MIN-MAX FORMULAS FOR NONLOCAL ELLIPTIC OPERATORS
NESTOR GUILLEN AND RUSSELL W. SCHWAB

ABSTRACT. In this work, we give a characterization of Lipschitz operators on spaces of C?(M)
functions (also C**, C™7, C*, C7) that obey the global comparison property— i.e. those that
preserve the global ordering of input functions at any points where their graphs may touch,
often called “elliptic” operators. Here M is a complete Riemannian manifold. In particular,
we show that all such operators can be written as a min-max over linear operators that are a
combination of drift-diffusion and integro-differential parts. In the linear (and nonlocal) case,
these operators had been characterized in the 1960’s, and in the local, but nonlinear case— e.g.
local Hamilton-Jacobi-Bellman operators— this characterization has also been known and used
since approximately since 1960’s or 1970s. Our main theorem contains both of these results
as special cases. It also shows any nonlinear scalar elliptic equation can be represented as an
Isaacs equation for an appropriate differential game. Our approach is to “project” the operator
to one acting on functions on large finite graphs that approximate the manifold, use non-smooth
analysis to derive a min-max formula on this finite dimensional level, and then pass to the limit
in order to lift the formula to the original operator. This is the Director’s cut, and it contains
extra details for our own sanity.

1. INTRODUCTION AND BACKGROUND

Consider a Lipschitz map I : CZ(R?) — C,(R?) with the property that given any functions
u,v € CZ(RY) and a fixed € R? such that u < v everywhere with u(z) = v(z), then

I(u,z) < I(v,z).

Such a map is said to satisfy the global comparison property (GCP). Some of the most basic and
frequently encountered maps with the GCP might be

I(u,z) = |Vu(z)|, I(u,x) = Au(z), and I(u,x) = 11}&2;}({) (tr(A“D2u(x)))

in the local case, or
I(u,) = / (u(z + h) — u(@)) K (2, h)dh, with K (z, h) > 0,
Rd

in the nonlocal case. For these and similar operators (e.g. general integro-differential or drift
diffusion operators), it is straightforward to confirm the GCP because it follows immediately
from their explicit formulas.

In this work, we prove a result in the reverse direction, i.e. we show that any (nonlinear) Lips-
chitz map I with the GCP, plus minor and reasonable technical assumptions, has a representation
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as a min-max of Lévy operators similar to those mentioned above, as presented in Theorem 1.6.
That is, I can be written as

I(u,x) = mainm?x {f(x) + L%(u,z)}, (1.1)

where each L is an operator of Lévy type, meaning that

L%(u, z) = tr(A%(z)D?*u(z)) + B®(x) - Vu(z) + C®(z)u(z)
[l y) -~ ul) - L @) Vule) -y (),
R4\ {0}

where %, A% B® C% ¢ [°(R?) are Borel functions (with norms uniform in ab), A% > 0, and
p® are Borel measures on R\ {0} such that

sup sup/ min{1, |y|?} 2 (dy) < cc.
ab = JrR\{0}
The setting of the main result is more general, and it covers operators I : CZ(M) — Cj,(M) where
M is a complete Riemannian manifold, see Section 1.1 for a full description. Such a min-max
characterization for nonlocal, nonlinear operators has been relatively widely known as an open
problem in the field of nonlocal equations for a few years, and min-max representations play a
fundamental role in many results, which we mention in the Background and Existing Results,
Sections 1.2, 1.3, and 1.4.

Example (Dirichlet to Neumann Maps) An important class of examples is given by
the Dirichlet to Neumann maps for fully nonlinear elliptic equations. Consider, for instance, a
bounded domain  with a C? boundary. Under mild assumptions on F, the Dirichlet problem

F(D?U) =0 inQ
U =u onofd

has a unique viscosity solution U € C%*(€2), whenever u € C?(992) (for some a > 0 independent
of w). This defines a map

I:C%09) — C(090)

obtained by setting I(u,x) := (VU(x),n(z)) (i.e. 9,U), where n is the inner normal to 9 at
x. Using the comparison principle for F', it is straightforward to see that this map I has the
global comparison property, and boundary regularity theory for U shows that the mapping is
indeed Lipschitz. In particular, our main result applies to the Dirichlet to Neumann map, even
for nonlinear equations. In a forthcoming paper, the min-max formula and boundary estimates
for elliptic equations are used to analyze these operators in detail.

Example (Isaacs-Bellman equations) Given linear operators {L®};, each satisfying the
global comparison property, one may consider equations of the form

I(u,z) =0, where I(u,z) := min max L% (u, z).
a

These are known as Isaacs-Bellman equations, and they arise in stochastic control (e.g Bellman,
[5] for first order equations), or zero sum games (e.g. Isaacs [29] or Elliott-Kalton [16]). The
original references dealt mainly with first order equations, but second order examples quickly
followed; see e.g. [24]. Tt is easy to see that such an operator must satisfy the global comparison
property, as it is preserved from L% through the min-max. Our main result can be seen as
the converse assertion: we show that every Lipschitz operator for which the global comparison
property holds corresponds to an Isaacs-Bellman equation for an appropriate family of Markov
processes.
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1.1. Statement of The Main Results.

Definition 1.1. Given a set X and functions u,v : X — R, it is said that u touches v from
below at xo € X if

u(z) <wv(x), Ve X,
u(xo) = v(wo).
If the inequality is reversed, it is said that u touches v from above at xg.

Definition 1.2. Consider a set X and let F C RX be a class of real valued functions defined
over X. Given a (possibly nonlinear) operator

I:FcRY 5 RY,

I is said to satisfy the global comparison property (GCP) if whenever u € F touches v € F
from below at xo we have the inequality

I(u,xo) < I(v,xp).

Remark 1.3. It is clear that the set of maps having the global comparison property is convex
and closed with respect to (u,x)-pointwise limits, i.e. for limits I,, — I in the sense that

lin%In(u,x) =I(u,x) VueF, andVx € X.
n—

Our goal is to prove a representation theorem for nonlinear operators with the GCP. In order
to include examples such as the nonlinear Dirichlet-to-Neumann mapping mentioned above, the
main result necessarily deals the case that X is a Riemannian manifold (in that example, X =

99).

Definition 1.4. Let (M, g) be a d-dimensional C°® Riemannian manifold with injectivity radius
ro > 0, let exp, denote the exponential map based at x € M, and fix some x € M. A linear

functional, L, € (Cf(M))*, is said to be a functional of Lévy type based at x € M if L,(u) has
the following form

Ly (u) = tr(AV?u(x)) + (B, Vu(z)),, + Cu(x)
+/ u(y) = u(@) = Lp, (@) (y)(Vu(z), expy " (4))g, nldy), (1.2)
M\{z}

where A : (TM), — (T'M), is a linear self-adjoint map such that A >0, B € (TM),, C € R
and p is a Borel measure in M \ {x} such that

[ win{1d(ep)?) udy)
M\{z}

Remark 1.5. When M is given by the FEuclidean space R?, the exponential at & mapping simply
becomes y — x +y, and so the last term in (1.2) takes the more commonly seen form of

[ )~ @) = (Vula),y = 2) L,y o) (),
RO\ {z}
where p is a Borel measure in R\ {x} such that
/ min{1, [z — y[*} u(dy).
R4\{0}

We are now ready to state our main results.
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Theorem 1.6. Let (M, g) be as in Definition 1.4, and let § € [0,2]. Let C’bB(M) be one of the
Banach spaces CS’B(M) or COY (M) if B € (0,1); CH(M) if B = 1; C;’B_I(M) if B € (1,2);
CY (M) or C3(M) if B=2. Let I

[:CJ(M) — Cy(M)

be a Lipschitz map having the global comparison property, and that satisfies the additional as-
sumption that there is a modulus, w with w(r) — 0 as r — oo, such that for all r large enough,

Vu,v € Cf, 1) = 1)l i(o) < Cllu =~ vl + Cw)u = vl (1)
Then, I has the following min-maz representation (proved in Section /)

I(u,z) = min  max I(v,2) + Ly(u—v)}, 1.4
() = min x| (1(0,3) + LaCu =) (1.4)

where Kpewy (1) is a collection of Lévy type linear functionals on C’bB(M), as in Definition 1.4 and
(1.2). Moreover, the norm of each L, is bounded by the Lipschitz norm of I. The formula (1.4)
holds for u in different spaces, depending upon the domain of I. The cases are for respectively
the domain of I and the type of u for which (1.4) holds are: domain is C'f, u € Cg; domain is
CH, uwe C%; domain is C;”, u € C;’7+6 for any 0 < e <1—r; domain is C}, u € C;’E for any
0 <e <1; domain is C), u € CT* for any 0 <e <1—~.

Proposition 1.7. In the min-mazx formula of (1.4), not only do the functionals L, have the
Lévy-type form of (1.2), but they also reduce to simpler cases on [ as follows:
(1) if B=2 or CB = CHL (M), then all terms in (1.2) may be present;
(2) if B € [0,2), excluding the case CY1(M), but including the cases of C' and C%', then
A% =0 for allz € M;
(3) if B € [0,1) excluding the case C*', then both A®* =0 and B® =0 for all z € M.

A stronger version of the min-max holds if one imposes a further assumption on I,

I(v+u,x) —I(v,x)

VK cCcC C’bﬂ(M), the family {:1: — } is equicontinuous (1.5)
ex

Hu||of(M)

)

This assumption is satisfied if one assumes that I is a Lipschitz map from C’bﬁ to the Holder space
Cy (for any a > 0), or even a space C}y’, where w is some modulus of continuity.

Theorem 1.8. Suppose that, in addition to the assumptions of Theorem 1.6, the operator I
satisfies (1.5). Then, there is a family L of linear operators from Cf to Cy, such that
I(u,z) = min max{I(v,z) + L(u —v,z)}, (1.6)
veCf LeL

Furthermore, for each x € M, the functional defined by L(-,x) belongs to the same class of
functionals Krepy(I) above.

Remark 1.9. In the case that I is linear, Theorem 1.6 was shown by Courrége, for M = R¢
[15, Theorem 1.5], and by Bony-Courrége-Priouret for an arbitrary d-dimensional manifold [6].
In fact, those works showed the result holds simply when L is a continuous linear operator from
C? to C, endowed with the non-Banach space topology of local uniform convergence on compact
sets.

Remark 1.10. If the operator I in Theorem 1.6 is convex, then the min-max formula simplifies
to a mazx formula, see Lemma 4.34, and if I is linear, then there is no min-mazx.
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Remark 1.11. As suggested by the result of Theorem 1.6, the GCP imposes significant structure
on I. A good example of this, is that in fact I must depend on the C';)B—norm in a very particular
way. For example, one possible estimate that can be shown (not exactly the one we use, but
illustrative enough) is for a fized x,

[, 2) = (v, 2)] < C(RIIl Ly ) (||U —vllos(Br()) T llu— U||Lo<>(M)) :

A similar type of splitting of the estimate on the right hand side between C’bﬁ and L*° turns out to
be fundamental to our method, and we explain it in detail in Section 4.2. We note for the reader
familiar with the integro-differential theory that if I were already known to be of the Lévy form
(1.2), then this decomposition is immediate for 5 = 2 (also for operators that are a min-mazx of
(1.2) with uniform bounds on the ingredients).

1.2. Background. There are several precedents for this result. It was shown by Courrege [15]
that a bounded linear operator C%(R?) — C(R%) has the global comparison property if and only
if it is of Lévy type, in (1.2), which was later extended to linear operators on functions in a
manifold M in work of Bony, Courrége, and Priouret [6]. A related result by Hsu [28] provides a
representation for the Dirichlet to Neumann map for the Laplacian in a smooth domain €2, and
this corresponds to studying the boundary process for a reflected Brownian motion. After a time
rescaling, the boundary process is a pure-jump Lévy process on the boundary, and it’s generator
is of the form

Llu,a) =b(o)- V(o) + [ (uly) =~ u(e) = Lp,)(0)Vrula) - (y - 2)) Kz p) do(y),
oQ\{z}

where V., denotes the tangential gradient, b(x) is a tangent vector field to 92, o is the surface
measure, and k is comparable to |z — y| "% for |z — y| small. An interesting family of nonlocal
operators on Riemannian manifolds are the fractional Paneitz operators, which are also confor-
mally invariant; recently, such operators have been studied in relation to Dirichlet to Neumann
maps by Chang and Gonzalez [11] and Case and Chang [10]; these linear operators satisfy the
GCP, under certain curvature conditions. A related (nonlinear) Dirichlet to Neumann operator
arising in conformal geometry is the boundary operator for the fully nonlinear Yamabe problem
on manifolds with boundary [39].

If I is not necessarily linear but happens to satisfy the stronger local comparison principle,
there are min-max results by many authors, e.g. Evans [19], Souganidis [47], Evans-Souganidis
[21] and Katsoulakis [32]. In this case, the operator takes the form,

I(u,2) = F(a,u(x), Vu(z), D*u(x)),
where F : R x R x R% x Sym(R?) — R can be expressed as
F (i, ,p, M) = min ma{tr(A”(2) M) + B(z) - p+ C(x)u + [ ()}

This was extended to even include the possibility of weak solutions acting as a local semi-group
on BUC(R?), related to image processing, in Alvarez-Guichard-Lions-Morel [1], and to weak
solutions of sets satisfying an order preserving set flow by Barles-Souganidis in [3]. In [1] it was
shown under quite general assumptions that certain nonlinear semigroups must be represented
as the unique viscosity solution to a degenerate parabolic equation. Recent work of Gilboa and
Osher [26] has explored the practical advantages of image processing algorithms that are not
local. Thus, the family of nonlinear local elliptic operators has a simple description, and hence
the representation of Lipschitz operators in the local case is more or less complete. So far, very
little has been said about operators that don’t necessarily have the local comparison principle,
but only the weaker version that is the GCP (i.e. operators containing a nonlocal part).
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1.3. Some examples of the advantage of a min-max. Using an equation that involves a
min-max of linear operators of course goes back to studying differential games, where the equation
gives information about the value and strategies of the game. However, here we briefly list some
results where the flow of information is reversed: beginning with a nonlinear PDE, some results are
more easily (or only) attainable after the solutions (sub or super solutions) are represented as value
functions for certain differential games— via the dynamic programming principle. Some very early
results on existence for solutions to nonlinear first order equations utilized the properties of the
value function in a stochastic differential game and the vanishing viscosity method in Fleming [23]
and Friedman [25]. Also, solving some similar nonlinear equations, the accretive operator method
of Evans [18] utilized a convenient min-max structure. More refined properties of Hamilton-Jacobi
equations, such as “blow-up” limits appear in Evans-Ishii [17] and inequalities for directional
derivatives of solutions in Lions-Souganidis [41]. Applications to the structure of level sets,
geometric motions, “generalized” characteristics, and finite domain/cone of dependence appear
in Evans-Souganidis [21]. Some constructions of finite difference schemes in e.g. Kuo-Trudinger
[37] utilized the fact that second order uniformly elliptic equations are necessarily a min max of
linear operators in order to choose appropriate stencil sizes; and a min-max was used by Krylov
[36] to produce a rate of convergence for some approximation schemes. The Lions-Papanicolaou-
Varadhan preprint for homogenization of Hamilton-Jacobi equations [40] used the fact that any
semigroup with the properties inherited by the homogenized limit must be a translation invariant
Hamilton-Jacobi semigroup of viscosity solutions— a result very close in spirit to the one we show
for nonlocal equations (see [40, Section 1.2] and work of Lions cited therein). Katsoulakis [32]
used a min-max to leverage the value function of a stochastic differential game to show existence
of a viscosity solution and its Lipschitz/Holder regularity properties. More recently, Kohn-Serfaty
exploited a min-max structure to make a link between solutions of fully nonlinear second order
parabolic equations and a class of deterministic two-player games in the papers [33] and [34]
(as opposed to the already known link with stochastic differential games). All of these results
mentioned above are solely in the context of local equations.

