NEUMANN HOMOGENIZATION VIA INTEGRO-DIFFERENTIAL
OPERATORS, PART 2: SINGULAR GRADIENT DEPENDENCE

NESTOR GUILLEN AND RUSSELL W. SCHWAB

ABSTRACT. We continue the program initiated in a previous work, of applying integro-
differential methods to Neumann Homogenization problems. We target the case of linear
periodic equations with a singular drift, which includes (with some regularity assump-
tions) divergence equations with non-co-normal oscillatory Neumann conditions. Our
analysis focuses on an induced integro-differential homogenization problem on the bound-
ary of the domain. Also, we use homogenization results for regular Dirichlet problems to
build barriers for the oscillatory Neumann problem with the singular gradient term. We
note that our method allows to recast some existing results for fully nonlinear Neumann
homogenization into this same framework. This version is the “director’s cut”.

1. INTRODUCTION

In this paper, we study the periodic homogenization of linear elliptic equations with a
singular drift with oscillatory Neumann conditions. In particular, we study the ¢ — 0
behavior of the solutions, u®, to the equation

Tr(A(2)D*uf(z)) + 1B(£) - Vuf =0 in X!
ut =0 on Y (1.1)
O (z) = 9(2) on %

The equation is posed in an infinite strip domain, with a normal vector given by n, which
is

SPCRUE S ={zeR"  0<x-n< 1)
The “top” and “bottom” boundaries are respectively
Y CR™ S = {z eR™ : x.n=1},
Yo CR™ By ={z e R™" : z-n=0}

The main goal is to prove that the “nonlinear averaging” effects of the equation in the
interior and on the boundary are “compatible”, and that u® will converge uniformly to u,
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that is the unique solution of
Tr(AD%*u(z)) =0 in X?
=0 on X (1.2)
Lu(x) =g on Y.

I

(S))

The matrix A is a unique constant, and it is the same one obtained in the homogenization
of (1.1) without oscillatory boundary data (see Section A.3 and A.7). Due to the flat
geometry of ¥, g will also be a unique constant (but in more general situations would
be a function of the normal vector, n(z)). Thus, this is simply another way of saying
that there is a unique affine function, @, such that u¢ converges to @ uniformly in 2. We
note, that for the homogenization of equations of the form (1.1), assumption 2.4 involves
a compatibility condition between A(z) and B(z)— which is standard, and this condition
also forces the limit equation, (1.2), to be independent of Vu. The compatibility condition
is trivially satisfied when B = div(A). Our main result is:

Theorem 1.1. Assume that g : R™! — R, B : R4l — RIFL A - R - S(d +
1) are all Z™" periodic functions, A € C7(RI¥Y) is uniformly elliptic, B € C7(R4),
g € CY'(RI¥Y) for some v € (0,1), that n is an irrational direction, and the standard
compatibility condition between A and B, all of which appear in detail as Assumptions
2.1-2.4. There exists a unique constant matriz, A, and a unique constant, g, such that
uf — @, uniformly in 21, where @ is the unique affine function that solves (1.2).

Remark 1.2. When A € CY and B = div(A), Theorem 1.1 includes that case of solv-
ing div(A(x/e))Vu® = 0 with 0,u®(x) = g(x/ec). The Neumann condition is oblique with
respect to the operator divA(y)Vu as opposed to the more frequently studied co-normal
condition, (n,A(x/e)Vu) = g(z/e). This means that variational methods are not ap-
propriate for (1.1), and so we appeal to those based on comparison principles and other
non-divergence type techniques.

Remark 1.3. In Section 7 we mention how a modification of Theorem 1.1 and its proof
giwe a new proof of a similar result for nonlinear equations without gradient dependence
that was proved in Choi-Kim [9].

Our treatment of Theorem 1.1 follows that of our earlier result in [20], and the main idea
is to recast (1.1) as a global, interior, almost periodic integro-differential homogenization
problem that takes place on Yy only. The simple geometry of 3!, although particular, is
now known to be the most important one for resolving solutions of (1.1) in more general
domains. The issues of resolving the homogenization of (1.1) for all irrational directions,
and proving homogenization in general domains are separate ones. In X', (1.1) can be
thought of as a fundamental corrector problem, whereas studying (1.1) in general domains
relies upon how the effective normal condition depends upon the normal direction, n, and
is of a different nature than the corrector problem.

The interior homogenization of (1.1) with regular boundary conditions that don’t de-
pend on ¢ is well understood, and A is determined by the same analysis that does not see
the oscillatory boundary condition (see Section A.3). The new part of Theorem 1.1 is of
course the ability to also have the oscillatory condition, 0,u® = g(z/e¢).
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2. BACKGROUND AND ASSUMPTIONS

2.1. Background. We note that despite the many existing results about boundary ho-
mogenization (some listed below) to the best of our knowledge, there are none that can
treat (1.1) when n is irrational. The field of homogenization of elliptic, parabolic, and
Hamilton-Jacobi equations in the periodic, almost periodic, and random settings is by now
an enormous field with contributions from many authors. The background for general ho-
mogenization is not presented here, and we simply try to give the references for oscillatory
boundary problems. The interested reader can consult the books of Bensoussan-Lions-
Papanicolaou [6] and Jikov-Kozlov-Oleinik [22] for an introduction to the subject and the
survey of Engquist-Souganidis [12] for a somewhat current list of results. Since [12], there
has been a large amount of activity, especially in the case of random coefficients and rates
of convergence, which is not represented in [12]. Due to the irrationality of n, the problem
we study is related to that of Ishii [21] for almost periodic Hamilton-Jacobi equations.

Two origins of (1.1). An equation with oscillatory Neumann data, as in (1.1), nat-
urally arises in the study of a diffusion in an oscillatory environment with a prescribed
reflection at the boundary whose strength is dictated by g(x/¢). Studying this equation
with a regular boundary condition (no x/e dependence) in the periodic setting goes back
at least to Freidlin [17] and Bensoussan-Lions-Papanicolaou [6]. Probabilistically, the os-
cillatory reflection is a natural consideration, for example in Tanaka [29]. Another place
where the condition 0,u® = g(x/e) arises is in the study of boundary layers for (1.1) with
reqular boundary data. In this case, when one uses a corrector to expand the £ behavior
of u¢ around the smooth, effective solution, @, they must investigate v — @ — su', where
vaguely u! is a first corrector. However, this function no longer satisfies the original bound-
ary conditions of ¢ and w, and in general it will be a function of z/¢ on ¥y. Hence, one
is forced to consider oscillatory terms on Y, as in (1.1). For the Dirichlet problem, the
appearance of the oscillatory boundary term due to the use of a corrector in the boundary
layer expansion was already present in [6, Chp. 3, Sec. 5] and Avellaneda-Lin [2, Sec.
3.2, although in [6] the precise boundary behavior was not under consideration, and the
oscillatory terms were not further studied because they were of lower order.

The rational case. The earliest results for linear non-divergence equations with os-
cillatory oblique Neumann data appear to go back to Tanaka [29], where the boundary
contains a subspace of the Z4*! lattice, and the Neumann data is periodic with respect to
this subspace. Next came the works of Arisawa [1] and subsequently Barles-Da Lio-Lions-
Souganidis [4]. These works treat the oscillatory Neumann (and more general) boundary
conditions in a situation where effectively the hyperplane, ¥y, would share a periodic sub-
lattice with Z4*+!. Basically, the corresponding results in those papers would match up with
a choice of n as a rational vector in (1.1). The work [4] also treats fully nonlinear versions of
(1.1) in this periodic, or rational, situation. Both [4] and [29] include the singular gradient
term that appears in (1.1). This common periodicity between the boundary condition and
the interior equation seems to be crucial in those works, as they solve coupled corrector (or
“ergodic”) problems with both the interior and boundary simultaneously. Our method, as
outlined in Section 3 effectively de-couples these two equations and searches for an effective
limit on the boundary of X! by itself, which subsequently determines § a posteriori. In
this same shared interior/boundary periodicity set-up, with a rational choice of n, some
problems of Dirichlet homogenization were studied in Barles-Mironescu [5].
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The co-normal case. In the case of divergence equations, with an oscillatory co-
normal condition, (n, A(z/e)Vu®) = g(x/e), (1.1) was treated in the classical work of
Bensoussan-Lions-Papanicolaou [6, Chp. 1 Sec. 7.3]. It in fact follows from the divergence
structure of the equation, exactly as in the same way as the problem with regular boundary
conditions. There, they identify the difference between the rational and irrational cases
of n, in domains that are more general than X!. The problem becomes more challenging
when one wishes to know more precise information about the boundary layer of u® near
Y. In that case, the analysis is much more delicate, and some works on this boundary
homogenization structure in the Dirichlet and co-normal Neumann setting for elliptic
systems include Avellaneda-Lin [2], Gérard-Varet-Masmoudi [18] and Kenig-Lin-Shen [23],
[24], where estimates for the boundary layer are determined.

