. Given w € C;)B(Rd), define @ by

Bl
1+ |z|f

w(z) = w(x)
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Observe that since 8 # 1, the function 1 = |z|?(1 + |2|%)~! belongs to Cg(Rd). The linear
transformation w — w defines a linear functional ¢ via the relation

(0 w) = (0,D).
This clearly defines a bounded functional on C’f (R4). In fact, however, this functional extends

uniquely to a bounded functional in Cf (R%): since @ is touched from above at 0 by the function
||lw|| L1, the GCP guarantees that

- z|8
(6 w)] < [lwl|ze (6, 7).

This shows £ is a uniquely defined continuous functional on C’g(Rd) whose norm as a functional

8
on CP(R?) is no larger than ||¢]|| lfle

(o) = [ wlo) ity (3.

Moreover, since ({,w) > 0 whenever w > 0, ji(dy) is a non-negative measure. Now, since
u € CZ(R?), we have that the function

llcs. It follows there is a measure fi such that

|8
w(z) == (u(@) — Pypul@)) 1 —|215| ’

remains continuous as x — 0, so w € CY(R?) and thus (, w) is well defined. In this case, we have
(l,u— Pypu) = (6,0),
and we obtain the formula

B
(60~ Paa) = [ 05) = Paal) =5 i),

In particular, taking p(dy) := lwlﬁ’;‘ﬁ ia(dy), it follows that

. |8
[ min{Lls"}a(ds) S 1l e < o
R4\ {0}
and
(€ Pona) = [ ) = Poalt) nldy).
R4\ {0}
Revisiting the expression of ¢, we have when 8 > 2

<€a u> = CZU(O) + (B&(bv VU(O)) + %tr(AE,nD2u(0)) + /R;d\{o} u(y) - P(b,n,u(y) :U’(dy)v
and the analogous formulas follow for the other cases where 5 # 1, per the change in definition
of the function Py, in (3.5). It remains to consider the case § = 1.
Since |z| is not a C' function, we are going to approximate it by a more regular function. For
every small ¢ > 0 we repeat the argument above with 8 = 1 + € and conclude that for some p,
we have the formula

() = Cu(0) + (B VulO) + [ 0l0) = Paya) ),
and this measure p. is positive and satisfies the bound

Ix‘l-ks

[ min{Llsl"ba(n) S el el
RA\{0}
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Since
|z‘1+5

sup HW

€(0,1)

||Cl < 00,

it follows that the respective finite measures {fic }.¢(0,1) have uniformly bounded mass. Therefore,
it is not difficult to show (using ¢ to get tightness for the fi.) that along a subsequence ¢ — 0 we
can find a limit /i, and if we let g := (1 + |y|)|y|~'/i then

/ min{1, |y|}p(dy) < oo,
R4\ {0}

and again, for any u € CZ(R?),

O

We consider the following special functions. For § > 0, define (see (3.2) for definition of ), r)

¢s(x) = V5126, (3.7)

ns(x) = s s(x). (3.8)

Note that ¢5 = 1 inside By_95 and ¢s = 0 outside By_gs, while s = 1 inside Bs and ns = 0
outside Bos. Furthermore, we note that § < ¢’ implies that ns < 7.

Lemma 3.8. Assume that 5 € [0,3), | : C’?(Rd) — R is a bounded linear functional with the
GCP with respect to 0, and that Ay, By are as in Definition 3.5. Taking ns as in (3.8), the
limit

Ag = glg% Ag s
exists for all B € [0,3), and Ay = 0 if § < 2. Moreover, if ¢s is as in (3.7), there is a sequence
0 \¢ 0 such that the following limit exists

By := lim Bg@&k.

k—oo

Proof. Let n1,m2 € S and such that 1y < 9. Then for any positive semi-definite M we have
im(z)(Mz,z) < ing(z)(Mz,z), with equality at z = 0.
Since ¢ has the GCP with respect to 0, it follows that
(€, 3m(z)(Mz,2)) < (0, gm2(x) (M, z)).

From this monotonicity and the elementary inequality |(, in(z)(Mz,z))| < C|M|max;; |nzz;| s
we conclude that the following limit exists for every positive semi-definite M

%i\r"%(& %ng(m)(Mx, x)).

At the same time, when < 2 we have ||nsz;xj||cs — 0 as 6 N\, 0 for all ¢, j, so in this case the
limit is zero. Now, given a symmetric matrix M, write M = M+ — M~, where both M+ and
M~ are positive semi-definite. Then, we also have that the limit

li 1 M
¢€§’rg\0<€, sn(z)(Mz,r))
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exists for any symmetric matrix M. It is clear then that this limit is linear as a function of M,
and therefore, there is a unique symmetric matrix A, such that

tr(A4,) = lim %n(x)(Mx,x)>. (3.9)

Moreover, this matrix Ay is positive semi-definite and A,,, — Ay as 6 \, 0, and Ay = 0 when
f < 2. It remains to analyze the limit of By 4, along a subsequence. For every ¢ € (0,1)

(Bgs)i = (£, pszi).
Now, recall the estimate from Lemma 3.4, which implies
(€, ¢szi)| < Clllgsillce (s, ) + 1062l Lo may)-
A direct computation shows that

sup ||@sxil||cs < 00.
s gl

It follows that

sup |Bg,| < oo,
0<é<1

and by compactness, there must be a subsequence d; — 0 for which {B&%k }i converges.
]
Lemma 3.9. Assume that 8 € [0,3). Let {: Cf(Rd) — R be a bounded linear functional which
has the GCP with respect to 0. For 3 > 2 and anyu € Cbﬁ (RYNC2(0), we have the representation
(€.0) = Cou0) + (B, Tu(0) + tr(AD*u(0)) + | ult) = u(0) = X, 0)(Vu0): ) ().

This representation is unique. This means that if there were C, B, A and i a measure in R\ {0}
all such that

(€.0) = Cal0) + (B.Vu(0) + tx(AD*(0) + [ u(s) = u(0) = x(0)(V(0).) ).
for all u, then C = Cy, B = By, A = Ay, and i = pg. Furthermore, if § < 2 and u €

CA (R N CH0), then Ay =0, and if B < 1, then By = 0 and the integrand on the right can be
replaced with just u(y) — u(0).

Proof. Let 6,8 € (0,1). Applying Lemma 3.6 with the functions ¢s and 7y,

(6:0) = Cou0) + (B, Tu(0) + tr(Ae, Du(0) + [ 05) = Py o) ).

Since min{1, |y|®} is integrable against py, it follows that

lim ne () (D*w(0)y, y) pe(dy) = 0.
N0 SR\ {0}
Therefore,
lim w(y) = Pognyu(y) pe(dy) = / u(y) — u(0) — ¢5(y)(Vu(0),y) pe(dy).
6"\O0 JRra\ {0} R4\ {0}

Then, thanks to Lemma 3.8, the formula for (¢,u) becomes (for every fixed § € (0, 1))

(60) = Co0) + (B Fu(0) + (4D + [ () —u(0) —0(0)(V0).) ().
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Now, let d; \, 0 be chosen so that Bg¢5k — By (which can be done thanks to Lemma 3.8). From
the definition of ¢g, we have that

u(y) — u(0) — @5, (y)(Vu(0),y) is monotone in k.

At the same time, for every y € R? we have
Jim g5, (Y) = XB1(0)-

Therefore, by monotone convergence we have
i [ ()~ ul0) = 60, 5) (Va0 ) ldy) = [ u= u(0) = i (0)(Vul0). ) ).
k=00 Jrd\{0} R4\ {0}
From where it follows that
(€, u) = Cou(0) + (By, Vu(0)) + tr(A,D*u(0)) + /Rd\{o} u(y) — u(0) — xB,0)(¥)(Vu(0),y) pe(dy),

as claimed. It remains to prove the uniqueness part. For this, it is enough to show that if for all
u we have (¢,u) = 0 and

(€.0) = Cou(0) + (Be, Vu(0) + (A D*u(0) + [ u(y) = u(0) = X0 (V(0). ) ().
then Cp = 0,By = 0, A, = 0 and py = 0. First, consider any u with compact support which is
disjoint from {0}, for such a u we have

(€)= [ ulo) play)

Since u can be any function with compact support in R?\ {0}, it follows that p; = 0. Evaluating
¢ at the function u(x) = 1 we obtain Cy = 0. Lastly, evaluating ¢ at all of the functions of the
form (z,€), e € R? and (Mz,x), M symmetric matrix, we see that By - ¢ = 0 for any vector e
and tr(AM) = 0 for any symmetric matrix M, so that By = 0 and A, = 0.

O

By a simple change of variables, Lemma 3.9 implies the following.

Corollary 3.10. Assume that x is fized, 5 € [0,3), and let £ : Cbﬁ(]Rd) — R be a bounded linear

functional which has the GCP with respect to x. For B> 2 any u € C’,’)B(Rd) N C?%(z) we have the
representation

(¢, u) = Cpu(z) + (By, Vu(z)) + tr(AcD?u(z)) + /Rd u(@ +y) — u(@) — xp,0)(Vu(z), y) pe(dy).

As before, this representation is unique, and when 8 < 2 andu € Cbﬁ(]Rd)ﬂC’l(sc), we have Ay = 0,
while for B < 1 we have By = 0 and the integrand can be replaced with just u(x +y) — u(x).

3.1. Proofs of Theorems 1.9 and 1.10. With Lemmas 3.4 and 3.9 and Corollary 3.10 in hand,
we can now prove Theorems 1.10 and 1.9.

Proof of Theorem 1.10. Consider the functional,
F(u) := I(u,0).
Now, by Theorem 2.6, we have that
F(u) = min max{fop + (Cap, u) }.
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By Lemma 3.4, each £, is a linear operator having the GCP with respect to 0, in which case
Lemma 3.9 says that for u € Cf(]Rd) N C?(0),

(Lap, u) = tr(Aap D*u(0)) + Bay, - Vu(0) + Copu(0) + /d u(y) — u(0) — x5, (0)(Vu(0),y) pap(dy).
R
The translation invariance of I boils down to the identity
I(u,x) = F(1u).
Therefore,

I(u,z) = min m?X{fab + (ab, T2 1) }

However, ({4, 7,u) has a simple expression, namely

tr(AgD?u(x)) + By - Vu(z) + Copu(z) + / u(z +y) —u(x) — 1g, ) V() - y pap(dy),

R4
and this proves the theorem. O

Proof of Theorem 1.9. The beginning of the proof is similar to that of the previous one. For each
z € R?, define a functional

Fp(u) := I(u,x), Y ue CPRY.
Applying Theorem 2.6, it follows that

F, = i F, , U — .
(u) Uercrg(r%d)gggﬁzi{ (v) + (6,u —v)}

Applying Lemma 3.4, it follows that for any ¢ € 0F},
(¢, u) = Cu(z) + (B, Vu(z)) + tr(AD?u(z)) + /Rd u(z +y) —u(z) — xp, 0 (Vu(@),y) p(dy).

Since F,(v) = I(v, ) this proves the Theorem, with K(I), = {L | L(u) = (¢,u) for £ € OF,} .
U

Remark 3.11. [t is worthwhile to compare the proof of Theorem 1.9 above to the much longer
and complicated one given in [29]. The simplicity here is made possible by the use of a mean
value theorem for Lipschitz functionals (Theorem 2.5) in the infinite dimensional setting, which
suffices to prove Theorem 1.9 as it involves a min-max formula in terms of linear functionals in
C? and not linear operators from CE(RY) to CY(RY). The more complicated method from [29]
1s however still of value, specially if one is interested in obtaining a min-max representation in
terms of a family of linear operators from Cf to Cg. Moreover, it is by adapting the method from
[29] that we are able to prove Theorem 1.11, after analyzing the spatial properties of the finite
dimensional approximations (see in Section 5).

