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Let &, be the nth symmetric group and let 7 = a1a>...a, € 6,
be viewed as a sequence. Let

¢(m) = length of a longest increasing subsequence of 7.

Ex. If # = 21435 then a longest increasing subsequence is 245 so
l(m) =3.
Let
L,,7k = {7‘(‘ € G, ’ f(ﬂ') = k} and gn,k = #Ln,k-
Call a sequence of real numbers ¢, ¢, ..., ¢, log concave if

Ck—1Ck+1 < c,f forall 1 < k < n.

Conjecture (Chen, 2008)

For all n > 1, the following sequence is log concave:

ln1lnos- - Lo

)

Ex. If n = 3 then
k=1 k=2 k=3
321 | 132,213,231,312| 123
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Let J, C &, be the set of involutions in &,,. Also let

Ini = {m € 3p | U(m) = k}

and

in,k = #In,k~

Conjecture (BBS)

For all n > 1, the following sequence is log concave:

’.n,l-l.n,27 RN in,n-
Ex. If n = 3 then
321 | 132,213 | 123

1 2




Let RS denote the Robinson-Schensted map and sh P be the shape
of a tableau P.

Theorem
If RS(m) = (P, Q) then the following hold.
(1) shP =shQ = (A1,...,At) with \y = {(7).
(2) We have w € 3, if and only if P = Q.
Because of (1), we can define the shape of a permutation to be

shm=shP =shQ
where RS(m) = (P, Q). It will be convenient to define
sh(m,7’) = (shm,shn').

Because of (2), we can identify an involution with its tableau.



A map f:lpk_1 X Inpkyr — /2k is called shape preserving (sp) if
sh(z,t') = sh(k,x’) implies shf(c,t") = shf(k,&').
Theorem (BBS)

If there is an sp injection f : Ip 1 X Iy 1 — lfk then there is an
sp injection F : L1 X Ly g1 — thk.

Proof.

Define F as the composition of the maps

(. 7) B (P, Q), (P, Q)
—>((PP’,(Q ")
5.8, (T, )
= ((5,7), (5. T))

("?5_;)2 (U’ 0/)

We used the fact that f is shape preserving in applying RS™1. [



Let
ng’,fk = #{m € Ly | shmis a hook}

and

0o = #{m € Ly | shm has at most two rows}.

rhook

two—row
Similarly define 779 and i .

Proposition
The following sequences are all log concave for a given n > 1:

(e Nshen (O 1<ksn, (% r<ken (™™ ks

Proof.

The statements for involutions can be proved using the hook
formula or combinatorially using Lindstrom-Gessel-Viennot. The
statements for permutations now follow by applying arguments as
in the previous theorem or using the fact that the entries in the
permutation sequence are the squares of those in the
corresponding involution sequence. []



(1) Real roots. Suppose the real sequence ¢ : ¢, ¢y, ..., ¢, has
generating function (gf) f(q) = co + c1g+ ... cnq". If the
sequence is positive then f(g) having only real roots implies the
sequence is log concave. The gf's for the ¢, x and i, ) are not real
rooted, in general. Can anything nice be said about the roots?

(2) Infinite log concavity. The L-operator takes sequence
c:c,...,Cntosequence L(c): dy,...,d, where

di = c,f — Ck—1Ck+1 With c_1=cpy1 =0.
Clearly ¢ being log concave is equivalent to d being nonnegative.
Call ¢ infinitely log concave if L'(c) is nonnegative for all i > 0.
Conjecture (Chen)

For all n > 1, the following sequence is infinitely log concave:

ﬁ/n,lv €n72: s afn,n-

Using a technique of McNamara and S we have been able to prove
this for n < 50. It is not true that the involution sequence is
infinitely log concave.



(3) g-log convexity. Define a partial order on polynomials with
real coefficients by f(q) <4 g(q) if g(q) — f(q) has nonnegative
coefficients. Call a sequence f1(q), 2(q), ... g-log convex if

fo_1(q)far1(q) >¢ fa(q)? for all n > 1.

Conjecture (Chen)

The sequence (1(q), ¢2(q), ... is g-log convex where

[n(q) - gmlq + En,2q2 + .. 'fn,nqn~

This conjecture has been verified up through n =50. The
corresponding conjecture for involutions is false.

(4) Perfect matchings. A perfect matching is p € J, without
fixed points. Chen has various conjectures for perfect matchings.

(5) Limiting distribution. As n — oo, the sequence ({5, «)1<k<n
approaches the Tracy-Widom distribution.

Theorem (Deift)

The Tracy-Widom distribution is log concave.
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