The gradient independent case. Recently, the boundary homogenization for both
cases of oscillatory Dirichlet and Neumann conditions with fully nonlinear uniformly el-
liptic equations in the interior (with z/e dependence) has been solved in many situations,
including some general domains. All of the following works treat problems with purely
second order equations in the interior, hence the presence of the term (1/¢)B(z/¢) in (1.1)
is one aspect that separates this work from the following (also, they treat nonlinear equa-
tions, while we work with linear ones). The work of Choi-Kim-Lee [8] solved the problem
in a strip domain, as X!, with a translation invariant nonlinear equation and oscillatory
Neumann condition (subsequently the authors, in [20], gave a different proof along the lines
presented in this work). Then Choi-Kim [9] treated the problem in more general domains
with also an oscillatory equation, F'(D?uf,x/e) = 0, in the interior. In [9] it became clear
that equations in the simple domain, like (1.1), can serve as a sort of corrector problem for
the boundary behavior of u° in more general domains, and they also noted there are two
separate questions that must be addressed: the solvability of the corrector problem, such
as Theorem 1.1, and the continuity properties of g as a function of the normal n(z), for x
in the boundary. The related Dirichlet homogenization in general domains was solved by
Feldman [14], where crucially it was noted that there may possibly be instances in which
the effective boundary condition will be discontinuous, but nonetheless one can control
the size of the set of discontinuities in a way that still guarantees the effective Dirichlet
problem admits unique solutions. The issue of continuity / discontinuity of the effective
boundary conditions has been further studied by Feldman-Kim [15]. Finally, the homoge-
nization of random oscillatory boundary data with a translation invariant uniformly elliptic
equation in the interior was recently obtained for some types of random environments by
Feldman-Kim-Souganidis [16].

As one final note, we mention that in Bal-Jing [3], a Dirichlet-to-Neumann mapping was
utilized— as we do here— for an equation that is translation invariant in the interior and
has a Robin boundary condition with a random, stationary ergodic term.

2.2. Assumptions.

Assumption 2.1. A : R — S(d + 1) (symmetric (d + 1) x (d + 1) matrices) and for
some A < A, for all z, \Id < A(z) < Ald. A € CY(R41Y) and is Z+ periodic.

Assumption 2.2. B: R — R B e C'(RY™), and B is Z* periodic.

Remark 2.3. Assume that Lu(y) = Aij(y)uy,,, (y)+B(y)-Vu(y) and that L*u = (A (-)u)y,,, —
div(uB(+)) is the formal adjoint of L. Under Assumptions 2.1 and 2.2, there exists a unique
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invariant measure, m € L2([0,1]%*Y), which is periodic and solves
L*m =0,

subject to m > 0 and

/ m(y)dy = 1.
[071}d+1
(We mean that

[ mt)zotwiy=o
for all periodic ¢ € C*NL>.) Some details of m are briefly expanded upon in the appendiz.

Assumption 2.4. B must satisfy the compatibility (or “centering”) condition that

/ Bly)m(y)dy = 0.
[071]d+1

It prevents trajectories of the related rescaled stochastic process from “escaping to infinity”,
and gives compactness of the measures for the law of the processes.

The main point of our method is that we study an almost periodic homogenization
problem on ¥3. We use the following definition for almost periodic functions.

Definition 2.5. f : Yy — R is almost periodic if for any d > 0, the set of d-almost periods

of J,
Ey:={re% : sup|f(x+7)— f(x) <},

TEXQ

satisfies the following property: there exists a compact set, K C ¥, such that
(z4+ K)NEs # 0 for all z € X.

Remark 2.6. [27, Proposition 1.2] Two other equivalent and classical formulations are
that f : Xy — R is almost periodic if

(i) f can be uniformly approximated on Xg by trigonometric polynomials.
(ii) The set {f(-+z) : z € Xo} is precompact in the space L>(%).

2.3. Notation.

e We will assume that z € R is written in the coordinates relative to Y, that is
r = (Z,2441), where & € 3y and z441 € span(n).

Y={reR™ : 0<z-n<r}

Y, ={r cR™ : x.n=r}

Yo={z € R . z.n=0}

typically, x, is the original macroscopic variable, as in (1.1)

typically, y, is the microscopic variable, as in (3.2), which results from a rescaling
such as v(y) = (1/e)u(ey).

Lu(y) = Aij(y)uy,y, (y) + B(y) - Vu(y)

Bp C R By, €%, B = BN X" forr > R.
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3. MAIN IDEAS OF THE PROOF

In this section, we give the sketch of the proof, without explicit justifications. The
details appear in Sections 4, 5, 6. Our strategy in this approach centers on the Dirichlet-
to-Neumann (D-to-N) operator at two different scales. First is the original scale of the
macroscopic variables, with W the unique (classical) solution of

Tr(A(Z)D?*WE) + 1B(2) - VW =0  in 2!
We=0 on X (3.1)
We=u on X,

and we define
I CY (%) = C7(%)
via
TH(u,z) = 0,WE(z).

Similarly, we will also need the D-to-N mapping for the equation in microscopic variables.
This changes the domain of definition of the equation, to the larger set, X/

Tr(A(y)D*VE) + B(y) - VVE=0  in XV¢
Vei=0 on X/, (3.2)
Vi=u on .

We define
TVe . CM(8y) — CY ()
via
TV (u,y) = 0,VE(y). (3.3)

We note that u € C'7(%,), implies that V2, We € C%(X1), which makes Z' and Z'/¢ well
defined.

Many subsequent arguments will invoke various regularity estimates involving u® and
g(-/¢). However, these will not be useful unless it can first be shown that ||u®||z~ < C,
independently from €. Without assumptions on B, such as the “centering condition” in
Assumption 2.2, such estimates are false. However, it turns out that one can use the
interior homogenization for an auxiliary barrier equation to derive the needed control on
|uf||ee. Thus, since g € C7(Xy), standard regularity theory (see Proposition A.2 as well
as the L™ estimate in Section 4.2) indicates that u® € C*7(X1!) with [uf]¢~ independent of
e and [Vu®|cr depending on e. Thus, this says that up to subsequences, u® will have local
uniform limits in X!. The main question is, can we characterize all possible such limits?

For the moment, assume that there is a unique v € C7(Xy) such that u|y, — v. Letting
@ be any possible local uniform limit of u® in X!, we know by the perturbed test function
method for viscosity solutions of (1.1), that u must solve (see Proposition A.8)

Tr(AD?*a) = 0 in X',
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where A is the unique constant matrix defined (A.7). Hence, by the global C7 continuity
of @ and the assumed convergence of u¢|y,, — v for a unique v, we see that u is the unique
solution of

Tr(AD*u) =0 in %!,
u=20 on 21

U="7 on Y.

Thus, assuming o € C'7(%), then @ € C'7(X1). We obtain, a posteriori that the unique
effective Neumann condition is then

G = 0.

(We note that in the flat geometry of X!, it will be that g is a constant.)
Now, why will it be true that there is a unique v, such that u®|y, — ©?7 Because
u® € O, the equation (1.1) implies that u°|y, is the unique classical solution of

T (w5, ) = 9(5). (3.4)
However, it is well known that Z!, as an operator with the global comparison principle, is
an integro-differential operator on functions on Xy, [10]. This, combined with the fact that
we have periodic ingredients restricted to the irrational hyperplane, ¥, puts (3.4) into the
realm of almost periodic integro-differential homogenization on ¥y, which we can view in
a similar light to [21]. The main contribution of this work is the analysis of (3.4), and the
main result is

Proposition 3.1. There ezists a unique constant, ¢, such that u¥|s, — ¢ uniformly in 3.

The majority of this paper is focused on establishing Proposition 3.1. We note that an
interesting aspect of our work is the need to establish estimates on ||u®|| .~ and ||,u®|| L,
which begins in the next section.

4. THE CONSTRUCTION OF BARRIERS AND A BOUND FOR |[u®|| e

This section is dedicated to a deceptively simple result; the construction of barriers,
contained in Proposition 4.1, below. The interesting part is that when B = 0 in (1.1),
even for fully nonlinear equations, this proposition is trivial from the observation that affine
functions solve the equation in X! (more on this in Section 7). Even more intriguing is that
the outcome of Proposition 4.1 is false, unless there is homogenization occurring in the
interior of ¥!. In fact, as the reader will see, the result utilizes the convenient result that
the interior homogenization of the regular Dirichlet problem enjoys a global rate up to the
boundary of 3!; this was proved in the original work of Bensoussan-Lions-Papanicolaou
for the non-divergence equation, (1.1), [6, Chp. 3, Sec 5, Thm. 5.1] and in the divergence
setting by Avellaneda-Lin [2]. We are not certain if such heavy machinery is necessary,
but it sufficed for the present investigation.

We then use the barriers to obtain the crucial estimate that is needed to begin the
homogenization procedure, namely that

[|u¥]| oo (s1y < C, uniformly in e.
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It is interesting in this case, that the “centering” assumption on B and the homogenization
for regular boundary conditions are used to get and estimate for ||u®||z~. This seems to
not be an issue in existing works.

4.1. The barrier.
Proposition 4.1 (Barrier). There exist (universal) constants, ¢; and ca, 0 < ¢ < ¢a, such
that
—cy < an¢g < —c <0, (41)
where ¢° is the unique solution of the problem
Te(A(y)D*¢*(y)) + Bly) - Vo' (y) =0 in TV/°
¢pc=0 on i /e (4.2)
¢ =1/e on L.
An immediate consequence of the barrier behavior in Proposition 4.1 is
Proposition 4.2 (Estimates for The Neumann Problem). If for some ¢ > 0, n° solves
Te(A(y)D*(y)) + By) - Vi (y) =0 in TV°
Inf| <e¢ on ¥/ (4.3)
10,m°| < ¢ on o,

then it holds that
c
17 oo 575y = O

First we will prove the estimates for the Neumann problem, Proposition 4.2, and then
we will prove the Barrier, Proposition 4.1.