4. FINITE DIMENSIONAL APPROXIMATIONS TO Cf(Rd)

4.1. Graph approximations. The following nested family of sets will be important in what
follows

G, =274

It will be convenient to write h,, := 27". Then, h,, represents the maximum possible distance
between z € R? and G,,, and in particular dist(z, G,,) < h, for all 2 € R%. Observe that

Gy CGeCGs...,

and note also the union of the sets G,, is dense in R9.
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Definition 4.1. We consider the following function spaces
C(Gp) == {u: G, — R},
Cu(Gy) := {u € C(Gy) | u(z) = 0 if = ¢ [-2",2"]}.

These spaces will be related to Cbﬂ(]Rd) by restriction, which we think of as a map denoted by T,
and given by

T, : CJ(RY) = C(Gy), Thu:=ug,.
Remark 4.2. The space C.(G,,) is a finite dimensional vector space.

4.2. Cube decomposition and partition of unity. In this section we shall apply the Whitney
theory to extend functions in a grid rZ? to all of R%. Since it is in our interest for the Whitney
construction to be compatible with the grid structure, we shall do the usual cube decomposition
making sure the resulting family of cubes is invariant under translations by vectors in rZ?, the
resulting construction is illustrated in Figure 1.

Lemma 4.3. For every r > 0, there exists a collection of cubes {Qy}x such that

(1) The cubes {Qi}r have pairwise disjoint interiors.

(2) The cubes {Qy}1, cover R\ rZ4

(3) crdiam(Qy) < dist(Qp, Z%) < codiam(Qy).

(4) For every h € rZ2, there is a bijection op, : N — N such that Qi + h = Qo1 for every
k € N.

3
4

::%: ::ﬁ:

FIGURE 1. A (periodic) cube decomposition of R?\ Z¢

Proof. We consider the case r = 1, once the collection of cubes is {Q}r obtained in this case,
the general case follows via scaling by taking the family {rQp}x .

Consider the cube Qg = [~1/2,1/2]¢, let Mg denote the family of 2¢ equal size cubes obtained
from Qg by bisecting each of its sides. Let M}, denote the family of cubes obtained from applying
this same procedure to each of the cubes in My_1. Note that the side length of each cube in My
is just 2%, Now, we construct a family Fy as follows, with Ry := {2v/d27% < |z| < 2v/d2- (-1}
for each k£ € N, then

Fo 3:U{Q€Mk : QN Ry #0}.
k
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Observe that if Q € Fy then Q € My, for some k and there is some 2 € @ such that 2v/d27F < ||
and |z| < 2v/d2-* =1, This means,

Vd27F = 2v/d27% — diam(Q) < dist(Q,0) < 2v/d27*,
and since diam(Q) = v/d27*, we conclude that
diam(Q) < dist(@,0) < 4diam(Q) V Q € Fo.
On the other hand, we have that

U @=[-1/2,1/21"\ {0}.

QeFo

If F denotes the subfamily of maximal cubes in Fy, it follows that: the union of these cubes
is still [~1/2,1/2]?\ {0}, the inequality diam(Q) < dist(Q,0) < 4diam(Q) holds for each Q € F,
and the cubes have pairwise disjoint interiors.
Denote by {Qg}r an enumeration of the family of cubes of the form @ + z, where @ € F and
z € Z. Tt is clear that {Qy}s covers all of R\ Z? and that these cubes have pairwise disjoint
interiors. Furthermore, for any h € Z? the map Q — Q + h gives a bijection of the set {Qy}x
onto itself, therefore one can represent it via a bijection o5 : N — N so that Qp +h = Qg -
Last but not least, as each cube of the form Q + z is closest to z than to any other point in Z,
property (3) follows from the respectively inequality for the family F.
O

Remark 4.4. We apply Lemma 4.3 with r = 27", for some n € N, and for the rest of the section
shall refer to the resulting cubes as {Qn i }-

Furthermore, for every n and k, we will denote the center of Qi by Ynk, and for each n and
k we will denote by 4y 1. the unique point in G, such that

dist(yn,k, Gn) = [Ynk = In.kl;

(note that there is only one since by construction not a single center y, . lies at equidistance to
two different lattice points).
In particular, for each of the bijections op : N — N from Lemma 4.3 we have

Yn k +h = Yn,onk> ?jn,k +h= gn,ohka v n, k.

Remark 4.5. In all what follows, given a cube Q, we shall denote by Q* the cube with same
center as @ but whose sides are increased by a factor of 9/8. Observe that for every n and k, we
have Q;, , C R4\ 227774, and that any given x lies in at most some number C(d) of the cubes

Qk-
Proposition 4.6. For every n, there is a family of functions ¢, (x) such that
(1) 0 < dpp(x) <1 for every k and ¢p i, = 0 outside Q7 ;. (using the notation in Remark 4.5)

(2) Y4 bnk(x) =1 for every x € RY\ Gy,.
(3) There is a constant C, independent of n and k, such that

C

‘Vlﬁbn,k‘(x” < m

(4) For every z € G, we have
¢n7kz($ - Z) = d)n,O'zk’(x)’ v k:a €,

where o, are the bijections introduced above.
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Proof. Fix a C* function ¢ such that
0<¢<1,

p=1inQy=[-1/2,1/2]¢,
¢ = 0 outside Qj.

Let /(@) denote the common length for the sides of @, %, and with y, j as given in Remark 4.4

we define
7 L T = Ynk
¢n,k L ¢ < En’k ) °

O(x) = npl).
k

Consider the function

It follows from Remark 4.5 that given any z ,at most C(d) of the terms appearing in the sum
are non-zero in a neighborhood of z, and therefore ® is a smooth function. Then, define

Ok () = Gy () ®(2) 7

It is clear that the functions {¢, ,}; satisfy properties (1) and (2). Property (3) follows easily
from the chain rule, using the differentiability of the function ¢. It remains to check property
(4), let z € Gy, then

uate—2) = 0 (BT Yy

E(Qn,k)
T — Yno.k -1
o (58 s~
Onor) (z) (z)
where we used that ¢(Qy, ;) = ¢(Qn,s.%), which follows clearly from the definition of . d

4.3. Discrete derivatives. In what follows, it will be in our interest to approximate the first
and second derivatives of a function u € C’,;B (R%) (see (1.6) for our convention regarding the

meaning of Cbﬁ ) at a point € G,, using only information about the values of uw on G,. This
motivates the following two definitions (we recall that h, = 27").

Definition 4.7. The vector (V) u(x) is defined via the system of equations (k =1,...,d)
(Vo) u(z), er) := (2hn) " Hu(z + hper) — u(x — hpe)]
Definition 4.8. The matriz (V,,)?u(x) is defined via the system of equations (k.0 =1,...,d),
(V) ?u(z)er, er) := hy 2 [u(z + hnex + hnee) — u(z 4 hper) — u(x + hpeg) + u(x)]

Remark 4.9. From the definition it is clear that these discrete derivatives commute with trans-
lations with respect to a vector z € G,. That is, given a function u and z € G,, then for every
r € G, we have

(Vi)' m2u)(2) = ((Va)'u)(@ + 2)

Depending on how regular the function w is, these discrete derivative operators enjoy quanti-
tative “continuity estimates” as functions on GG,,. An important point being that these estimates
are uniform in n once w is fixed.
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Proposition 4.10. There is a universal constant C' such that for u € Cf(Rd) and € Gy,
(V) u(z) = Vu(@)] < Cllullcshy ™, if 8 € [1,2],
(Va)*u(z) — D*u(z)| < Cllullcshy 2, if B € [2,3).

Proof. See appendix.

O
Proposition 4.11. Fiz u € Cbﬁ(]Rd). Then, given x1,xs € Gy, we have
u(a1) —u(z2)| < Cllullgslzr —x2)°, if 5 € [0,1],
(Vo) u(zr) = (Vo) 'u(@2)| < Clluflgs|zr — 22771, if 5 € [1,2],
(Vn)?u(z1) = (Vo) ?u(z2)| < Clluflgs|zr — 22772, if 5 € [2,3].
Proof. See appendix.
O
4.4. The Whitney Extension and Projection operators.
Definition 4.12.
3 u(:’)n,k) if B € [07 1)
P g(@) =S () + (Vpuing) © — i) if Bell,2)
u(yn,k) + (v}lu(gn,k)a T — Qn,k) + % (V%U(Qn,k)(x - yn,k)v (LU - gn,k)) if ﬂ S [27 3)

We are now ready to define the Whitney extension operator.

u(x) if x € Gn,
By (u, x) := { S (@) nn(z) if & Gy (4.1)
k

The projector operator mh : Cf(Rd) — Cf(Rd) is given by
7'(‘5 = Eff o Ty, (4.2)
where we recall that T),u = ug, (Definition 4.1).
Theorem 4.13. There is a constant C such that for any n and any u € Cbﬁ(Rd) we have
Hﬂﬁuucﬁ(Rd) < Cllullcsway-

Proof. This follows arguing exactly as in [54, Chapter VI, Theorem 3 and 4|, making use of
the regularity estimates in Proposition 4.11. Since this is a standard argument, we omit the
details. 0

Proposition 4.14. Let z € G,, and u € C’bﬁ, then.
7 (rou) = 7.7l (w).

Proof. Let us show that Wﬁ(Tzu)(m) = Tzwg(u)(:p) for every z € R? and z € G,,. Note that if
x € G, then the equality is trivial, so let us take 2 € R?\ G,, and z € G,,, then we have

mh(mu)(x) =3 pl (@) s(2).
k

Furthermore, it is not difficult to check that (see Remark 4.9)

Pl @) =), (2 + 2),
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while part (4) of Proposition 4.6 implies that
an,k:(l‘) = Cbn,azk(l' + Z)-
From these two identities we conclude that

mh(mu)(x) = pl @+ 2)bnon(@+2) =D Pl (z+ 2)bnr( + 2) = Tl (u)(2),
k k

where we used that o, is bijective, this proves the proposition. ]

Remark 4.15. Given € € (0,1) there is a C > 1 such that for every n € N, z¢g € G,,, and unit
vector x, € R there is some x1 € G, and s > 0 such that

|52y — (21 — x0)| < hy, CTIAE < |21 — 20| < CRE,.

Indeed, this follows from the fact that hix, € [—hS,hs]? and that [—hS, h5)4 N (Gn — x0) is a

n»''n

hy-net in [—hS, hE]?, so there is 1 € [—hS, hE]4 N (G — x0) such that |hSx, — (1 — 20)| < hy.

ny'"n n ' "n
Then, the inequalities for |1 — xo| follow from two applications of the triangle inequality and the

fact that € <1 and h, < 1/2 for alln > 1.

Proposition 4.16. Let w € Cf(Rd) be such that w(z) > 0 for every x € G, and such that
w(xg) = 0 at some xg € G,. Then, there is a universal C such that

Vw(wo)| < Cllwllcshp™>H1, i g > 1,

(V2w (wo))-| < Cllw|gshl™™ 3224 5 > 2.
Here, for a given symmetric matric D, D_ denotes it’s negative part.
Proof. Fix any = € G,. Thanks to Proposition 4.10 and the fact that |z — xg| > h,, we have

w(z) — w(zo) — (Vrbuw(@e),a — a0)| < Cllwleslo — aol 251,

Since w(zp) = 0, and w(z) > 0 by assumption,

0 < (Vrlw(zo),z — 20) + Cllw|| sl — zo|™n{2A},
It is easy to see there is some x; € G, such that |xg — x1| = h,, and

(Vmpw(xo), 21 — m0) = —|Vrjw(wo)e< |21 — ol,

and therefore,

(Vrlw(zo), z1 — 20) < —Cd_1|V7T£w(:1:0)Hx1 — xg.
Combining these inequalities and recalling Theorem 4.13 it follows that

Vrw(wo)| < Cllwl]|gshy™ A1,

This proves the estimate for the gradient when § > 1. Now assume 8 > 2, the beginning of the
argument in this case goes along similar lines. For any = € GG,, we have that

jw(z) — w(zo) — (Vapw(wo), @ — x0) — §(V>mw(wo)(z — x0), x — wo)| < Cl|w|gslar — wo[ ™™,
where we have once again used Theorem 4.13. Thus, since w(xg) = 0 and w(z) > 0 for x € G,
(Vrbw(xg), z — xo) + %(Vzﬂﬁw(xo)@ — 20), 2 — 0) + Cllwl|gs |z — zo[™™3A > 0.