1.4. Nonlocal results that assume a min-max. One of the reasons why there is such a strong
link between nonlinear elliptic PDE and min-max formulas associated with differential games is
that it turns out the property of being a unique viscosity solution of such an equation is more or
less equivalent to satisfying a dynamic programming principle/equation. Thus, it is natural that
even though in the nonlocal setting, no min-max formula for general operators was known to
exist, many results assume their operators to have a min-max structure. Some of these examples
are as follows. Some uniqueness theorems for viscosity solutions (weak solutions) to somewhat
general nonlinear and nonlocal equations assume the operator to have a min-max structure in
both Jakobsen-Karlsen [30] and Barles-Imbert [2]. Caffarelli-Silvestre [7, Sections 3 and 4] assume
a min-max structure of their equations in proving some properties of viscosity solutions— but the
main result of the paper, [7] does not make a min-max assumption. Silvestre [46] assumes the
min-max in proving regularity results for critical nonlocal equations, where the nonlocal term
is of order 1, the same as the drift. One of the authors in [43] and [44] assumes the nonlocal
operators to have a min-max so as to be able to set-up a corrector equation in homogenization for
some nonlocal problems. Furthermore, in [43] and [44] a homogenized limit equation is proved
to exist, but it is only known as an abstract nonlinear nonlocal operator of a certain ellipticity
class, and its precise structure is left as an unresolved question. Also, in connection to the known
results for local Hamilton-Jacobi equations, Koike—SWi@Ch [35] showed that the value function for
some stochastic differential games driven by Lévy noise is indeed the unique viscosity solution of
the related nonlocal Isaacs equation. Thus, Theorem 1.6 in our current work can be seen as a
sort of a posteriori justification for the existing min-max assumptions in the nonlocal literature.
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1.5. Notation. Here we collect a table of notation that is used throughout the work.

Notation Definition

M Complete Riemannian manifold

d dimension of M

d(z,y) Geodesic distance on M

TM, (T'M), The tangent bundle to M and the tangent space at z € M

€XPy The exponential map of the manifold M

70 a lower bound for the injectivity radius of M

Q,Q,... cubes in some tangent space (T'M ),

Q* cube concentric with @) whose common length is increased by a factor of 9/8
V2u(z) the Hessian of u over M

Va, Vap components of covariant derivatives on M w.r.t. a chart (e.g [27])

Viu(x) a discrete gradient over the finite set G,

V2u(x) a discrete Hessian over the finite set G,

Cy(M) functions which are continuous and bounded in M, with the sup-norm
CZ(M) functions for which V2u is continuous and bounded in M, with the sup-norm
CP(M) Any of: C2(M), CHY (M), CpP N (M) if 1 < 8 < 2, COY(M), or CPP (M) if B < 1
o4 (M) functions in C’f (M) that have compact support

x5 (M) finite dimensional subspace of C’bﬁ (M) given by a Whitney extension

L(X,Y) space of linear operators

hull(E) convex hull of the set F

l(p,z;y) a “linear” function with gradient p, centered at x (Def 3.13)

q(D,z;y) a “quadratic” function with Hessian D, centered at x (Def 3.13)

pﬁ}k a “polynomial” approximation to u using [ and ¢ (eq (3.14))

p a smooth approximation to min(t, 1), can be fixed for the entire work (Def 4.14)
n’, il smooth approximations to 1p, (;) and Ly, (Def 4.22).

1.6. Outline of the rest of the paper. In Section 2 we prove a “finite dimensional” version
of Theorem 1.6 for operators acting on functions defined on a finite graph. In Section 3 and
Section 4 we use finite dimensional approximations to extend the min-max formula to the case of
a Riemannian manifold, proving Theorem 1.6. Finally, in Section 5 we mention several reasonable
questions that could be addressed and which are directly related to our main result.

2. THE MIN-MAX FORMULA IN THE FINITE DIMENSIONAL CASE

A cornerstone of our proof relies on the fact that in the finite dimensional setting, min-max
representations for Lipschitz functions are known. Later we will produce a finite dimensional
approximation to the original operator, I, and we will then invoke the tools from the finite
dimensional setting. Here we collect the necessary theorems we need, and present them in a
context that is consistent with our subsequent application.

Consider a finite set G, let C(G) = R® denote the space of real valued functions defined on
G. In this finite dimensional setting the characterization of linear maps satisfying the global
comparison property is elementary. Thus, the importance of this section is not to establish a new
result for Lipschitz maps, but rather to present all of the results in a way that will match our
needs for extending the min-max to the infinite dimensional case.
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Lemma 2.1. Any bounded linear map L : C(G) — C(G) can be expressed as follows
Lu(z) = c(x)u(x) + Z (u(y) —u(x))K(x,y) Vzed,
yel, y#x
where K(xz,y) : G X G - R, ¢ : G — R. If it happens that L also satisfies the GCP, then
K(z,y) >0 for all x,y € G.

Proof. Consider the “canonical basis” of C(G), {ez}zeq, where for each z € G,

1 ifz=y,
ex(y):{ .

0  otherwise.
This means that we can write u as
u(z) = Z u(y)ey(x).
yeG
Then, for a generic u € C(G), we can use the linearity of L to write

(Lu)(z) = Y u(y)(Ley) (),

yeG
)(Leg) () + > uly)(Ley)(x
y#z
This can be rewritten as follows,

(Lu)(z) = u(z)(Lea) (@) + u(z) [ > (Ley) (@) | —ulx) | Y (Ley)(@) | + > uly)(Ley)(x
y#T y#x y#T

= u(x) | (Lex)(@) + > _(Ley)(@) | + > (ul ) (Ley) ().
yF#T yF#T
Let us define then

K(z,y) = (Ley)(x), Y,y €,

c(x) = (Lez) () + Y _(Ley)(x), Yz €G.
yFx
Now, suppose we are in the special case that L has the GCP. Observe that e,(y) > 0 with
ez(y) = 0 whenever x # y, with this in mind, and recalling that L satisfies the global comparison
property, it is clear that

K(z,y) = (Leg)(y) >0, Vy#u,

and the lemma is proved. ]

If I is nonlinear but Lipschitz, the above characterization can be extended as a min-max
formula. We will use some machinery from nonsmooth analysis (see Clarke’s book [14]). In
particular, we will be making extensive use of the generalized Jacobian and some of its properties.
Note we give it a slightly different name than the one used in [14].

Definition 2.2 ([14] Def 2.6.1). For I : C(G) — C(G), the Clarke differential of I at u is
defined as the set

DI(u) = hull{ lim DI(ug) : where uy — u and DI(uy) exists for each k:} .

k—o00
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Here “im” is simply interpreted as the limit of a sequence of matrices (since this takes place in
a finite dimensional vector space), and DI(uy) is the (Fréchet) derivative of I at u,. Given a
set E in a normed vector space, “hull(E)” denotes the smallest closed convex containing it.

It will also be convenient to have notation for the collection of all differentials:

Definition 2.3 (Full differential of I). For I : C(G) — C(G), the full differential of I is the
set

DI=hull| ] DI(u)
ueC(Q)

The main result of this section is the observation (which is more or less well known) that
Lipschitz maps have a min-max structure. We record it here in a format that is useful to our
subsequent approximations to I.

Lemma 2.4. Let I : C(G) — C(G) be a Lipschitz map. Then, for any u € C(G) and x € G,

) = min moe {1(0,2) + L(u—v,2)} (2.1)

where DI is as in Definition 2.3. This can equivalently be written as

I(u, ) = minmax FU@) +ul@)e® @)+ Y (uly) —u@) K, y) ¢ - (2.2)
yeG, y#

If I happens to have the GCP, then it also holds that K®(x,y) > 0.
We first list some key properties of I before we prove Lemma 2.4.

Proposition 2.5. The GCP is inherited under differentiation. Namely, if I : C(G) — C(G) is
a Lipschitz mapping that has the GCP, then the same is true of any L : C(G) — C(G) in DI.

Proof. Assume first that I is differentiable at v and let L, denote the derivative of I at u. Then,
d
%‘t:o (I(’LL + t¢a ‘T) - I(u,x)) = Lu(¢a ‘T)a v ¢) € C(G)ax €q.
If p(x) <0 for all z and ¢(xg) = 0 for some zg, it follows that (for every ¢t > 0) u + t¢ touches u
from below at xg, therefore (since I has the GCP)
I(U—|—t¢,$‘0) < I(U,l’o), Vit>0

It follows L, has the GCP. By definition, any L € DI is a convex combination of limits of such
L,. Then, by Remark 1.3 we conclude that any L € DI also has the GCP, and the proposition

is proved.
O

The following result is a very useful fact of the Clarke differential, and it shows that the
differential set enjoys the mean value property.

Proposition 2.6. Let I : C(G) — C(G) be a Lipschitz function. Then, for any u,v € C(G)
there exists some L € DF' such that

I(u) — I(v) = L(u — v).
Proof. See [14, Chapter 2, Proposition 2.6.5] for the proof.
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With these previous results in hand, we can now prove the main Lemma of this section.

Proof of Lemma 2.4. For any v € C(G), define an operator K, : C(G) — C(G) as follows
Ky(u,x) = max {I(v,z) + L(u—v,x)}.

First, let us show that

I(u,z) = min K,(u,z). 2.3
(w,z) = min Ko(u,z) (2.3)
Since Ky (u,x) = I(u,z) for every w and z it holds that I(u,z) > 1%1(11@ Ky(u,x).
ve

Next, by Proposition 2.6 it follows that for any u,v € C(G) and any x € G there exists some
L € DI such that

I(u,z) = I(v,z) + L(u — v, x).
In particular,
= — >
Ky(u,x) Lnéf%%{l(v, z)+ Lu—v,z)} > I(u,z),

which proves (2.3) and hence (2.1). We note that (2.2) follows by applying Lemma 2.1 to each
of the operators L € DI.
]

3. A WHITNEY EXTENSION FOR Cbﬁ(M)

In this section, we develop some tools necessary to build finite dimensional approximations
to I. This will involve taking a sequence of finite sets G,, C M “converging” to M, all while
constructing an embedding map C(G,,) — C?(M) to approximate C?(M) by a finite dimensional
subspace. Because we are concerned with approximations that will not corrupt too badly the
Lipschitz norm of I, we had a natural choice to use the Whitney extension. If we were working in
M =R, then all of the results we would need are standard, and can be found e.g. in Stein’s book
[48, Chapter 6]. Unfortunately, we could find no references for these theorems for the Whitney
extension on M # R?, and so for completeness, we provide the details here. We emphasize that
nearly all of the theorems and proofs in the section are adaptations that mirror those of Stein’s
book [48], but are modified for the additional technical difficulties arising due to the Riemannian
nature of M. A key fact is how the extension operator preserves regularity (Theorem 3.23).
Along the way, we will also prove a few important lemmas: one regarding the behavior of the
extension operators as n — oo (Lemma 3.25 ), and a “corrector lemma” that says the extensions
are in general order preserving up to a small error (Lemma 3.29 ).

For all of this section, (M, g) is a d-dimensional complete Riemannian manifold with injectivity
radius bounded below by a constant ry > 0. We remind the reader that the choice to work on
(M, g) rather than R? is not just for mathematical generality— rather, since we intend to apply
the min-max theory to the Dirichlet-to-Neumann operators of fully nonlinear equations, we must
understand those operators acting on functions on M = 0.

3.1. Finite approximations to M, coverings, and partitions of unity. The following basic
lemma will be needed. It simply states that on a (uniform) small neighborhood of 0 € (T'M),,
the map exp,, is nearly an isometry.

Lemma 3.1. Let M be a complete d-dimensional manifold with injectivity radius rg > 0 and
bounded curvature. Then for any e € (0,1) there exists a 6 > 0 such that for any w € M we have

(1+e)~ expy' (2) —expy' ()], < d(@,y) < (1+¢)|expy, () — expy,' (y)lg,
for every x,y € Bys g(w).
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Remark 3.2. We note that the operation exp,'(z) — exp,'(y) reduces simply to x —y when M
happens to be Fuclidean space. The same can be said of exp;l(x) —which will also appear later
in a expression that involves x — y in the case M is flat.

Proof of Lemma 3.1. This is just, for example, the result in Lee’s book [38, Prop 5.11] restated
in our setting. We leave the proof to [38]. O

oy

Ficure 1. The Exponential Map

The above lemma says that we can control the amount by which the exponential map fails to
be an isometry from (T'M),, to M by restricting to a small enough neighborhood of the origin in
(TM),. We fill fix a “distortion” factor e, and cover M with sufficiently small balls where the
above holds. We record this observation as a remark.

Remark 3.3. Choose 6 € (0,1) sufficiently small so that conclusion of Lemma 3.1 holds with
e =1/100. We fix an auziliary sequence of points {w;}; having the property

M= U Bs(w;). (3.1)

Moreover, we select these points making sure the covering has the following property: there is a
number No > 0 such that any x € M lies in at most Ny of the balls {B s /7(w;)}i.

From here on, we shall fix an infinite sequence of finite subsets M which, informally speaking,
approximate the entire manifold (let us emphasize these points are different from the centers of
the cover in Remark 3.3).

It will be useful to construct a sequence of discrete, but not necessarily finite, approximations
to M (which will contain the finite ones). This sequence shall be denoted {G,}n, and it is
assumed to have the following properties:

(1) The sequence is monotone increasing, Gn C Gny1, YneN.
(2) For every n, we have

By = sup d(z, Gy), suphy, < 6/500, limh, = 0. (3.2)
zeM n n
(3) There exist a constant A\ > 0 independent of n, such that
inf  d(z,y) > Ay (3.3)
z,yeGnp
TFY

Remark 3.4. The existence of such a sequence of sets is not too difficulty to verify. For the sake
of brevity, we only sketch its construction: take an orthogonal grid at each of the points w;, and
push them down via the respective exponential map, throw away points as needed.
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Remark 3.5. The fact that Ry is much smaller than & is used at several points in the proof. In
particular, the explicit factor of 500 in (3.2) is chosen to guarantee there are sufficiently many
points of Gy, in any ball of radius 8, a fact that is not used until the Appendiz (Proposition A.2),
where we prove several important facts about the discretization of the gradient and the Hessian.

Then, the sequence of finite sets {G),}, is constructed as follows: we fix an auxiliary point
ze € M and let
M,, := Baon(x,), (3.4)
and define
Gn = Gn N M. (3.5)
It is not surprising that the sequence {G,, }, has similar properties as {én} As these properties
will be used successively throughout the paper, we record them all in a single proposition.
Proposition 3.6. The following properties are satisfied by {Gp}n

(1) If M is compact, then G, = G for all large enough n.
(2) For every n we have G, C Gpy1.
(3) Each G, is finite.
(4)

4) We have, with M,, as defined in (3.4), that h, = hy,, in particular
hy = sup d(x,G)), satisfies sup h, < /500, limh, = 0. (3.6)
x€Mp n n
(5) Let hy, be as in (3.6) and A as in (3.3), then for all sufficiently large n we have
inf d > Mhy,. .
o inf d(z,y) 2 (3.7)
TFY

Proof. Properties (1) and (2) are obvious. Next, from (3.3) it follows in particular that G,, has
no accumulation points, and thus Property (3) follows from the fact that M,, is bounded.
By the assumptions on G,,, for any x € M, there is some & € G,, such that

d(z,2) < hy.
Since d(z,r.) < 27, it follows that d(Z,2*) < 2" + h,, < 2""! since h, < 1 for all n by (3.2).
This means that & € Bon+1(x4) = My41, and that & € Gy,. This shows that

hy, = sup d(z,Gyn) = sup d(z,Gy) = hy,.
zeM rEM,

and Property (4) is proved. On the other hand, we have the trivial inequality
inf d(x,y) > inf d(x,y),

z,y€Gn z,yeGn
T#Y THEY

then (3.3) says this last term is at least Ahy,, which is equal to Ak, which proves Property (5). O
Remark 3.7. If M = R?, for each n € N, we consider the Cartesian grid

Gn = (2727Mz.
It is straightforward to see that {Gy}n has all the desired properties.