Proof of Proposition 4.2. We will only prove one side of the bound for n*, and the reverse
inequality is analogous. We begin with a note that due to the positive 1-homogeneity of
the operator, L, any positive multiple of ¢ will be a supersolution, i.e. Ly® < 0. We claim
that for an appropriate b > 0, the function,

¢° =bo® + ¢ (4.4)
is a supersolution of (4.3). Indeed, choosing b > 0 large enough (w.l.o.g. b > 1), we obtain
8,1&5 < —bcy < —c < 0,m on Xy,
where ¢; is the constant appearing in Proposition 4.1. Furthermore, by the construction

of ¢*,
<5€|21/6 =c>1ls, .-

Finally, by the positive 1-homogeneity of (4.2), we have not changed the equation for ¢°
and Q}f,

The upper bound on 7° is now immediate from the comparison of sub and super solutions
of Neumann problems (Remark A.1), which implies

n° < ¢f <1/e+cin Xl
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Proof Proposition 4.1. The key component for our proof of Proposition 4.1 is the result
in [6, Chp. 3, Sec 5, Thm 5.1] regarding rates of convergence in homogenization, which
shows that ¢° must stay within a fixed distance of order 1 of a hyperplane. (Note, we
state the rates result of [6] as Proposition A.3 and provide modifications to allow for our
assumptions on A and B, which do not require as much regularity as the presentation in

[6].)
Let us define the rescaling of ¢° as
x
po(x) = e¢°(=),
€
so we have
(4 — £ T (4 £ r
DYi(a) = = D* (D), Vi(e) = V(D)
Hence, p° is the unique solution of
Te(A(2)D?p"(y)) + 1B(%) - Vo (y) =0  in B!
p°=0 on X (4.5)
pF=1 on .
Furthermore, by standard homogenization results, e.g. Bensoussan-Lions-Papanicolaou [6,

Chp. 3, Sec 4 and 5], also summarized here in Section A.3 we know that there is a unique
constant matrix A so that p* — p, and p is the unique solution of

Tr(AD%p(y)) =0 in X!
p°=0 on X (4.6)
pF=1 on .

Since this equation is purely second order, we see that p(z) = 1 — x441. Now we use the

fact that there is a global rate of convergence of p°, for example in [6, Chp. 3, Thm 5.1]
(see also Proposition A.3). Namely, there is a universal constant, C', so that

6° = ol o gery < Ce.

We note also, for the divergence case (B = div(A)), we could utilize the global rate from
[2, Theorem 5]. In the microscopic variables, this says

1_
16 = =A@, < C (4.7)

Finally, we note that since we are ultimately concerned with only 9,¢°, we assume that
we have subtracted 1/e from both ¢° and 7 'p(e-) so that

¢° =0on Xy, ¢°=—1/con Xy, and p(y) = —Ya1-

These observations are now enough to build a barrier for ¢*. The most important
observation of ¢° and p is that (4.7) shows that there will be a fized distance, t*, that is
independent of € so that ¢°(y) < —1 for all y4; = t*. The fact that ¢* is independent of ¢
allows to construct a good barrier. Indeed, we simply choose t* = C' + 1, so from (4.7)

¢ (y) < —1 for all ygqq = t".
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We will construct an upper barrier, M, for °. M will be a super solution in X", with
M =0 on Xy, and M = —1 on ¥;+. We note that M is constructed to be a function only
of ygr1 and M’ < 0 globally. We need

L(M) = Tr(A(y)D*M) + B(y) - VM < 0 in £
By the uniform ellipticity of A,
L(M) = Tr(A(y) D*M) + B(y) - VM < AM" — || B M,

and so we seek a solution of the form

M — %M’ =0, M(0) =0, M(t) = —1.

Let us denote Cy = (C'/A). The good choice of M will be
ao  Cot
M(t) = ——(e?"—1
() = 2o - ),

where aq is chosen to obtain M (t*) = —1. That means that
—C,
(e —1)
and without loss of generality, Cy > 1, and ¢* > 1. Thus M is a super solution of L(M) <0
in ¥, ¢¢ is a solution of L(¢°) = 0in ¥, ¢* = M on Xy, and M > ¢° on ¥;. Thus
¢ < M in X, and 0,¢°(y) < M'(0) = ap < 0 for y € %.
This concludes the claimed upper bound of the proof, with ¢; = ay.

Next, we construct a lower barrier for ¢°, which we will call m. For the lower bound
construction, we can simply choose s* = 10. We will build m so that

m’ < 0 globally,

ag = <0,

and
L(m) = Tr(A(y)D*M) + B(y) - VM >0, m=0on Xy, m = —1/¢ on X*
the sign of m’ plus the ellipticity says
L(m) > Am" + || B||m’
so we choose it concretely to solve
m” + (C/X\)m’ = 0 with m(0) = 0, and m(10) = —10 — C.

Hence,
mit) = (1= )
where C5 = (C'/\).
We make the choice
B Cy(—10—-C)

=1 = o0y <0.

Furthermore, the rates of convergence of ¢* — p show that

¢°(y) > —10 — C for all y such that yay1 = 10,
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and hence
m(10) = =10 — C < ¢°(y) for yg4q1 = 10.
So, again, we conclude that m is a subsolution in ¥*", and so ¢° > m. We note
m'(0) =a; <0,
and thus the lower bound holds with ¢y = a;. O
Remark 4.3. The proof of the previous proposition is basically the one feature that sep-
arates the proofs for the case where L is independent from the gradient and the case of

(1.1). When the equation is independent of the gradient, Proposition 4.1 is trivial because
affine functions are solutions of the equation.

We conclude this section with one last result that captures the limiting behavior of
¢° — 1/e as ¢ — 0. It will be useful for proving the uniqueness of the limiting boundary
condition in Theorem 1.1.

Lemma 4.4. Assume that 1 solves
Tr(A(y)D*¢*(y)) + Bly) - Ve (y) =0 in B/
1/}5:—1/5 on El/s
Y* =0 on 2.

Then there exists 1> such that ¥° — 1> uniformly in X' as € — 0.
Proof. This is a consequence of uniqueness in various classes of functions for
{Tr(A@)DQu(y)) +B(y)- Vuly) =0 in ¥~
u = on X,
where
¥ ={zcR" : 0<z-n}.

In particular, there is a unique bounded solution of (4.8). Thus if there are v and v that
solve (4.8) and for a fixed constant, satisfy

|u(y) — Yar1| < C, and [v(y) — yay1| < C for all y € X,

then u — v is bounded, solves (4.8) with u —v = 0 on Xy, and hence is the unique solution,
which is u —v = 0.

To identify 1*>°, we note that 1° does indeed have local uniform limits. This is due to
the fact that its oscillation in any ball of a fixed radius is uniformly bounded— as seen in
the proof of Proposition 4.1- and hence enjoys a global estimate on [)°|¢, by uniformly
using the local estimate to cover X/%. But then if ¥ is any local uniform limit of ¢, it
follows as in the proof of Proposition 4.1 that

[V (y) — Yar| < C,

as well as ¢ satisfies (4.8) by the stability of (viscosity) solutions. Hence any possible
1> will indeed satisfy

Woo - derll S Cu
and is thus unique.
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_ Now, to conclude, we need to check that the convergence is in fact uniform in the strip
1. We note that in 2%, ¢ — > is a bounded solution of

Tr(A(y) D*u(y)) + B(y) - Vu(y) = 0 in £Y<.
Thus by the maximim principle, maxgz(¥)° — ), occurs on the boundary of /2. Since
Yle — 4 =0 on g and [/ — ¢>| < C on LV¢, we conclude that
eC(¢° —1/e) and —eC(¢® — 1/¢)

are respectively sub and super solutions of the equation and boundary data, where ¢° is
defined in (4.2). Hence

eC(¢° —1/e) < — ™ < —eC(¢° — 1/e) in BV/=.

Since |¢° — 1/e| < C' in ¥t (again, due to the arguments in the proof of Proposition 4.1),
we conclude that

sup |1/)1/8—1/)°°‘ —0ase—0.

yex!

O

4.2. Uniform bound for ||uf||z~. We will use, in a crucial way, the C7 and C7 estimates
for ¢, and various other related functions (see Corollary 4.6 and Proposition 4.2 and A.2).
For these to be useful, we first need to know that u® are uniformly bounded. It is interesting
that it seems in most— if not all- of the existing literature, this bound comes from basic
observations using directly the structure of the equation being homogenized. For (1.1),
however, this is not the case, and such an estimate will not be true without the centering
condition on B, Assumption 2.4. Thus, the estimate we need for the Neumann problem
in fact utilizes the homogenization of (1.1) with regular Dirichlet data.

Lemma 4.5. There erists a universal C' > 0 such that ||u®|| g1y < Cllg|lp~ (o), where
u® is the unique solution of (1.1).

Proof. This statement is immediate from Proposition 4.2. If we define 7° as

7 (0) = < (ey),
then we see that 7n° satisfies (4.3). Indeed,
10um° ()] = 100" (ey)] = 19(v)] < N9l oo (o) for y € 2o,
and
" ()| = [u*(y)] = 0 for y € %y

Also, the rescaling of u¢ in this way transforms the equation in (1.1) in 3! into (4.3) in
¥.!/¢. Hence Proposition 4.2 implies that

[0l ooy < elln7 ] poe ey < Cllgllzoez0)-

By Proposition A.2, we have the following corollary.
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Corollary 4.6. u® satisfies the following estimates

[uflovsty < Cllgllree(so)

and

5. STRUCTURAL FEATURES OF Z1/¢

In this section, we collect several features of the operator, Z'/¢ (defined above, in (3.2),
(3.3)), which will be used to prove the existence and uniqueness of the limiting constant,
g, in Section 6. The most important result for this section is the following

Lemma 5.1. There exists a function f¢ € C(3¢) N L>®(Xg) such that for all o € C1(%)
and constants, c,

IY5(¢ + ey) = TV5(d.y) — cf*(y).
Furthermore, f¢ >0, and for 0 < ¢; < ¢y (the universal constants from Proposition 4.1)

ec; < fS(y) < ec.

Remark 5.2. This is the counterpart to [20, Lemma 3.6]. The difference is that there the
operator in the bulk, F, and subsequently T'/¢ were invariant by addition of hyperplanes. In
that case, this lemma is trivial, as the equation is invariant by the addition of hyperplanes
to solutions. Here hyperplanes are not solutions, nor can they serve as sub/super solution
barriers, and so we appeal to the barrier provided by Proposition 4.1.

