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Given a set, S, let

#S = |S| = cardinality of S.

The Principle of Inclusion-Exclusion or PIE is a very useful tool
in enumerative combinatorics.

Theorem (PIE)
Let S be a finite setand Sy,...,S, C S.

= |8- > ISI+ > [Sing]

1<i<n 1<i<j<n
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Example B: Theory of Finite Differences.
Let
Z>o = the nonnegative integers.

If one takes a function f : Z>o — R then there is an analogue of
the derivative, namely the difference operator

Af(n)=f(n)—f(n—1)

(where f(—1) = 0 by definition). There is also an analogue of
the integral, namely the summation operator

Sf(n) = Z £(i).
i=0

The Fundamental Theorem of the Difference Calculus or FTDC
is as follows.

Theorem (FTDC)
Iff:Z>o — R then

ASf(n) = f(n). O
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Example C: Number Theory
If d, n € Z then write d|n if d divides evenly into n. The
number-theoretic Mébius function is i : Z~o — 7Z defined as

(n) = 0 if n is not square free,
H (—1)% if n = product of k distinct primes.

The importance of y lies in the number-theoretic MObius
Inversion Theorem or MIT.

Theorem (Number Theory MIT)
Letf,g:Z~y — R satisfy

f(n)=)_g(d)

din

forall n € Z~q. Then

o(n) = > un/di(d). O

din
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M@obius inversion over partially ordered sets is important for the
following reasons.

1. It unifies and generalizes the three previous examples.

2. It makes the number-theoretic definition transparent.

3. It can be used to solve combinatorial problems.
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A partially ordered set or posetis a set P together with a binary
relation < such that for all x, y,z € P:

1. (reflexivity) x < x,

2. (antisymmetry) x < y and y < x implies x = y,

3. (transitivity) x < y and y < z implies x < z.
Given any poset notation, if we wish to be specific about the
poset P involved, we attach P as a subscript. For example,
using <p for <. We also adopt the usual conventions for
inequalities. For example, x < y means x < y and x # .
If x,y € Pthen x is covered by y or y covers x, written x < y, if
x < y and there is no z with x < z < y. The Hasse diagram of

P is the (directed) graph with vertices P and an edge from x up
toyifx<y.
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Note that B; looks like a cube.
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Example: The Divisor Lattice.
Given n € Z- the corresponding divisor lattice is

h={d €Zso : d|n}

partially ordered by ¢ <p, d if and only if c|d.

Note that D;g looks like a rectangle.



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.



Poset P has a zero if there isA(A) eP withf) < x, forall x € P.
Poset P has a oneif thereis 1 € Pwith 1 > x for all x € P.



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a one if there is 1 € P with 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a one if there is 1 € P with 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

A~

Oc, =0,



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a one if there is 1 € P with 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

GCn - 07 :I\Cn =n,



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a oneif thereis 1 € Pwith 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

0c, =0, 1¢, = n, 0g, =0,



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a oneif thereis 1 € Pwith 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

GCnZOT :I\Cn:n7 éBn:®7 :I\Bn:{1,...7n}7



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a oneif thereis 1 € Pwith 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

C\)anof :I\Cn:n7 6Bn:®7 :I\Bn:{1,,n}, 6Dn:17



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a oneif thereis 1 € Pwith 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

C\)C,,ZO, :I\Cn:n7 6Bn:®7 ?Bn:{1,...7n}7 6Dn:17 1Dn:n~



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a one if there is 1 € P with 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

(A)CHZO, ?Cn:n, 6Bn:®7 ?Bn:{h...,n}, 6Dn:1, 1Dn:n.

We say x, y € P have a meetif there is an element x A y € P
which is their greatest lower bound.



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a one if there is 1 € P with 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

(A)CHZO, ?Cn:n, éBn:(])a ?Bn:{h...,n}, 6Dn:1, 1Dn:n.

We say x, y € P have a meetif there is an element x A y € P
which is their greatest lower bound. Also x, y € P have a join if
there is an element x vV y € P which is their least upper bound.



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a one if there is 1 € P with 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

(A)CHZO, ?Cn:n, éBn:(])a ?Bn:{1,...,n}, 6Dn:1, 1Dn:n.

We say x, y € P have a meetif there is an element x A y € P
which is their greatest lower bound. Also x, y € P have a join if
there is an element x vV y € P which is their least upper bound.
Example.



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a one if there is 1 € P with 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

(A)CHZO, ?Cn:n, 6Bn:®7 ?Bn:{h...,n}, 6Dn:1, 1Dn:n.

We say x, y € P have a meetif there is an element x A y € P
which is their greatest lower bound. Also x, y € P have a join if
there is an element x vV y € P which is their least upper bound.
Example.