Remark 3.8. Although the finite sets Gy, will be the ones actually used in the proof of the main
theorem, that will not happen until Section 4, for the rest of this section, we will be mostly
concerned with G,,.
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We now start the construction. For each n we shall construct open covers {P, ;}ren and
{P;:,k}keN of M\ G,,, comprised of subsets of M \ G, (that is, the sets P, and Py, will be
disjoint from én) The sets in these covers will obtained by applying the exponential map to
families of cubes lying in the tangent spaces {T'M,,, };. The cubes themselves are chosen following
the classical Whitney cube decomposition, see [48, Chp 6, Thm 1].

Lemma 3.9. For every n there exists two families of open sets { Py i}k, { Pnk*}r such that
(1) For every k, there is some w;, —{w;} being the points fixed in Remark 3.3— such that

ank = eXp’wik (Qn7k)7 P;,k = expwik (Q:L,k)?
where Q1 s a cube in (TM)wik, and Q) ;. its concentric cube with length increased by a

9
Jactor of 5.
(2) For every k, we have

1d(Pyk, Gy) < diam(Py k) < 5d(Pok, Gi),
§d(Py s G) < diam(Py ) < Td(Pyy, G).
(3) There is a universal N > 0, which in particular, is independent of n, such that if
Kp={k|z€ P}, v€M\Ghy, (3.8)
then
#k|ze P} <N VaeM\Gy. (3.9)
(4) The sets { Py x}x cover the complement of G,

Pk =M\ G
k

FIGURE 2. Example cubes, @y, i, in (T'M), projected to M, as P,

Proof. Let § be the constant from Remark 3.3. In what follows, we will lift a portion of G, to
the vector space T'M,,,, for some nearby w;. Then, we apply the Whitney cube decomposition
to the resulting set [48, Chp 6], producing cubes in T'M,,, that will have the desired properties.
These cubes are then mapped to M via exp,,.
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For each w;, we select
lei1,...,eiq], an orthonormal basis of (T'M),,,

the purpose of these bases is to allow us to set a rectangular grid in each of the tangent spaces.
Which particular basis we choose each w; will be immaterial. For each n € N and w;, define

Fn,z’ = eXp;il(Gn N ng\/&(wi))a Qn,i = B6(0) \Fn,i-
For each i we construct a family of cubes in (T'M),,,, denoted by Q,, ;. The family is obtained
by applying Whitney’s cube decomposition in (7'M ),,,. Ultimately, this cube decomposition will
be pushed down to M \ G, via the exponential map at w; (see Figure 3).
Let us go over the cube decomposition. As we are working on a manifold, it will be convenient
to consider cubes inside a small enough cube centered at the origin of (T'M),,,. Keeping this in

mind —and recalling that § was chosen in Remark 3.3— we let mg € N be the universal constant
determined by

20 <270 < 40,

In other words, mg is the largest number such that Bs(0) C (T'M),, is contained inside the cube
centered at 0 with common side length equal to 270, that is

Qymo1(0) ={qg € (TM)uy, : |(q,ei1)g.| <27™ 1 1=1,...,d}.

Then, considering only those cubes obtained by repeatedly bisecting the sides of Qy—mo-1(0), we
define Q,, ; to be the subfamily formed by those cubes ) for which we also have

QnN{qge (TM)y, | 2diam(Q) < d(q, F.;) < 4diam(Q)} = 0.

Then, let us say that a cube @ in Qn7i is maximal if there is no other cube @’ in the family such
that Q' C Q. The family Q,,; is then defined to be the subfamily of maximal cubes of Qm

FIGURE 3. Decomposing Cubes In (T'M),

The family Q,, ; has the following properties
(1) Any two distinct elements of Q,, ; have disjoint interiors.
(2) Every q € Q,; lies in the interior of a cube belonging to Q, ;.
(3) If Q € Q,, then the common side length of @ is no larger than 27 < 44. In particular,
@ lies inside B,y /g, and Q" lies inside By; /(0).
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(4) There is a number N, independent of n and ¢, such that any ¢ € Q,; lies in at most Ny

of the sets {Q*}geco, -
(5) The cubes in the family have a diameter comparable to their distance to F}, ;. Concretely,

diam(Q) < d(Q, F,;) < Adiam(Q), ¥ Q € Qu. (3.10)

We omit the verification of these properties, as it is standard. We refer the interested reader to
[48, Chap. 6, Sec. 1] for details.

Let us immediately note that bounds akin to (3.10) extend to the respective “stretched”
cubes Q*. Indeed, fix some @ € Q, ;. From @ C Q* we have d(Q*, F,;) < d(Q, F;), while
from d(Q, (Q*)¢) = (1/8)diam(Q) we have d(Q*, F,;) > d(Q, F}, ;) — (1/8)diam(Q). From these
observations and (3.10) it follows that

fdiam(Q*) = Zdiam(Q) < d(Q*, F;) < 4diam(Q*), V Q € Qn. (3.11)

Having the families Q,,; (for each ¢ for which Fj,; # 0), let us combine them into a single one,
which will also be countable. Let {@Qy 1} denote an enumeration of the elements of this larger
family. Each @,k is a cube belonging to some tangent space (T'M )wik for some wy, .

Let gy denote the the center of @, 1, and [, 1, its common side length. Then, we define

Pn,k = eXpwi (Qn,k)v P:,k = expwi (Q;,k)u Yn,k = eXpwik (Qn,k)v

This produces a family of sets for which Property (1) holds. Let us verify these families satisfy
the other three Properties. Let us prove Property (2). Fix P, ;, = exPy, (Qn.k). Then,

(P g, Gn) < d(Pr e, Gn N Bys (w;,))

< L d(Qu g, Fnyi)

< 4%diam(@n’k) < 4(%)2diam(Pn’k) < bdiam(Py, k).
The exact same argument yields

d( ;;k,,én) < bdiam(P; ;)
This yields one side of the bounds in Property (2). Next, note that Qnx C Bys, /7(0), which
means that diam(Q,,x) < 46v/d and
A(Pr iy G \ Bys sq(wi,)) > 109d(Qn i, OBys. /7(0))

1%05vd

iHordiam(Qne) > (1g1) diam(Pok) > diam(F ).

AV

At the same time,

d(Pn,kn Gn N ngﬁ(wik)) > %d(Qn,ka Fn,ik)

v

%dlam(Qn,k>
(161)diam( Py )

%diam(Pnyk).

ALY,

Therefore,
d(Py e, Gn) > tdiam(P, ).
With the same argument, one can check that
d(Py 1, Gn) > 55(308) diam(P; ) > Fdiam(Py ),
and Property (2) is proved. Next, recall the sequence {w;} is such that given z € M, then
#{i| z € B35\/g(wi)} < Np.
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It follows that each x lies in at most Ny of the sets {Q, ;};, and Property (3) follows immediately
by taking N := NoNj. Finally, from (3.11), we have

Pok CPr CM\ Gy Y,k

Furthermore, since the balls {Bs(w;)}; cover M, and each Bs(w;) is covered by {P, 1}, we have
U P o ({Bs(wi) \ G} = M\ G,
k i

Thus we obtain Property (4), and the lemma is proved. O

From this point onward, the sets Gn, Gy, and the associated family of open sets {P, 1}, and
{P .} will be fixed. For every k, by the “center” of P, ) we will mean the point y,, =

eXPyy,, (¢n k). Furthermore, 9, , will denote a point in G,, which realizes the distance from Yn,k

to G,,. Let us record these definitions for further reference:
Ynk 7= €XDy, (gnk), and g € G,, such that d(Yn k> Un k) = A(Yn ks én) (3.12)

The following elementary fact will be used repeatedly in this section, we record it as a remark.

Remark 3.10. Let x € P;’k. Then we have the inequalities

Ldiam(P; ) < d(z, Gy) < 6diam (P ).

Let us prove this. By the triangle inequality d(z,Gr) < d(P; Gn) +diam(P} ;). Then, (2) from
Lemma 3.9 says that

d(z, Gy) < 5diam (P} ) + diam(P ;) < 6diam(P; ).
On the other hand, since d(P;’k, Gr) is just the infimum of d(-,Gy) over Py
d(z,Gr) > d(Pyy, Gn) > fdiam(Py ),
the second inequality being again thanks to (2) from Lemma 3.9.

Continuing in parallel with the classical approach to the extension problem [48, Chapter 6],
we construct a partition of unity for M \ G, associated to the family {P, j}n k. Since we work
on a Riemannian manifold, we will need to compute covariant derivatives for scalar functions, up
to third order (since the highest regularity we will be concerned with is C*%, this will suffice for
all our purposes). For a review of the definition of Vi¢ and its basic properties, see the end of
Section 1.1 in [27, Chapter 1].

Lemma 3.11 (Partition of unity). For every n, there is a family of smooth functions {¢n,  }x
such that

(1) Y bur(x) =1 for allz € M\ G,,.
k
(2) 0< ppp <1in M\ G, and Pnk =0 outside Py ;. i
(3) There is a constant C' such that for every x € M \ Gy, every n,k and i = 1,2,3 we have

C

Vi (2)lg, < (diam(P? )"
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Proof. As is standard for a construction of a partition of unity, we will begin with auxiliary
functions, d;nk that are basically smooth bumps localized at the centers of the sets P, ;, and
then we normalize their sum to obtain the desired family, {¢;, 1 }.

Let us fix an auxiliary function ¢y : R* — R with the following properties

Yo € C¥(RY), tho=11in [-1,1]¢, o = 0 outside -3, %]d.
Using the basis [e; 1, ..., ¢;q] for each i, we can “push” the above function to smooth functions
Yi: (TM)y, — R.
Then, for each k we let ank be defined by
Bo(z) = { Ui ((ni/2)"Hexpyl (2) = qup))  inside Py,
0 outside P;; e

Here l,, ; = (V/d)~'diam(Q,, &) is the common length of the sides of Q,, . Since Py ). lies uniformly
in a normal neighborhood, and ¥y € C'*°, it follows for each k that ¢~>nd is a smooth function.
Moreover, using the definition of ¢, ;, above it is straightforward to check that

QT)n,k(x> =1lin Pn,ka én,k(-w) = 0 outside P:;,k

Furthermore, from the chain rule it follows easily there is a universal C' such that for i = 1,2, 3,

. C
Vion r < - < o -
jél]\%‘ Gnk ()] (o) (dlam(P;’k))Z

Next, we consider the function

On(x) = Pnp(x).

k
Note that at most N of the sets P, contain x (Lemma 3.9), and therefore, only at most N of the

functions q;nk are non-zero. Thus the sum defining ¢,, is locally the sum of at most N non-zero
smooth functions. In particular, we may differentiate to obtain

Vign(x) => Vini(z), i=1,2,3.
k
Let us estimate the derivatives of ¢, (x), for each ¢ = 1,2,3 we have

A ~ C
Vi (@)lge <D IVInp(@)lg < Y (am(P* )
k k€K, n.k

Then, by Remark 3.10
k€K, = x€P;, =dxG,) < 6diam(P; ).
Using again that #K, < N, we conclude for ¢ = 1,2, 3, that

i C C
Vidn(@)ly SN— < —
(d(z,Gr))" — (d(z,Gn))
On the other hand, for every x there is at least one k such that x € P, , thus
1< ¢n(x) <N VzeM\G,.
We may now define the actual family of functions {¢y,  }n k. For each k, let
_ a)n,k(x)

¢n,k (x) :
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It is simple to check that this family of functions has Property (1). Indeed, using that the sum
is locally finite, we have

. ggn,k(w) o 1 bt ) = ﬁbn(x) _

On the other hand, Property (2) follows as each ggmk is non-negative and supported in P, from

the definition of q;nk As for Property (3), we compute

Vo i(x) = vz::(];(f ) _ 27;?52) V()

9 B V20 k() _ bni(T)
VD =T T but)

Combining the estimates for the derivatives of &nk and ¢,, yields, for each z € M \ G,

V2 (z).

. c
. C
IV20n1(2) g0 < (V20 k(@)]g, + V200 (2)]g, < (dam(Pr )2

Where we have used Remark 3.10 (once again) to obtain the second bound in each case. The

respective bound for V3gbn7k($) follows similarly, and we omit the details.
O

Remark 3.12. As stated in Lemma 3.11, we have Y, ¢pp = 1 on M\ Gn. After repeatedly
differentiating this identity we obtain another identity that will be of use later on,

> Vigni(@)=0in M\ Gy, i=1,2,3. (3.13)
k

3.2. Local interpolators. We have constructed a “cube” covering of M \Gn (since P, j, are only
cubes when seen in the right exponential chart), and a corresponding partition of unity. Next,
we need to fix a choice for “local” interpolating functions. Specifically, we need to define what
will take the place of the local linear and quadratic functions in the usual Whitney extensions.

Recall that ¢ € (0, 1) was chosen in Remark 3.3 so the exponential map was roughly an isometry
in balls of radius 46v/d. In particular this means that for y € M, the inverse exponential map
exp,, lis a well defined, uniformly smooth map from Bs \/E(y) to a neighborhood of zero in
(T'M),. This smooth map defines local charts on M having useful properties (they are normal
systems of coordinates), and using such charts we shall introduce (locally defined) functions that
will play the role of “linear” and “quadratic” functions near a given point y € M.

Definition 3.13. Given y € M and a vector p € (T'M),, define l(p,y;-) : B,s q(y) = R by
U(p,y; ) = (exp, ' (x),p)g,» V& € By /a(y)-
Given a self-adjoint linear transformation D € L((TM)y), define ¢(D,y;-) : Bys q(y) — R by
q(D,y;x) = %(D expgl(x),expgl(m))gy, Ve B45\/3(y).

Remark 3.14. An equivalent formulation of the above is the following. In B45\/E(y) one obtains
coordinate functions £, ... &% by choosing an orthonormal basis {e;} at (T M), and setting

£'(z) = (ei, (exp,) "' (x))g,-
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Then, the functions | and q seen in these coordinates are simply linear and quadratic polynomials,
W(p,y;2) =pi€’, a(D,y;z) = D¢

Where p; and D;j are the components of p and D in the basis {e;}.

Moreover, these coordinates are normal, meaning that the Christoffel symbols vanish at the
origin of the system of coordinates €' = ... = &% = 0, that is, at the point corresponding to y
itself. In particular, it follows that

Vi(p,y;y) =p, VUp,y;y) =0,
Va(D,y;y) =0, Vq(D,y;y) = D.
Which confirms the idea that | and q play the role of linear and quadratic functions near a point.

The next remark explains an important technical fact. Namely, for each k the set P, lies
in a sufficiently small neighborhood of g, so that, given p or D, the functions I(p, Jn x; ) and
q(D, Jn,k; -) are well defined and smooth in P ;.

Remark 3.15. Let Q) ., qnk, be as in the proof of Lemma 3.9, and let yy, i, Jn i be as introduced
in (3.12). As noted in the proof of Lemma 3.9, the common side length of each of the cubes Qy
is at most 40. Since qn 1, 15 the center of Qy 1, it follows that Qq*%k lies inside the ball of radius

(%)25\/3 centered at gy, . In this case, Remark 3.3 says that

P B .

n,k; C (%)(%)5\/3(?/71,]{3)
At the same time, d(Un i, Yn,k) = A(Yn,k; Gn) < hy, and hy, < 6/500 by (3.2). Then, the triangle
inequality yields d(x, nk) < d(x, Ynk) + A Gn g, Yn k) < diam(P;k) + h, < (%)(%)5\/&—1— %(5,
forx € Pf;k. This shows that,

P:;,k - Bg&/ﬁ(@n,k)'

In light of the discussion at the beginning of this section, we know that expg_nlk s well defined and

smooth in the larger ball B45\/g(z)n,k). Therefore, we conclude that givenp7 or D the functions
Lp, Unk;-) and q(D, Yn i) are well defined functions in P;;k which are also smooth.

