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Two sequences of distinct integers 7 = aja. ... ax and
o = bybs ... by are order isomorphic if, for all i and j,
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Two sequences of distinct integers 7 = aja. ... ax and
o = bybs ... by are order isomorphic if, for all i and j,

a;<a < b <b;.

Ex. The sequences m = 132 and o = 485 are order isomorphic.
Let &, be the symmetric group of all permutations of {1,...,n}
and let & = Up>o6Gy. If 7,0 € & then o contains © as a pattern
if there is a subsequence ¢’ of o order isomorphic to .
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# Avp(r) = # Avp(r').



Two sequences of distinct integers 7 = aja. ... ax and
o = bybs ... by are order isomorphic if, for all i and j,

a;<a < b <b;.

Ex. The sequences m = 132 and o = 485 are order isomorphic.
Let &, be the symmetric group of all permutations of {1,...,n}
and let & = Up>o6Gy. If 7,0 € & then o contains © as a pattern
if there is a subsequence ¢’ of o order isomorphic to .

Ex. o = 42183756 contains m = 132 because of o/ = 485.

We say o avoids = if o does not contain = and let

Avy(m) ={o € &, : o avoids 7}.
Ex. If m € & then Avy(r) = &y — {r}.
Say that = and ' are Wilf equivalent, = = «’, if foralln > 0
Theorem

For any m € &3 we have # Av,(m) = Cp, the nth Catalan
number.
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where Ry is rotation counter-clockwise through 6 degrees and
rm is reflection in a line of slope m.



The diagramof r = ay ... anis (1,a1),...,(n, a,) € Z2.

Ex.

132 =

Rgo(132) = ¢

= 231

The dihedral group D, of symmetries of the square acts on &,:

D4 = {Ro, Reo, R1g0, R270, Mo, 1, -1, o }

where Ry is rotation counter-clockwise through 6 degrees and
Irm is reflection in a line of slope m.



The diagramof r = ay ... anis (1,a1),...,(n, a,) € Z2.

Ex.

132 =

Rgo(132) = ¢

= 231

The dihedral group D, of symmetries of the square acts on &,:

D4 = {Ro, Reo, R1g0, R270, Mo, 1, -1, o }

where Ry is rotation counter-clockwise through 6 degrees and
rm is reflection in a line of slope m. Note that for any p € Dq:

o contains 7

— p(o) contains p(7),



The diagramof r = ay ... anis (1,a1),...,(n, a,) € Z2.
Ex. ° °

132 = *  Ry(132)= e — 231

The dihedral group D, of symmetries of the square acts on &,:
Dy = {Ro, Roo, R1go, A270, 0, 11, 1, o }

where Ry is rotation counter-clockwise through 6 degrees and
rm is reflection in a line of slope m. Note that for any p € Dq:

o contains « — p(o) contains p(7),
*. o avoids 7 = p(c) avoids p(m),



The diagramof r = ay ... anis (1,a1),...,(n, a,) € Z2.
Ex. ° °

132 = *  Ry(132)= e — 231

The dihedral group D, of symmetries of the square acts on &,:
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The diagramof r = ay ... anis (1,a1),...,(n, a,) € Z2.
Ex. ° °

132 = *  Ry(132)= e — 231

The dihedral group D, of symmetries of the square acts on &,:
Dy = {Ro, Roo, R1go, A270, 0, 11, 1, o }

where Ry is rotation counter-clockwise through 6 degrees and
rm is reflection in a line of slope m. Note that for any p € Dq:

o contains « — p(o) contains p(7),
*. o avoids 7 = p(c) avoids p(m),

p(m) = 7.

These Wilf equivalences are called trivial.
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A permutation statisticis st: & — {0,1,2,...}. The inversion
numberof = ay...anis

invr = #{(i,j) :i<jand a > a;}.

Ex. If 7 = 24135 then invr = #{(1,3), (2,3), (2,4)} = 3.

Theorem (Rodrigues)
> gV =101+ +g+¢) - (1+q+ - +¢"")

c€Gp
Given m € & we have a corresponding inversion polynomial

In(m: q) = Z qme.

o€Avp(r)

dg[”]qL

Call 7 and 7’ inv-Wilf equivalent, 7 i 7', if In(m; Q) = In(7'; q)
for all n > 0. Note that this implies = = =’ since

#AV,(7) = In(m; 1) = In(7'; 1) = #Avs(7).
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Note that (/, /) is an inversion of 7 iff the line connecting the
corresponding points in the diagram of = has negative slope.