Now, since we are on a lattice, it is obvious that for any x € G,, we have that 2’ := 229 —z € G,,.
In this case we can add up the inequalities for z and z’, and conclude that

(Vajw(zo), z — x0) + 5(V2rhw(zo) (x — x0), @ — o)

+ (Vrbw(zo), 2’ — z0) + L(V2rlw(zo) (2’ — o), 2’ — x0) + 20wl gs |z — w25 > .
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Since 2’ — x9 = —(x — o), we conclude that
(V2rlw(zo)(x — x0), 2 — 20) 4 2C||w| o8|z — 20| BF >0, Vz € G,.
Let x, € R? be a unit vector such that
—(VPmiw(o)zs, ) = [(VPmw(w0))-|
According to Remark 4.15, there is 1 € GG,, and s > 0 such that
|szy — (x1 — x0)| < hp, C7'hE < |2y — 20| < CRE,.
For this x1 we have
(V2rfw(ao))-|s? = —(V2miw(@o)r., a.)s?
< —(VPmw(wo) (w1 — z0), 21 — 20) + Cllwl|cs |sws — (21 — z0)].
This, together with the previous step, shows that
C2|(VPmw(ao))-|(h,)? < 20 |[wllos ™30 4 Cllw| s hn,
again having used Theorem 4.13. Simplifying, this becomes
(V2w (@0))-| < Cllw]|cs (RG22 4 hi=e).
Choosing € = 1/2, and noting min{3, 5} —2) < 1, we conclude that

(V2 rfuw(wo))-] < Cllwllgs h§n G272,

We fix an auxiliary function ng : [0,00) — Ry, with ng € C*°(R,), and
0<ny <1, ny(t) >0 forall t,no(t) =t for t <1/2, no(t) =1 for t > 1. (4.3)

The function 79, as well as the following two estimates, will be useful in the next section. Essen-
tially, no(t) should be thought of as a smooth replacement for min{1,¢}.

Lemma 4.17. Let 1 < 3 < By < 3, and consider w € C’bﬁ0 (RY) and zo € Gy, such that
w > 0in G, and w(zg) = 0.
Then, there is a function Rgynwa, such that R(xg) =0, and
TPw(x) + Raymaway () >0, Va2 eRY
1R8o,m,m,20 |l c8@may < CR Wl oo may,
for some constant v = (S, Bo) € (0,1).

Remark 4.18. For 8 € (0,1), it is straightforward that w > 0 in G,, guarantees that hw >0
everywhere, that is, the Whitney extension for 8 € (0,1) is order preserving. Accordingly, Lemma
4.17 is only needed for 5 > 1.

Proof. We consider the cases 1 < 8 < 2 and 8 > 2 separately. First suppose 8 € [1,2). Let ¢o(t)
be a smooth function such that 0 < ¢o(t) < 1 for all ¢, ¢o(t) = 1 for t < 1/4 and ¢o(t) = 0 for
t > 1. Then set

w(z) = nlw(z) — (Valw(zg), z — x0)do(z — x0).
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For each x € R%, let & denote a point in G,, such that |z — #| = dist(x, G,) < hy. Then, since
w(z) > 0 for any & (from the assumption), we have
w(x) = w(#) + (w(r) — w(2))

> —(Vmjw(zo), z — x0)do(z — x0) — Cl|| 0 [ — 2]

> —(Vrgw(zo), @ — x0)o(x — o) — C||@|| 0 hn-
By Proposition 4.16, we have |Vrbw(zo)| < Cllwl| oo hn when By > 1, therefore,

(@) > =Cllwllgahn, ¥z €RY,
where we have used Theorem 4.13 to bound ||775w||cg. On the other hand, since By > 1 and
0

Vw(zg) =0, we have
W(x) > ||| oo |2 — ol ®,
~Clwliges |z — zo/™ ¥z € RY,

v

Now, we take 79 as in (4.3) and define the function

~ x — 20|
R(z) = 20l oot 2520 ).

If |2 — 20|% > h,,/2, then

() + R(x) = () + Cllwllahn > 0.
If on the contrary, |z — xq|% < h,/2, then

w(x) + R(x) = d(x) + Cllwllos |z — 20| > 0.
We conclude that
w(z) + R(x) >0, Va R
On the other hand, an elementary computation (see the Appendix) shows that
1Rllgs < Oy Jlwl| oo
Finally, let
Ry nwao(®) i= R(x) — (V) (20), & — x0)bo(x — o).

We conclude that ||Rg,n.w.zollcs < Challw]|os, and

TEw(x) + Rpymwae(x) >0, ¥z € RL

This proves the Proposition when /3 € [1,2). The argument for 8 > 2 is similar, we only highlight
the main differences. This time, we subtract not just the first order part of w near xg, but also
the second order part, namely we consider the function

W = nhw(z) — (Vb (zo), x — z0)do(x — z0) — %((Vzwg(wo))_(a: —x0), T — o)Po(x — x0).

Then, one applies again Proposition 4.16 and use the regularity of w to obtain (in analogy to the
previous case)

w(w) 2 ~Cllwl| ooy max{hn, [ — ao|™}

The respective function R is defined exactly as R and one argues as in the previous case. ([l
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Remark 4.19. The argument in the proof provides -after small modifications- a closely related
result: if instead of w € C’I;B(]Rd) we assume that w € Cg(Rd) and that for some M > 0 and
Bo > B we have

w(x)| < Mz — o™, Vx € R,

Y

then there is as before a function R,Bo,n,w,aco such that Rﬁo,n,w,mo (xg) =0 and wﬁw(q:)+Rﬂ07n,w,$O ()
0 for all x, but this time the C? estimate for Rﬁo,n,w,xo 18

[ Rso,nw.a0llce < Chyy([[wllzee + M).
The following proposition will be useful later in the proof of Proposition 5.8.

Proposition 4.20. Let 1 < 3 < By <3 or B € (0,1) and By = 5. Fiz f € CX(RY), and let ng
be as in (4.3). Let xg € Gy, and w(x) = f(x — 20)no(|x — x0|%), then

T (w, z) < O||f |l peeno(|z — z0]®), Vo e RY, if B e (0,1),
o (w, ) < O|| fllno(|z — 20l™) + Ry nwao(2), ¥ € R, if 5 € [1,2],
for some function R,Bo,n,w,mo such that Rﬁoﬂhw@o (z9) =0 and
||Rﬁo,n,w,xo”cﬁ < Ol fllehy,
where v is as in Lemma 4.17.
Proof. Define the function @(x) := (|| f|lz~ — f(z — z0))no(|z — 20|?). Then @(z¢) = 0 and
[0(2)] < 2l ermo(|z — 20/*), ¥ & € RY,

while, since 79 > 0, we also have w(z) > 0 for every = € G,,. If § € [1,2], using Lemma 4.17 and
the function Rg, n w,e, from Remark 4.19, we have

(W, 2) + Ragmwmo () >0, Va,
This inequality, after some rearranging, yields (for 5 € [1,2])
o (w,x) < || fll oy (mo(] - =20|™), @) + Ry mwwe (), ¥z € RY.
Since we also have ||w||f < C||f||z~, we have again by Remark 4.19
[ B3, m 0,20 llcs < ClIfllLohy,

and the Proposition is proved in this case. For § € (0,1) we argue along similar lines, using
Remark 4.18 instead of Lemma 4.17.
O

4.5. Convergence of the projection operators.
Lemma 4.21. Let 0 < 8 < By < 3, there is a constant C such that if u € Cfo (R%), then
I = ull s < ChY|lull oo -
Here, Y= 7(/8076) € (07 1)
Proof. For notational simplicity let us write f(z) = Wﬁu(m) throughout the proof.
Since u = f throughout G, for an arbitrary = € G,, we have (with Z denoting a point in G,
such that dist(z, G,,) = |z — 2|), with o := min{1, o}
u(z) — f(2)] < [f(z) = fF(@)] + |u(@) — u(z)|
<l — &7 flee + |z — | [ulce
< Cllullgsohn < Cllullgso b,
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where we made use of Theorem 4.13 to obtain [f]ce < C||u||cs. This shows that ||u — f| e~ goes
to zero at some rate determined by By and the size of ||ul/s,. To prove the lemma we need to
also bound the Holder seminorm of v — f and its derivatives, according to Sg.

The case f3, 53 € [0,1). Fix x1, 2o € R? First, suppose that |1 — x| < max{|z; — 1], |22 —
Za|}, then

|f(z1) — w(@1) — (f(z2) — u(®2))] < [f — u] s lz1 — 22| < Clluf| s lz1 — 2] ™.

In this case, and since 0 < 8 < fy < 1, we have that |21 — 22|% ™% < max{|z; — 21|%F, |2y —
BB < hg‘)_ﬁ. Then, using Theorem 4.13

£ (1) = u(@r) = (f(w2) — w(@2))| < [f = uleslzr — 2ol < Cllull oo e~ a1 — 2],
Next, suppose that |x1 — z2| > max{|z1 — 1], |z2 — Z2|}. In this case
£ (1) = u(@r) = (f(w2) — w(@2))| < [|Fllcooler — 21]% + [[ull oso lva — F2| ™
< Cllull oo ™" |1 — 2|,
where once again Theorem 4.13 was used. Combining these two estimates, we conclude that

= s = sup [f(21) — u(er) = (f(x2) — u(22))] < Ofull sy B2

@17 |71 — x2]P
Then, using that h,, <1 for all n > 1, we have
1f = ulles < Chyllullceo-

The case 3,0y € [1,2). In this case we trivially have the same estimates from the previous
case, and only need the bounds for first derivative. This is done as follows, first

IVf(x) = Vu(z)| < |Vf(z) = V(@) + V(@) - Vu(@)| + [Vu(z) = Vu(i)].
Then, using Theorem 4.13, we have
Vf(@) = Vu(@)| < [V flos-1he ™" + V(@) = Vu@)| + [Vulos- b~
< Cllullgso by ™" + |V f(2) = Vu(E)|-
Recall that V(%) = (V) u(2), and use Proposition 4.10 to conclude that
IV f(@) = Vu(@)] < Cllull gy + Cllull gao b2~

The Hélder seminorm [V f — Vu|qs is bounded with the same argument used to bound [f — u]-s
in the previous case, we omit the details.
The case =2, € (2,3). Right as before, we note that

|D?f(2) — D*u()| < |D*f(x) — D*f()| + |D* f (&) — D*u(2)| + | D*u(x) — D*u(#)].
Then, applying Theorem 4.13 and Proposition 4.10 as in the previous case, we have
D2 f (@) = D*u(@)| < [D?floso-2h = + D £ (&) — D*u(@)| + [D*u] o2~
< 2C | ull oo b2 + [V f(E) = Vu(2)]
< 3C|ull o h .