Proof of Lemma 5.1. Let us call V; the solution of (3.2) with boundary data, ¢, and f/qf
the solution of (3.2) with data ¢ + c¢. If ¢ is as in Proposition 4.1, then since (3.2) is
linear, we see that

P = & + eco’.
Hence,
TV (¢ + ¢, y) = 0,P(y) = 0,P(y) + ecOp .
The lemma follows immediately from Proposition 4.1 with the choice

F5 = —c0,0". (5.1)

Lemma 5.3 (Rescaling). For all v € CY7(3,),

I'(ev(2), ) = T%(v, 2)

Proof. We let UE solve (3.1) with data cv(-/¢), let V¢ solve (3.2) with data v, and define
~ x
0() = evi ().

Hence

) . 1
VU (z) = vv;(g), and D*U*(z) =

i
_ _D2vs el
D),
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and thus U solves (3.1), with data ev(-/¢). By the uniqueness of solutions to (3.1), we
conclude

U =U;,
and hence

T (ev(2), ) = 0,05 (@) = 9,0° () = anv;(g) = TV (v, z).

O

The following auxiliary functions will be useful for localizing points of maxima and
minima. Let

o) (x)—ﬁ forz e ¥
BT e ‘
and for R > 0 we will consider the functions
or(z) = ¢(z/R). (5.2)

As we shall see below, the Dirichlet to Neumann maps for the standard extremal op-
erators M¥ will be of use. The extremal operators are not essential for this paper, as
we don’t solve a nonlinear equation. However, we choose to use them here for possible
application in the future. They are defined as follows, given ¢ : ¥y — R, define,

M"(6,y) := U7, (5.3)
where U;’i = U"* : " — R are the unique viscosity solutions of

MT(D*U™T) 4+ C|VU"T| =0 in X",
Urt =0 on %, (5.4)
Ut =¢ on X,

and
M=(D?U™") = CIVU""|=0 inX",
Ur—=0 on Y, (5.5)
Ur—=2¢ on Y.
The operators M¥* are the standard Pucci extremal operators of the second order fully
nonlinear theory [7, Chapter 2], and they correspond to the linear ellipticity assumption
that A\Id < A(x) < Ald. We mention that by, e.g. [28], if ¢ € CY7(Xg), then U™* €
C'7(¥r). Hence the definition (5.3) holds classically in the pointwise sense.

Proposition 5.4 (Bump function). Assume that r > 1 and Ry > 0 are both fized. Then
im sup [M"*(dr, )] =0

1
R—o0 z€BR,
(we recall that By C %).

Proof of Proposition 5./. We just focus on the case of M"™"¢. The proof of this proposition
is a result of the stability of viscosity solutions of (5.4) with respect to local uniform limits
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of the Dirichlet data, combined with the C17 boundary regularity in [28]. To this end, we
let Uy, denote the solution of (5.4) with data ¢r. We note that for each ¢, fixed,

1' [e%s) =
RE&H%HL B = 0,

and since U(z) = 0 is the unique solution to (5.4) with Uly, = 0, the stability of (5.4)
implies that Uy, — 0 locally uniformly in ¥". Furthermore, since ¢p € CH7(%), [28]
shows that Uy, € C17(Xr). Thus, [28, Theorem 1.1] implies

10:Usnll=(Bry) < CUlUspll sy, ) + 198N L= (Bary) + VORI (B2r))- (5:6)

We note here that By C Yo and Bf, C Y are a ball and a half ball in respectively the
boundary and the closure of ¥£". The first term on the right of (5.6) converges to 0 by the
stability of (5.4). The second and third terms converge to 0 by the rescaling that defines
¢r. Thus we conclude

im sup [M" (¢, x)] = 0.

1
R—o0 CUEBRO
O

Lemma 5.5 (Comparison principle for smooth functions). Let u,v : ¥g — R be bounded
functions such that T (u,-) and I'*(v,-) are classically defined and

IV (u, y) > I (v,y) Yy € .
Then,

u(y) <v(y) Vy e .

Proof of Lemma 5.5. Using Proposition 5.4, the proof of Lemma 5.5 now follows identically
to the one in [20, Lemma 3.9].
OJ

Lemma 5.6. If w € C'7(3) solves
IV (w,y) = g(y) in o,
then
1 1
——llgllze < w < —|lglL~,
1€ C1€
where ¢y is the constant from Lemma 5.1.

Proof of Lemma 5.6. We note that since Z'/(0,-) = 0, it follows by Lemma 5.1 that for
any constant, c,

TV (e, y) = —cf*(y).
Using ¢; from Lemma 5.1, we have that

ect|g]| g —1
IV (w,y) = g(y) < llglle~ = —7= < [Fy)~— =T ( —llgll~.y ) -
ECy C1€ 1€
Thus by the comparison for Z'/¢ (Lemma 5.5), we conclude that
“lall _,,
1€
The reverse inequality follows analogously. O
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The following monotonicity property with respect to the domain, £'/¢, will be useful in
Section 6.

Lemma 5.7. Suppose that (1/e9) > (1/e1) and that u > 0, then
TV (u,y) > TV (u,y) ¥y € .

Proof. Let Vt and V22 solve (3.2) in respectively ¥/t and X'/2. Note that X/ C X1/%2,
so V¢ is defined in ¥'/%1. Since V2 = u > 0 on %, the comparison principle implies that
Ve > 0in $V%2 and in particular Vi/*? > 0 on 21/e,- Moreover, Vit and V72 agree on X
and solve the same equation in X'/t Thus V.2 is a supersolution for the equation solved
by Vi, so that Ve < V2 everywhere in %1/,

Since the two functions agree on X, their normal derivatives must be ordered, namely

V2 (y) = 0V (y) Yy € Ko,

and the lemma follows.

O

Lemma 5.8. Let (1/¢) > 1 be fized and assume f¢ is as in Lemma 5.1. Suppose that
there exist bounded wy, ws € C17(Xy), respectively sub and super solutions wy and wsy to

TV (wy,y) > —by + UEO) +9(y) and TV (ws,y) < %(y)

- +g(y) mn E07

where by > 0. Then a; — as — (1/c1)by < esup |wy — wsy|, where ¢y is the constant from
o
Lemma 5.1.

Proof. Without loss of generality, assume that a; > as, else there is nothing to prove (since
by > 0). Let wy :=wy — (1/¢)(a1 — ag) + (1/c1€)by, then by Lemma 5.1 we have
b1 f*(y)

- . ap — as) .
TV (i, y) = TV (wny ) + D= pe(yy = W),
€ c1€

) + a2 f(y) + (a1 — az) f* b

<gly
g

1

<g(y) +——= — by,

€

a1 f(y)
- €
< Ve (wy, y).

Then Lemma 5.5 yields that wy < s, i.e. wy < Wy = we — (1/€)(a; — az) + (1/c18)b;.
Rearranging,

(1/e)(a1 — az) — (1/c1e)by < wy — wy < sup |wy — wal,
>o

and the lemma follows by multiplying by e. O
6. THE PROOFS OF PROPOSITION 3.1 AND THEOREM 1.1

We are now in a position to prove Proposition 3.1 as well as show how it implies Theorem
1.1. To this end, we define the new function

UE :u5|go,
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where u° is the solution to (1.1). We know by Corollary 4.6 that u® € C*7(X1), and so
Oput(x) = g(g) classically on X.
€

Furthermore, the uniqueness of solutions to (3.2) shows that when V% solves (3.2) with
data v®, then in fact

Ve =’

Thus, as pointed out in Section 3, the original homogenization problem is equivalent to
T (0%, 7) = g(g) in Y.
It is useful to unscale this equation; thanks to Lemma 5.3 the function
w(y) = (1/e)v"(ey), (6.1)
solves
TV (w',y) = g(y) in To. (6.2)

Since ¥ is irrational, g|s, will not be periodic, but it will be almost periodic (Definition
2.5). Furthermore, Z'/¢ is effectively an “almost periodic operator” on ¥y, which is not
precisely defined, but it manifests itself in the almost periodicity of w®, presented below
as Lemma 6.1.

6.1. Almost periodicity of w®. Here we use almost periodicity properties of ¥, with
respect to Z4t! to establish almost periodicity properties of w®. We remind the reader
that the relevant definitions appear in Section 2.2.

Lemma 6.1. There exists a universal C > 0 such that for all 6 > 0, there exists Rs > 0,
)

such that if Es and Fs are respectively the §- almost periods of g and C ((5 + —) - periods
€

of w®, then

By, (2) N (EsN Fs) # 0 for all z € X.

We emphasize that Rs depends only on the irrationality of n, and in particular is indepen-
dent of €. Note that in this context, Br, C Y.

Proof. Let z € ¥y be fixed and p > 0 be arbitrary. We will eventually choose p to
depend on 4 to make the calculation easier. First, we note that by the irrationality of
n, there exists an R, such that given any z € ¥, there is 7(2) € X N Bg,(2) such that
dist(7(2), Z4) < p (see, e.g. [8, Lem. 2.7]). We take 7 € ¥/ N Z¥*! to be any element
that is within dist(7(z), Z4!) to ¥y. We also note that by possibly re-adjusting the choice
of 7(z), we can assume that 7(z) L (7 — 7(2)). Both 7(2) and 7(z) depend on z, but we
suppress this dependence for the rest of the proof.
We begin by unscaling the original equation, (1.1). To that end, define

V() = 2u(e).
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Thus, V¢ solves the equation in the microscopic variables, i.e.

