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the nth derangement number.
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Every Ferrers board is rook equivalent to a unique increasing
board.
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¢(B) = (0—by,1—by, ..., n—1—b,) = (0,1,...,n—1)—(b1, b, . .., by)

The entries of ((B) are exactly the zeros of ), rc(B)x|n—«-
Soif B=(bi,...,b,) and B’ = (b}, ..., b}) then

B = B’ <= ((B) is a rearrangement of ((B’).
Ex. B=(1,1,3)s0 ((B) = (0,1,2) — (1,1,3) = (—1,0, —1).
B' = (0,2,3) so ((B') = (0,1,2)—(0,2,3) = (0, -1,~-1) . B=5.
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Soif B=(bi,...,b,) and B’ = (b}, ..., b}) then

B = B’ <= ((B) is a rearrangement of ((B’).
Ex. B=(1,1,3)s0 ((B) = (0,1,2) — (1,1,3) = (—1,0, —1).
B' = (0,2,3) so ((B') = (0,1,2)—(0,2,3) = (0, -1,~-1) . B=5.

Every Ferrers board B is rook equivalent to a unique increasing board.

Proof sketch. Pad B with zeros so that { = ((B) starts with 0
and has all entries > 0. Let m = max((B). Rearrange ¢ to form
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The root vector of B = (by,..., bp) is
¢(B) = (0—by,1—by, ..., n—1—b,) = (0,1,...,n—1)—(b1, b, . .., by)

The entries of ((B) are exactly the zeros of ), rc(B)x|n—«-
Soif B=(bi,...,b,) and B’ = (b}, ..., b}) then

B = B’ <= ((B) is a rearrangement of ((B’).

Ex. B =(1,1,3) s0 ((B) =(0,1,2) — (1,1,3) = (~1,0,—1).
B' = (0,2,3) so ¢((B) = (0,1,2)—(0,2,3) = (0,—1,—-1) . B=H8.

Every Ferrers board B is rook equivalent to a unique increasing board.

Proof sketch. Pad B with zeros so that { = ((B) starts with 0
and has all entries > 0. Let m = max((B). Rearrange ¢ to form

:(071727"'7m7CIIn+17"'7<;7)

where (.. ; > --- > (;. Then Jincreasing B’ with ((B') =¢’. [
Ex. B=(0,1,1,3) so ((B) = (0,1,2,3) — (0,1,1,3) = (0,0, 1,0).
Now ¢’ = (0,1,0,0) so B’ = (0,1,2,3) — (0,1,0,0) = (0,0, 2 3)
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1. Let B, be the n x n Ferrers board.
(a) Compute ri(By,) for any 0 < k < n.
(b) Factor >y _o rk(Bn)xdn—«-



1. Let B, be the n x n Ferrers board.
(a) Compute r¢(By) for any 0 < k < n.
(b) Factor >y _o rk(Bn)xdn—«-
(c) Find the unique increasing board equivalent to B,.



1. Let B, be the n x n Ferrers board.
(a) Compute r¢(By) for any 0 < k < n.
(b) Factor >y _o rk(Bn)xdn—«-
(c) Find the unique increasing board equivalent to B,.

2. Let T,=(0,1,2,...,n—1).

(a) Show that for 0 < k < n, rk(T,) equals the number of
partitions of {1,...,n} into n — k subsets. This number is called a
Stirling number of the second kind.



1. Let B, be the n x n Ferrers board.
(a) Compute r¢(By) for any 0 < k < n.
(b) Factor >y _o rk(Bn)xdn—«-
(c) Find the unique increasing board equivalent to B,.

2. Let T,=(0,1,2,...,n—1).

(a) Show that for 0 < k < n, rk(T,) equals the number of
partitions of {1,...,n} into n — k subsets. This number is called a
Stirling number of the second kind.

(b) Factor Yy _o rk(Tn)xdn—k.



1. Let B, be the n x n Ferrers board.
(a) Compute r¢(By) for any 0 < k < n.
(b) Factor >y _o rk(Bn)xdn—«-
(c) Find the unique increasing board equivalent to B,.

2. Let T,=(0,1,2,...,n—1).

(a) Show that for 0 < k < n, rk(T,) equals the number of
partitions of {1,...,n} into n — k subsets. This number is called a
Stirling number of the second kind.

(b) Factor Yy _o rk(Tn)xdn—k.

(c) Give a second proof of the identity in (b) by counting the
number of functions f : {1,...,n} — {1,...,x} (where x is a
positive integer) in two different ways.



1. Let B, be the n x n Ferrers board.
(a) Compute r¢(By) for any 0 < k < n.
(b) Factor >y _o rk(Bn)xdn—«-
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2. Let T,=(0,1,2,...,n—1).

(a) Show that for 0 < k < n, rk(T,) equals the number of
partitions of {1,...,n} into n — k subsets. This number is called a
Stirling number of the second kind.

(b) Factor Yy _o rk(Tn)xdn—k.

(c) Give a second proof of the identity in (b) by counting the
number of functions f : {1,...,n} — {1,...,x} (where x is a
positive integer) in two different ways.

(d) Find the unique increasing board equivalent to T,,.
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