For the Holder seminorm, we repeat the argument used in the case 5 € (0,1), again we leave the
details to the reader. ]

Remark 4.22. If u € CY(R?), then the same argument from Lemma 4.21 can be used to show
tim [l — ()| o oy = 0.

the rate of convergence being determined by the modulus of continuity of u.
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5. ANALYSIS OF I(u,x) VIA THE FINITE DIMENSIONAL APPROXIMATIONS

In this section we introduce a sequence of operators I,, which approximate I. The operators
I, behave like operators in a finite dimensional vector space in the sense that they arise from a
composition between linear maps with a Lipschitz map from a finite dimensional space onto itself.
This allows us to prove a min-max formula for I,,(u,x) at least when =z € G,, by using Clarke’s
idea of a generalized gradient [18]. More precisely, we use the fact that I, factorizes via a map
between finite dimensional vector spaces (which is what the spaces C.(Gy,) were introduced for),
where the generalized gradient can be used, and then lift this to corresponding maps from Cg (RY)
to CI?(Rd) using the Whitney extension. The majority of the section is concerned with deriving
estimates and regularity properties for the linear operators arising in the min-max formula for
I,,, and ultimately concluding such linear operators are pre-compact, which leads to a min-max
formula for the original operator.

5.1. The operators I, and their min-max representation. We are going to approximate
the operator I(-,z) via “finite dimensional approximations”, this referring to maps I, : 0138 — Y,
which factorize through a finite dimensional space (see (5.3) below).

We introduce a modification of the projection operator 79 defined in (4.2). First, we define

Pr, : C(Gpn) = Ci(Gr), Pra(u)(x) = u(x)X|_9n on)a(T).
That is, given u € C(Gy,), we define Pr,(u) as the function obtained by restricting u to G, N

[—27,2"]% and then extending it to the rest of G, by zero. Then, we define the modified Whitney
extension,

Eﬁ = Eﬁ o Pry,
and the modified projection operator
ﬁ'g = EAg oT,.
These are, respectively, bounded linear maps from C(Gy,) to C’bﬁ (R?) and from C (R?) to Cbﬁ (R9).
Now we are ready to introduce the finite dimensional approximations to the operator I, define
I,=70T07l, I,:CP(RY) — CY(RY). (5.1)
That is, to compute I, (u, x), we first compute the modified projection ﬁgu, and compute I (frgu),

to which we later apply the modified projection #. In particular, I,, only depends on the values
of u on G,, N[—2",2"]¢. Associated to this, we introduce a map, 4,, defined as follows

in : Cu(Gp) = Cu(Gy), in=Pr,oT,oloE". (5.2)

From the definition of I,,, we have I,, = Eﬁ oPr,oT,0lo Eﬁ o Pry, o T),, thus we see I, and i,
are themselves related by

I, = E%ci,oPr,oT,. (5.3)

The situation for both I,, and %, is represented in the following two diagrams,
Oy (RY) —" CP(RY) Cu(Gn) —" C(Gy)

ﬁgl N T Eﬁl PrnoTnT

CP(RY) —Ls CO(RY) Cy (RY) —— CP(RY)

30

Now, the space Cy(G,,) is finite dimensional (Remark 4.2), and the map i,, : C(Gp) — Cx(G,) is
Lipschitz continuous. Therefore, tools available for Lipschitz functions in the finite dimensional
setting can be applied to i, and then related to I, via (5.3).
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We recall the generalized derivative of 4,, in the sense of Clarke [18, Section 2.6].

Definition 5.1. Let V' be a Banach space, and T : V — V' a Lipschitz continuous function. We
define the set of generalized derivatives of T', by

DI :=ch{L:V >V |L= lilgn Ly, where Ly = DT'(zy,), T is differentiable at xj V k}.
By Rademacher’s theorem, the set DT is not empty when V is finite dimensional. Applying
this to i, : Cu(Grn) — Ci(Gy), we have, first, that Di, is non-empty, and secondly that DI,
is non-empty as well, this is proved in Lemma 5.3, where we describe the relationship between

Diy, to DI,,. The following Lemma is the mean value theorem for nonsmooth Lipschitz functions
between finite dimensional spaces (note the similarity with Theorem 2.5).

Lemma 5.2. Assume that I : Cbﬁ(Rd) — CQ(R?) is Lipschitz. For any u,v € Cy(Gy,), there is a
L € Di, such that
in(u,x) —in(v,z) = L(u — v, x).
Proof. We refer the reader to [18, Proposition 2.6.5] for a proof of the lemma. O
The second lemma is basically the chain rule.
Lemma 5.3. Assume that I : Cbﬁ(Rd) — CY(RY) is Lipschitz. The set DI, is non-empty, and
for any L € DI, there is a L € Di,, such that
L=EoLoT,,
conversely, any L defined in this way for some L € Di,, belongs to DI,,.

Proof. Note that I, is differentiable at a point w if and only if i,, is differentiable at @ = T,,u, a
fact which follows applying the chain rule to the identities (5.2) and (5.3). Furthermore, at such
u’s we have

DI, (u) = E; o Diy(a) o Ty,.

If uy is a sequence along which I, is differfzntiable, and Ly, = DI, (uy) converges to some L, then
the sequence Ly := Diy(ty) has a limit L, and L = E o L o T,,, taking the convex hull and by
the linearity of £} and 7;,, the lemma follows. O

The following remark will not be of any relevance until the proof of Theorem 1.11 at the end
of this section, but we include it here to illustrate how Lemmas 5.2 and 5.3 immediately yield a
min-max formula for I,(u,z) (for x € G,,).

Remark 5.4. Fizn and let x € G,,. Then for any u € Cbﬁ(Rd) we have
In(u,x) < max {Io(v,0) + L{u—v,2)}, V& €Gnuve CP(RY). (5.4)
€DI,

Indeed, according to Lemma 5.2 given u and v says there is some L € Di, such that
in(u) —in(v) = L(u —v).
In, this case, we have EO(in(u)) — E2(in(v)) = EQ(L(u —v)), and thus setting L := EQ o Lo T, €
DI, we have
I,(u) = I,(v) + L(u — v),
and (5.4) immediately follows.

Next we make an elementary observation regarding the nature of the operators L € DI,,. This
observation is merely a consequence of the factorization of I,, through the space C(Gy,).
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Remark 5.5. For each L € DI, there is a function K = Ky, K : G, X G, — R such that

Lu(x) = Y K(z,y)ulz +y), YueCyRY. (5.5)
yeGp

Indeed, simply let us use the basis functions {ey}yeq, C C(Gy) given by
|1 ifrx=y,
ey(x)—{ 0 ifx#y.

Observe that for any u € C’f(Rd) the function Thu has finite support, and in particular Tyu =
ZyEGn u(y)ey as the sum on the right has at most a finite number of non-zero terms. Thanks to

Lemma 5.3, there is some L € Di,, such that L = EYo LoT, and therefore,

Lu@) = Y (Le))@uly) = Y (Beary)@)u(e +y), Y € G,
yEGn yEGn—x

Then, defining Kr(x,y) = (Eexﬂ,)(x) for x,y € Gy, the identity (5.5) follows.

For the rest of this section we analyze the operators I,, and the sets DI, and obtain in the
limit a min-max formula for I,. We shall focus on operators satisfying Assumption 1.4. As we
see below this property is inherited —to some extent— by the operators I,,, and by any operator
L € DI, this fact is covered in the next two propositions. In the subsections that follow, we will
use the spatial regularity afforded by Assumption 1.4 to show that the operators in the family
DI, have coefficients enjoying some regularity, which in the limit yields regular coefficients.

Proposition 5.6. Let I be Lipschitz and satisfy Assumption 1.4. Let x1,x9 € Gy and h = x1—x3,
and r > 24" Then, for any u,v € Cf(Rd) we have

|In(v + T_pu, 1) — Ly(v,21) — (In(v 4+ u, 22) — In(v,22)) |
< w(DC@r) (Julloags, ey + el ) -
where w(-) is the modulus of continuity and C(-) the function given by Assumption 1.4.
Proof. Observe that
Li(v+ T_pu,a1) — In(v, 1) = I(wfv + af (t_pu), 1) — In(mh, 21),

and recall that Proposition 4.14 says that wg(T_hu) = T_hwg(u) when G, + h = G,
Therefore, applying the bound in Assumption 1.4 with %r,

’In(’U + T—hU, .7}1) - In(’U, .%'1) - (In(’U + u, 1'2) - ITL(Uv 1'2)) |
= 1w + (i), @) = Ln(nfl, 1) = (1w + wflu, w2) = I(rv,22) )|

< w(lar - 22)Cr/2) (Imiullos sy @) + Im5ulioien,, e ) -

24—n

Now, provided r > , we have

HWQUHCE(B?,T(J;)) < CHUHC»B(BM(:U))?
Il oo By, p (@) < Clill Lo (B, (@)

the proposition follows.
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Proposition 5.7. Let I be Lipschitz and satisfy Assumption 1.4. Given L € DI,, x1,x5 € G,
r>24" and u € C’,;B(]Rd), we have the inequality

| L(T—hu, x1) = L(u, x2)| < w(|h])C(2r) <||UHCB(B4,.(9:2)) + HUHLW(CBr(xg))) - (5.6)
Here, h = x1 — x2 and w(-) and C(-) are given by Assumption 1.4.
Proof. Consider any v € C’f (R9) such that I, is differentiable at v with derivative L. Then,

1
L(t_pu,z1) = 21_% 3 (In(v + sT_pu,z1) — L, (v, 1)),

1
L(u,z2) = lim — (I,(v + su, x2) — In(v, x2)).

s—0 S

By Proposition 5.6, we have
|L(T—hu7 131) - L(U, $2)|

1
= lim sup B |, (v + sT_pu, 1) — In(v,21) — (In(v + su, z2) — I, (v, x2))],
s—0

) 1
< w(R)C@r) imsup (sulles s, @) + Isull (s, ) -

s—0 S

= w(B)Cr) (Iilos 5y + il enyey) -

This proves the desired inequality for those L € DI, which happen to be the derivative of I, at a
point of differentiability. This property is clearly preserved under limits and convex combinations,
so it follows any L € DI, has the desired property. O

The following proposition is directly related to Proposition 4.20.

Proposition 5.8. Assume that I is Lipschitz and satisfies Assumption 1.1. For f € C°(R%) let
w(x) = f(x — 20)no(|z — x0|?) with no as in (4.3), then

I(7Pu+ 7Pw,z) — I(xPu,z) < C||f]|pee-
If instead we have w(x) = f(x — zo)no(|x — 20|%) with f non-negative and some By > B, then
I+ 78w,2) — I(xlu,z) > —C| fllh},
for some constant v = (5o, B) € (0,1).

Proof. We apply Proposition 4.20, and we have with R@n,w,xo from the same proposition, we
have

mw(e) < i(@) i= Clflze (mlle = 20l”) + Ranuwa(@)) , Vo € RY,
with equality holding for x = xg. It follows that mhu + mhw is touched from above at o by
T+ . Then, since I(-, z) has the GCP,
I(7Pu+ nPw,z) < I(xPu+ 0, x)
This means that
I(7Pu+ wPw, x0) — I(7Pu, z0) < I(7Pu+ b, 20) — I(7Pu, 20) < C||b]| s
Since |[]lcs = || ]z lm0(] - —20|®) + Ramawaollcs < Cllfllze the first inequality is proved. For

the second inequality, we apply Remark 4.19 directly, and use that I has the GCP to conclude
that

(w7 + By nasgsa) > 1(xiu, o)
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Then, using the Lipschitz property of I we conclude that
I(mpu + mpw, x0) — I(mu, 20) > —C|| Ry mwaellcs > —Ch|| 1o,

where we used that |w(z)] < C|f||p=~ min{l, |z — 20|?} and Remark 4.19 to obtain the last
inequality.

O

Proposition 5.9. Let I be Lipschitz and satisfy Assumption 1.3. Let R > 1 and w € Cf(]Rd)
with w = 0 in Bsg(xo), then for any x € NBgr(xo) we have

(i + myw, x) — I(mpu, )| < p(R)|[wl Lo ),
where p is the rate coming from Assumption 1.3.