Tr(A(y)D?Ve) + B(y)VVE =0 in XV/°

Ve=20 on X/

0, Ve =g(y) on Y.
This means that in fact, V¢|y, = w®, where w* is defined in (6.1) and solves (6.2). We will
now shift V¢ by 7, defining

Ve(y) = VE(y + 7).
We define

Z =17 — 7, note, by definition |Z| < p,

and because of the orthogonality of 7 L (7 — 7), we see that V¢ solves in the shifted
domain, (X1/¢ — 2),

Tr(A(y + 7)D?*Ve) + B(y + 7)VVE =0 in (Y5 - 2)
Ve=0 on (X1, — 2)
OVeE=gly+7) on (o — 2).
Since by choice, 7 € Z%*!, and by the periodicity of A and g we conclude
Tr(A(y)D?*Ve) + B(y)VVE =0 in (BY° — 2)
Ve=0 on (X1 — 2)
0,Ve =g(y) on (Xg — 2).
Now we can compare V¢ to Ve. Let us define
We =V —VeinxVen (Ve — 2) = /=
We will need to observe that the oscillation of V¢ and V¢ in the sets that are a distance
less than one to X/. are bounded independently of . This is true because we can use
the barriers involving ¢° from Proposition 4.1 plus the observation that ¢° stays a uniform

distance from the fixed hyperplane, 1/¢ — y441. Thus, from the C7 estimates for the

Dirichlet problem (near ¥;/.) we know that V* and Ve are C7 in a neighborhood of 3},
uniformly in €. First, we check the boundary data on the 1/¢ — |Z| boundary:

Ve - V€||L°°(21/57|2\) =V OHLOO(El/sf\é\) <ClE.
Next we check the normal derivative on the ¥ hyperplane:
10V = 0V || Loe(mg) = [lg — OnV 7 || Loo(mo)

since V& = g on 3. We would like to transfer this inequality to an evaluation on ¥y — 2
to utilize the boundary values of 9,V¢. By Corollary 4.6, we have

[(’“)nf/e]m == [(%ue(e-)]m S géf’y = C,
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and so for y € Xo, y — 2 € ¥g — 2
hV=(y) — g(y)’ <10V (y) — 0.V (y — 2)’ +

OV (y) = 0V°(y = 2)| + Loy = 2) — 9(v)
<Ol

0VE(y — 2) — g(y)

We used the fact that 9,V¢ = g on Xy — 2, and so by the the Hdélder regularity of g
and 9,V¢, the difference on % is of order |2]7. (Note, 8,V = ¢ on ¥_jz, not on X.)
Importantly, this constant, C', in the two estimates above, is independent of ¢.

Therefore, We solves

Tr(A(y)D*We) + B(y) - VW= =0 in /=
Wa <C |5W on Zl/e—\ﬂ
anVT/E S C |2|’Y on Zo.

Thus, by Proposition 4.2, we conclude, in particular, that
; KR
Wl 2o (mg) < O
Finally, we check,
[w(- +7) = Wl Lo (mo) = IV +7) = V| ()
SVEC+7) = VEC+ 7)o HIVEC+7) = Ve
< Clr =7+ W po o)
v, AL
We also confirm

lg(- +7) = gllzese) = g +7) = g(- = T)[|Lee(ze) + 190+ T) = gllzo(so)
<Cl|t—=1"+0
=C ’2|7 )

since by choice, 7 € Z9*!, and the periodicity of g. Now, to conclude the proposition, we
choose p = 0'/7, and since |2| < p, we have shown that indeed 7 € B(Rs)(z) is an almost
period for w® and g. O

Remark 6.2. We note that the proof of Proposition 4.1 utilized a similar technique to that
in [9, Section 3], where there it was also very important to translate the whole equation by
7 and appeal to the periodicity to keep the coefficients unchanged.

6.2. Limits for cw®—cw*(0). The key lemma that establishes Proposition 3.1, in combina-
tion with the almost periodicity of Lemma 6.1, is a nonlocal version of the almost periodic
arguments which appeared for Hamilton-Jacobi equations in Ishii’s work, [21]. There are
however, many differences between the Hamilton-Jacobi setting and our nonlocal setting
here, and we give a slightly different argument.
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Lemma 6.3 (Nonlocal Elliptic Version of Ishii [21]). w® defined in (6.1), (6.2) satisfies
the decay

lew® — ew®(0)||poo(sg) = 0 as € = 0. (6.3)

Proof of Lemma 6.3. Let {ex}r be a sequence such that ¢, — 07, and let {y}r be a
sequence in Y such that for each k,

lexw™ (yr) — erw™(0)] = 3llexw™ — exw™ (0)]| Loe (o).

Let 6 > 0 be given. Let Fs be the set of C'(6 + d/¢)- periods of w®. Thanks to Lemma 6.1,
there is some Rs > 0 such that

(z+ Bry) N (Fs5) £ 0 V 2z € .

We note that it is essential that Rs be strictly sublinear in ¢ for later purposes. In this
case, Rs is in fact independent of e, which is even better.

Taking ¢ = ¢, z = yi above, it follows that for each k there is some 7, which is a
C'(exrd + 0)-almost period for e,w and such that

Yk — Tk GBRé. (64)
In particular,
lekw™ (yx) — exw™ (0)] < lexw® (yx) — exw™ (y — )| + [eww™ (Yo — ) — exw™(0)].

Since 73 is a C'(gx0 + J)-almost period for e w® the first quantity on the right is at most
C(erd + 0), and also from (6.4),

|lerw™ (yi) — epw™(0)| < C(exd +6) + gsc{skwa’“}, VEk>0.
Rs

Next, we note that

osc{epw ™} = osc {v*}.
BR(S e Rs

Corollary 4.6 guarantees that the functions v® are C'7-continuous in Bj, uniformly in e.
Therefore (for each fixed 6 > 0),

li 1 =0.
A gt

(Here, it would be enough that limeRs = 0 if it happened that Rs depended on ¢.) Given
that e, — 0, for every large enough k (this possibly depending on §) we have

%kawak — 5kw5’“ (O)HL‘X’(EO) S |€kw5’f (yk) — Skwgk (O)| S 2C9.
That is (as the sequence e, — 07 was arbitrary)

lim sup ||ew® — ew®(0)|| Lo () < 4C9,

e—0t

letting 0 — 07, the lemma follows. O

Lemma 6.4. Given anye; — 0, there exists a subsequence, € such that v — ¢ uniformly
on Y, for some constant c.
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Proof of Lemma 6.4. By Proposition Corollary 4.6 we know that v € C7(%,) for some
0 <~ < 1. Thus since v* are uniformly bounded, we can take some subsequence such that
v (0) — c. Furthermore, Lemma 6.3 shows that

055 — 053 (0) || Lo () — 0 as € — 0.

/ .
Hence v°5 — ¢ uniformly on X. O

6.3. Uniqueness of the limiting constant.

Lemma 6.5. The constant, c, of Lemma 6.4 is independent of the sequence, €;, and hence
unique.

Proof of Lemma 6.5. We note that this is basically a consequence of the fact that (6.2) is a
uniformly elliptic integro-differential equation. However, the proof is not as straightforward
as in the existing literature for either second order or nonlocal elliptic equations due to
the influence of the Dirichlet condition u®* = 0 on ¥;. The necessary modifications are not
serious road blocks, but we do include them for completeness.

Let a; and ay be constants such that there are sequences v — a; and v — ao
uniformly on ¥,. We will establish that

az < ay,

and since the sequences were arbitrary, this proves the lemma. If we rewrite v and v°®*
in the microscale variables, this says that (recall w® from (6.1), (6.2))

;w9 — a; and gpw* — ay uniformly on X.

We will also define the functions

. . 1
w9 = w¥ — —a; and W™ = w* — —as.
€j Ek

In anticipation of applying Lemma 5.7, we need to make sure that w® and w®* are non-
negative. We do so by shifting them up by respectively d;, d;, where

d; = [[@¥| and o) = [|@™*]],
which gives
WY +0; > 0 and W™ + ;> 0.

We will assume without loss of generality that j and k are such that ¢; < e, which
suffices because j and k can otherwise be chosen independently of one another. Using the
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equations for w® and w®*, we see that from Lemmas 5.1 and 5.7

(—erdr + az) f (y)

= +9(y) =
— (—erdi+ ) <f;(y) 3 fti@) L (e J;:z)ff’“(y) o)

= T/ (W — ? + 0k, y) + (—erdx + ag) (fgj ) — I (y))
k

gj €k

= T/ (W + 0k, y) + (—erdx + as) (fej ) - /- (y))

gj Ek

S TV (0 + O, y) + (—exdy + az) (fgj ) 2 (y))

gj Ek
< TYE (0% 4 Ok, y) + prs

where

pjk = max {O, sup(—egdy + az) (
y

fe (y) B fa’“(y)) }

But on the other hand,
(—€j0; +a1) f (y)

5 +9(y) =T/ (@0 +6;,). (6:5)
Thus
TVe (i + 5, y) < (—€,0, +Eé1)f€j(y) + g(y)
j
and
TV (0 + 6y, y) > BT OITW) |y

€
where p;; > 0 is defined above.
Thus Lemma 5.8 tells us that

(—erdr + az) — (—¢;0; + a1) — (1/c1)pjn < &5 SSP((W’“ + 0) — (W9 + 55)).
0
Hence

as —ap < &j SllpUA](E’C —&j IXI:lfUAjaj + €j5]€ — €j(5j + 6k5]€ — €j(5j + (1/cl)pj,k:
Yo 0
< il || oo () + €510 || Lo () + €50k + € + (1/c1)pjn
< Bepl|0™ | poo(so) + &40 | Loo 2oy + (/1) pjiks (6.6)
where we have used both €;0; > 0 and €; < €.
Now, we recall the definition of f¢, from the proof of Lemma 5.1, in (5.1) as

f = —e0, .
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Thanks to Lemma 4.4, we know that ¢¢ —1/& — 1°° uniformly on X1, and since ¢'/¢ — 1/e
also has uniform C?%7(X1) estimates, it holds that

€

— — 0,0 uniformly on .
£

Hence
pik — 0 as j— oo and k — oo.