We refer the reader to the Appendix (Definition A.3, A.8) for the definition of the discrete
gradient and discrete Hessian,
Viu(x) € (TM),, Viu(z) € L(TM),)

defined for every z € G,,. With these, we introduce the local interpolation operators pﬁ (7).

These are real valued functions defined as follows, recall gy, from (3.12), then
pfik 1Py — R,
is defined as follows
W(Yn k) if e (0,1)

Py (@) = § 0l k) + LT R0 p), G g @) ifpell,2)  (314)
U(Qn,k) + l(vyllu(?)n,k)a @n,k; ."L‘) + Q(V%U(gn,k), Qn,k’; l‘) it 3 =2.

Thus, p’(Bu k) yields respectively a constant/first order/second order approximation to v in P ,.
Using the chain rule, and the smoothness of expyfnlk in P¥, (as explained in Remark 3.15), we

have the following proposition.
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Proposition 3.16. The following estimate holds with a constant independent of n:
Clu(@n,k)| if 8€(0,1)
1/~ N .
C (192 )y, , + Vhulini)lgy, , + uline))) i 5=2.

3.3. The Whitney extension. With the partition of unity {¢, }; and the local interpolation
operators at hand, we are ready to introduce the Whitney extension operators Eﬁ

Definition 3.17. For each n, we define
(1) The restriction operator T}, : CbB(M) — C(Gy), defined in the usual manner

To(u,z) :=u(x) Ve,
(2) The extension operator of order B, Efi : C(Gy) — C’bB(M) defined by
. u(x) if v € Gy
BB (u,x) = % Py (@) bni(x) ifx g G

(3) The “projection” map 75 C’I’?(M) — Cbﬁ(M) defined by
7?5 = Eg o Tn

Remark 3.18. The fact that ES and 75 map to Cbﬁ is not at all trivial, and it will be proved
below in Theorem 3.23.

Remark 3.19. On the other hand, it is not difficult to see that if u € C(én) vanishes in Gn\Gn
then Eﬁ(u) vanishes outside Myyo and in particular has compact support. Indeed, by recalling
(3.4), (3.5), and the definition of P, j, one can show in this case that for x & M, o and k € K,
one has that w(Gnk), Viu(Gnk), and V2u(gn k) all vanish, and thus Ef(u,z) =0 for x & M,.
Accordingly, if u € Cf(M) is a function with compact support, then for n large enough T}, o u

vanishes in G, \ Gn, and it follows ﬁg(u) is compactly supported inside M, .

Our immediate goal is controlling the regularity of 7w in terms of u. For the sake of notation,
we shall write for the rest of this section

f(z) = 72(u, z). (3.15)

The following propositions, leading to Theorem 3.23, intend show that the maps ﬁ,ﬁl are well

behaved with respect to the Cf norm in a manner which is independent of the sets G,,. The
validity of these bounds in a manner that does not depend on the set G, is a crucial feature of
the Whitney extension.

Among these propositions, we highlight two. First, we have Proposition 3.20, which says
ﬁgu(x) (and its respective derivatives) approach u(z) as x approaches G,. Meanwhile, Proposi-
tion 3.22 states that away from G,, the functions ﬁgu(x) have the correct regularity. Once again,
we remind the reader that these estimates are standard for the Whitney extension when M = R?,
and refer to [48, Chap. 6, Section 2]). Here we review their straightforward adaptation to more
general M for the sake of completeness.

Proposition 3.20. Let z € M\ G,, and u € C’bﬁ(M). There is a universal constant C' such that,
if B€[0,3) and f(x) := 74 (u,x), we have
|f (@) = f(@)] < Cllullgsand(z, Gn)™ ™5
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Furthermore,
Vaf (@) = Vaf (@)] < Cllullosand(a, Gu)™™ 071 i g > 1,
Vanf () = Vap [(@)] < Cllullos aryd(z, Gr)™™ 072 if g > 2.

Here, V4 and Vzb are respectively the components of the first and second covariant derivatives
of f with respect to an orthonormal frame.

Proof. For the sake of explaining the key ideas of the proof without getting distracted with
technicalities, we postpone the proof of the higher derivatives estimates to Section 3.5.

Let € M \ G, and & € G,, such that d(x,G,) = d(z,%). Recalling that f = u on G, and
using the first property of {¢,, ;}r from Lemma 3.11, we have that f(Z) — f(z) is equal to

u(@) = Y u(ng)éni(z) if B €[0,1),

k

u(@) = Y (@) + UG k), ks ) () if B € [1,2),
k

w(@) = (k) + U (k) Gos 2) + ¢(Vau(Gn k), Gn ki ) o k() i B € [2,3).
k

Let us consider each case individually. If 8 € [0, 1), the identity ) ¢y, x(x) = 1 allows us to write
k

F@) = f@) = (u(@) = w(fnk)) fni(x)

k

keK,
The set K, being the one defined in (3.8). Then, the triangle inequality and |¢y, x| < 1 yields

@) = f(@)] < ullgs Y d(@.9

keKy

The triangle inequality says that
d(:ia Qn,k) S d(ja IL’) + d(x7 yn,k) + d(yn,kv gn,k)7

where, according to (3.12), d(yn i, Unk) = d(yn’k,én). In this case, we see that d(y, i, Un k) <
d(z,Gp) + d(z,yn ), and we conclude that

d(#, Gnx) < 2d(z, Gy) + 2diam(P; k)
Then, using Remark 3.10, it follows that
d(Z, 9n1) < 16d(x,Gpn) Yk € K. (3.16)
Furthermore, recall (3.9) which says that # K, < N. All of this leads to the estimate
(@) = f(2)] < Cllullgsd(w, Gn)".
Instead, if g € [1,2), we have

F(@) = f@) =Y (@) = ul@np))bnp(@) + D UV (), Gn s 7))k ()

k k

= > (@) = ulfnk))nk(@) + D UV u(nk), Gnpi 7)) b k(D).

keK, keK,
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Just as before, using the triangle inequality and the fact that |¢,, k| < 1, it follows that

1F(@) = f@)] < D @) = ul@ar)l + D MV pu(ing), dn; )]

keK, keK,
<uller D d@ng) + D IVhw(ne) g, d(Gn ks ).
keKy keK,

Proposition A.15 in the Appendix guarantees that |Viu(gnk)lg. < Cllullc1, for some universal
C'. Using this bound, the fact that ||u||c1 < ||u|lcs for f > 1, and the last inequality above, it
follows that

/(@) = f(@)| < Cllullgs Y dl#, Gn).

keK,

From this point one argues exactly as done for 5 € [0,1) to conclude that
|£(2) = f(@)] < Cllullcad(z, G).

The proof for 8 € [2,3) is entirely analogous, and we leave the details to the reader. This proves
the first estimate.
As mentioned above, we refer to Section 3.5 for the proofs for V, f and ng f.
O

We delay the technical proof of the following auxiliary proposition until the Appendix B.

Proposition 3.21. Let 2 € M\ G,, and u € CP. There is a universal constant C such that the
following bounds hold. First, if 0 < 8 < 1,

V(B o To)u(@)| < Cllullgsd(z, Gn)"".
If 1 < 8 <2, we have

V(B o To)u(x)| < Cllullcod(z, Gn)” 2.
Finally, if 2 < 6 < 3, we have

IV3(Ey o To)u(x)| < Cllullcod(z, Gn)”>.

Using Proposition 3.21 it is easy to show that ﬁg(u, ) is regular away from G,.

Proposition 3.22. Let zg and r be fized such that By, (x0) C M\ G,,. Then, given u € Cf(M),
for f = 7w we have the estimate

[V fles—i(By o)) < Cllullesary, for B € [iyi+1), i=0,1,2.

Proof. Here, we only prove the statement for 5 € (0,1), and we defer the remaining two cases
until later, in Section 3.5.
The case 5 € (0,1). Let 21,22 € By(x0), and z(t) : [0, L] — M a minimal geodesic between
them, parametrized with respect to arc length, so L = d(z1,z2). Then, by the triangle inequality
d(z(t), zo) < d(x(t),x1) + d(z1, o)
< d(z1,z2) + d(x1,x0)
< d(z1,z0) + d(z2, o) + d(x1,20) < 3r.
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In particular, it follows that d(z(t),Gy) > r for all ¢t € [0, L]. Then,
bd
fon) = Sl = [ L) di
0

L
—/0 (VF(@(t),2(t)) dt < Cllullcsanr’® 'L,

the last inequality being thanks to Proposition 3.21 and the fact that d(z(t),G,) > r for all t.
Since d(x1,x2) < 2r and f — 1 < 0, we conclude that

|f (1) = f(@2)] < Cllullosanyr’® (w1, 22) < Cllullsand(zr, x2)”.
The remaining cases (those with 5 > 1) are proved in Section 3.5. O

For readers with a background in elliptic PDE, and in particular, those not familiar with the
Whitney extension, it may be useful to make a naive but possibly illustrative analogy with the
derivation of global regularity estimates for solutions of elliptic equations. Proposition 3.22 is a
kind of interior estimate, where in order to bound the solution in a ball, one needs the “equation”
(here, being the extension) to take place in a bigger ball. Likewise, Proposition 3.20 is analogous
to estimates at the boundary. In this sense, Gy, is the kind of boundary and u provides the
boundary values. Furthermore, the way these two estimates are “glued” in the next proof bears
a great resemblance to the proof of global regularity estimates for elliptic equations from interior
and boundary estimates.

With the previous two estimates in hand, we are ready to prove that 7?5 is a bounded map

from Cl’? to C’l’?.

Theorem 3.23. Ifu € C’bﬁ(M), then 75 € Cf(M) and, for some universal C,
17pullcsary < Cllullos -

Proof. As before we write f = #Bu. Let us first show

[fllzee < Cllulles,

for all B € [0,2]. If 2 € M \ G, then

Zp (bnk )

Proposition 3.16 implies that

sup. [pf, 4(@)] < Cllulgs.
acEP;,k

Then,

sup [f(@)] < Cllullcs

Let us now prove f(z) has the right regularity. The argument is separated in cases depending on
B, in each case the proof will consist in “gluing” the interior and boundary estimates proved for
7?5 in Propositions 3.22 and 3.20.

The case 8 € [0,1). Let 21,20 € M\ G,,. If 4d(x1, z2) < max{d(z1,G,), d(x2,Gr)}, then we
can apply Proposition 3.22 and conclude that

|f (1) = f(a2)] < Cllullgad(ar, z2)”.
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Consider on the other hand the case 4d(z1,z2) > max{d(z1, Gn),d(z9,Gy)}, then, for &; € Gy
such that d(x;, ;) = d(x;, Gy) we have
|f(z1) = f(@2)| < |f(2z1) — f(@0)] + [f(21) — f(Z2)]
+ | f(22) — f(x2)].
Applying Proposition 3.20 to the first and third terms, and recalling that f(z;) = u(Z;),
|[f(@1) = f(x2)| < Cllullgs(d(@r,31)” + d(wa, #2)°) + [|ull cad(@1, 22)°.

Given that in this case we have d(z1, Z1)+d(z2,Z2) < 8d(x1,z2), we can use the triangle inequality
to conclude that d(Z;, 22) < 10d(z1,x2), therefore

|f (1) = f(a2)] < Cllullgad(ar, x2)”.

Combining the above estimates we obtain the desired bound for 5 € [0, 1).

The case j € [1,2). Let us show first that if u € C}, then f € C}, and Vf(z) = Viu(z) for
every = € G,,. In order to do this, we shall show that V,f(z) is continuous in z for every index
a. Note that

ZV yn k) gn,k;x)) (bn,k’(x)
+Z W(Gn ) + UV (G k), Gnk; 2)) Va (6 ()

Recall that any point z¢g € M \ G, has a neighborhood where at most N of the terms in the
above sums are non-zero. Since each term is continuous in z, it follows that V, f(z) is continuous
in M\ Gn. Tt remains to show the continuity for a point 29 € G,. Let us also recall Remark
3.10, which says that for any z € M \ G,, we have

diam(P, ;) < 7d(z, Gn), VEkeK,,
where K, was defined in (3.8). Then, since d(zq, Gy \ {zo}) > 0, it follows that if z is sufficiently

close to 29 € Gy, then z € P* ok implies that there is a unique closest point in G, to Yn k> TO
itself. In other words (recall g, ;, was defined in (3.12)),

:gn,k = 2o Voe Kx.

This means that if x is sufficiently close to zg, Vo f(z) has the form

:Zva (U(Vnu(xo), 205 ) b 1(x)
_|_Z UV hu(z0), 20; 7)) Va (¢nk(2))

=V, (l(Vnu(xo),:z:o;a7)) .

Where we used that ¢, is a partition of unity: (1) in Lemma 3.11 and the identity (3.13) to
obtain the last identity. From the last inequality we see that as x — xp we have V,f(z) —
Vaf(wo) = Viu(xg) and thus u € C}.

Next, let us show the Holder bound for 8 € (1,2). Let xi,29 € M,. If 4d(z1,z2) <
max{d(x1,G,),d(z2,Gp)}, then we can apply Proposition 3.22 and conclude that

Vaf(21) = Vaf (x2)] < Cllullgad(1, 22)"".

If instead we have 4d(z1, z9) > max{d(x1,Gp), d(xs, Gy)}, then the triangle inequality yields
IVaf(x1) = Vaf(z2)] < [Vaf(x1) = Vaf(@1)| + |Vaf(21) = Vaf(Z2)| + [Vaf (22) — Vaf(22)]
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Therefore, by Proposition 3.20
Vaf(@1) = Vaf(22)] < Cllullcad(wr, #1)" 7" + [Vaf(@1) = Vaf (#)]-
On the other hand, since in a neighborhood of #; we have Vihu(z) = V3iu(#;) (see Def 3.17 and
A.3), the first half of Proposition A.16 says that
Vaf(@1) = Vaf(@2)] < Cllullsd(dr,32)"".
Hence, it follows that
Vaf (1) = Vaf(@2)| < Cllullgsd(wr, 22)° ", ¥ @1,22 € My

The case § € [2,3). An argument entirely analogous to that used for 5 € [1,2) shows that if
u € CF, then f € CZ, with V' f(z) = Viu(z) for i = 1,2 and every z € G.

Then, let us prove that ng f(x) are Holder continuous for § > 2. As in the previous cases,
suppose first that 4d(z1, x2) is no larger than max{d(z, Gy,), d(z2, G,)}. In this case, Proposition
3.22 yields

V2, f(21) — V2, f(22)| < Cllullced(z1, z2)7 2.

Consider now the case where 4d(x1, x2) > max{d(z1, Gy), d(z2, Gn)}. We shall argue in a parallel
manner to the case 8 € [1,2). First off, we have

Voo (1) = Vipf(x2)| < Vo f(21) — Vi f(@1)] + [Vapf(d1) — Vi f(82)]
+ Vo f(#2) — Vo, fx2)].

Next, since in a neighborhood of #; we have V2#hu(z) = V2u(#;) (see Def 3.17 and A.3), the
second part of Proposition A.16 says that
Vaof (21) = Vipf (#2)] < Cllullosd(i, 32)77.
Since d(&1,49) < 10d(x1, x2) and 4d(z1,29) is larger than d(x1,Gy,) and d(zs, Gy),
Vasf (1) = Vapf (2)] < Cllullcpd(ar, 22)° 72, ¥ &1, 22 € M.
This concludes the proof of the theorem. O

The operators 75 also enjoy the useful property of having a finite range of dependence, a
property that will play a role in some arguments of Section 4.

Lemma 3.24. Assume that 8 € [0,3). There is a universal constant C, such that if K, K' C M
are open sets such that d(K', M \ K) > r + 10%h,,, then

175w — 7hvllosy £ CA+17P)lu—vlloary, YV u,v € Cp (M),

Proof. Given K and K’ with d(K',M \ K) > r + 103h,,. It will be convenient to introduce an
“intermediate” set,

K :={zeM|d(z, K) < 400h,}.