Proof. If w = 0 in Bsg(xg), then a2 =0in Bsog(xp). In other words, mu and Thu + Thw are
identically equal in Bog(xg). Therefore, Assumption 1.3 says that

\I(Wgu + 7('511},1') - I(Wgu,x)] < p(R)HTrngLoo(Rd)7 Vx € Br(xo).

By Proposition 4.20, HmﬁleLm(Rd) < [|w|| oo (ray, the proposition is proved.
g

5.2. Properties of DI,. For each L € DI, and = € G,, we define a Borel measure ur(x,dy)
(which is possibly signed) as follows

pr(z, dy) == Z Ki(%,y)0z+y- (5.7)
y€G,\{0}

where K7 (z,y) is as in Remark 5.5. From its definition, it is immediate that given ¢ € C* and
r € GG, then

L(g,z) = /Rd (z +y) dur(z,dy).

Proposition 5.10. Assume that I is Lipschitz and satisfies Assumption 1.1. For each L € DI,
and x € Gy, and no(t) the function in (4.3),

sup sup [ fm(lyl?) pu(o.dy) < Clfllie, V£ € O (R

n xeGn

Proof. Fix xg € Gy,. Let us assume first that 8 # 1. Let w(z) = f(z — x0)no(|z — 20/%), then

L(w, ) = /Rd o()mo([yl°) pr(xo, dy).
Therefore it suffices to show there is a universal constant such that
L(w,x0) < C|f|lge, VL € DI,.
Let us prove this when L arises as the derivative of I,, at some v € c? , namely, that
L(p,z0) = lii%(fn(v + s¢,z0) — In(v,x0))/5.
In this case, we can apply Proposition 5.8 to the expression on the right and conclude that

lim (T (0 + s, 30) — In(v,20)) /5 < C| {12,

where we used that when 8 # 1 the function n9(| - —z0|?) belongs to C’f(Rd) and the norm
m0(] - —z0|?)||cs is bounded in terms of 3, d, and the function 7. This the desired estimate for
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such L. Since this property is clearly preserved under limits and convex combinations, it follows
that the property holds for all elements of DI,,.

The case § = 1 proceeds similarly, except one first fixes € € (0,1) and considers the function
no(|z — x0|7+¢) instead. After proceeding as in the previous case, we obtain the estimate

L 5@l fao.dy) < Cl .

for every L € DI, and g € G,,. The constant C is independent of ¢ € (0, 1), since ||70(|-—z0|?)||c
is independent of € when € > 0. Letting € N\, 0 for the integral on the left (and using the special

form of ur(xo,dy)) one obtains the estimate in the case § = 1.
O

Proposition 5.11. Assume that I is Lipschitz and satisfies Assumption 1.1. Let f € C°(R?)
be a non-negative function. There is a constant C = C(1,d, 3, o) such that given By > [ then
for each L € DI, and x € G,

it inf [ f@mlsl*) (o) = ~CH -

n xe€Gn
As before, ng is the function in (4.3), and v = v(5, Bo)-

Proof. As in the proof of the previous proposition, we note that if zy € G,, w(z) = f(x —
z0)no(|z — 20|™), and L € DI,,, then

Lw0) = [ | Fomllyl) na (oo dy).

As in the previous Proposition, it suffices to show that L(w,xo) > —C||f||zeh#, and from DI,,’s
definition, it suffices to show this for those L’s in DI,, which are the derivative of I,, at some
u € C’g(Rd). In this case, given that f > 0, we may apply the second part of Proposition 5.8 to
obtain

I(xPu + ) — I(rh C oo i)
L(w’qjo) — lim (7Tn’U,+7Tn(SQU)7xO) (WnunyO) > hm—M — _CthfHLooa
s—0 S s—0 S
and the proposition is proved. ]

Let us recall the function

Pynaa(?) = u@) + 6( — )(Vu(z),- — 2) + kn(- — 2)(D*u(@)(- — ). (- - ).

In this section we introduce a variation on this function. This modification takes into account
the geometry of the grid G,, as well as the regularity exponent £, and will be used in a way
analogous to the previous section.

u(z) if 3 € (0,1),
P =3 u(@) + (- —2)((Va) ula),  — ) if 5 e [1.2)
u(e) + 6(- — 2)((Va)lule), - — 2) + dn(- — 2)(Va)?u(@)(- —a),-—2)  if B € [2,9).

Associated with this, we introduce functions in G,, taking (respectively) scalar, vector, and matrix
values.
First, some notation. To functions 1, ¢ € S we associate the following family of functions

¢i(y) = (Wi, i=1,...,d, ni;(y) = n(Y)viy;, 1,5 =1,....d.
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Then, for L € DI, and n,¢ € S we define a symmetric matrix Ay, a vector By, 4, and a
scalar Cr. These are functions in G,, defined by the formulas,

(ALy(@),; = Lty z), ij = 1,....d, (5.8)
(BLo(2)), = L(t—atpiyz), i =1,...,d, .
Cp(z) = L(1,2).. (5.10)

The functions Ay ,, By, ¢, Cr, and pf, give us a representation for L(u, z) for x € G,

Proposition 5.12. Assume that I is Lipschitz. Let L € DI, then for f € [2,3) and u € C’f(Rd)
we may write it as

L, 2) = Co@)u(e) + Br,o(w) - (Vo) () + (AL ()(Va *ule))
+/Rdu(x+y) _P¢(>7I)um(x+y) pr(z, dy).

For B € [1,2)
L(u,z) = Op(x)u(z) + B g(2) - (Vo) u(z) + /Rd u(z+y) — P¢(>n)uz($ +y) pr(z,dy),
and for B € 10,1)
L) = Culahut@) + [ ula+9) = u(e) )
Proof. We do the case 8 > 2 explicitly, as the others are identical. Let us compute L(u,x) by

adding and subtracting L(qu 77)u ),

L(u,x) = L(u — Pgﬁ%u,x, x) + L(qu?gu L)
From Remark 5.5, (5.7), we have that

(n) _ (n)
Du =B pon) = [l ) = B, oo+ 9) sy

As for the other term, we observe that

L(P(z()z)’u’x, ) = u(z)L(1,x +Z (Viw)M(x) L(T—p i, ) + & Z L(T_omij, ).

,j=1
Rewriting the terms on the right and gathering the terms, we conclude that

L(P", .. 7) = Cu(z)u(z) + (Brg(@), (Vi) u(@)) + tr(AL,(2)(Va)2u(x)).
(n)

The remaining cases of § follow from the corresponding definition of P¢ o 1L those cases.

O

The next two propositions say that the terms appearing Proposition 5.12 satisfy a uniform
continuity in G,. The first refers to the measure py,.

Proposition 5.13. Assume I satisfies Assumptions 1.1, 1.8, and 1.4, as stated for Cbﬂ(]Rd). Let
L € DI, x1,x3 € Gy, and v > 2*~". There is a constant C(r) such that for any ¢ € C.(R?)
such that { =0 in B,

C(y) po e, dy) - /C Cw) )| < COIC o = )

CBr
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where w is the modulus from Assumption 1.4. In particular,
L (e, dy) — pr(e, dy)llpyes,) < C(r)w(ler — z2|).

On the other hand, if ¢ € CO(R?) is such that ¢ = 0 in Bzgr(0) for some R > 1, then for any
ro € Gy, we have

[0 oo dy) < R ey,

where p(-) is the function from Assumption 1.3.

Proof. From the fact that 7_,, ¢ and 7_5,¢ vanish in, respectively, B,(z1) and B,(z2), we have
Do) = L eaGoaz) = [ ) dutondy) = [ 6(0) ditaa,dy)

= C(y) du(z1,dy) — C(y) du(r2, dy).
CB, CB,

Since ¢ = 0 in B,., Proposition 5.7 says that, as long as r > 247"

C(y) du(z1,dy) — C(y) dp(2, dy)‘ < w(|z1 — z2[)C(r)[[Cll e cB,)-
CB, CB,

This proves the first estimate, for the second one, fix ¢ and z¢ € G, and define w(z) = 7_4,C,
then

L(w, zo) = /Rd C(y) pr(zo,dy).

Therefore, as before, it suffices for us to bound L(w, ) for every L € DI, and from the definition
of DI, it suffices to prove the bound for those L such that L = DI, (v) at some v. In this case,
Proposition 5.9 says that

1
L(w, zo) = lim —(In(v + sw, x0) — In(v,20)) < p(R)[|w] e (ray = p(R)[[C]l o (ra)

s—0 s

The following notation will be useful in what follows,

atran) =€) s s losqs, + mas lslocen, )

1<i<d 1<i<d

Bir.0) = (20 (s Wl + o Wlmces )
where C(r) is as in Assumption 1.4 (see also Proposition 5.6).

Proposition 5.14. Assume I satisfies Assumptions 1.1, 1.8, and 1.4, as stated for CbB(]Rd). Let
L eDI,, r>2"" and x1,x9 € Gy, then

|ALy(21) = AL y(22)| < a(r,n)w(|z1 — 22|),
|BLg(z1) — B g(z2)| < B(r, p)w(|z1 — 22]),
|CL(z1) — CL(x2)| < C(r)w(|z1 — 22|).
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Proof. Fix x1,x9 € G, and let h = x5 — x1. Applying Proposition 5.7 to x = 1 and h, with the
functions 1, ¢;, and 7;;, we see that for r > 24-n
| L(T 31> 2) = LTy ij, 21)| < a(n, r)w(|er — 22),
| L(T—0y i, w2) — LTy §, 1) < B, 7)w(|w1 — 22]),
[L(1, x2) — L(1, 21)| < Cw(|zy — 22]).

These inequalities respectively amount to the stated estimate for Ay, ,, Br 4, and Cf.
O

5.3. Properties of D;. Now, we define the set D, which plays the role the Clarke differential
played for I,, (we recall that c.h. stands for “convex hull”).

Dr:=c.h{L|3{Ly,,},nk — o0, Ly, € DI,, s.t L(u,-) = h;?l Ly, (u,-)V u}. (5.11)

Remark 5.15. We would like to note a point about notation and definitions, namely why above
we have Dy with I as a subscript. This is to avoid confusion (or perhaps, to promote it) by
distinguishing it from the generalized derivative in the sense of Clarke from Definition 5.1. The
objects are closely related, and in fact one would hope that Dy = DI, but we are not concerned
with whether this is actually the case as the above definition works for our purposes.

The following is an important Lemma that says —among other things— that Dy is non-empty.

Lemma 5.16. Assume I satisfies Assumptions 1.1, 1.3, and 1.4, as stated for C’I’?(Rd). Given
a sequence ny — oo and operators Ly, with Ly, € DI, for every k, and ¢,n € S we have the
following

(1) There is a subsequence fiy and functions A(x), B(x), and C(z) defined on R and taking
values respectively in S(d), RY, and R, such that if x € G, for some n then we have the
convergence

ALﬁkm(x) - A(.’L‘), BL'ﬁk7¢(x) - B(x)v CLﬁk (x) — C(x).

(2) There is a function pu(z) in RY, taking values on the space of Lévy measures in RY, such
that for every r > 0, and every x as before we have the convergence

Jim lprs, (@) = u(@)lrves,) = 0.

(3) The functions A, B,C, all have a modulus of continuity Cw(2(-)), while for each r > 0
we have the estimate,

(1) = wz2)lrvies,) < C(r)w(2lzr — o). (5.12)
(4) If we define L by
L(u,z) := tr(A(z)D*u(z)) + B(z) - Vu(z) + C(z)u(z)

+ /Rd w(x +y) — Pppuw(z+y) plx,dy)

Then, L € Dy.
(5) Moreover, if 5 < 2, then we have A(z) = 0. Furthermore, if 3 < 1 then B(z) =0 and L
takes the form

Llu,x) = Coyuta) + [ ule +y) = ule) pla,dy).