Now, we preserve ¢; < ¢, and first take j — oo followed by k — oco. By construction of
w® and Wk, we have

k||| Loo(mg) — 0 and &[0 || oo (sg) — 0.

Hence as < ay, and this finishes the lemma. O

6.4. The Proofs of Proposition 3.1 and Theorem 1.1. Proposition 3.1 follows im-
mediately from Lemmas 6.4 and 6.5. We again mention that by Corollary 4.6, ||uf||cv < C
independently of €. Thus, we can extract locally uniformly convergent subsequences of
u® in X' Let @ be any possible subsequential limit of u. The perturbed test function
method, as in Proposition A.8, shows that « is a solution of

Tr(AD?*@) = 0 in X,

(see Section A.3). Proposition 3.1 gives a unique constant, ¢ such that 4|y, = ¢. The
uniform Hélder continuity of u® gives u|y, = 0. Thus by the uniqueness of solutions to
(1.2) we see that there is exactly one choice for @. Hence Theorem 1.1 is established with

g = —c.

7. MODIFICATIONS TO OBTAIN THE CELL PROBLEM OF CHOI-KiM [9]

The work of Choi and Kim [9] proves the homogenization of fully nonlinear equations
with oscillatory Neumann data in some more general domains. They studied (1.1) with a
nonlinear operator in the interior, as

F(2,D*f) =0 inQ
ut =0 on K (7.1)
Opus(z) = g(£) on 0Q.

There are basically two main results that they establish. The first is to obtain for each
possible normal, n, the constant, g(n), from Theorem 1.1 in, X' (n), where now it is written
explicitly that g(n) depends on the normal direction. This is basically a cell problem for
the general domain. The second is to study the continuity properties of g(n) with respect
to n.

With minor adaptations of our proofs above, we can also obtain this first result about
the cell problem in [9]. That is, we also have the following theorem (cf. [9, Theorem 3.1])

Theorem 7.1. Assume that F is Z%' periodic in x, uniformly elliptic, satisfies basic
assumptions for existence / uniqueness of u®, and F(x,0) = 0. Assume that instead of
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(1.1), u® now solves
F(2, D) =0 in 31
u* =0 on ¥ (7.2)
Opuf(x) = g(%)  on Xo.

Then the outcome Theorem 1.1 still holds true, where instead u solves F(D?*u) =0 in X!,
and F' is the same effective equation from the standard periodic homogenization theory (see

[13]).

There are only two statements / techniques in our proof of Theorem 1.1 that need to
be slightly modified to obtain Theorem 7.1: the statement of Lemma 5.1 and the proof
of Lemma 6.1. Due to the fact that F'(z,0) = 0, any affine function is a solution of
F(y, D?u) = 0. Thus, Proposition 4.1 is in fact trivial in this case. The function ¢, from
Proposition 4.1, is simply

¢ (y) = 1/ — yar1-

Thus, for this case, Lemma 5.1 is true with (see (5.1))
fily) =«

Finally, in the proof of Lemma 6.1, we see that the function, ¢, solves in the viscosity
sense:

M=(D*We) <0 in NP
MH(D*WeE) >0 in R/l
WE S C |2|W on 21/5—|§\
o Wel < 2" on X.

Here M* are the Pucci extremal operators of fully nonlinear elliptic equations, see [7,
Chp. 2]. We recall also that Z was chosen so that |2|” < 4. Thus the functions

Tliuper(y) = 05(]—/6 - yd+1) + C(S

and

Nows(y) = —Co(1/e — ygq1) — CO
are respectively upper and lower barriers for We. Thus it follows that

J

‘WS <c?.
19

The rest of the proofs now follow in the same fashion as for the linear case proved in
Section 6. We note that nowhere else in Sections 5 and 6 was linearity used. In fact, the
rest of the details are very similar to those in [20].
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8. Two NATURAL QUESTIONS

In the proof of Lemma 6.1, it was very convenient that A and B were periodic so that
the translation by 7 kept the equations for V¢ and Ve the same. However, it seems that
this should only be a convenience, and that in fact one could establish Lemma 6.1 when
A, B, and g are only almost periodic functions. Is this true?

When the non-divergence equation in (1.1) is replaced by the operator, div(A(z/e)Vu®) =
0, the equation still has a comparison principle, even with bounded, measurable A (see
[19, Chp. 8] or [25]). Thus the idea of using the D-to-N mapping is still plausible, but
the main drawback could be the C* regularity (i.e. Proposition A.2 and Corollary 4.6).
Assume that A is only C'7; can the integro-differential method be utilized to cover the case
of the oscillatory oblique Neumann condition?

APPENDIX A. VARIOUS USEFUL FACTS AND EXTRA DETAILS OF AUXILIARY RESULTS

Here we collect some useful facts, expand upon the invariant measure, m, show a result
about rates, and give the details of the perturbed test function method as it pertains to
the interior homogenization of (1.1).

A.1. Useful Facts. The following can be adapted from [11], combined with some details
in [20, Appendix A]

Proposition A.1 (Comparison for the Neumann problem). Assume u (“subsolution”) and
v (“supersolution”) solve the following:

M™*(D?*u) + C'|Vu| > F(D*u,Vu,z) >0 in 3, d,u= f on Sy, and u = ug on

M~ (D*v) — C|Vv| < F(D*v,Vu,z) <0 in %', 9,0 =g on g, and v =1y on ¥;.
If f—g >0 on Xy and ug < vy on 1, then v < v in 2.

The next result is simply a paraphrasing of those that appear in [26, Sec. 2,3,4], and
standard modifications of the arguments in [26] yield the result as stated here. We note
that for our purposes, there is no harm in using a Holder exponent for g that is lower
than the one obtained in the Krylov-Safonov theorem. Thus, in the result below, we may
assume it is the same ~ appearing for the Holder norms for g, v, Vu.

Proposition A.2 (Lieberman-Trudinger [26]). Assume that \Id < A < Ald, A, B, and
g are all bounded and C” continuous, and that v solves

Tr(A(y)D*v) + B(y) - Vo =0 in X!
Ov=yg on .

There exists a universal constant, C1(\, A, d) such that

V] i) < Ch (cg:f:(v) + HgHLw(zo))

and

[U](jlw(m) =G (OESF(U) T ||g||m(20)> :
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The next theorem is essential for our method. It is not clear that it is essential for
the homogenization to occur, but we use it in a critical way (but maybe there is another
approach without it). As it appears in [6], A and B should both be C'7, however, this is
not necessary, and we give some details below.

Proposition A.3 ([6, Chp. 3, Sec. 5, Thm 5.1]). There exists a universal constant, C,
such that if f € C*7(3y), A is the unique homogenized coefficients of (A.7) and Proposition
A.8, w® and w are the unique solutions of respectively

Tr(A(2)D?w®) + 1B(%) - Vu® =0 in X!

w® =0 on >
w = f on g
and
Tr(AD*w) =0 in X*
w=20 on X
w=f on o,
then

HtU‘E — ’U_)HLoo(Z1) < Ce.
Remark A.4. This theorem also holds for the case of divergence equations, due to [2].

A.2. The invariant measure. A crucial tool for homogenization is the existence of an
invariant measure for L, which is mentioned in Remark 2.3. The existence and uniqueness
follows almost identically to that of [6, Chp. 3, Thm. 3.4], and we include here the
main ideas required to modify their proof to suit our assumptions that A and B are C7.
The difference between the two arguments is minor; in [6], they converted the equation
to a divergence form operator, whereas here we simply use the relevant estimates for the
non-divergence setting.

We first note that a reworking of the results 9.11-9.14 in [19] show that in the setting of
periodic functions, when f is periodic and wu is a periodic strong solution of

Lu = f in R

then

ullwz2qo,e+1y < Cllullz2qo,ga+1y + || 20,041
and also for ¢ > 0 large enough,
||u||W2,2([071}d+1) S ||Lu - O'U||L2([071]d+1).
Thus, in particular, any periodic W?22([0, 1]%+1) solution of
—ou+ Lu=f

is unique. For existence, we can take any periodic and Holder continuous approximation
of f, say f°, such that f° — f in L2([0,1]4"!). Thus, there exists a unique, bounded,
continuous, and periodic solution u° to

—ou® + Lu’ = f°,
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and moreover, u® € C%7, so the equation holds classically. Thus, the above W?? estimates

are applicable, and they show that {u’} is Cauchy in W22([0, 1]9*1). Hence the limit of

ud gives existence for the equation.

Up to this point, we have basically outlined the details that show the operator,
L,u= —ou+ Lu,
has the property that L1 is well defined,
Lyt L%([0, 1)) — £2([0, 1)),
with the estimate

15" fllwzz(o, a1y < Cllfllzzqoes),

and hence is compact. The final remaining step in the Fredholm Alternative to obtain
the existence of the invariant measure, m, is to determine the dimension of the space of
solutions to

(I+o(L;Y)2z=0, for € L*([0, 1]**1).
As noted in [6, Chp. 3, Thm. 3.4], this is equivalent to determining the set of solutions to

Lz = 0 with z € WZ2([0, 1]7™).

per

Just as in [6, Chp. 3, Thm. 3.4], one can use a boot strapping argument to raise the

exponent in the LP estimate for z to show that in fact, any such z is in W§é£d+1)([0, 1]4+1).

d+1)

At this point, we see that z extends to a global, periodic, bounded, and I/Vl2oc( solution

of Lz = 0. Applying the Krylov-Safonov Theorem in, e.g. By, i.e.