1. Cjis alattice with i A j = min{i,j} and i vV j = max{i,}.



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a one if there is 1 € P with 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

GCHZO: :I\Cn:n7 ﬁBn:®7 :I\Bn:{1,...7n}7 6Dn:17 'iDn:n.

We say x, y € P have a meetif there is an element x A y € P
which is their greatest lower bound. Also x, y € P have a join if
there is an element x vV y € P which is their least upper bound.
Example.

1. Cjis alattice with i A j = min{i,j} and i vV j = max{i,}.

2. ByisalatticewithSAT=SNTand SVvT=SUT.



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a oneif thereis 1 € Pwith 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

C\)C,,ZO, :I\Cn:n7 6Bn:®7 ?Bn:{1,...7n}7 6Dn:17 1Dn:n~

We say x, y € P have a meetif there is an element x A y € P
which is their greatest lower bound. Also x, y € P have a join if
there is an element x vV y € P which is their least upper bound.
Example.

1. Cpis a lattice with i A j = min{i, j} and i Vv j = max{i, j}.

2. Bhisalattice with SAT=SNnTand SV T=SUT.

3. Dpis alattice with cAd = gcd{c,d} and cv d = lcm{c, d}.



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a oneif thereis 1 € Pwith 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

C\)C,,ZO, :I\Cn:n7 ﬁBn:®7 :I\Bn:{1,...7n}7 6Dn:17 1Dn:n~

We say x, y € P have a meetif there is an element x A y € P
which is their greatest lower bound. Also x, y € P have a join if
there is an element x vV y € P which is their least upper bound.
Example.

1. Cjis alattice with i A j = min{i,j} and i vV j = max{i,}.

2. ByisalatticewithSAT=SNTand SVvT=SUT.

3. Dpis alattice with cAd = gcd{c,d} and cv d = lcm{c, d}.
If x < yin P then the corresponding closed interval is

x,y]={z : x<z<y}



Poset P has a zero if there is 0 € P with 0 < x, for all x € P.
Poset P has a one if there is 1 € P with 1 > x for all x € P.
Example. Our three examples each have a 0 and 1:

GCHZO: :I\Cn:n7 ﬁBn:®7 :I\Bn:{1,...7n}7 6Dn:17 'iDn:n.

We say x, y € P have a meetif there is an element x A y € P
which is their greatest lower bound. Also x, y € P have a join if
there is an element x vV y € P which is their least upper bound.
Example.

1. Cjis alattice with i A j = min{i,j} and i vV j = max{i,}.

2. ByisalatticewithSAT=SNTand SVvT=SUT.
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Example: The Boolean Algebra.
In B7 we have the interval [{3},{2,3,5,6}]:

{2,3,5,6}
{2,3,5} ‘ {3.5,6}
{2,3} ’ ‘ {3,6}
{3}

Note that this interval looks like Bs.



Example: The Divisor Lattice.
In Dgg we have the interval [2, 40]:



Example: The Divisor Lattice.
In Dgg we have the interval [2, 40]:



Example: The Divisor Lattice.
In Dgg we have the interval [2, 40]:

10\/4
2



Example: The Divisor Lattice.
In Dgg we have the interval [2, 40]:

10



Example: The Divisor Lattice.
In Dgg we have the interval [2, 40]:

40

20

10



Example: The Divisor Lattice.
In Dgg we have the interval [2, 40]:

40

20

10

Note that this interval looks like D;g.



Outline

Isomorphism and Products



For posets P and Q, an order preserving map'is f : P — Q with

x<py = f(x) <q f(¥)-



For posets P and Q, an order preserving map'is f : P — Q with
x<py = f(x) <q f(y)

An isomorphism is a bijection f : P — Q such that both f and
f~1 are order preserving. In this case P and Q are isomorphic,

written P = Q.



For posets P and Q, an order preserving map'is f : P — Q with
x<py = f(x) <q f(y)

An isomorphism is a bijection f : P — Q such that both f and
f~1 are order preserving. In this case P and Q are isomorphic,
written P = Q.

Proposition

Ifi <jinCpythenli,j] = Cj_;.



For posets P and Q, an order preserving map'is f : P — Q with
x<py = f(x) <q f(y)

An isomorphism is a bijection f : P — Q such that both f and
f~1 are order preserving. In this case P and Q are isomorphic,
written P = Q.

Proposition
Ifi <jinCnthenli,j] = C;_,.
IfSC TinBythen[S,T] = Br_g.



For posets P and Q, an order preserving map'is f : P — Q with
x<py = f(x) <q f(y)

An isomorphism is a bijection f : P — Q such that both f and
f~1 are order preserving. In this case P and Q are isomorphic,
written P = Q.

Proposition

Ifi <jinCpthenli,j] = Cj_;.
IfSC TinBpthen[S, T] = Br_g-
If c|d in Dy then [c, d] = Dy/c.