R4
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Proof. Let us fixe n and ¢. First of all, we invoke Proposition 5.12 to obtain the collection of
ALnkﬂ?’ B L 5 CLnk, and KLy, - Furthermore, already as a result of Proposition 5.12, we have
item (5) of the lemma.

Step 1. (Extension) We have a sequence of functions defined on varying, monotone increasing
sets G,. One way to show they converge (along a subsequence) to a function in R is by extending
them to all of R? and check whether the resulting sequences are pre-compact.

With this idea in mind, for each n € N we apply the Whitney extension to Ay, ,,, Br,, n, CL,

Ap, n(x) = E)(AL, n)(x), BL, ¢(x) = E)(BL,4)(x), Cr,(x) = EN(CL,)(z).

We repeat the same for py, resulting in a map fir, from R? to the space of Lévy measures,
given by the formula

fir, (z,dy) = Zqﬁnk (g, dy),

where {¢y}x is the partition of unity from Proposition 4.6. The functions ALn,na B L., and
Cr, (z) all have modulus of continuity Cw(2(-)), thanks to Proposition 5.14 and the properties of
the Whitney extension operator, see [54, Chapter VI, Theorem 3]. The same proof from reference
[54] can be applied with minor modifications to show that for every r > 0 we have

L, (#1) = fir, (22)lTven,) < C(r)w(2|lz — z2|).

Furthermore, for every z, by Proposition 5.13,

AL, (2)|(CBR) < p(R),

where p(R) — 0 as R — oo. This shows that for each r > 0, the functions {jir, |cB,}n are
an equicontinuous family of functions taking values inside the space of measures v which are
supported in CB, and such that v(CBr) < p(R) for all R > r. This space, equipped with the
total variation distance, is a compact metric space.

Step 2. (Cantor diagonalization) We now use a standard Cantor diagonalization argument
to obtain locally uniform convergence along a subsequence. We construct a family nested se-
quences 77" in the following recursive manner. First, ﬁ,lg is a subsequence of ng along which the
functions converge uniformly in B; to functions A!(z), B'(z), and C'(z)) defined in B;. Next,
suppose that for m € N we have build a nested family of sequences ﬁ,lg, ...,ny" such that the
functions Ay, o , etc converge uniformly in B,,(0) to functions A™(z)..., etc. In this case,

we choose n nk mt1 to be a subsequence of ] along which Ay, converge uniformly in By,

m+1:777"'

to functions A1 (z)... and so on.

Having constructed these ny", we define the sequence 7y, as ny, := n’,: The resulting sequences
converge locally uniformly, respectively, to A(x), B(z), and C(z).

Step 3. (Cantor diagonalization continued)

As noted at the end of Step 1, for every r» > 0, the sequence {ﬂLﬁk }r is an equicontinuous
family of functions taking values in a compact metric space. Therefore, we can apply the Arzela-
Ascoli type theorem found in [24, p. 202] to obtain a subsequence ﬁ}g of 7, and a measure pu!
such that

l — 1 :O
Jim_ sup 1Az (@) = 1 (@)llrvies, )
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Now, suppose we have repeated this m times: we have n}" (a subsequence of ﬁZ‘_l), as well as a
measure ™ such that

lim su P —u"™(z =0.

Pt zeBP ||ML (w) — pu™( )||TV(CBl/2m)

Then, using again the compactness theorem in [24, p. 202] we pick a subsequence ﬁ;”“ of ny’
and a measure ™ *! such that

lim  sup g, () — ()
k

Itvies H=0.
k—o0 TEBm+1 ( L/amt )

Observe that the measures {u™} are such that ,ulrgl‘gll/zm(x) = pu™(x) for all z € B,,, which
k

uniquely defines a direct limit measure p(x) for each z € R?\ {0}. Letting 7y, := ng we see that
for every R > 0 and r > 0 we have
lim sup ||fiz_ k( r) — p(z)||rves,) = 0.
k—o0 zEBR
Since 7y, is a subsequence of ny, we still have convergence of ALﬁkm, ... to A(z),.... Moreover,
the continuity estimates in the previous step all pass to the limit to give respective estimates for
A(z), B(z),C(x), and pu(x) in the respective metrics.
Last but not least, we note that while {u Lﬁk}k are a sequence of signed measures, their limit
w1 will be a measure, which follows at once from Proposition 5.11.
Step 4. (Convergence)
First, note that for fixed u, we have that as n — oo,

w(@+-) = P (@) = u(@+ ) = Pyyua(a + ) in LORY),

which in particular guarantees that, for every fixed r > 0,

lim [ u(wty) = P (et y) p,, (2, dy) = / (@ +y) — Poyuale +y) ple, dy).
k—oo JcB, CB,

Then, by the bound in Proposition 5.10, we conclude that

im [ u(e+y) = Py (0 +y) o, (2,dy) = /Rd w(z +y) = Pyyue(®+y) plz, dy).

k—oo JRd

Therefore, and taking into account the convergence of A Li, > B Ly, > and Cr. , and with L(u,x)

g ?

defined as in the statement of the Lemma, x € G,,, and u € C’f (Rd), we have

kh_}n(r)lo Ly, (z) = klggo {tr(ALﬁk aD*u(z)) + BLﬁk’¢ -Vu(x) + C‘Lﬁk (z)u(z)}

+ lim u(r+y) — P (z +y) AL, (z, dy)

k—oco JRrd Py

= tr(AD?u(x)) + B - Vu(z) + C(z)u(z)
4 [ o+ 9) = Poguale +) il dy)
Rd

and we conclude that L € Dj.
O

It is to be expected that every L € Dy satisfies the GCP, and thus, it has to be an operator of
Lévy type. This is proved in the lemma below, and further, we show that the coefficients in the
operator inherit a modulus of continuity from Assumption 1.4.
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Lemma 5.17. Assume I satisfies Assumptions 1.1, 1.3, and 1.4, as stated for C’bﬁ(Rd). Given
L € Dy, and any ¢,n € S, the operator L can be represented as

L(u,z) = Op(x)u(z) + Br 4(z) - Vu(z) + tr(Ap ,(z) D*u(z))

+ /R Jul@+y) = Poyua(e +y) p(z, dy).

Here, pp(xz,dy) is a Lévy measure satisfying the continuity estimate (5.12), and

(ALn)ij(2) = L(T—amij> ©),
(Brg)i(z) = L(T-2¢i, ),
CL(:E) = L(l,{[}),
all have modulus of continuity Cw(2(+)).

Proof. Fix ¢,n € S. Assume first that L is the limit of a sequence L,, with L,, € DI,,. Then,
by Lemma 5.16 there is a subsequence 7y as well as (matrix, vector, scalar, measure)-valued
functions A, B, C, and pu, all such that

CL;% (.’L’) — C(.CE), BLﬁk,¢k. (.’L‘) - B($)7 ALﬁk,nk (JZ‘) - A(.le), )UL;% (.’L‘, dy) - M(xa dy)
and, as a result, we have

L(u,z) = tr(A(z)D*u(z)) + B(x) - Vu(z) + C(z)u(x)
+ / ’LL(l’ =+ y) - Pqﬁ,n,u,x(y) /L(:‘Ca dy)
Rd

The estimate in Proposition 5.10 in the limit as n — oo implies that

/Rd mo(|y|®) p(z, dy) < C,

for some constant C' independent of x and L. Meanwhile, also the n — oo limit of the estimate
in Proposition 5.11 implies that u(z,dy) is a non-negative measure in R?\ {0}. The positivity of
1 means that the previous estimate is equivalent to

[ min{L1ol?) . dy) < €.

R4

Since Ly, (u, ) — L(u,x), for every u, we have in particular, for z € |J Gy
(ALﬁkﬂ?)ij (.’L‘) = Lﬁk (T—xnija $) - L(T—xnij7 .’L‘)

From where it follows that (Ar)i(x) = L(7—znij,2) (and thus for all , by continuity), the
exact same argument yields that (Br ¢)i(x) = L(T—z¢;, x), and Cr(x) = L(1,z), and the lemma
is proved.

O

Let us now simplify things by doing away with the auxiliary functions ¢ and 7. To accomplish
this, we shall make use of the auxiliary functions from Section 3.

bs(x) = Vs51-5, M5(x) = Vs5(z), (5.13)

where we recall the two-parameter of functions ¢, r(z) was defined in (3.2). An important
property of these one-parameter families is the bound

6S%P1){||¢5”06(Bl/2) + 11 sll e ey + max [Inszizjll o ray} < oo (5.14)
(0, 7
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Corollary 5.18. Assume I satisfies Assumptions 1.1, 1.3, and 1.4, as stated for Cf(Rd). Then,
any L € Dy has the form,

L(u,z) = C(z)u(z) + B(x) - Vu(z) + tr(A(z) D*u(z))
+ [l +3) = ul@) = Xy 00) V(o) - (o dy).

Moreover, A, B, and C' each have modulus of continuity Cw(2(-)), and for every r > 0 and any
T1,To € R we have

lpL(@1) — pr(@)llrvics,) < Clrw(2z: — 2]).
If 8 <2, then A =0, while if 3 <1 then B =0 and the integrand with respect to u(x,dy) in the

formula above is replaced with u(z +y) — u(x).

Proof. Take a decreasing sequence J; such that J, — 0, and let us take the functions ¢s, and
15, as defined in (5.13). Then for each k, L has the representation

Liu,2) = Cp(@)u(@) + Brgy, () - Vu(e) + tr(ALyy, (1) D?u(x))
# [ a9 = Py sl ) )
where Ay, . , Br s, , and Cp, are as in Lemma 5.17. Now, L satisfies the estimate
7775k 7¢5k

|L(T—2y (s, )ijs 1) — L(T—2y (05, )5, 22)| < 1,5, )w(2]21 — 22])

Thanks to (5.14), it follows that a(1,7s,) < C for all k. It follows that {Ar;, }x has a uniform
modulus of continuity. The same argument yields a modulus of continuity for {B L.s, } and for
the function C(z), all given by Cw(2|z1 —x2|), with C independent of k and w being the modulus
from Assumption 1.4. This equicontinuity means these sequences of functions are pre-compact
at least when restricted to any compact subset of R?, by the Arzela-Ascoli theorem. Therefore,
after a Cantor diagonalization argument we see that along some subsequence mj — oo these
functions converge locally uniformly in R to functions A(z), B(z), respectively. Of course, the
functions A, B, and C' all inherit the modulus of continuity Cw(2(-)). The respective TV-norm
continuity estimate for py, follows by applying Proposition 5.13 and passing to the limit (always
recalling that, Dy is the convex hull of such limit points).
With the convergence established, we have
klg]go (BL7¢§mk (x) - Vu(z) + tr(Amek (l‘)D2U(IE))) = B(z) - Vu(z) + tr(A(z) D*u(z)),
and so, for every u we have the formula

L(u,z) = C(2)u(z) + B(x) - Vu(z) + tr(A(x) D*u(z))

+ lim [ u(@+y) = Poy, s, ue(@+y) plz,dy),

k—o0 JRd

It remains to compute the limit of the integral, observe that

/nak(y)(D%(fﬂ)y,y) M(:v,dy)Z/ N5, () (D*u(2)y, y) p(z, dy),
Rd Bs,

which means that

[ mw0nu@y) u(x,dy>]<cm?u<w>\ [ ol dutedy),
Rd Bs,
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Therefore,

lim [ 75, (v)(D*u(z)y,y) pu(z, dy) = 0.
—0 R4

On the other hand, for every y we have

lim (w( + y) = Pay, oy e (9)) = ul +y) = u(@) = x5, (5) Vu() - y,

k—00

and the limit is monotone. Therefore, by monotone convergence we conclude that

Hm [ u(z+y) = Py, s, ua(y) plz, dy) = / u(x +y) —u(z) — xB, (y)Vu(z) -y p(z, dy).

k—oo Jrd Rd
and with this the Corollary is proved. U
5.4. Limits of I,,.