In other words, K is the closure of the 40071n—neighbgrhood of K. Thanks to the triangle in-
equality and the assumption on K and K’ we have d(K,M \ K') > r.
Next, we construct a function 1 = 7z ., such that

0<n<1, n=1inK, n=0in M\ K.

It is not difficult to see that 7 can be chosen so that (for some universal C')

1
-8
bilescan < € (1+ gerarigems ) <€ (1+772)
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In fact, this can be done using the Whitney decomposition itself, see the “regularized distance”
construction in [48, Chapter 6, Section 2.1] .

Let u,v € C’f. As proved later in Proposition A.11 (see Appendix), if z € M and w € Cf is
identically zero in By (), then

7w =0 in B yop, ().
We apply this to the fungtion w=(u—v)—nlu—1v) € Cf, and to any x € K, making use of the
fact that w vanishes in K. It follows that for every x in a small neighborhood of K we have

7P (u,z) = 78 (nu, z).
In this case, it is clear that HfrguHcg(K) < Hfrg(nu)HCg(M). Then, by Theorem 3.23,

175ullos k) < Clinulles -

Using that 7 = 0 in M \ K’, the Leibniz rule, and the bound on ||| .5, we conclude that
b

175 ullcs ey < CA+r77) |[ullgs -

Lemma 3.25. There is universal constant C' such that for any u € C3(M) we have
175w — ullosary < Chllullesan-
Here, y=1i—p if B €i—1,i), fori=1,2,3.

Remark 3.26. It will be evident from the proof, that the Cg’ norm on the right hand side can be
weakened when B < 2. Here we simply state the lemma with C} for the sake of brevity.

Proof. Recall we are writing f for frgu, and that given z € M we write & for an element of G,
for which d(z,z) = d(x, Gy). )
We begin by estimating || f — u[eo(ps)- Since f =wu in Gy, we have
[f(2) —uw(@)| < [f(z) = f(@)] + [u(Z) — u(z)]
< [ fllerd(e, &) + [lullcrd(z, 2)
< Cllul|gsd(z, &).
Then, regardless of 5 we have,

sup | f(z) — u(z)| < sup Cllullgsd(z, Gr) < Cllullcshn.
xeM zeM

Note this already shows ||f — u| pe(ar) goes to zero with a rate determined by h,. To bound

|f = ullcs(ary, it remains to control the Hélder seminorm of either u, Vu, or V?2u, depending on

the range where S lies. Let us treat the case 5 € (0, 1) first, which means we must estimate [u]qs.

We defer the proof of the remaining two cases (8 € [1,2) and 5 € [2,3) until later, in Section 3.5.
The case 3 € [0,1). Let z1,22 € K. We shall bound

|f (1) —u(z1) — (f(22) —u(x2))|
d(l’l,l'g)ﬁ ’

In what follows, it will be useful to fix #; € G, such that d(z, ;) = d(x;, én) for i = 1,2. First,
suppose that d(x1,z9) < max{d(z1,Z1),d(xe,Z2)}, then

[f(21) —uar) = (f(22) — w(@2))| < [|f = ullerand(er, 22),
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(1) —u(an) = (f(a2) —u(@2))| _ |If = ufgrd(z1, 22)
d(l’l,l'g)ﬁ - d(LL'l,ZEQ)’B '
Since || f — ullcr < ||fller + ||ul|cr, Theorem 3.23 yields || f — ul|c1 < Cllu|cn.
Using that 8 < 1, we have d(zy,z2)!7? < max{d(xl,:%l)lfﬁ,d(xg,aég)l*ﬁ} < hi=h, Then, for
this case we have

[f(21) — u(e1) = (f(w2) — u(z2))]
d(xl,xg)

Second, let us consider the case where d(z1,x2) > max{d(x1,21),d(z2,22)}. Then, we proceed
by writing

< Cllulleran

[ (21) —u(ar) = (f(w2) —w(z2))| < [f(21) —w(z1)| + [f(22) — ulz2)].
Next, due to f =u in G, for i = 1,2 we have
(i) — )| = [ (1) — ules) — (£(@5) — w(@)] < (1 fllen + lullo )i, 32),
and since ||f||c1 < C|lu||¢r (Theorem 3.23), we conclude that
(1) — ()| < Cllullord(zi, @), i=1,2.
The assumption d(z1, r2) > max{d(z1,21), d(z2, £2)} yields that d(z;, 2;) < d(zi, 2:)'Pd(x1, 22)?
and furthermore d(xz;, ;) < hs "d(x1,22)? both for i = 1,2 (this uses again that 3 < 1, since it
means that ¢ — t!~# is nondecreasing). Therefore,
|f (i) = u(zi)| < Cllullgrd(i, )" Pd(1, 22)" < Cllullrhy,™ (@, 22)”.
Then, in this case we also conclude that
[f (1) —w(z1) = (f(22) — u(x2))|
d(z1,12)8
Combining the estimates for either case, we conclude that
[f (1) — u(z1) = (f(2) — u(x2))]
[fleson = 51;1;2 (a1, 12)8

< Cllullerhy ™.

< Cllullrhy ™.

Now, since hy, <1 always, we have by < E}Z_B for all n, therefore, we have proved that
1f = ullesary = If = ullpeo(ary + [flesan
< Clluller(aryhn + Cllullcrany iy,
< Cllulleraryha

For the proofs for § > 1, see Section 3.5.
O

3.4. The Whitney extension is almost order preserving. When g € [0, 1) it turns out that
E? preserves the ordering of functions.

Remark 3.27. Suppose 8 < 1. If u,v € C(Gyp) and u(x) < v(x) ¥V € Gy, then
EB(u,z) < ES(v,x) Va e M.
Indeed, take uw < v in G, and x € M\én Then, from the definition of EP when B < 1, we have

u(@) = 3 () dni(2)
k
< Zv(gn,k)qbn,k(x) = U(l‘),
k
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where we used that ¢p 1, > 0 and w(Yn i) < V(Gnk) for every k.

It is unclear —or rather unlikely— that the operators continue to be order preserving for 3 larger
than 1. However, when considering the extension among functions in G,, that are sufficiently
regular (in the sense that they are the restriction of smooth functions) then E} preserves the
ordering up to a small correcting function whose C” norm vanishes as n goes to infinity. It is
worthwhile to point out to a recent preprint of Fefferman, Israel, and Luli [22], where a closely
related question, the interpolation of functions with a positivity constraint, is studied.

The next proposition -which is chiefly needed for Lemma 3.29 below- quantifies the intuitive
fact that if u € C'g vanishes at a point 29 € G, and u > 0 everywhere in G, then the gradient

and the negative eigenvalues of the Hessian of 7w at xo must be small when n is large.
We will need a cutoff function in the next few proofs. We fix one, and call it ¢g such that

¢0:R—=R, 0<¢g <1, ¢gsmooth, ¢g =11in [—1,1], and ¢o =0in R\ [2,2]. (3.17)
Proposition 3.28. Let w € C3(M) be nonnegative in Gy, and such that w(zg) = 0 at some
xg € Gy. Then, with some universal C we have

Vinw(@o)lg,, < Cllwllgshn if 8> 1.
(V2R (@0))-lgsy < Cllwloshn if 8> 2.

Here, we recall that hy, is as defined in (3.2), and note that for a given matriz D, D_ denotes its
negative part.

Proof of Proposition 3.28. According to 2) in Proposition A.12 if d(z,zo) < 40v/d (recall § was
defined in Remark 3.3), then

w(z) —w(ze) — UV w(@o), w03 2)| < ||uflc2d(x, x0)*.
Then, using that w(zo) = 0 and w(z) > 0 for all z € Gy, we conclude that
0 < U(VFPw(xo), zo; ) + || 7Ew]|c2d(z, 20)?, Yz € Gy N B,s.a(z0)- (3.18)

Then, using that d(z, @n) < Ry, it is not hard to see there is some 21 € G,, with d(x1,m) < 45+/d
such that (for some universal C),

W(VASw(x0), w03 21) < —C~ VAW (w0)lg,, | xDry (21)lgs, -
Then, using (3.18) with this x;, and, Theorem 3.23, we see that
Vg w(20)lg,, < Cllfnwlced(z, 20) < Cllw]|c2hn,

proving the first estimate.
Next, we prove the second estimate. Let 8 > 2. Assume first that Vﬁgw(aﬁo) = 0. Then, we
may use Proposition A.12 as before to obtain,

0 < q(V27Pw(xg), x0; ) + [|7Pw]|csd(x, 20)3, Yz e Gpn B,s./a(wo). (3.19)
Then, as in the previous case, one can see there is some x1 with d(z1,xo) < 46+/d such that
A(V2R2w(wo), a0;21) < —C (V2 7w(20))—g, | exprl (21)],
= —C (V7w (o)) g, d(x1, 70)*.
Using (3.19) with this 1, we conclude that

(V?#8w(20))-ly, < CllFfwlcsd(@r,20) < Clhwllcshn.
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If Vfrﬁw(wo) # 0, we apply the above argument to the function
W = 7l (w,z) — (VA2 (w)(x0), zo; ), defined in B,s./a(x0).
As explained at the end of Remark 3.14, we always have V%(Vﬁﬁ(w)(mo),xo;xo) = 0, thus the

Hessian at z¢ is not perturbed by this change. Moreover, it is clear that ||@||os < C||w| o8, with
a universal C', and the proof follows. ]

Using Proposition 3.28, we now show the existence of a kind of “corrector” to the Whitney

extension, in the sense that m@w plus this corrector is non-negative in M whenever w is non-

negative in Gy, the corrector having a C norm which vanishes as n goes to infinity.
Lemma 3.29. Fiz 8 € [0,3). Let w € C3(M) and suppose that there is some xg € G such that
w(z) >0, Ve e
w(zg) =0, 29 € G
Then, there is a function Rgp o, With Rg paw.2o(20) = 0 and such that
(7Bw)(x) + Rgpavay () >0 V€M,
1 Rg,m,w,m0llcsary < ChYllwllesar
Here, v :=i—f3 for B € [i —1,i), i = 2,3, while hy, is as in (3.2).

Proof. As in previous proofs, for any z € M, let & € G,, be a point such that d(z, Gy) = d(z, &).
Further, by Remark 3.27 the lemma is trivial with Rg, 2, = 0 in the case § € [0, 1).
The case (3 € [1,2). First, we must take care of the first order part of w near x¢, by writing

() = 7w (x) — (VFlw(w0), 20; ) do(d(w, 20)?)

Where ¢(t) is a smooth function which is identically equal to 1 for ¢ < (§/4)? and vanishes for
t > (0/2)2. Let us gather a few properties of @,,. First, thanks to Proposition 3.16 we have

1@nllce < CllF7w e

Moreover, w,, has a vanishing gradient at xg

VUN}n(a}()) =0.
Given z € M, let # € G, denote some point such that d(z,G,) = d(z,%). Then, from the
positivity assumption on w, we have wy, (&) > —l(VTrn (z0), x0; #)do(d(z,10)?) for any = € G,,.

Then, given z € Bs/s(0), we have
Wn () = wn () = Cljin||crd(z, 2)
> (VAL w(20), 703 2)60(d(w, 70)?) — Cllwlgad(z, 3),
—C|Vmjw(@o)lg,, d(&, z0)do(d(z, 20)*) — Cllwlcshn
For such x, we have that d(Z,zg) < d(x,z0) + d(&,2) < 6 + hy, therefore
() = —CIVTEw(0) gy (8 + ) — Cllwl|sha,
Using Proposition 3.28, we conclude that,
Wy (x) > =Cllw||cshpn, ¥z e M. (3.20)

Next, we use that w,(zg) = 0 and Vw,(z¢) = 0, together with Proposition A.12, to obtain the
bound

() > —C||w||cad(z, x0)?, Vo€ M. (3.21)
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The idea is to combine these two estimates to construct the desired function, using (3.20) away
from o, and (3.21) near xg. We define a preliminary function Rg, 4, as follows,

- d(z, x9)?
Ronanan(2) 1= Clollgomn (45200

Here, n : R; — R is an auxiliary smooth, nondecreasing function such that
n(t) =tin [0,1/2], n(t)=11in [1,00).

Then, if d(z,z0)? > Chy, from (3.20) we have
W + R pnw,ze > 0.

On the other hand, if d(z,x0)? < Ch,, we use (3.21) to obtain

On (%) + Rp p,e0 (%) = —Cllwllcsd(x, 20)* + R o ()

> —Cllw||cad(x, 20)? + Cllw|csd(x, x0)*
> 0.

Moreover,

_ 2
VaRmna0(2) = Cllwlcsrf (52

Thus, if d(z,20)? > hn, VaRgnwaz(®) = 0. If d(z,20)? < hy, then
’vaéﬂ,mw,xo (z) — VaRB,nw,xo ()] < Cllw||¢sd(z, x").
This may be rewritten as,

|vaRﬂ,n,w,x0 (:L') - vaéﬁ,n,w,xo (l’l) |
d(z,z")B~1

) 2d(x, o) Vad(z, x0).

< Cllwlloshy™®.

In conclusion, letting R pw.zo = Ramwzo () — l(Vﬁgw(xg),xo;x)gf)o(d(x,xo)Q) it follows that
ﬁgw + Rg pwazy = 0 everywhere and
2—
||Rﬁ,n,w,ro||0ﬁ < Ch;, ’BHchs.
Thus Rg w4, as constructed has the desired properties.

The case (§ € [2,3). This time, we must get rid of the first and second order parts of P
near xg. Therefore, we write

i (x) = Fgw(a) — ((TFw(R0), 205 0) + a(V2RTw(w0), 203 2) ) dold(w, 20)?).
Where ¢ is the same function from the case 5 € [1,2). Then, as in the previous case we have
two inequalities,
() = —Clwllcshn,
and
Wn(2) 2 —Cl|wlcsd(z, o)
Then, we introduce the function

R d(z,zo)?
R mawas () = Cllwllgshan <(0)> ‘

b,
where 7 is the same function from the previous case. If d(z, 2¢)> > h,, it follows that

B (@) + Rpnw,00 (@) = Wn(@) + Cllw]cshn > 0.
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On the other hand, if d(z,70)* < h,, then
Wn (%) + Rp 0,00 (%) 2 W () + Cllwl|cad(z, 20)* > 0.

Letting Rg nwao = R57n7w7x0(:n) — (l(Vﬁgw(xo),xo;x) + q(Vergw( 0)s 0} T )) bo(d(z,70)?) we
conclude that ﬁgw + R nwae = 0in M. O

3.5. Remaining proofs for the case where g > 1. Here we present the proof of the more
technical cases in Proposition 3.20, Proposition 3.22, and Lemma 3.25.

Proof of Proposition 3.20 for B > 1. The case (3 € [1,2). In this case, f has the form
F@) =" (w(ing) + UV G k), ki ) bnp(@).

k

Let z € M\ G, and & € G,, be such that d(z,z) = d(z, Gy).
Zv V u yn k) :’;n,k;x)) ¢n,k(x)

+Z ynk +l v u(yn k) gn,ldx)) va (an,k(l'))

= Z v V U yn k) gn,k; {B)) ¢n,k(x) + Z (U(Qn,k) + l(v}lu(gn,k)a Qn,k:? x)) va (¢n,k($)) :
k

For i € G,,, we have
Vaof (&) = Vyu(2),

which is not too difficult to show. Since the proof of this fact essentially follows the same argument
used later on in the proof of Theorem 3.23 —in the case 8 € [1,2)—, we omit the proof.
Then, using (3.13) in the above expression for V, f(z), we see that

Vaf(m) - Vaf(‘%) = Z (V (l(vlu(gn k)a gn,k; 1‘)) - vaf(j)) ¢n,k‘($)
+ Z ) + UV k) s ) — (&) Va (dn k().