For posets P and Q, an order preserving map'is f : P — Q with
x<py = f(x) <q f(y)

An isomorphism is a bijection f : P — Q such that both f and
f~1 are order preserving. In this case P and Q are isomorphic,
written P = Q.

Proposition

Ifi <jinCpthenli,j] = Cj_;.

IfSC TinBpthen[S, T] = Br_g-

If c|d in Dy then [c, d] = Dy/c.

Proof for C,. Define f: [i,j] — C;_; by f(k) = k — .



For posets P and Q, an order preserving map'is f : P — Q with
x<py = f(x) <q f(y)

An isomorphism is a bijection f : P — Q such that both f and
f~1 are order preserving. In this case P and Q are isomorphic,
written P = Q.

Proposition

Ifi <jinCpythenli,j] = Cj_;.

IfSC TinBpthen[S, T| = Bir_g.

If c|d in Dy then [c, d] = Dy/c.

Proof for C,. Define f: [i,j] — C;_; by f(k) = k —i. Then fis
order preserving since

k<l = k—i<|—i= f(k)<£l).



For posets P and Q, an order preserving map'is f : P — Q with
x<py = f(x) <q f(y)

An isomorphism is a bijection f : P — Q such that both f and
f~1 are order preserving. In this case P and Q are isomorphic,
written P = Q.

Proposition

Ifi <jinCpythenli,j] = Cj_;.

IfSC TinBpthen[S, T| = Bir_g.

If c|d in Dy then [c, d] = Dy/c.

Proof for C,. Define f: [i,j] — C;_; by f(k) = k —i. Then fis
order preserving since

k<l = k—i<|—i= f(k)<£l).

Also f is bijective with inverse f~1(k) = k + I.



For posets P and Q, an order preserving map'is f : P — Q with
x<py = f(x) <q f(y)

An isomorphism is a bijection f : P — Q such that both f and
f~1 are order preserving. In this case P and Q are isomorphic,
written P = Q.

Proposition

Ifi <jinCpythenli,j] = Cj_;.

IfSC TinBpthen[S, T| = Bir_g.

If c|d in Dy then [c, d] = Dy/c.

Proof for C,. Define f: [i,j] — C;_; by f(k) = k —i. Then fis
order preserving since

k<l = k—i<|—i= f(k)<£l).

Also f is bijective with inverse f~'(k) = k + i. It is easy to check
that f~1 is order preserving. O
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The productof P,Qis P x Q= {(a,x) | a€ P, x € Q} with

(@x) <pxq(b,y) <= a<pb and x<qy.

Example.

32

Proposition

——t—
1. We have B, = Cy x --- x C, & ¢,

2. Ifn=p" - p (prime factors), then D, = Cp, x -+ x Cp,.
Proof for C.. Define f : B, — C{ by f(S) = (x1,...,Xn) Where
x; = 1if x; € Sand x; = 0 else. Then f is an isomorphism.

O
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If P has a 0 then its Mébius function, ju: P — Z, is defined
recursively by

(x) = 1 if x =0,
g _Zy<xlu'(y) if x > 0.



If P has a 0 then its Mébius function, ju: P — Z, is defined
recursively by

(x) = 1 if x =0,
g _Zy<xlu'(y) if x > 0.

Equivalently
> ouy) =64

y<x
where J, 4 is the Kronecker delta,

5. 1 iftx=y,
X0 ifx £ y.
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Example: The Chain.

3
2
Cs =

1¢-1

0+ 1
1(0) = p(0) = 1.
0=p(1)+p0)=p(1)+1 = p(1) = -1
0=p(2)+p(1)+p0)=pn2)—1+1



D> uy) =45

y<x
Example: The Chain.

3
2
Cs =

114-1

0¢1
4(0) = 1u(6) = 1.
0= (1) + (0) = j(1) +1 —> (1) = —1
0=p(2) + p(1) + p(0) = w(2) =1 +1
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(0) = p(0) = 1.
0= (1) +u(0) = p(1) +1 = p(1) = —1
0=p(2)+p(1)+p0)=pn2)—1+1
Similarly x(3) = 0.
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210
Cs =

1¢-1

041
(0) = p(0) = 1.
0= (1) +u(0) = p(1) +1 = p(1) = —1
0=p(2)+p(1)+p0)=pn2)—1+1
Similarly x(3) = 0.



Example: The Chain.

0=p(2)
Similarly z(

Proposition

In C, we have (i) = {

D> uy) =45

y<x

30

2¢0
Cs =

1¢-1

0+1
p()+1 = u
1(0) = p(2) — 1
1 ifi=0
—1 ifi=1,
0 else
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= n({1,2}) =1,



Example: The Boolean Algebra.

