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In general, q(Cp;t) = t"~1(t — 1) (easy to verify).
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=(t—1)3

Il-t3

In general q(Bp;t) = (t — 1)" (use the Binomial Theorem).
Example.

q(D1g) =13 —2t2 + 1t
=t(t—1)>2

In general q(Dn;t) = [];t™~%(t — 1) wheren =], p"".
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Example. 2.1

q(Ms) =t2 -3t +2

D=2 1.

1-t2

In general q(My;t) = (t —1)(t —2)---(t —n+1). Not clear!

We would like to have a technique which would
1. prove the formula for q(MMy; t),
2. explain why these q(P;t) factor over Zxo.

We will use a technique based on graph theory. Two other
techniques (one using the theory of hyperplane arrangements
and one using properties of posets) are given in the paper.



Outline

The Chromatic Polynomial



Let G be a graph with vertices V and edges E.



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C.



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).

Example.



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).

Example.



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).
Example. 11 G = and C = {1,2} then

2 2

1 is a proper coloring of G while ¢ 1/ isnot.

2 2



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).

Example.

Lett € Zzo.



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).

Example.

Lett € Z>o. The chromatic polynomial of G is
P(G) = p(G;t) = #of proper s : V — {1,...,t}.



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).

Example.

Lett € Z>o. The chromatic polynomial of G is
P(G) = p(G;t) = #of proper s : V — {1,...,t}.

Example.



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).
Example. 11 G = and C = {1,2} then

2 2

2 1 is a proper coloring of G while ¢ 1/ isnot.

2 2
Lett € Z>o. The chromatic polynomial of G is

P(G) = p(G;t) = #of proper s : V — {1,...,t}.
W
u
Example. If G = then

X
p(G;t) = # of ways to color u, then v, then w, then x



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).
Example. 11 G = and C = {1,2} then

2 2

2 1 is a proper coloring of G while ¢ 1/ isnot.

2 2
Lett € Z>o. The chromatic polynomial of G is
p(G) = p(G;t) =#of properx : V — {1,...,t}.
w
u
Example. If G = ; then
X

p(G;t) = # of ways to color u, then v, then w, then x
=t



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).
Example. 11 G = and C = {1,2} then

2 2

2 1 is a proper coloring of G while ¢ 1/ isnot.

Lett e Zzi. The chromatic polynomial of G is ‘
p(G) = p(G;t) =#of properx : V — {1,...,t}.
w
Example. If G = l: ! t—1 then
X
p(G;t) = # of ways to color u, then v, then w, then x
= t(t—-1)



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).

Example. 11 G = and C = {1,2} then
2 2
2 1 is a proper coloring of G while ¢ 1/ isnot.

2 2
Lett € Z>o. The chromatic polynomial of G is
p(G) = p(G;t) =#of properx : V — {1,...,t}.
t—1,w
u v

Example. If G = t—1 then

X
p(G;t) = # of ways to color u, then v, then w, then x
= tt-1)(t-1)



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).

Example. 11 G = and C = {1,2} then

2 2
2 1 is a proper coloring of G while ¢ 1/ isnot.
2 . . . 2
Lett € Z>o. The chromatic polynomial of G is
p(G) = p(G;t) =#of properx : V — {1,...,t}.

t—1,w
u v

Example. If G = t—1 then

t—1+X
p(G;t) = # of ways to color u, then v, then w, then x
= tt-1)(t-1)(t-1)



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).

Example. 11 G = and C = {1,2} then

2 2
2 1 is a proper coloring of G while ¢ 1/ isnot.
2 . . . 2
Lett € Z>o. The chromatic polynomial of G is
p(G) = p(G;t) =#of properx : V — {1,...,t}.

t—1,w
u v

Example. If G = t—1 then

t—1+X
p(G;t) = # of ways to color u, then v, then w, then x
= tt-Dt-1(t-1) = tit-1)°



Let G be a graph with vertices V and edges E. Given a set C,
called the color set, a coloring of G is a function x : V — C. A
coloring is proper if for each edge uv € E we have x(u) # x(v).

Example. 11 G = and C = {1,2} then

2 2
1 is a proper coloring of G while ¢ 1/ isnot.

2 2
Lett € Z>o. The chromatic polynomial of G is

P(G) = p(G;t) = #of proper s : V — {1,...,t}.

t—1,w
u v
Example. If G = t—1 then
t—1+X
p(G;t) = # of ways to color u, then v, then w, then x

= tt-Dt-Dt-1) = tt—1)3
In general of any tree T with |[E| = n: p(G;t) =t(t —1)".
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Let Ky be the complete graph having all possible edges
between elements of V. If [V| = n then we also write K, for Ky, .

t t—2
Example.
t—1 t-3
p(Ks;t) = # of ways to color u, then v, then w, then x

= t(t—1)(t—2)(t—3)
In general p(Kp;t) =t(t—1)---(t —n+1).
We need to explain

1. why does p(G;t) always seem to be a polynomial in t?

2. why do p(T;t) where T is a tree and p(Ky;t) seem to be
related to q(Bn; t) and q(Mn;t), respectively?
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So L(T) = Bs. "

In general, if T is a tree with n edges then L(T ) = B,.
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In general, L(Kn) = M.
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