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u < w if there is a factor w’ of w with |u| = |w/| and

uy <p wj, ..., ux <p wy where k = |ul.

Example. If P is the positive integers then in P* we have
324 < 216541.

Note that generalized factor order becomes factor order if P is
an antichain. If P = P then factor order is an order on
compositions.
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Consider the algebra of formal power series with integer
coefficients and the elements of P as noncommuting variables:

:{f: Z CwW : Cy € Z for all W}.

weP*

If f € Z{{P)) has no constant term, i.e., ¢. = 0, then define
et f+P+rP 4. =(e—f)"

Then f is rational if it can be constructed from finitely many
elements of P using the algebra and star operations.

A language is any £ C P*. It has an associated generating
function fz = >, .- w. The language L is regular if P is finite
and f, is rational.

Associated with u € P* is

Fuy={w : w>u} and F(u ZW

Theorem
If P is a finite poset and u € P* then F(u) is rational.
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Given a (directed) path in A starting at o we construct a word in
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Theorem
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Example. Consider P =P and u = 745. A set of labeled arcs
from one node to another will be displayed as a single arc
labeled with the set of all such labels. Let

[moo)={neZ : n>m}.

[1,00) [1,00)
7,00 4, 0 5,00
O —L .2 5 2 50

So 745 < 968864 corresponding to the NFA path
0206081826343
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Theorem
We have the following Wilf equivalences.

(@ u~u,

(b) ifu~vthenu™ ~v™.

() ifu~vtheniu~ 1y, ]

Example. Find the Wilf equivalences for permutations of n < 3.
n=2:12 ~ 21 by (a).

n=312~21 = 23~32by (b) = 123 ~ 132 by (c). So
by (a) again: 123 ~ 132 ~ 321 ~ 231.

Also 213 ~ 312 by (a).
There are no more Wilf equivalences since

B3x8(1 — x + tx)

F(123;t,x) = (1= x)3(1 — x — tx + tx3 — 12x%)
while
3,601 _ 3
Fet3tx) B3x8(1 — x + tx)(1 + tx®) '
(1 =x)2(1 = x + 2xH)(1 — x — tx + tx3 — t2x%)
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