Recall that the only non-zero terms above are those with & € K, (defined in Lemma 3.9). For
such k, thanks to Definition 3.13 and Proposition A.15 we have

Vo (L(V3u(Gnk), Gnk; ) = Vaf (#)] < [Va ((Viu(Gnk): Gnp: 7)) = Va ([(Viu(Gnk); Gnp: 2)) |
+|Va ((Vu(Gn k), Gink; ) — Vaf (2)]
< Cllullcsd(z, &)°~".
Adding these for every k € K, and using that #K, < N,

Y (Vo (UVRu(@ng)s G 7)) = Vaf (@) dng(@)| < Cllullgad(e, 2)7 (3.22)

k

Let us bound the remaining terms (compare with [48, Chp 6, Sec 2.3.2]). Let k € K, we seek a
bound for the quantity

|u(gn,k) + Z(V%Lu(gn,k% gn,k? x) - u(f)’
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Assume that g, # 2 (otherwise the quantity is zero and there is nothing to prove). By the
triangle inequality, to bound this quantity it suffices to bound the sum

(G k) + LV (G k) s Gots ) = w(@)] + TR0 (Gnge)s Gk ) = LG ge)s Gk 2)]-
Thanks to Proposition A.12 in the Appendix, for each k£ € K, we have the bound
[w(Gnge) + UV (k) s G ) — u(@)] < [l cod(@, Gnk)” (3.23)
At the same time, Lemma A.14 yields |V u(§n ) — Vu(Jnk)lg < C’||u||cghgf1 (see Appendix).
Then, from the definition of the operators [ (see also Remark 3.14), it follows that
UV 8w Gnk)s Grks ®) = U@ G k) s Gies 2)] < Cllull sy, d(@, Gn,g)-
Since @y 1, # &, we have d(Z, Un ) > Ay, thanks to (3.3). Thus RS < Al_ﬁd(x,y)mk)ﬁ_l and we
conclude there is some universal constant C' such that
V8w (Gni)s Gk ) = UV (G ge), G s )| < Cllullesd (@, G k)’ (3.24)
Then, as argued earlier to obtain (3.16) (using Remark 3.10 once again) we have

d(Z, Gnr) < 16d(x,Gp), Yk € K,

which trivially implies the bound d(z, §, 1) < 17d(z, G,,) for every k € K. Combining this with
(3.23) and (3.24), we obtain the bound

[w(Gnk) + UV (G k), s @) — u(#)] < Cllullgod(x, ) Y k € K.
Given that [V lg, < Cdiam(P?,)™! (Lemma 3.11), the last inequality above, and the fact

that #K, < N (Lemma 3.9 ), it follows that

Z (l(V}Lu(g)mk),g)n,k;x) — Z(V}Lu(i‘), Z; w)) Vadni(x)| < C’Hu||cgd(:n,:%)’3_1. (3.25)
k

Combining these we conclude that
Vaf (@) = Vaf (@) < Cllullcsand(e, )", Yo e M\ Gy,

as we wanted.
The case 3 € 2, 3). Finally, in this case we have

+ ZV UV w(Gnk)s Onks ©)) Vb k(@) + Vo (V3 u(Gn k) Gnk; 7)) Vadnk(x)

+ Z yn k yn,k; :L')) vzb(bn,k<$)-

The argument from this point on is entirely analogous to the one for 5 € [1, 2) We only sketch
the details. One uses (3.13) and the above identity to write an expression V2, f(x) — V2, f(2).
This expression is itself separated into various sums grouped according to whether a term has
a factor of ¢y, 1, Vadp i, or Vepdp k. Then, one proceeds to use Proposition A.12 and Lemma
A.14 to obtain bounds for the various terms, in a manner analogous to the case § € [1,2). In
conclusion, one arrives at the desired bound,

V2, f(x) = V2, £ ()] < Cllullgsd(x, £)7 2.
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Proof of Proposition 5.22 for B > 1. We recall some of the setup, already used in the case 8 < 1.
We let x1, 29 € By(x), where By, (z) C M\ G,, so that d(z;, G,) > r for i = 1,2. Let x(t) denote
again the geodesic going from x1 to xs, parametrized with arc length, so that :1:(0) =uz1,2(L) = xo
where L = d(z1,22). Under these circumstances, we have

d(z(t),Gp) >r, Ytelo,L].

We now consider each of the remaining cases.
The case (5 € [1,2). Invoking the chain rule, and Proposition 3.21 as done for 5 < 1, we have

d
iVl ()

In particular, integrating from ¢t = 0 to t = L we have

L
V(o) = Vaf (e < [ | GVut@®)

Since f — 2 < 0 and d(x1,29) < 2, it follows that 7772 < 2278d(zy, 22)%~2. Then,
Vaf(@1) = Vaf ()] < Cllullcsand(z1, z2)" ",

The case (§ € [2,3). This time we use the third derivative estimate from Proposition 3.21,
which yields

< Clullgar® ™.

dt < CrP2ullcoanyd(a, ).

GVBIG0)] < Clullonr®
Then,
Lld
2
Vi) = Vhs )l < |G

This time, since f — 3 < 0 and d(x1, z2) < 2r, we have r#=3 < 2378d (21, 29)~3 and therefore
Vapf(x1) = Vi f(z2)] < Cllullosand(ay, 2)7 2.

vzbﬂx(t»] dt < Ol s apydl1, )

O

Proof of Lemma 3.25 for > 1. The case § € [1,2). In this case we need to go further and
bound the Holder seminorm of V, f, for every index a. Observe that

Vaf(z) = Vau(z)| < [Vaf(z) = Vaf(2)] + [Vaf(2) = Vau()| + [Veu(Z) — Vau(z)].
Evidently,
Vaf(z) = Vaf (2)] < Cllullc2d(z, 2),
Vau(z) = Vau(z)| < ||ullc2d(z, ).
Where we have used that || f||c2 < C||lu|lc2 in the first inequality. According to Lemma A.14,

IVf(Z) — Vu()lg,, is bounded from above by C||u|c2hy, (recall that V#jw and Viu agree at
points in G,,). Since d(x,Z,) < hy, we conclude that

sup [V f(z) = Vu(z)lg, < Cllullc2hn < Cllullcshn.
xeM
The Holder seminorm of V f(x) —Vu(z) is estimated using an argument analogous to the one used

in the case 5 € [0,1). Let 1,29 € M, and let V, be as usual. Suppose first that d(x1,x2) < hy,.
Then, using that ||f — ul/c2 < || fllc2 + |ullc2 < C|lu|lc2 (by Theorem 3.23),

Vaf(21) = Vau(z1) = (Vaf(22) = Vau(z2))| < Cllullc2d(21, x2).
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Using that 2 — 8 < 0 and d(z1, z2) < hy, it follows that

[Vaf(z1) — Vau(z1) — (Vaf (z2) — Vau(x2))|
d(l’l,xg)ﬁfl

< Cllullczd(zr, 22)* 7

< Cllull=hy "
Next, let us consider what happens if x1, zo are such that d(z1,z2) > h,. First, we note that
IVaf(z1) = Vau(z1) = (Vaf(22) — Vau(wz))|
< |Vaf(z1) = Vau(@1)| + [Vaf(z2) — Vau(z2)|.
To estimate these two terms, we decompose each of them again. We have, for i = 1,2
IVaf(xi) = Vau(zi)| < [Vaf(zi) = Vaf (@] + [Vaf (i) = Vau(@i)] + [Vau(Ei) — Vau(z:)|.
Now, on one hand we have the estimates
Vaf(@i) = Vaf(&i)| < Cllullc2d(wi, &3),
Vau(z:) — Vau(#:)| < |ullc2d(zi, 2:),

while on the other hand Lemma A.14 says that |V, f(2;) —Veu(z;)| < C||lul|c2d(zi, ;). Gathering
these bounds and using that d(x,x2) > h, > d(x;, &;), we conclude that

’vaf(xl) - vau(gjl) - (vaf($2) - vau(SUQ))‘ < CHU”Cth
Then, since § € [1,2),

[Vaf(21) = Vau(z1) — (Vaf(z2) — Vau(zs))|
d(l’l, :L’Q)ﬁ_l
In conclusion, for z1,xs € M with x1 # z2 we have

‘vaf(xl) - vau(xl) — (vaf(l?) - Vaf($2))‘
d(xl,.%'g)ﬁ_l

Therefore, as in the case 5 € [0,1), we conclude that
1 —ulles = If = ullze + IV f = V|l o + [V = Vulgs-r < Cllullc2hy 7,

proving the estimate in this case.

The case 3 € [2,3). In this case we must also take into account the values of V2f. Similarly as
in the previous cases, we use a triangle inequality to estimate the difference V2f(z) — V2u. Let
a, b be indices in one of the usual exponential system of coordinates, then

VoS (@) = Vayu(a)| < [V f(x) = Vi f (@) + |Vapf (&) = Viayu(®)| + [Viu(z) — Vayu(@)]-

On the other hand, we have, from Theorem 3.23

Vanf (2) = Vi f(2)] < Cllullgsd(x, ),

Vayu(@) — Vayu(@)| < [luflcsd(z, 2),
and, again from Lemma A.14 in the Appendix,

Vian (2) = Viau(@)| < Chyllullcs.

Combining these inequalities, we conclude that

sup [Vapf(2) = V()| < Cllullcshn.

Now we consider the Holder seminorm. Fix z1,x9 € M. As before, consider first the case where
d(x1,x2) < hy, in which case it is clear that

Vaof(z1) = Vapu(r1) — (Vanf(22) — Vapu(z2))| < ||lullcsd(z1, z2).

< COllullgzhi .

< Cllullg=hyy ™"
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Then, using that 3 — 5 < 0, and that d(z1,z2) < hy, it follows that
Vavf(z1) = Vapu(z1) — (Vapf(22) — Vapu(za))|
d(l‘l, 1‘2)572
Let us now take the opposite case, that is when d(z1,z2) > hy. Then
\Vapf(x1) = Vapu(z1) — (Vap f(22) — Vgpu(za))|
< |Vaf(x1) = Vapu(z1)| + [Vap f(22) — Vapyu(zz)|

< Cllullgsd(@y, 22)*~" < Cllullgshyy ™.

As before,
(Vaof (i) = Vapu(xi)| < [Vapf (i) = Vo f(2i)| + [Vap f(2:) — Vapu(2i)| + [Vapu(z:) — Vapu ()]
Next, we have

Vabf (i) = Vapf(£:)] < Cllullgad(ws, ),

[Vapu(@i) — Vapu(di)| < [ullcsd(wi, &)

These inequalities, together with the bound |V, f (%) — Vapu(Zs)| < Cllul/cshy, from Lemma
A.14 in the Appendix, yield

Vapf(x1) = Vapu(z1) = (Vanf(22) — Vapu(z2))| < Cllullgshn.
Using that d(x1,z2) > hy, we see that in this case

\Varf(x1) = Vapu(z1) — (Vap f(22) — Vapu(za))|
d(LEl,.’Eg)B*Q

The rest of the proof is entirely analogous to the previous case, and the Lemma is proved. O

< Clullgshd .

4. THE MIN-MAX FORMULA IN INFINITE DIMENSIONS: FUNCTIONS ON (MM, g)

This section has two goals: defining a “finite dimensional” approximation to I; and showing
that the approximation can be used, along with Section 2, to prove Theorem 1.6. First we develop
the approximation, and second we establish Theorem 1.6.

4.1. Approximations to I and their structure. We are now ready to introduce the finite
dimensional approximations to the Lipschitz map I : Cg (M) — Cp(M). Recall that in Definition

3.17 we introduced the restriction and extension operators T, and ETBL, below we introduce slight
modifications of these operators, which have the advantage that they depend only on the values
of u over Gy, and not all of G,,.

Definition 4.1. For each n, we define
(1) The restriction operator T, : C'bﬂ(M) — C(Gy), defined by
Th(u,x) :=u(x) V€ Gy
(2) The extension operator of order 3, EP . C(Gp) — Cf(Gn), defined by
B? (u,2) := BL(3,2)

where Ej is the extension operator from Definition 3.17, and @ € C(Gy) denotes the
function which agrees with u in Gy, and is defined to be zero in Gy, \ Gy,.
(3) Again, we have a projection map, which we denote wﬁ, and is defined by wﬁ = Eﬁ oTy.
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From Remark 3.19, it becomes clear that, if u € Cf (M) has compact support, then if n is
large enough, then Ef 0T, = EF o Tyu. Therefore

we CP(M) = 7l(u,z) = 7P(u,z) Yz e M, for alllarge enough n. (4.1)

n

Using this, we can use the apply the results about 7?5 from Section 3 to 775 when dealing with
functions supported in some compact set K and n large enough (depending on K).

We will create two approximations, which we call 7,, and I,. The distinction is that i,, is
legitimately defined on the finite dimensional space, C'(G,,), whereas I,, will be defined on C’f (M),
but is finite dimensional in the sense that it returns the same value for any two functions that
agree on G,. Introducing I,, will be important so that both I, and I have the same domain and
co-domain.

To this end, we let T}, Eﬁl , and 7r,€ from Definition 4.1, and now we define

I : C’f(M) — Cy(M), I,:=nloloxP,
that is to say
I(u,z) = EST, I(E T, u, z). (4.2)

The approximations I, will be seen to well approximate I on a set that is dense with respect to
local uniform convergence in Cbﬁ (M) (as opposed to norm convergence).

Definition 4.2. Define, for § € [0,2], the finite dimensional subspace Xn’B C C,’)B(M) by
X8 .= EP(C(Gy)).

Proposition 4.3 (Convergence of I,, on C2(M)). With I,, defined in (4.2) and for every compact
K C M and any R > 0, we have

lim sup  |[lpu — Tul g (ary = 0.
nee HUHOE(K)SR

Proof of Proposition 4.3. First of all, let us recall that that wﬁu = EﬁTnu. Then, we have

11(w) = I(wfu)|| oo (ar) < | Lip(e o llw = mhullos (-
On the other hand, successive applications of Theorem 3.23 and the linearity of 772 imply that

70 (w) — 70T (whu) || o ary < CII(w) — I(wpw) || Lo (ar)
< Ol 0yl — TRuloaan

It follows that

Mote = Tl greqary - < Ol o lu — mullonany
At this point, we can apply Lemma 3.25 to the right hand side of the last inequality (using (4.1)),
and we see that for sufficiently large n,

1T = Tull gty < Cllipqen e Pl lcpan

where h,, is as defined in (3.2) and + is as in Lemma 3.25. It follows that for all large n, and all
u € C3(M) which are compactly supported in K, we have

HIRU_IUHLOO(M) < Cﬁ;yij”Llp( R7

cy.0)

and the Proposition is proved. O
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For each n, the map I, may be thought of as a finite dimensional approximation to I in the
following sense. We define the map

in : C(Gp) = C(Gr), in:=T,oloEP (4.3)
Thus, I,, and i,, are related by
I, = E%oi,oT,.
In particular, this shows that although I, : C’g (M) — Cy(M), I, is uniquely determined by its
values on functions in X/ , and functions in XP are uniquely determined by their values on G,,.

Remark 4.4. As suggested by the results in Section 3.4 in particular Lemma 3.29, except for
when 5 € (0,1), it is not expected that iy, or I, will enjoy the GCP. However, this is not a set-back
because the GCP is recovered in the limit as n — oo. The potential failure of the GCP originates
with the composition by Eﬁ, and the latter operator may not be order preserving when 3 > 1.

Lemma 4.5. There is a universal constant, C, so that ||in|| Lip(c(a,).c(Gn)) < C’||I||L2.p( and

Cp.Cy)
||In||up(of,ob) < CHIHLip(Cf,Cb)'

Comments on Lemma 4.5. This is a straightforward consequence of the bound in Theorem 3.23,
that || ESThullcs < C|lulls, and the definitions of both 4, and I,,. O

The advantage of this presentation is that we may now use the results from Section 2 to obtain
a min-max formula for I,,, via the theory applied to i,. First, we make an observation that relates
the differentiability properties of i,, and I,,.

