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The Principle of Inclusion-Exclusion or PIE is a very useful tool
in enumerative combinatorics.

Theorem (PIE)
Let U be a finite setand Uy, ..., U, C U.

n
U-Juil = [ul= Y Ui+ D [uny
i—1

1<i<n 1<i<j<n

R LI AV A
i=1



Example B: Theory of Finite Differences.



Example B: Theory of Finite Differences.
Let
Z>o = the nonnegative integers.



Example B: Theory of Finite Differences.
Let
Z>o = the nonnegative integers.

If one takes a function f : Z>¢ — R then there is an analogue of
the derivative, namely the difference operator

Af(n) =f(n) —f(n—1)
(where f(—1) = 0 by definition).



Example B: Theory of Finite Differences.
Let
Z>o = the nonnegative integers.

If one takes a function f : Z>¢ — R then there is an analogue of
the derivative, namely the difference operator

Af(n) =f(n) —f(n—1)

(where f(—1) = 0 by definition). There is also an analogue of
the integral, namely the summation operator

Sf(n) = Zn:f(i).
i=0



Example B: Theory of Finite Differences.
Let
Z>o = the nonnegative integers.

If one takes a function f : Z>¢ — R then there is an analogue of
the derivative, namely the difference operator

Af(n) =f(n) —f(n—1)

(where f(—1) = 0 by definition). There is also an analogue of
the integral, namely the summation operator

Sf(n) = zn:f(i).
i=0

The Fundamental Theorem of the Difference Calculus or FTDC
is as follows.

Theorem (FTDC)
Iff : Z>o — R then

ASf(n) =f(n). O
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Example C: Number Theory
Ifd,n € Z then write d|n if d divides evenly into n. The
number-theoretic Mdbius function is . : Z~g — 7Z defined as

0 if n is not square free,
utmy = { ‘

(—1)% if n = product of k distinct primes.

The importance of y lies in the number-theoretic MObius
Inversion Theorem or MIT.

Theorem (Number Theory MIT)
Letf,g:Z-o — R satisfy

f(n)=> 9(d)

din

foralln € Z-p. Then

g(n) = > u(n/d)i(@). O

din
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Maobius inversion over partially ordered sets is important for the
following reasons.

1. It unifies and generalizes the three previous examples.
2. It makes the number-theoretic definition transparent.

3. It encodes topological information about partially ordered
sets.

4. It can be used to solve combinatorial problems.
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A partially ordered set or poset is a set P together with a binary
relation < such that for all x,y,z € P:

1. (reflexivity) x < X,

2. (antisymmetry) x <y andy < x impliesx =y,

3. (transitivity) x <y andy < z implies x < z.
Given any poset notation, if we wish to be specific about the
poset P involved, we attach P as a subscript. For example,
using <p for <. We also adopt the usual conventions for
inequalities. For example, x <y means x <y and x # .
If X,y € P then x is covered by y ory covers x, written X <y, if
X <y and there is no z with x < z <y. The Hasse diagram of

P is the (directed) graph with vertices P and an edge from x up
toyifx <y.
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Example: The Divisor Lattice.
Given n € Z- the corresponding divisor lattice is

Dh={d € Z- : d|n}
partially ordered by ¢ <p, d if and only if c|d.

18

Dig =

Note that D1g looks like a rectangle.
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In a poset P, a minimal element is x € P such that there is no
y € P withy < x. A maximal element is x € P such that there
isnoy € P withy > x.

Example.

A poset has a zero if it has a unique minimal element, 0. A
poset has a one if it has a unique maximal element, 1. A poset
if bounded if it has both a 0 and a 1.

Example.

If x <y in P then the corresponding closed interval is

X,y]={z : x<z <y}
Open and half-open intervals are defined analogously. Note
that [x,y] is a poset in its own right and it has a zero and a one:

Oyl =% Ly =VY-
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{2,3} ’ ‘ {3,6}
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