— u({1,2}) =1,
0=p({1,2,3)) +1+1+1—-1-1-1+1
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= p({1,2}) =1,
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Example: The Boolean Algebra.

= p({1,2}) =1,
0=pn({1,2,3)+1+1+1-1-1-1+1 = p({1,2,3}) = -1

Conjecture
In B, we have u(S) = (—1)I°..
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Example: The Divisor Lattice.
18

Dig =

2
1 1
(1) = p(0) = 1
w(2) = p(3) = 1.
0= u(6)+ n(2) + n(3) + pu(1)



Example: The Divisor Lattice.
18

Dyg =

2
A ™1
(1) = u(0) =1
p(2) = p(3) = 1
0= (6) + u(2) + p(3) + p(1) = () =1 =1 +1
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Example: The Divisor Lattice.
18

Dig =

u(2) + 1(3) + (1) = 1(6) =1 =141 — u(6) = 1.
w(3) +pu(1) =9 —1+1 = p(9) =0.
+140—-1—-1+1



Example: The Divisor Lattice.

p(1) = pu(0) =

w(2) = p(3) = 1.

0=p(6) +pu(2) +u3) + (1) =p(6) =1 -1+1 = p(6)=1.
0=pu)+u@B)+pu1)=p9 -1+1 = pu9) =0.
0=pu(18)+1+0—-1-1+1 = p(18)=0.
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p(1) = pu(0) =

w(2) = p(3) = 1.

0=p(6) +pu(2) +u3) + (1) =p(6) =1 -1+1 = p(6)=1.
0=pu)+u@B)+pu1)=p9 -1+1 = pu9) =0.
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Example: The Divisor Lattice.
184 0

Dig =

() + p(3) + p(1) = 1(6) — 1 —1+1 = u(6) = 1.
1(3) + p(1) = u(9) — 1
1

Conjecture
If d € Dy, has prime factorization d = p{' - - - p/ then

[ (DF iy = = =1,
p(d) = { 0 if m; > 2 for some .
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Theorem

1. Iff: P— Qis anisomorphism and x,y € P then

np(X,y) = pa(f(x), f(y)).
2. Ifa,be Pandx,y € Q then

MPXQ((av X)a (bv y)) = /LP(a7 b):uQ(Xa y)

Corollary
IfS € By, then u(S) = (_1)\8\.
Proof. We have an isomorphism f : B, — (Cy)". Also

:U’C1(O):1 and /‘601(1):71

Now if f(S) = (x4, ..., Xn) then by the previous theorem
18,(S) = nieyyr (X, -, Xn) = [T e, (i)

= (—1)#ofxi=1) _ (_q)isI, O

Similarlt we can derive pp,(d).
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y=x y>x
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y<x y<x

Proof of 1. Substitution and the definition of . yields
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Let Int P = {[x,y] | x < y} and define . : Int P — Z by
2{: H(X,Y)::5xg-
x<y<z
Theorem (Mobius Inversion Theorem, MIT)
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Let Int P = {[x,y] | x < y} and define . : Int P — Z by
2{: #(Xay)zzéxl'
x<y<z
Theorem (Mobius Inversion Theorem, MIT)
Let P be a finite poset and suppose f,g: P—R.

=Y 9gy) VxeP = g(x)=> u(x,y)f(y) Vx € P.

y>x y>x
=Y 9y) VxeP = g(x)=> u(y,x)f(y) ¥x € P.
y<x y<x

Proof of 1. Substitution and the definition of . yields

S ux ) => ux )Y 92)=> 9(2) > wxy)

y>x y>x z>y >x  x<y<z
= Zg(z)5x,z = g(x). O
z>x

Notes. 1. The two parts of the MIT are actually “if and only if.”
2. One can apply the MIT to C,, By, and D, to obtain the
FTDC, PIE, and MIT from Number Theory, respectively.
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(b) Prove that if ¢|d in Dj then [c, d] = Dy/c.
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1. (a) Prove thatif S C T in B, then [S, T] = Bj1_g.
(b) Prove that if ¢|d in Dj then [c, d] = Dy/c.

2. (a) Finish the proof that B, = CY.
(b) Prove that if n = pQ” ...p,’(’k (prime factorization ) then

DngCn1 X+ X an.
3. (a) Prove thatif f : P — Q is an isomorphism then

pp(x,y) = pa(f(x), f(¥)).
(b) Prove thatif a,b € P and x,y € Q then
MPXQ((av X)7 (b7 y)) = IU’P(aa b)MQ(Xay)
(c) Prove that if n € Dy is as in 2(b) then

=D ity = = =1,
p(n) —{ 0 if m; > 2 for some i.

4. (a) Prove the FTDC by Mébius inversion over C,.
(b) Prove the PIE by Mdbius inversion over Bj,.
(c) Prove the Number Th’y MIT by Mdébius inversion over D,,.
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