Lemma 5.19. Assume that I : Cf(Rd) — CPY(RY) is Lipschitz. Let K >0 and 0 < 3 < By < 3.
Ifu e C’bﬂo (RY) is supported in By, and 2"~2 > K, then

[ Tnu — Tullpe(BnGn) < C27"[ull ooo ray
for a universal constant C and v = v(5o, ) € (0,1). Furthermore, we have
Jim [[7(w) = In(u)l| oo () = O-

Proof. Let u be compactly supported in By, and be such that ||ul|os, < M. First, note that
since 2”2 > K, then we have

frﬁu = Wﬁu,
thus, I,(u) =720l o Wﬁ(u) Keeping this in mind, using the Lipschitz property of I, we have
11(w) — I(Fpu) || oo (ray < Cllu — whul| cs may-

Since 22 > K we have that I(frgu) = Ag[(ﬁﬁu) = I,(u) when restricted to Bx N G, which
thanks to Lemma 4.21 implies the first estimate. Next, Theorem 4.13 guarantees that

70 (u) = Fp I (Fpu) || oo i) < CIH (w) = I(#7u)| oo ey < Cllu = mpul| poo may
Thus,
12 (u) = I(w) | poe () < 1iind (1) = Ln(u) | oo ey + 1770 (2 (w)) = I ()| poo ()
< Cllu = mRull gs ey + 10 (I () = I(w)l| oo ) -
Applying Lemma 4.21 to the first term and Remark 4.22 to the second, we conclude that
HILH;O [ 1nu — Tul| oo (i) = 0.
O

Corollary 5.20. Assume I satisfies Assumptions 1.1, 1.3, and 1.4, as stated for Cg(Rd). Then
for every u € Cg(Rd) and every R > 0,

nh_{glo [ Inu — Tull oo By = 0.
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Proof. Fix u € C’f(Rd) and R,e > 0. For K > 0 (to be determined later), we may decompose u
as u = ug + u1, where ug is compactly supported in Byx 41 and u; = 0 in Bag, all such that

”uiHCB(Rd) < CHUHC’B(Rd), 1=1,2.

The constant C' > 1 being independent of K. Now, by Assumption 1.3 and since u = ug in Bog,
we have

[ (uo) = I(w)] < p(K) [ = uoll poo rey < 2Cp(K)[ullcs (ra)-

Choose K large enough so that K > 2R and 2Cp(R)||ulcsraey < €/2. Then, with this K, we
apply Lemma 5.19 two times, and conclude that there is some ng > 0 such that

|In(uo) — I(uo)| + [In(uo) — In(u)| < e/2 whenever n > ny.
On the other hand, in all R? we have the pointwise inequality,
[In(u) = I(w)| < [In(uo) = I(uo)| + [In(uo) — In(w)| + [ (uo) — I(u)],
and it follows that, for x € Br and n > ng, that
| In(u, ) — I(u,x)] < ¢,

and the corollary is proved.
O

5.5. Proofs of Theorems 1.11 and 1.14. We conclude this section with the proofs of the
remaining theorems.

Proof of Theorem 1.11. Consider the set D;. The proof will boil down to showing that for any
u,v € C (RY) and any = € R? there is some L € D; such that

I(u,z) < I(v,z) + L(u —v,x).
Fix w,v and z. Then, by Remark 5.4, for every n we have

I(u,z) < anEanIn{In(v, x)+ Lp(u—v,2)}.

In particular, for every n, there is some L,, € DI, such that (with this same u,v and z)
I(u,z) < In(v,x) + Lp(u — v, x).

Let us obtain an inequality as we let n — oo along some subsequence. Thanks to Corollary 5.20,

for every x € R? we have

lim I,(u,z) = I(u,z), lim I,(v,z) = I(v,z).
n—o00 n—0oo

On the other hand, Lemma 5.16 says there is a subsequence nj and an operator L such that
Ly, (u—v,x) converges to L(u — v, x), and moreover L € Dy, by the definition of D;. Then, we
conclude that
I(u,z) < I(v,z) + L(u—v,z) < sup {I(v,z) + L(u — v, x)}.
LeDy
The above holds for any pair of functions « and v and any point 2 € R?. Taking the minimum
over all v, we obtain for any u and =z,
I(u,z) = min max {I(v,z) — L(v,z) + L(u,z)} .
UEC'I’? (R9) LeDy

Using v € C'bﬁ(]Rd) and L € Dy as the set of labels, which we rename ab, and letting fu,(x)
correspond to the functions I(v,x) — L(v, z), we obtain the desired min-max representation.

The L*° bounds for the coefficients follow from the construction of A4,,, etc... in (5.8), (5.9),
(5.10). The continuity of the coefficients and the Lévy measures follows from Lemma 5.16.
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O

Proof of Theorem 1.14. For the versions of Theorems 1.9 and 1.10 with 5 < 2 we apply the last
part of Lemma 3.9 to conclude the functionals (or translation invariant operators) appearing in
the min-max all have the corresponding simpler form. As for Theorem 1.11, we use instead the
last part of Corollary 5.18 to obtain the simpler expresion for the Lévy operators in the cases
where 8 < 2.

O

6. SOME EXAMPLES

In this section we list some examples to which our results apply, yet the integro-differential
structure given in either (1.2) or (1.3) is not readily apparent from the definition of the operator
itself. We emphasize that most cases of the linear examples that we list were already contained
in the classic work of Courrege [19], but we include them here for the sake of illustration. In all
of these examples, the operators satisfy the GCP and the other technical requirements to apply
the results presented above. We do not intend to give all details, but rather just make a list,
with some appropriate references. At the end of the section, we list how these examples relate to
Assumptions 1.1-1.4.

6.1. The statement of the examples.

Example 6.1. The generator of a Markov process. Assume that X; is a Markov process taking
values in R, and that B, is the expectation of the process, having started from x at t = 0. The
generator is defined as the operator

)y B ~Ba(X0))

over all w for which the limit exists. (See Liggett [42, Chapter 3].)

Thanks to the fact that E preserves ordering, one can immediately see that L enjoys the GCP.
When X; is such that L : C} — C?, this example is covered by Courrége [19]; but if X; is such

that L : Cf — CP (in a Lipschitz fashion) for some 0 < 8 < 2, then by Theorem 1.14, there are

fewer terms (see the list just above Theorem 1.14 for our use of the notation Cbﬁ (R%)). In this
context, the result of Courrege can be seen as a version of the Lévy-Khintchine formula for a
process whose increments need not be stationary.

Example 6.2. The Dirichlet-to-Neumann map for linear, elliptic operators on half-space. As-

sume that L is an operator that admits unique bounded solutions on R‘fl and that has a compar-

ison principle. What we mean by this is the following: we can take u € C;’a

to it the unique bounded solution, U, of

(RY) and associate

LU, X)=0 in R, and U, =u on R? x 0.
A couple of reasonable examples would be
L(U, X) = tr(A(X)D?U(X)) or L(U,X) = div(A(X)VU),

where A is uniformly elliptic and Hélder continuous. The Dirichlet-to-Neumann map is then
defined as

I(u,z) = 0,Uy(x).
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First of all, the assumptions on A are such that for some o/, U, € C; o (Riﬂ) and hence

the normal derivative is well defined (see, e.g. [23, Chapters 8, 9]). It is not hard to check that
this operator satisfies the GCP, and this fact comes entirely from the property that the solution
operator, by the assumed comparison principle, preserves ordering of solutions whenever the
boundary data are ordered (it has nothing to do with linearity of the solution operator). This
is, again, within the context of Courrege’s result, but we can invoke Theorem 1.14 to remove
extra terms of order higher than 1. Ellipticity and scaling show that this is always an operator
of order 1 (and will map CH® — C’O‘/). We note that in this example, via linear equations with
nice coefficients, one can derive lots of information about the operator 0,U, by directly using the
Poisson kernel that represents the solution U,,.

In the context of periodic equations, one can use the results in Sections 4 and 5 to show that
the coefficients in the resulting Lévy operators will share the same periodicity. In fact, this is
very straightforward if I is linear. If instead one looks at almost periodic coefficients, it seems
reasonable to hope that the coefficients will also be almost periodic, but we have not checked this
claim. If it is the case, there could be an application to some boundary homogenization problems
with irrationally oriented half-spaces inside a periodic medium, related to [31]. Operators related
to the Dirichlet-to-Neumann mapping of this example are also of interest in conformal geometry,
see Chang-Gonzalez [13]. It is also possible to consider an elliptic equation with weights in order
to obtain some operators of order different than 1, e.g. Caffarelli-Silvestre [8].

Example 6.3. The boundary process of a reflected diffusion. (See Hsu [32], or [33, Chp. IV,
Sec. 7] and/or [45, Sec. §].)

In this context, one starts with a diffusion in Rcﬁl, say X;, so that X; reflects off of the
bottom boundary whenever it reaches it. Under a time rescaling of X; (because it spends zero
time on the boundary), the resulting process can be viewed at times only when it hits R? x {0},
and induces a pure jump process on R? x {0}. This process is generated by an operator of the
form (1.2) with A = 0. It turns out that this generator for the boundary process is exactly the
Dirichlet-to-Neumann mapping from the previous example. This process was studied in a smooth
domains for Brownian motion by Hsu [32].

Example 6.4. Subordinated diffusions and Bernstein functions. (See Schilling-Song-Vondracek

[46].)

The time-rescaling of the reflected diffusion in the previous example is just one choice of a
rescaling, and in general one can time-rescale diffusions on R? (so no boundary space here) in a
myriad of fashions to create new stochastic processes from one reference Brownian motion. This
is a process known as subordination, and it can be used to create operators with generators in the
class (1.2), starting with one that may simply only contain the second order term. The generator
for the subordinated process will enjoy the GCP because the generator of the original diffusion
also enjoys the GCP. This technique has played a large and fundamental role in the study of Lévy
processes, and one can see it in use in e.g., the book of Schilling-Song-Vondracek [46], especially
[46, Chapter 13]. The subordination formula is closely related to an extension into plus one space
variables, and this extension was used to create operators of fractional order that enjoy the GCP
in the work of Stinga-Torrea [55] and also provide other properties of the fractional operators.

Example 6.5. The Monge-Ampére operator, MA(u, z) = det(D?u).

When one restricts this operator to the subset of C? of convex functions, then MA is in fact
(degenerate) elliptic and locally Lipschitz. Specifically for each 6 > 0, MA is uniformly elliptic
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(depending upon ¢), Lipschitz, and translation invariant as a mapping,
1
MA : {u € C}(R?): 5> D?u > 6} — C)(RY).

Thus, MA, must enjoy a min-max structure. Experts have known and utilized this min-max
propert of MA in the study of fully nonlinear elliptic equations for a long time, and one can show
that

(MA (u, 2)) /¢ = éinf{tr(ADQU(a:)) . 4> 0, and det(A) = 1}.

In fact, this formula is intimately connected with various investigations into nonlocal operators
that should be an analog of MA in the fractional setting (as of yet, there is not one that is
considered better than others). Some works that address nonlocal analogs of MA are: [7], [11],
and [28].

Example 6.6. General nonlocal operators as treated in Caffarelli-Silvestre [9] [10]. These are
simply operators that are assumed to satisfy the GCP, are defined for all functions in C1(R?),
map C’I?(Rd) — CI?(R‘I), and satisfy a form of uniform ellipticity that is given by the existence of
concave respectively convexr operators, M and MZ so that

for all u,v € CH1(RY), Mz(u—v,z) <I(u,z) — I(v,2) < ME(u—v,z). (6.1)

Here, L is a class of linear operators that is usually a particular subset of those that satisfy the
Lévy type condition (1.2).