[zR]C"f(B1) < CH’ZR”LOO(BQ)’

to zgr(z) = z(Rx), we conclude that z must be a constant. Thus, there is a one parameter
family of solutions to the adjoint equation that differ by a multiplicative constant, and m
is selected as the unique one that is positive and has f[o s M= 1. We note that the

positivity of m follows as in [6, Chp. 3, Thm. 3.4].

A.3. The perturbed test function method for the interior homogenization of
(1.1). Just for clarity, we include the main arguments of the perturbed test function
method for u®. What follows is a summary of the methods of [6, Chp. 3, sec 4.2, 5.1],
combined with the perturbed test function method in [13].

We begin with the formal ansatz that assumes

uf(x) = u(z, g) + ev(z, g) + ew(w, g) + o(e?).

Plugging this into (1.1), we see that
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T 1 =z
Tr(A(g)Dzue) EB(E) Vu®
= Aty (2, D) 4 ZAGE) (A (0 D) 4 e (0, D)) 4 A (D (2, )
4 A D0aiy (0, D)+ AG( D) (v (0 D) i (2, D)) + 2 A D (D)
A4 (D0, (2, 2) + 44 (2D) (Wi 0(, D) 0y, (0, D) ) + Aig( D (1, 5)
+ éB(g) eale, D)+ éB(g) Ve, L)
+B(%) va(yc,g)—l—éB(g) V(e ?)
+ 53@ Vuw(z, f) + B@ -V w(z, g) (A1)

In order for their to be any hope of extracting a limit from this equation, we try to
collect the negative powers of € and set them to zero. First, we have

T

1 X T 1 T
- B(-) - w(x,—) =0
%)+ 5B Yy, )

_gAij(g)ayiyj (ZL‘, ) +

€ g2

This implies that we can choose, with an abuse of notation,

X

(e, ) = ().
Hence both ., = 0 and ,,,; = 0.
The 1/¢ terms now become
1 T x 1 _x PR 1 _x x
ZAi(D)vy; (@, 2) + 2B(2) - Vat(z, 2) + ZB(Z) - Vyu(z, 7) =0 (A.2)
We let p(x) = V,u(z). We need to find a v so that
Aij (Y) vy (2, y) + Bly) - Vyu(z,y) = =B(y) - p(). (A.3)
Let x(y) = (X' (¥), -, x™"(y))" solve
Aii(Y)xs,,,, + BW)VyX'(y) = —B'(y), (A.4)

which is possible because of Assumption 2.4,
/ B'(y)m(y)dy = 0.
[071}d+1
We note that ! are independent of @! Suppose that

o(@,y) =Y e (@)X (y) + (). (A.5)

We note that in the previous and upcoming equation, z, is just a parameter which can be
considered fixed, hence the notation p = Vu(z). However, the = dependence is relevant
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when searching for the function, w(x,y). Then we have

’L
vyly] + : :B Uyz

= sz YX, (1) + sz v)XL, ()

Ajj

= —B(y) - p(x)

Thus far we have now identified the function v, depending on . In what follows, we need
to show that there is a particular choice of effective coefficients, @;; which will yield the
existence of w. It is this compatibility condition for w, which involves the first corrector,
v, that gives the effective equation for u. After ignoring all terms with ¢ or €2 (which will
be transparent from the perturbed test function proof below), what is left of

1
Tr(A(g)D%f) + gB(f) VU =0,

now reads as

Amg%mu> 5(2) (a2, 2) + 000, (@, D)) + A Dy (@, D)
+B(€) V.u(w §)+B< ). vyw@,f):o.

Considering z fixed, setting () = D2ﬂ(x), and inserting v, we seek a w that satisfies
Aij<y)wyiyj (Z’, y) + B(y) : VyUJ(l’, y)
T T T
= —A()Qi = Aif () (Ve (@, D) + vy, (2.5)) = Bly) - Vovla,y),
or in terms of ¥,
Aij(y)wy,y, (2, y) + B(y) - Vyw(z,y)
= ~Ag)Qy — Aij (i, (@)X, (1) + g, (23, (1))
— B*(y) (0, X' (y) + 0(2))
This further simplifies as
Aij(y)wyiyj (x y) + B( ) -V w(a: y)
Aij(y)Qij — Aij(y) iy, (z )Xy] (y) — Aij(y)ﬂxzxj (x)Xél (y)
— B (y) gy, ()X (y) — B*(y) s, ().
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Since we only have an equation in the y variable for w, in the best case scenario, we would
seek a periodic w, solving

Aij (y)wyiyj (xa y) + B(y) ’ Vyw(x, y)
= —A;i(y)Qij — AileiXéj (y) — Aij(y)Ql]’X;i (y)
— B*y)Qux'(y) — B"(y) 0z, (z).

This is, of course, too strict. Thus, to relax the problem, we seek a unique choice of A(Q)
to balance the right hand side. That is, we seek a unique choice of A(Q) such that there
exists a w solving

A (Y)wyuy, (2,9) + B(y) - Vyw(z, y)
= —Aij(y)Qij — Az‘leiXéj (y) — Az‘j(?/)Qleéﬁ (v)
— B*(y)Qux'(y) — B"()0s, (2) + NQ).- (A.6)

Since we already know that
/ B*(y)m(y)dy = 0,
[071]d+1

such a w can exist only if

[ x@
[0’1]d+1
_ /[ " (Aij(y)Qij + Aij(y)Qleéj () + Ay (1) Quixy, (v) + Bk(y)szxl(y)> dy = 0
0,1]d+1
We note that this can be re-written in new index variables as

[ o M@y

— /[0 Jan Amn<y>an + Apm(y)anXZp (y) + Apn(y)anXZ; (y)

1

+ 5 (B" (1) QunX" () + B" (1) QuuaX" (4))m(y)dy = 0

We know that A(Q) will be linear in @), so we will use the form

and hence we need

[071]d+1
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We see that a,,, must be uniquely chosen as

Gy = /[0 oo Apn(y) + Apm (Y) Xy, (¥) + Apn(Y) Xy (y)

T %(Bm(y)xn(y) + B"(y)x™ (y))m(y)dy. (A7)

All of this work can be summarized in the following proposition.

Proposition A.5. Assume that ¢ € C?, p(x) = Vo(x), and that Q € S(d+ 1) is fizved.
Define X' and v respectively by using ¢, in (A.4) and (A.5). There exists a unique choice
of M(@Q) € R such that (A.6) admits a (classical) periodic solution, w, as a function of y.
In this instance, A\(Q) is computed explicitly in terms of x via (A.7), with

Remark A.6. The previous statement is just a summary of the steps that culminate on
6, p. 416].

Remark A.7. We note that (A.6) indicates that © can be any reasonable function of x,
and w can still be determined. Thus we are free to set, a posteriori, v(x) = 0, hence
making w a function of only y.

Now we move onto implementing the perturbed test function method for this equation.
It is just a rewriting of the details in [13] in our context. We claim that

Proposition A.8. Assume that u is any local uniform limit of u¢ in . Then @ must be
a solution of

dijﬂij =01 21, (A8)
with a;; defined in (A.7).

Proof. We will prove that u is a (viscosity) subsolution of (A.8). Similarly one establishes
that @ is a (viscosity) supersolution. We will proceed by contradiction and assume that «
is not a viscosity subsolution. That is, we assume that ¢ is smooth and bounded and that
u — ¢ attains a strict local max in B,(zg) at xq, but for some 6 > 0

ijQaic; (1) < —06 < 0.
Let us take
p(z) = Vo(x) and Q = D?*¢(x),
and let x!, v, and w be as in Proposition A.5. We claim that
v (@) = olx) + evle, 2) + 2t ()
is in fact a viscosity supersolution of
Tr(A(g)DQwE) + éB(g) VY = 0 in B,(x0),

for some p > 0 appropriately small, depending on ||¢||c2 (B, (), [|[V]lc11, and [Jw|[cra (in
fact, ¢° is a classical solution, but we only care about a class of solutions that satisfies a
comparison theorem). We note that the contradiction assumption for ¢ can be restated as

MD?*¢(z0)) < —6.
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We also note by the boundedness of A, B, !, and V!, that for all x € B,(z,), we can
effectively localize the equation at zy because

|Aij<§>¢mj<x>+Aij<§>¢mi<x>x;j<f>+Ai<<f>¢m]< Wy (D) + B (D) bura (X' (2)

_ (Aij(§>¢ximj($0) —l—Ai]( )gbfflxz(‘ro)Xy ( )—i—Aw( )wazwj(xO)X;Z( ) + Bk( )¢wzxk(x0)xl<§>> |
)

< -,
4

Furthermore, we can possibly restrict p to be smaller, depending upon the C'*! norms of
v and w so that

i X T X T X
2450, () + 245 (D, (D) + 244 (D) (g, 0() + w0y, (D))

Hence, plugging ¢ into (A.1), using the particular choices of v and w, and inspecting, we
see that in B,(x)

(A D7) + 2 B(E) - vyt

< Aij(Y)wyy; (,9) + Bly) - Vyw(z, y) + Aij(y) Qi + AiQux, (v) + Aiy (1) Quixi, (v)
+ B ) Qux'(y) + B ()i () + 4+
< ANQ) + g <0.

We importantly note that by the construction of v, we had exact equality in the equation
(A.3), thus canceling these 1/¢ terms above, which are the same as in (A.2). Thus we
conclude by the comparison of sub and super solutions that

u (o) — ¢°(z0) < max u® —¢»° < max u® —Y°.
By(wo) 9Bp(zo)

Now we note that ¢ — % and 1* — ¢ uniformly in B,(x). Thus
U(xg) — o(xg) < max u — o,
(w0) — @(wo) < pax ¢

which is a contradiction to the strict max at xy. Thus, we see that in fact u is a subsolution
of (A.8). This concludes the proof of proposition A.8. O

A.4. The rate of convergence for the regular homogenization. Here we mention
how some minor modifications to the arguments in [6, Chp. 3, Sec 5| yield the rate of
convergence under our assumptions on A and B.