Proposition (DDJSS)
Letm € & andp € D4. Then

inV,O(7T) =invr < pe€e {Ro, Risgo, I’1,I’,1}.

So fOf,O S {Ro, Rjs0, I’1,I’,1} we have

inv

p(m) = 7.

The inv-Wilf equivalences in this proposition are call trivial.

Let [7]iny denote the inv-Wilf equivalence class of 7.
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Theorem (DDJSS)
The inv-Wilf equivalence classes for m € G3 are

[128],, = {123},
[821],,, = {321},
[132],, = {132,213},
[231],,, = {231,312}.
Proof. The two equivalences follow from the proposition:
213 = R1g0(132) and 312 = Rygo(231).
To see that there are no others, note that for 7 € &

(maq)= > qm =[Kg!—q™".
ce&—{n}

Soif m, 7" € & with 7 W then invr = inv . Finally, check
that any 2 classes above have differing inversion numbers. [

Conjecture
All inv-Wilf equivalences are trivial.
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Ex. If r =253614 then majmr =2+ 4 = 6.
Theorem (MacMahon)

> g™ =ng.

ceGp
Given m € G we have a corresponding major index polynomial

Mn(m; q) = Z qale.

o€Avp(T)

Call 7, 7/ maj-Wilf equivalent, = sy 7!, if Mp(7; @) = Mp(7'; q) for
all n > 0. Let [r]ny denote the maj-Wilf equivalence class of 7.



The majorindexof m = ay...anis

majr= Y i
a;>aj1
Ex. If = = 253614 then majr =2 +4 = 6.
Theorem (MacMahon)

> g™ =ng.

ceGp
Given m € G we have a corresponding major index polynomial

Mn(m; q) = Z qale.

o€Avp(T)

Call 7, = maj-Wilf equivalent, 7 = 7, it Mp(r: q) = Mn('; q) for
all n > 0. Let [r]ny denote the maj-Wilf equivalence class of 7.

Note: No p € D4 preserves the major index.
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Theorem (DDJSS)
The maj-Wilf equivalence classes form € &3 are

[123] 4 = {123},

[321] 4 = {321},

[132],, = {132,231},

[213], = {213,312}
fr=ay...apand o4,...,0n € & then the inflation of = by the
o; is the permutation 7|04, ..., os] Whose diagram is obtained

from that of = by replacing the ith dot with a copy of o; for all i.
Ex. °

02
132 = L d 132[0’1,02,0’3] = 03
of!
Conjecture _
For all m,n > 0 we have: 132[tm, 1,00] = 231[im, 1,65,

where ., =12...mandé,=n(n—1)...1.
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Since # Av,(m) = C, for any 7 € &3, the corresponding Ix(7; Q)
and M,(m; q) are g-analogues of the Catalan numbers since
setting g = 1 we recover Cj.
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numerous authors but the others seem to be new.
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The nth Catalan number is

1 2n
C”:n+1<n>‘

Since # Av,(m) = C, for any 7 € &3, the corresponding Ix(7; Q)
and M,(m; q) are g-analogues of the Catalan numbers since
setting g = 1 we recover C,. The polynomials

Cn(q) = 1,(132; @) = In(213; q)
Cn(q) = In(231; q) = In(312; q)

were introduced by Carlitz and Riordan and studied by
numerous authors but the others seem to be new. For n > 1,

n—1

Cn= Z CkCn—k—1-
k=0

Theorem (DDJSS)

n—1

Forn>1:  I5(312;9) = q“I(312;q)Ih-x-1(312; ).
k=0



Divisibility properties of Catalan numbers has been a topic of
recent interest: Deutsch & Sagan; Eu, Liu, & Yeh; Kauers,
Krattenthaler & Miller; Konvalinka; Lin; Liu & Yeh; Postnikov &
Sagan; Xin & Xu; Yildiz.
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For any polynomial f(q) we let

(q')f(q) = the coefficient of ¢’ in f(q).



Divisibility properties of Catalan numbers has been a topic of
recent interest: Deutsch & Sagan; Eu, Liu, & Yeh; Kauers,
Krattenthaler & Miller; Konvalinka; Lin; Liu & Yeh; Postnikov &
Sagan; Xin & Xu; Yildiz.

Theorem
We have that C, is odd if and only if n = 2k — 1 for some k > 0.