Lemma 4.6. Assume that u € Xg(M) and u, = Tpu. The map, iy, is Fréchet differentiable at
uy if and only if I, is Fréchet differentiable at u = Eﬁun Furthermore,

DI,|, = E° o Diy|y, o T).

Comments on Lemma 4.6. This is a straightforward consequence of the uniqueness of DI, and
Di, as well as the chain rule. We omit the details. ]

We define the analog of the Clarke differential for 4, in the context of I,.
Definition 4.7. The differential, DI, is defined as
DI, =hull{L € E(Cf, Cp) + Hug bk st DIyfyp exists V& and
Jim DLJp(f.x) = L(f,2) ¥f € Cl Ve Gyl
An immediate corollary of this definition and Lemma 4.6 is
Corollary 4.8. Composition by Eg and T, over Di,, gives DI,:
DI, = {ENT, : 1€ Diy,}.

Lemma 4.9. For each n, the map I, : Cbﬁ(M) — Cy(M) admits a min-maz formula when
evaluated over the set G, ; i.e.

Vu € Cg(M), VoeGy IL(u,z)= min max {l,(v,z)+ Llu—v,z)}. (4.4)
vecy (M) LEDPIn

Here DI, is as in Definition 4.7.
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Proof of Lemma 4.9. To begin the proof, we make a few simple but useful observations about
the range of i,,. First,

v, € C(Gp) <= v, =T,v for some v € Cbﬁ(M),
and second
{TnIEﬁun L v € C(Gn)} - {TnIEijnv L ve Cf(M)}.
Applying Lemma 2.4 to i,, we see that for all u,, € C(G,,) and all z € G,

in(un, ) = vné%i(%n) Line%%n{in(vn’ x) + Ly (up — vp, )}

= vngé‘i(%‘n) Lirg%n{TnIEﬁ(vn, x) + Lp(up — vn, )}

= min  max {T,IE’T,(v,2) 4+ Ly(u, — Ty, z)}.
veCy (M) Ln€Din

Thus, replacing u,, by T,u, we see that for all u € Cbﬁ and x € G,

in(Tyu,z) = min  max {T,IET, (v, ) + L(T,(u — v),z)}.
veCf (M) LEDin

This shows that for all u,v € Cf (M) and for all z € G, the inequality:
in(Thu, ) < in(Thv, ) + max {Ln(Th(u —v),2)};
n€

in

and unraveling the notation for i,,, we see that
T IEPT, (u,z) < T,IEPT, (v, x) + Jmax {LnTy((u —v), )}
n€Din

Thanks to the fact that E° is monotone and linear, as well as Corollary 4.8, we have

ET, IEPT, (u,x) < EST, IEPT, (v, z) + E° | max {L.Th((u—v),2)}
< ESTL IEPT, (v, x) + max {ESL,T,,((w — v), )}
n€Dip

= BT, IEPT, (v,2) + max {L,((u—v),z)},
Ln€DIy

(x)

n

max, then by Corollary 4.8, E?LL%I) is an admissible family in DI,. Thus, by definition of I,,, we

see that for all u,v € C’f(M) and all x € Gy,

In(u,2) < Iy(v,z) + max {L,((u—v),z)}.
Ln€DI,

Where we note in the middle inequality that if Ly,” is a collection that point-by-point attains the

Taking a min over v € CZ’)B (M), we have achieved (4.4) for all z € G,,. O
Lemma 4.10. If L,, € DI, then ||LTLH05 < C’||I||C§ch.

~>Cb
Proof of Lemma 4.10. First, assume that u € Cbﬁ (M) and that I, is Fréchet differentiable at w.
Let ¢ € CJ (M) and ¢ € Cf (M), and let ¢ > 0.

HI(u—i—tqﬁ)—I(u) C(utty) —1I(u)
t t

(u+tp) — I(u+t)
t

I
oo ary = |l | oo (ar)

1
< {HI"”sz(Cf,Cb) [t — V) lles
< CHI”Lip(Cf,C’b) H¢ - ¢HC’B(M)'
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Letting ¢ — 0 establishes the bound for DI, (u). We also note that in a Banach space, norm
bounds are closed under convex combinations and weak limits, hence they also hold for DI,,. O

It will be useful to know that the assumption (1.3) is also obeyed by the operators I, uniformly
in n. This is indeed the case up to a slight enlargement factor, which is due to the result of the
finite range of dependence of the operators EﬁTn, proved in Lemma 3.24.

Lemma 4.11. There is a universal constant, C, such that for w as in assumption (1.3), I,
inherits a slightly modified version of (1.3) in the form of

Yu,v € CY, |[In(u) = In(v)| zo(B,) < Cllu - Voo mas) T Cwr)llu = vl Lo (ary, (4.5)

Proof of Lemma 4.11. This is immediate from two applications of Lemma 3.24, combined with
the assumptions (1.3). O

Lemma 4.12. Up to a uniform constant, any L, € DI, also inherits the properties of Lemma
4.11.

Comments on Lemma 4.12. This follows in a similar way as the proof of Lemma 4.11, combined
with the observations of the proof of Lemma 4.10. ]

Lemma 4.13. Let L € DI,,. Suppose that w € C’E’(M) is nonnegative and w(xp) = 0, xg € Gy,.
Then

L(w,z0) = =Chyllwlcs(ar
where lim hy, = 0 and hy, is defined in (3.6).
Proof of Lemma 4.13. Since the lower bound for L is preserved under convex combinations and
limits, then, given the definition of DI, it is clear that it suffices to prove the inequality when L
is the classical derivative of I, at points of differentiability for I,,. To this end, let us fix u € C’g ,
an arbitrary point of differentiability of I,,, and let L, denote the respective derivative.

We apply Lemma 3.29 to w, to obtain the remainder polynomial, Rg ; . 2, and conclude that
for any ¢t > 0 we have

ut+tw+tRgpnwa, >0 Ve M,

with equality at © = x¢ (recall that Rg »q,(z0) = 0). Since I has the global comparison
property, it follows that

I(u+tw + tRg p w2y, o) > I(u,z9) ¥Vt >0.
Furthermore, since I is a Lipschitz map,
I(u 4+ tw,x0) > I(u+tw + tRE p w2y T0) — tC|| RBnw.zollcs
2 I(u, 20) = tC|| R o llos-
It follows that

Lu(w7$0) = I(u—i—tw,:cg) > _CHRﬁ,n,w,zOHCﬁ

dt =0+
Since w € C2(M), Lemma 3.29 also says that

1B5.n.w.mllco < Chyllw]|cs
Thus,
Ly(w, x0) = =Chy[jwl[cs

This holds for every u where I, is differentiable. Therefore, by the Definition 4.7 of DI, in it
also holds for any L € DI,. O
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4.2. Some nice properties of I, I,, and m,. Here we will collect some useful observations
about I, I, and 775 . They seem to be useful in their own right, and we hope they will appear
elsewhere, but they are also essential for extracting limits of operators in DI,,, and so we mention
them here.

For the remainder of this section, we will use many times a function p, which is simply a
smooth function that behaves like ¢t — min{¢,1}. We define it below.

Definition 4.14. Let p be fixed from here until the end of this section as a function that satisfies

p(s)=sVs€0,1), p(s)=3/2Vse[2,00), and |p/|+ |p"| < 4.
Lemma 4.15. Let x € M, and let ¢ € C’I’)B(M) be any function such that 0 < ¢ <1 and ¢(z) = 0.
Then for any u,v € Cbﬂ(M),

1(6u.2) — 1(60.2)] < (L] ep. - 10llcsan) - T — vl =eprcon, (4.6)
as well as

[, ) = (v, 2)] < (]| 0 ) (H(l = &) (u—v)llesny + 18llcsn - llu— vHLoo(spt(qb))) :
(4.7)
Proof of Lemma 4.15. First we establish (4.6). Note that for all y € spt(¢),
u(y) —v(y) < [lu— vl Lo (spi(e))

and so for all y € M, we also have

o(y)uly) — d(y)v(y) < d(y)llu — vl Lo (spt(e))-

This says that the function ¢v + @lu — v|| e (spt()) touches ¢u from above at any x such that
¢(x) = 0. By the GCP, we have

I(¢u, x) < I(¢v + dllu = vl L (spi(s)): @)
so that
I(¢u,x) — I(¢v,z) < I(¢v + @llu — v Lo (spt(e)): ¥) — 1(¢v, T)
< Ml - N0l = vl e uprcon) lomcan
= ||I\|Lip(cg7cb) Nollesary - lu = vl Lo (spr(e))-
The proof of (4.7) is similar, working with the inequality
(1 =@)u+du—9¢v < (1= @)u+ dllu—v|po(spi(s)):
which becomes an equality at any x such that ¢(x) = 0. Thus, the GCP gives
I((1 = @)u+ gu,x) < I((1 = @)u+ v + dllu — v|| oo spt(¢)) T)>
and after subtracting from both sides, we have
I((1 = 9)u+ du,x) — I((1 — ¢)v + ¢pv,x)
< I((1 = @)u+ ¢v + llu — vl Loo(spr(p)): @) — I((1 = @)v + pv, x)
<l pipep ) - 1= @) (u =) + Bllu = vll Lo spian) o (any
< Ml iper ey (||(1 =) (u—v)llesny + 18llcsary - llu— U||Loo(spt(¢))) :
O

In particular, using the results and proof of Lemma 4.15, after choosing an appropriate ¢ to
approximate Bg(x), we have as a corollary,
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Corollary 4.16. Given and R > 0, there exists a constant, C(R), depending only on dimension
such that for any x fized, r > 0,

1) = 1) o) < COM ety (108 = 0)llos By + =Vl o))

as well as C(R,r) which blows up as R, r are both small,

[T, ) = 1w, @) < 11l er ey (CORI@ = V)05 B @) + ORI = 0l (B )
where w(r) — 0 as 1 — 0o and comes from the limit in the extra assumption.

Sketch of the proof of Corollary . We just comment that this follows by making an appropriate
choice of test functions in Lemma 4.15. O

A very useful estimate, somewhat related to Corollary 4.16, involves the Whitney extension
and touching a function from above. The proof of this uses Lemma 3.29 to a great degree. We
record it as a proposition for later use.

Proposition 4.17. Let zy € Gy, be fized, and let f € Cy(M) be such that f(xz9) = 0. Let 3 € [0,3)
and € € [0,1). Consider the function w(z) = f(z)p(d(z,z0)?e). There is a dimensional
constant, C, and a function Ry, 5, such that Ry, z,(x0) =0, ||Rnaollcs — 0 as n — oo, and

i (w, ) < C|\f | o= (p(d(w, 20)° ) + Riyzy ()
Here, p is the function introduced in Definition 4.14.

Proof. For the sake of brevity, we only provide the details for the case where 8 > 2, the other
cases are simpler and the details are left to the reader. It will be convenient to introduce the
following two functions

wo() = p(d(, 20)"*),
w(x) = [ flleewo(x) = fz)wo(z) = || fllowo(z) — w(z).

Clearly, wo(z), (z) > 0 for all z € M and wy(zy) = W(zg) = 0. Using the definition of 75, and
the positivity of || f||ze — f(x), it is not difficult to show that

Wﬁ(ﬂ),l‘) > _C||f”L°°d(x7$0)B+€’
(@, x) > —=C|| f|| o< -

Then, imitating the argument used in Lemma 3.29, we can construct a function function ]:Zn Bte,z0
such that Ry, g1 5(20) =0, || R g4e20llce — 0 as n — oo, and

T (@, &) + || fll 2o R gyeao () = 0= || fll ooy (71 (wo, ) + R e () > 7 (w, ).
On the other hand, from Proposition A.12, we have that if d(z, z¢) < 46+/d, then
o (wo, ©) < UV (wo), zo; &) + q(V>7) (wo), x0; ) + Cllwol|d(w, ).

Using that Vwg(zg) = 0 for 8 > 1, VZwq(xg) = 0 for 8 > 2, together with Lemma A.14, it is
easy to see that (cf. Proposition 3.16)

(V7 (wo), 205 )| o8 By (e)y < Chnllwollcs, for 8> 1,
lg(V2m)) (wo), 20; Moo (Bs (ro)y < Chly 2llwoll s, for B> 2.
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Combining this with the function Rn B+e,z0 it is not hard to see there is a function R,, ;, vanishing
at xq, such that

7w, @) < Ol flzeary (@20 + Ry (@)
i{}% ”RH@OHCB =0,
and the proposition is proved. ]
The estimate in Proposition 4.17 lead , via the GCP, to a useful estimate for I and I,,.

Lemma 4.18. Letx € G, B € (0,2], f € Cp(M), and u € C'Z;B(M) be fized. Define the function,
w, to be w(y) = f(y)p(d(x,y)?). Then for a universal C it holds that

I(mfu+mhw, ) — I(whu, x) < C||f| e anllp(d(@,-)%) + Rua()llos .
and
ETI(mju + mhw, x) — EgT,I(xhu, 2) < C|| £l e anlp(d(@,)%) + Ruwe (oo s
where R, ; is as in Proposition 4.17.

Proof of Lemma 4.18. We note that by Proposition 4.17 there is the touching of the two functions
at x:

mu(y) +mhw(y) < mpuy) + Ol fll = (p(d(@, )”) + Ruu(y)).
Thus, by the GCP,
I(myu+mhw, ) < I(mgu+ C|| fll=(p(d(z,)") + Rou(-)), 2).
Subtracting [ (7?5, x) from both sides, and using the Lipschitz assumption on I, we see that
I(mpu + myw, @) = I(mu, @) < I(mu+ C| fllre (p(d(, )%) + Rua(:)), ) = I (myu, )
< Ol papep oy Iz - llo(d(, )7) + R (llos ary-

We remark that also, the operator

EOT,I,
is an operator with the GCP if one only considers contact points belonging to G,,. Therefore,
substituting EOT,,I instead of I in the previous calculation preserves the result. (Il

4.3. The Structure of DI,, compactness, and weak limits. In this section, we investigate
in more detail the structure of the operators, L,, € DI,. In particular, for z € G,,, each L,(-, x)
is expressed as the sum of an (approximately) local part and a nonlocal part (see Lemma 4.25).
The local and nonlocal parts are given in terms of a discrete measure associated to L, and =z,
and using this we obtain compactness properties and other limiting properties for the L,,.

Lemma 4.19. For all L,, € DI, and for all x € G,,, there exist discrete signed Borel measures,
. and functions C™(x) such that for all u € C’bB(M),

Vo € Gn, Ln(u,x) = C"(x)u(z) + u(y) — u(z) pi(dy).
M\{z}
Moreover,
C"(x) = Ly(1,x), (4.8)
and
pi(dy) = K™(x,y)8,(dy), with K(x,y) = Ln(Efey, x),
y#z
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where e, € C(Gy,) are the “basis” functions introduced in Section 2.

Proof of Lemma 4.19. The proof is immediate from Section 2 for any l,, € Di,,, which are linear
mappings from C(G,) — C(G),). However, thanks to Corollary 4.8, we know that any such L,, is
of the form E° o 1,, 0T}, for some I,, € Di,. Since E? is, by definition, an extension operator, and
the Lemma only uses information of u and [, restricted to G,,, we see that indeed the formula
from Lemma 2.1 and [,, is preserved for L,, as well. O

Recall that if x € G, for some n/, then € G,, all n > n/. This means that, for x € UG,
and for any sequence of operators L, with L, € DI,, we have a respective sequence of Borel
measures {ul},>n . Therefore, we are interested in obtaining bounds on these measures that
allow us to obtain some kind of limit (at least along subsequences) as n — co. These bounds are
obtained in the following two lemmas.