First, we note that in the proof of Proposition A.8, the expansion

¥ (2) = ¢(z) + ev(a, g) n EQwE(g)

is only used locally, and we did not utilize = dependence for w or the values of @ (but @
implicitly plays a role through the ¢). However, as pointed out on [6, p.418-419], you can
get much more information out of this expansion by using a better choice for w.
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In all that follows, [6, p.418-419] have more coefficients in L (they call their operator A)
than we do. In the context of their notation, we have for A and B given in this work, and
a, b, ¢, ag in [6],

aij(y) = Aij(y), bi(y) = Bi(y), ci(y) = ao = 0.

Assume that w® and w are as in the statement of Proposition A.3; here w® and w play
the role of respectively u¢ and u in [6, p.418-419]. We note that A is a constant coefficient
and uniformly elliptic matrix, and thus w is locally smooth and globally as smooth as is f
(the Dirichlet data), in particular ||’LUHC47.Y(§) < C|| fllear(s)- The good expansion is

@ () = 0(2) + v(w, 2) + Swala, D),
where v is defined in (A.3) using p(z) = Vw(z), and wy is defined as
ws(,Y) = Wy, ()X (y),
and Y (note these are different than x* with one upper index) are chosen to solve
Tr(A(y) D*x” (y)) + B(y) - VX" (y) =

ai; — {Ai(y) + A ()X, (V) + Aki(y)xg, (v) + %(Bi(y)xj (y) + B (y)x"(v))}-

Now, we note that A and B periodic and in C" implies that x', and as a result also x*,

are all periodic and C?7(%1).
The final step is to compute the equation for

2 = W — UNJS,
which can be followed directly in [6, p. 418, eq. (5.23)], for
L(w® —w°) = eg°.

We use the same definition of ¢° as in [6, p.418] (note here it is significantly simpler due
to the absence of ¢; and ag). The important thing to observe about ¢° is that it involves:
the coefficients, A and B; the function x/; the function and up to one derivative of y¥;
third and fourth derivatives of w. Thus by the regularity that is noted above, ||¢°||L~ < C,
independently of e. Furthermore, (w® —@®)|x,us, < Ce (which can be checked by a simple
calculation). Thus we conclude

||Zal|Loo(Zl) S E‘:C,
and this implies

||UfE — wHLoo(El) S eC.

REFERENCES

[1] Mariko Arisawa. Long time averaged reflection force and homogenization of oscillating Neumann
boundary conditions. Ann. Inst. H. Poincaré Anal. Non Linéaire, 20(2):293-332, 2003.

[2] Marco Avellaneda and Fang-Hua Lin. Compactness methods in the theory of homogenization. Comm.
Pure Appl. Math., 40(6):803-847, 1987.

[3] Guillaume Bal and Wenjia Jing. Corrector theory for elliptic equations in random media with singular
greens function. application to random boundaries. Commun. Math. Sci, 19(2):383-411, 2011.



34

[4]

17]
18]
19]
20]

[21]

[22]

Nestor Guillen, Russell Schwab

G. Barles, F. Da Lio, P.-L. Lions, and P. E. Souganidis. Ergodic problems and periodic homogenization
for fully nonlinear equations in half-space type domains with Neumann boundary conditions. Indiana
Univ. Math. J., 57(5):2355-2375, 2008.

Guy Barles and Elisabeth Mironescu. On homogenization problems for fully nonlinear equations with
oscillating Dirichlet boundary conditions. Asymptot. Anal., 82(3-4):187-200, 2013.

Alain Bensoussan, Jacques-Louis Lions, and George Papanicolaou. Asymptotic analysis for periodic
structures, volume 5 of Studies in Mathematics and its Applications. North-Holland Publishing Co.,
Amsterdam, 1978.

Luis A. Caffarelli and Xavier Cabré. Fully nonlinear elliptic equations, volume 43 of American Math-
ematical Society Colloguium Publications. American Mathematical Society, Providence, RI, 1995.
Sunhi Choi, Inwon Kim, and Ki-Ahm Lee. Homogenization of Neumann boundary data with fully
nonlinear operator. Anal. PDE, 6(4):951-972, 2013.

Sunhi Choi and Inwon C Kim. Homogenization for nonlinear pdes in general domains with oscillatory
neumann boundary data. Journal de Mathématiques Pures et Appliquées, 2014.

Philippe Courrege. Sur la forme intégro-différentielle des opérateurs de cf° dans c satisfaisant au
principe du maximum. Séminaire Brelot-Choquet-Deny. Théorie du Potentiel, 10(1):1-38, 1965.
Michael G. Crandall, Hitoshi Ishii, and Pierre-Louis Lions. User’s guide to viscosity solutions of second
order partial differential equations. Bull. Amer. Math. Soc. (N.S.), 27(1):1-67, 1992.

B. Engquist and P. E. Souganidis. Asymptotic and numerical homogenization. Acta Numer., 17:147—
190, 2008.

Lawrence C. Evans. Periodic homogenisation of certain fully nonlinear partial differential equations.
Proc. Roy. Soc. Edinburgh Sect. A, 120(3-4):245-265, 1992.

William M. Feldman. Homogenization of the oscillating Dirichlet boundary condition in general do-
mains. J. Math. Pures Appl. (9), 101(5):599-622, 2014.

William M Feldman and Inwon C Kim. Continuity and discontinuity of the boundary layer tail. arXiv
preprint arXiv:1502.00966, 2015.

William M. Feldman, Inwon C. Kim, and Panagiotis E. Souganidis. Quantitative homogenization of
elliptic partial differential equations with random oscillatory boundary data. J. Math. Pures Appl.
(9), 103(4):958-1002, 2015.

M. I. Freidlin. The Dirichlet problem for an equation with periodic coefficients depending on a small
parameter. Teor. Verojatnost. i Primenen., 9:133-139, 1964.

David Gérard-Varet and Nader Masmoudi. Homogenization and boundary layers. Acta Math.,
209(1):133-178, 2012.

David Gilbarg and Neil S. Trudinger. Elliptic partial differential equations of second order. Classics
in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition.

Nestor Guillen and Russell W Schwab. Neumann homogenization via integro-differential operators.
Discrete and Continuous Dynamical Systems - Series A, to appear.

Hitoshi Ishii. Almost periodic homogenization of Hamilton-Jacobi equations. In International Con-
ference on Differential Equations, Vol. 1, 2 (Berlin, 1999), pages 600-605. World Sci. Publ., River
Edge, NJ, 2000.

V. V. Jikov, S. M. Kozlov, and O. A. Oleinik. Homogenization of differential operators and integral
functionals. Springer-Verlag, Berlin, 1994. Translated from the Russian by G. A. Yosifian [G. A.
Tosif’yan].

Carlos E. Kenig, Fanghua Lin, and Zhongwei Shen. Homogenization of elliptic systems with Neumann
boundary conditions. J. Amer. Math. Soc., 26(4):901-937, 2013.

Carlos E. Kenig, Fanghua Lin, and Zhongwei Shen. Periodic homogenization of Green and Neumann
functions. Comm. Pure Appl. Math., 67(8):1219-1262, 2014.

David Kinderlehrer and Guido Stampacchia. An introduction to variational inequalities and their
applications, volume 88 of Pure and Applied Mathematics. Academic Press Inc. [Harcourt Brace
Jovanovich Publishers], New York, 1980.

Gary M. Lieberman and Neil S. Trudinger. Nonlinear oblique boundary value problems for nonlinear
elliptic equations. Trans. Amer. Math. Soc., 295(2):509-546, 1986.



Neumann Homogenization via Integro-Differential Operators, Part 2 35

[27] Mikhail Aleksandrovich Shubin. Almost periodic functions and partial differential operators. Russian
Mathematical Surveys, 33(2):1-52, 1978.

[28] Luis Silvestre and Boyan Sirakov. Boundary regularity for viscosity solutions of fully nonlinear elliptic
equations. Comm. Partial Differential Equations, 39(9):1694-1717, 2014.

[29] Hiroshi Tanaka. Homogenization of diffusion processes with boundary conditions. In Stochastic anal-
ysis and applications, volume 7 of Adv. Probab. Related Topics, pages 411-437. Dekker, New York,
1984.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MASSACHUSETTS, AMHERST, AMHERST, MA
90095

E-mail address: nguillen@math.umass.edu

DEPARTMENT OF MATHEMATICS, MICHIGAN STATE UNIVERSITY, 619 RED CEDAR ROAD, EAST
LANsING, MI 48824
E-mail address: rschwab@math.msu.edu



	1. Introduction
	2. Background and Assumptions
	2.1. Background
	2.2. Assumptions
	2.3. Notation

	3. Main Ideas of The Proof
	4. The Construction of Barriers and a bound for 69645069 u86422285 L
	4.1. The barrier
	4.2. Uniform bound for 69645069 u86422285 L

	5. Structural Features of I1/
	6. The Proofs of Proposition 3.1 and Theorem 1.1
	6.1. Almost periodicity of w
	6.2. Limits for w- w(0)
	6.3. Uniqueness of the limiting constant
	6.4. The Proofs of Proposition 3.1 and Theorem 1.1

	7. Modifications to Obtain The Cell Problem of Choi-Kim ChoiKim-2014HomogNeumannJMPA
	8. Two Natural Questions
	Appendix A. Various Useful Facts and Extra Details of Auxiliary Results
	A.1. Useful Facts
	A.2. The invariant measure
	A.3. The perturbed test function method for the interior homogenization of (1.1)
	A.4. The rate of convergence for the regular homogenization

	References