For any polynomial f(q) we let

(q')f(q) = the coefficient of ¢’ in f(q).

Theorem (DDJSS)
For all k > 0 we have

1 ifi =0,

i Doy
(q')lox1(321: ) = { an even number ifi > 1.
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Avy(M) ={oc € &, : o avoids 7 for all 7 € M}.
Simion & Schmidt classified # Av,() for all N € &3 including:
#Avp(132,231) = 21

()

= Fj (Fibonacci numbers).

# Avn(213, 321

)
# Avp(231,312,321)
We have classified In(I1; g) and My(IT; g) for N C S3.
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#Av,(231,312,321) = F, (Fibonacci numbers).
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Theorem (DDJSS)
We have

# Avn(213, 321

h(182,231;q) = (1+q)(1+¢)---(1+g""),



If M C & then we let
Avy(M) ={oc € &, : o avoids 7 for all 7 € M}.
Simion & Schmidt classified # Av,() for all N € &3 including:
#Avp(132,231) = 21

n
) = 1+(2),

#Av,(231,312,321) = F, (Fibonacci numbers).
)

We have classified I,(; q) and M,(1; q) for N C &3.

Theorem (DDJSS)
We have

# Avn(213, 321

h(182,231;q) = (1+q)(1+¢)---(1+g""),

n—1
Mn(213,321;q) = 1+ kq",
k=1



If M C & then we let
Avy(M) ={oc € &, : o avoids 7 for all 7 € M}.
Simion & Schmidt classified # Av,() for all N € &3 including:
#Avp(132,231) = 271
#Av,(213,321) = 1+ (Z)
#Av,(231,312,321) = F, (Fibonacci numbers).

We have classified I,(; q) and M,(1; q) for N C &3.

Theorem (DDJSS)
We have

Ih(132,231;q) = (1+q)(1+q°)---(1+q""),
n—1

Mn(213,321;q) = 1+ kq",
k=1

n
h(231,312,321:q) = 3 <”; k) q~.
k=0
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For some polynomials we could not give closed form formulas
and so instead gave recursions or generating functions. Define

M(N; g, x) = Ma(M; g)x
n>0
and

(k=1 =x)(1 = @)1 —°x)...(1 - g 'x).
Theorem (DDJSS)
M(231,321; q,x) = ;)(X)k(x)m

Proof sketch. If o = a; ... a, € Av,(231,321) then o is
determined by its left-right maxima (Irm). The descents are
exactly the Irm not immediately followed by another Irm. So we
construct w(o) = by ... b, where b; = 1if g;is an Irm and 0
otherwise.
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For some polynomials we could not give closed form formulas
and so instead gave recursions or generating functions. Define

M(; g, x) = Mn(M; g)x"
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and
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Proof sketch. If o = a; ... a, € Av,(231,321) then o is
determined by its left-right maxima (Irm). The descents are
exactly the Irm not immediately followed by another Irm. So we
construct w(o) = by ... b, where b; = 1if g;is an Irm and 0
otherwise. Using Foata’s 2nd fundamental bijection, we map
w(o) to a 0-1 sequence v(o) such that inv v(o) = majw(o).
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For some polynomials we could not give closed form formulas
and so instead gave recursions or generating functions. Define

M(; g, x) = Mn(M; g)x"

n>0
and

(k=1 =x)(1 = @)1 —°x)...(1 - g 'x).
Theorem (DDJSS)

M(231,321; g, x) ;} TICS
Proof sketch. If o = a; ... a, € Av,(231,321) then o is
determined by its left-right maxima (Irm). The descents are
exactly the Irm not immediately followed by another Irm. So we
construct w(o) = by ... b, where b; = 1if g;is an Irm and 0
otherwise. Using Foata’s 2nd fundamental bijection, we map
w(o) to a 0-1 sequence v(o) such that inv v(o) = majw(o).
The lattice path associated with v(o) defines a partition whose
Durfee square decomposition gives the generating function. [
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. What happens if one considers permutations in &, for
n> 37

. What happens if one uses other statistics in place of inv
and maj? Elizalde has studied the excedance and number
of fixed points statistics.

. What happens if one uses generalized pattern avoidance
where copies of a pattern are required to have certain
pairs of elements in the diagram adjacent either
horizontally or vertically?

. What happens if one looks at pattern avoidance in other
combinatorial structures such as compositions or set
partitions?



THANKS FOR
LISTENING!
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