This context for nonlocal operators was given in [9, Definition 3.1], and it played an important
role in many of the results— especially when L is chosen to contain certain classes of operators.
These operators, in cases in which they are Lipschitz fall into the scope of our results, and fur-
thermore, the role of the extremal operators gives extra information about the min-max formula.
In particular, as shown in [29, Section 4.6], when ellipticity occurs with respect to ME, then
the min-max may be restricted to only utilize linear functionals (or linear operators) that also
satisfy the extremal inequality in (6.1). This also appeared in a homogenization result by one of
the authors in which they were unable to show that the limit operator had an explicit integro-
differential formula, but rather was only integro-differential and uniformly elliptic in the sense of
[9, Definition 3.1] ( see the homogenization in [47]).

Example 6.7. The Dirichlet to Neumann map for fully nonlinear elliptic equations. In Example
0.2, the linearity of L is not necessary, and the function U, can also be taken to solve a fully
nonlinear, uniformly elliptic equation in R‘fl. These equations always possess a comparison
principle (by definition), and under most reasonable assumptions, the solution U, will be globally
CY' | allowing for the normal derivative to be defined classically (see [52] for this regularity).

This was a main topic in the recent paper by the authors and Kitagawa [26]. It turns out that
the extremal operators (as in Example 6.6) for the nonlinear D-to-N not only play a crucial role
in investigating the Lévy measures in the min-max, but they also take a refreshingly simple form.
The extremal operators in this case, Mf of Example 6.6, are simply the Dirichlet-to-Neumann
operators for the solutions of the corresponding extremal operators for the elliptic second order
equation in Rffrl. These are usually called the Pucci extremal operators (see [12]), and solutions
to their equations are generally very well behaved. In [26], the properties of the Lévy measures in
the min-max are linked to the harmonic measures for linear equations with bounded measurable
coefficients (e.g. [39]), but there is still more to learn about them before they can be connected
with existing integro-differential theory.
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Example 6.8. An operator that drives surface evolution in one and two phase free boundary
problems related to a type of Hele-Shaw flow. Given f € CH*(R?), such that 0 < inf f < sup f <
oo, we can define the unique solution, Uy, of the elliptic equation,

AUf =0 {(z,z441) : 0 < zq41 < f(z)},
Ur=1on{xqp1 =0} Ur=0 on {(z,dgy1) : v4+1 = f(z)}.

This allows to define a (fully nonlinear) operator on f as

I(f7 ZL‘) = anUf(J}, f(x))a
that is, the normal derivative of the solution on the upper boundary given by the graph of f.

For Hele-Shaw flow in the simplified setting that the free boundary is parametrized by the
graph of f(-,t), it can be shown that the free boundary evolves by a normal velocity that at
each time is given by I(f,z). The interpretation here is that fluid flows into the domain under a
pressure at the bottom boundary, z441 = 0, and the top edge of the fluid exists at z411 = f(z),
with Uy representing the pressure of the fluid. This pressure induces a force on the fluid, which
is given by 0,Us(x, f(x)) at the top boundary. This operator, and its implications for rewriting
a class of free boundary problems that are similar to Hele-Shaw was studied by the authors and
Chang Lara in [16]. In particular, the min-max formula makes it straightforward to convert the
free boundary flow into a nonlocal parabolic equation for f, and this parabolic equation is very
similar to ones that have already been studied in the nonlocal literature (e.g. [51]). When Uy is
defined to be harmonic in the domain determined by f, standard regularity theory immediately
gives estimates that show there is some o/ so that the mapping from f to I(f) is Lipschitz from
CH(RY) to C(RY). In [16] it was also shown that the same Lipschitz property can be obtained
when Uy is defined as the solution of a nonlinear uniformly elliptic second order equation instead
of just the Laplacian. This operator gives a good example of what can be said in the translation
invariant case of the min-max, and its properties are studied initially in [16]. Even in the simplest
case of defining U to be harmonic, the resulting operator I will always be inherently nonlinear
and nonlocal.

6.2. Relationship to Assumptions 1.1-1.4. Here we list how each of the above examples fits
within the context of Assumptions 1.1-1.4.

(Example 6.1). By construction, this L is always linear. Thus, Assumption 1.1 follows from
simply saying that L is a bounded operator on C*, which of course requires assumptions on the
process, X;, or more specifically the transition probability measure for X;. Again, via linearity,
Assumption 1.2 follows whenever the process, X;, has stationary and independent increments.
Assumptions 1.3 and 1.4 will be an extra requirement on the transition probability measure for
X;. In particular (although a bit circular), Assumption 1.4, in view of linearity, is equivalent to
the martingale problem for X; having a solution and the generator having uniformly continuous
coefficients.

(Example 6.2). (The interested reader can see [26] for more details.) Assumption 1.1 holds
for C1® — C® when A is a-Holder continuous. Assumption 1.2 holds if A is a constant.
Assumption 1.3 holds in both of the above settings, by using a barrier argument (which is easier
implemented for the non-divergence equation). Since [ is linear, Assumption 1.4 holds when A
is Holder continuous. Indeed, by linearity, checking Assumption 1.4 is equivalent to estimating

I(r_yu,x + z) — I(u,x).

In the case of divergence equations, one can write down the equations satisfied for V = 7_,U,,
and then also the equation satisfied by W := U,__, — V. The desired estimate is then equivalent
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to estimating |0, W (x + z)|, i.e. a global Lipschitz estimate for W. Since W satisfies
div(A(X)VIV(X)) = —=div((A(X) — A(z — 2))VV),
we see that by global Lipschitz estimates,
VW[ < ClI(A = A(- = 2))VV L~ < C2|",

by the original assumption that A is Holder continuous. (Note, the Lipschitz estimates here are
a standard modification to, e.g. [25, Lemma 3.2] to allow for a right hand side of the form div(f)
with f € L))

(Example 6.3). In most reasonable situations in which the diffusion has regular coefficients,
this is contained in the previous example.

(Example 6.4). This, of course, depends heavily on the original Markov process and the
choice of subordinator. However, one of the most classical situations starts with a Brownian
motion and then uses a Lévy stable subordinator. In this case, the resulting operator is translation
invariant, and Assumptions 1.1 and 1.2 follow more or less by construction.

(Example 6.5). This is a translation invariant operator, and as mentioned already satisfies
the Lipschitz property on the specified convex subsets of C2. So, Assumptions 1.1 and 1.2 hold.

(Example 6.6). As this is a general example, the operators only satisfy the given assumptions
when explicitly required to do so. However, the interesting part of this example arises from
the fact that the knowledge of the extremal inequalities in (6.1) in fact gives more detailed
information about the linear operators that will appear in the min-max of Theorems 1.9-1.14.
This is discussed in [29, Section 4.6].

(Example 6.7). This operator satisfies Assumption 1.1 as a mapping of C1® — cv (for some
0 < o < ) under standard assumptions about F. The relevant regularity theory comes from
Silvestre-Sirakov [52]. It can also be checked by using the same type of barrier argument that
works for Example 6.2 will show Assumption 1.3 is also satisfied. Due to the nonlinear nature
of the D-to-N in this setting, it is not obvious how to show that Assumption 1.4 is satisfied— we
do not know if it satisfied or not. Thus, the best one can say about this operator when it is not
translation invariant is the outcome of Theorem 1.9. We simply note to the interested reader
that because of the lack of exact cancelation from the fact that the mapping is not linear, one
probably needs more detailed information about F'. Indeed, using the extremal operators would
not help because it would produce

Iw+7ux+2)—I(v,x+2)— T(v+u,z)—I(v,2)) < MT(1_u,z + 2) — M~ (u,z)
=M*(u,x) — M~ (u,x).

Here we use M* as the extremal operators for I, and also that these are translation invariant.
This estimate completely neglects the influence of the shift, 7., and so it would not be useful
(furthermore, one expects that M (u,x) > M~ (u,x)).

(Example 6.8). As it is stated above, this operator, I, is actually translation invariant, and
so it is straightforward to check that Assumptions 1.1 and 1.2 hold. In the case that the equation
for U (i.e. AU =0) is replaced by either a fully nonlinear operator and/or and operator that is
not translation invariant, it is harder to check all of the applicable assumptions. Again, for fully
nonlinear equations that define U, in [16] I was checked to be Lipschitz as a map of C1* — co
(which took a reasonably non-trivial amount of work).

APPENDIX A. ADDITIONAL PROOFS AND COMPUTATIONS
Proof of Proposition 4.10. Fix u € Cf(Rd), and let x € G,,, then by the regularity of u,
lu(z £ hpeg) — (u(z) £ hy Vu(zo) - e)] < Cllul|ge hmm 11}
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Therefore,
lu(x + hper) — u(z + hper) — 2h, Vu(xo) - ex] < C|luf|gphintf-11}
For the second estimate, we shall make use of
(@ + hpex) — (u(x) + hyVu(wg) - e + h2 3 (D*u(z)e, €)| < Cllul| s himin{f=21},
Therefore,
u(x + hpeg + hneg) — u(x + hper) — u(z + hpeg) + u(x)
“ =" u(x) + haVu(zo) - (ex + er) + h2 2 (D*u(x)(ey, + eq, e + €)
)

— (u(@) + b Vu(zo) - ex, + h2 3 (D*u(z)ey, ex))

— (u(@) + hnVu(zo) - €0 + h2 3 (D*u(w)eq, e0)) + u(x)
= h2 3 ((D*u(z)(ex, + eq, e, + o) — (D*u(x)er, ex)) — (D*u(z)eq, er)))
= hi(D*u(x)ey, er)

It follows that
U@ + hue, + huee) — ul@ + hnex) — ul@ + hneg) + ulw) — h2(D2u(w)ep, e0)] < Cluf s b F=211,

and the proposition is proved. O

Proof of Proposition 4.11. Fix u € Cf(]Rd).
Step 1. Let x € G,,, then

(Vo) u(z) = Vu(z)| < Cllulleshy ™!, if 5 € [1,2]

(Vo) ?u(z) — D*u(@)| < Cllullcshy 2, if B € [2,3].
Proof of Step 1. By the regularity of u,

u(@ £ hner) — (w(x) £ ha V(o) - ex)| < Cllufcshiy™F 11,
Therefore,
lu(z + hpex) — u(x + hner) — 2hn Vu(zo) - eg| < Cflul|gs kA= 11
Step 2. Given x € G, we have
(Vo) u(z)] < Cllufler, [(Va)*u(@)] < Cllull e

Step 3.

<
3
e
c
—
>
|

(Va)'u(@)| < Cllullesd(z,9)7", if B € [1,2],
(Va)?u(@)| < Cllullesd(d,9)72, if 5 € [2,3].

<
zv
N
=8
=

|

Computation for Lemma 4.17.

D x — x0|%0 T —T
VA = 2wl () ok = e 20

n |z — x|
If |z — zo|% < hy,, then

~ r—x
VR(2) = 20wl gso ol -zl EZ0)

|z — xo
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This expression is zero except when |z — z¢| <

N. Guillen, R. Schwab

h,l/ﬁo,so

IVR(z)| < 2C||w|| oo Bohas /5.

Furthermore, for x,z’ such that |z — 29| < h,,, we have

(x — x0)
|z — xo

(2" — xg)

/ Bo—1
— |a" — x| B

IVR(z) — VR(a')| < 2CBollwllgp |l = wo|P~!

-
< Cllwllgsnhi? =’ |z — /|7

In conclusion,

[1]

1Bz + VRl + [VE]gs-1 < Cllwllgs (hn + by /% + h27%) < Cllwl gsy b
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