Lemma 4.20. Let § € (0,2]. If L, € DI,, then L, obeys the estimate of Corollary 4.16.
Moreover, given x € G fized, , € € [0,1), f(z) =0, and w(y) = f(y)p(d(z,y)?¢), we have, for
n>n,

Ly(w,z) < C|[fllzsanllp(d(@,)7) + Rua ()l es

Proof of Lemma 4.20. This follows by an argument entirely analogous to the one in Lemma 4.10.
In this case, one invokes Lemma 4.18 to establish the estimates on any L,, € DI, that is an actual
Frechet derivative, L, = DI,|, at some u € Cbﬂ , then pass the resulting estimate by density and
convexity to all other elements of DI,,. O

Lemma 4.21. Let L,, € DI, and {u},eq, the respective signed measures associated to Ly, by
Lemma 4.19. If m} is the signed measure defined as

mi(dy) = p(d(z, y)")ui(dy),

then, the total variation of ml, denoted |m’|, is bounded independently of n and x.
When dealing with CP = C’l}, we replace m7 by

miy (dy) = p(d(z,y) ")k (dy) for e € (0,1).

Proof. We note that for z fixed and for any f € Cf(M), the function f(y)p(d(z,y)?) € C'bﬂ(M).
Furthermore, since f(z)p(d(z,z)%) = 0, we obtain via Lemma 4.19 that

Lo(fpld(z / F)p(d(e, v)P ) (dy).

Thus, the estimate of Lemma 4.20 immediately shows that

/ Fy)mii(dy) < Cllfllz=llp(d@, )%) + Ruo (s

and we obtain the bound taking the supremum over f with ||f|z~ < 1, by duality.
(]

Definition 4.22. We use smooth approximations to the indicator and bump functions. Let x be
fized, with nS and 15 be smooth functions satisfying

0<n(y) <1, nz(y) = 1p, (), n:(y) 1, (@) (Y), ase—0
0<7(y) <1, M2(y) > 1p.)¥): 7(¥) \ Ly (y), as e — 0.
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Definition 4.23. For 8 € [0,3) and € € (0,1), the e-Taylor “polynomial” of u centered at x is
the function TS (u,y) € Cf(M) given by

u(z) if B€(0,1)

Ty (u,y) = q ul@) + 1 ()l (z, Vu();y) if B €1,2)

u(z) +n5(y)l(z, V()i y) + g (y)a(z, Viu(a)y)  if B €(2,3).

Definition 4.24. Fiz L, € DI, and x € G, and let pu} be the measure from Lemma 4.19 and

let I denote the identity matriz (T M), — (T'M),.
Then, we define A“™(z) : (TM)y — (T'M), by

@) = [ Tl zs)u ), (4.9
Furthermore, using duality, we define B¢"(x) € (T M), as the unique vector in (T M), such that
(B @)l = [ @Iz, € (TM),. (1.10)

Lemma 4.25. Let L, € DI,,x € M and u € CE(M). Then, for some “remainder term”,
denoted (Error) we have the following representation for Ly(u,z): If = 2, then

Lyp,u,x’

Ly (u,z) = tr(A“™"(z)V3u(z)) + (BS"(z), Vu(z))g, + C"(x)u(x)
b [ uly) = T ) ) + (Brron)y,
M
if B €[1,2), then

Ln(u, x) = (BS"(x), Vu(z))g, + C" (x)u(z) + /M uly) — T’ (u,y) wz(dy) + (Error)p .

and if 5 € (0,1), then (note there is no remainder term in this case)

Ln(u,7) = C™(@)u(z) + /Mu<y> ~ u(z) 1 (dy).

Moreover, for every € > 0 fized, the term (Error)Lmu,x satisfies the estimate

|(Err0r)Ln,u,x‘ < ChnHuHC:)’(M)
While A™(z), B9™(z), and C™(z) satisfy the estimates
A" (2)]g, < O, [B(@)lg, < C, |C(2)] < C.
In all cases C' denoting a universal constant.

Proof of Lemma 4.25. When € (0,1), then we just apply Lemma 4.19 directly to L,,, and the
Lemma in this case is trivial. For 8 > 1, the key observation is that we can write, for fixed
€ Gy and n>n/,

Ln(x) = Ln(-,2) 0 Tp + Ln (-, x) o (Id = T7).
Then, the first three terms in the desired expression for L, (u,x) arise from L,(-,x) o 758 , us-
ing Definition 4.23 to obtain A“"(z) and B“"(z). The term (Error), . . arises simply due to
B

the perturbation of the gradient and Hessian made when applying m,. However, Lemma A.14
guarantees the error made is bounded by Chy,||ul|cs(ar)-

As for the term Ly, (-,z) o (Id — T;ﬁ’ﬁ), note that by definition
u(z) — TSP (u, ) = 0,
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and so the terms C"(z) from Lemma 4.19 are not present in the representation of the second
term. O

The next lemma yields lower bounds for A“™ and u?. These bounds say that for large n,
(and for fixed € and z € UG,,), A" is almost a positive semi-definite matrix, and p is almost a
positive measure.

Lemma 4.26. There is a universal constant C, such that if x € Gy, and n > n', then:
With I denoting the identity map (T'M ), — (T'M),, we have

AS"™(z) > —Chle 1.
Moreover, for all f € C3(M) such that f >0 and f(z) =0, we have

/Mf<y>u:<dy> > —CRY|fllosan-

Here, hy, is as defined in (3.6), and vy is as in Lemma 3.25.

Proof of Lemma 4.26. Both of these results are immediate consequences of Lemma 4.13. Indeed,
for the case of A“™(x), consider a fixed unit vector, v € (T'M),, and the function

w(y) = 75 (y)q(v @ v, 2;y),

where 75 (y) is the function from Definition 4.22.

On the other hand, from the definition of ¢, we have that V2w(r) = v ® v and Vw(x) = 0, see
Remark 3.14. Tt is also clear that w(y) > 0 for all y and that w(xz) = 0. Then, applying Lemma
4.19 to w, it follows that

Lo(w,2) = /M 7 ()a(v ® v, 23 y) (dy).

In light of the formula (4.9), we have that
L, (w,z) = tr(A“"(x)v @ v).
Then, using Lemma 4.13 to bound L, (w, x), we conclude that
tr(A“"(z)v @ v) > —=Chyl|wl|csan-

Using that 7S, ||w||cs < Ce™3, as well as Proposition 3.16, we obtain the lower bound for A" (x).
It remains to prove the bound for u7}. We use Lemma 4.19 once again, and apply to a function
f € C3(M) such that f(x) = 0, which yields

Lu(fa) = [ i),
Then, Lemma 4.13 applied to the left hand side yields the desired bound. ([l

The next lemma is concerned with the “pointwise” limits for sequences {L,,} where for each
n we have L, € DI, for each n. The lemma says essentially the following: given z € |JG,y,

the sequence {Ly (-, z)}n>n/, seen as a sequence of linear functionals cl (M) — R, must converge
along a subsequence to a functional of Levy type based at x (recall Definition 1.4).

Lemma 4.27. Let x € G, and for every n > n' let L,, € DI,. There is a subsequence ny — oo
such that Ly, (-, z) converges weakly to some Ly : Cbﬁ — R, that is,

Jim Ly (u,) = La(u), Vue CH(M),
—00
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where L, is a functional of Lévy-type based at x. Furthermore, the functional L, inherits an
analogue of (4.5), namely, there is a universal C such that

| L (u)| < Cllulles py,4.5) + Cwolr)[ull oo ar:

Remark 4.28. The proof below will actually say more than what was stated in Lemma 4.27, and
it shall highlight how Levy operators arise naturally as the limits of the Laplacian on sequences
of weighted graphs that are becoming large as n — oo.

Concretely, fix x € Gyy. Let C™(x), A°™(x), and B™(x) be as in (4.8),(4.9), and (4.10). Then,
as shown below, there are subsequences ny — 00,€; — 0 such that: 1) we have the limits

A(z) = lim lilgn A" (), B(z) :=lim liin B9 (), C(x):= liin C" (x),
J J

2) ult converges weakly in compact subsets of M \ {x} to a positive measure p, and 3) for every
u e CP (M) we have

kli)rrolo L, (u,z) = tr(A(z)V2u(z)) + (B(z), Vu(z)),, + C(z)u(z)
+/ u(y) — u(@) = xp,, ) (Vu(z),expz (y))g, pa(y)-
M\{x}

Proof of Lemma 4.27. For this proof, we only demonstrate the case of P = Cg as it includes all
of the details. The other four cases of 8 follow from a similar and simpler argument.

The case, C’bﬁ = C’g.

Let z € U,G,, be fixed. Since G,, are increasing, we know x € G,, for all n > n’ for some n'.
Also, by Lemma 4.21, we know that the measures m} have bounded variation in M \ {z}, so we
are free to use the Jordan decomposition to write

2= (my)

n

My

:(m

Furthermore, both of the measures (m?)* and (m?)~ are uniformly bounded in z, and n, for
n > n’ given by Lemma 4.21.

Step 1: extracting weak limits in n for € fixed.

We can use the compactness of Radon measures, e.g. [20, p. 55] to extract weakly convergent
subsequences of (m”)™ and (m”)~, and hence also m”. We will label by nj, and we will call the
weak limiting signed measure as m,, i.e.

Nk —
m, — My,

but we note that a posteriori we will validate that m, > 0. For the moment, we keep ¢ fixed.
Let u € C?(M). By Lemma 4.25, we have

Ln(u, x) = tr(A°" () V?u(z)) + (BS"(z), Vu(z))g, + C™(z)u(x) (4.11)
b uly) - T ) ) + (Brron), (112)
M\{z}

First we work on the nonlocal part, (4.12). We see that

[ )~ T ) sita)
M\{z}

u(y) — TP (u
_ / W) =T (0Y) (i, ) (dy)
M\{z} Y
B8
Y

_ / u(y) — Tw
m{zy  PU(d(z,
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At this point, we note that by the C? nature of u, the function,
uly) — T (u, y)
p((d(z,y)?)

does in fact extend to a continuous function on M. Hence, by the weak limit of m
that

n

"k we see then

m u(y) — 15" (u,y) T () — u(y) — 15" (u, y)
O Sy o g®) W) /M\{x} (. 9)?)

We define the limiting Lévy measure on M \ {z} as
fa(dy) = (p(d(z,y)*) ™ ' (dy),

and we note that by Lemma 4.26 we also know that [i, is indeed non-negative and satisfies, by
definition the integrability condition independent of x

/ min(d(z, y)%, Diia(dy) < C
M\{z}

Mz (dy).

because by definition m, are finite measures with total mass independent of x.

Next, we move on to the local part of L,, given in Lemma 4.25, which we recorded in (4.11).
We will establish that the matrices A9™(z) and vectors B“"(x) are all uniformly bounded in e,
n, x. Thus, weak limits are immediate (as bounded sequences in Euclidean space). First, we
note by a direct calculation that for z fixed, as functions of y, 7Sq(x,e; ® ej;y) are in Cg(M ),
independent of x, n, and . Furthermore, the functions 7% (y)l(z, e;;y) have a bounded C? norm
inside, e.g. y € By /s(z). Thus the bounds for A“"(x) follow from Lemma 4.10, and the bounds
for B<"(x) follow from Lemma 4.15, equation (4.7).

This means that we also have coefficients that depend on €
A(2), B(x), C(a),
such that along a subsequence, again labeled as ny, we have (recall, z is fixed)
kl;rgo L (TSP u, x) = tr(A°(2)Vu(z)) + (B (2), Vu(x)),, + C(x)u(z).
Furthermore, by Lemma 4.26, we see that
A(x) > 0.

Step 2: removing the € dependence.
We note that the definition of the e-Taylor expansion (Definition 4.23) requires smooth approx-
imations of 1 Bry () and 1.y, with € being a small parameter. First, we note that in the previous

paragraph, it was established that A“™(z) and B“™(x) are bounded independently of €, n, and z.
Thus the limits A°(z) and B¢(z) are still bounded independently of € and x. Invoking once again
the compactness of bounded closed sets in finite dimensional spaces, we obtain a subsequence in
€, along which

lim tr(A% (2)V2u(z)) + (B%(z), Vu(x)),, + C(z)u(x)

e —0
= tr(A(2)V?u(2)) + (B(x), Vu(z))g, + C(z)u(z),
and again, we preserve

A(z) > 0.
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Next we conclude with the € — 0 limits for
[ ) - T ().
M\{z}

Using the bound on the error term in the Taylor expansion (see Proposition A.12), and since
u € C%, we have that as y — ,

[u(y) — u(z) = n“(W)i(z, Vu(z);y)| < Jullczpd(e, y)?).
Hence, by dominated convergence, we see that (recall Definition 4.22 for n°)

lim u(y) — u(z) —n“(Y)(z, Vu(); y) iz (dy)
<=0 Ja\{a}

- / u(y) — () — 1y, (wl(z, Vu(z); y)ia(dy).
M\{z}

For the quadratic term, ¢(z, VZu(x);y), we note that
|7 (y)a(z, VZu(@);y)| < Cllullczanp(de, y)*)1 b, ()-

Hence, since fi, > 0,

/ 17 (@) a(e, V2u(z); 9)| faldy) < Cllullezon / pld(, 1)) ia ).
M\{z} Bae(z)\{=z}

Since m, is a finite measure, we see by the continuity of m, that necessarily
Mg (Bae(z) \ {x}) — 0 as e — 0.
We conclude then that

lim |7 (v)q(x, VZu(2); y)| i (dy) = 0.
e—0 M\{z}

This means that after the subsequential limits first in n followed by €, we do indeed recover
for u € C2(M),

eljigno n;{gnoo Lnk (u7 (L‘) = La (u)7
and L, is a functional of the Lévy form (Definition 1.4, (1.2)). This concludes the lemma for the
case 3 = 2.
Now we make a few remarks as to how the remaining cases follow from the proof for § = 2.
This is the only part in the proof in which there is a true distinction between them, and it all
rests on the ability to extend continuously the function

u(y) — 15" (u,y)
p((d(z,y)P)
The case, 8 = 1, Cl}(M ). This case is completely analogous to 8 = 2, and on one hand
simpler because A“™(z) = 0, but on the other hand, complicated by Lemma 4.21. Now, we let

e € (0,1) be given, and we take u € C¢, and we invoke Lemma 4.21 with 1 + €/2. Taylor’s
theorem applies in exactly the same way for the continuity of the quantity

u(y) — Te' (u,y)
p((d(z,y)t+e/2)

at y = x, where now the numerator has slightly stronger decay, by choice of u € C1=.
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The cases of C’f(M) = 0% (M) and Cf(M) = ObL(M). These cases go in the same way
as respectively the cases of C! and C? because we limit ourselves to only checking the formula
for u € C' and respectively C2. Hence, the respective continuity of, e.g.

uly) = Tr'(wy) o uly) =I5 (uy)
p((d(z,y)) p((d(z,y)?)

is unchanged.

The other cases of 3 € (0,2).

The only real difference here is that in these cases, we are applying the argument to u €
05 *E(M) for some small € > 0. In this case, the slightly larger Holder exponent, 8 + ¢, is what
gives the continuity of

u(y) — T (u,y)
p((d(z,y)P)

because the numerator is of the order d(z,y)?*e. O

In the case I satisfies the equicontinuity assumption (1.5), one can do better than Lemma 4.27:
one can show the compactness of the elements of L,, € DI, as linear operators. Moreover, the
proof is rather straightforward, it boils down to the Arzeld-Ascoli theorem.

Lemma 4.29. Suppose that I satisfies (1.5). Then, given a sequence {L,} with L, € DI, for
every n, there exists a subsequence Ly, and a bounded linear operator L : C'bﬁ — Cy such that

lim Ly, (u,z) = L(u,z), YuecC3(M), € M.

k—o0

Proof. Fix K C M be a compact set, and let B denote the set

B:={uecC}M)|u=0 outside K, ullesar < 1}

It is clear that B is a compact subset of Cf , for each 8 < 3. From the assumption (1.5), the

continuity of 72 (Theorem 3.23), and the convergence of 745 to the identity in C? (Lemma 3.25),
it follows that if L,, € DI, (v,), where v, € B, then

{Ly(u, ") }uep is equicontinuous
In other words, the real valued functions given by
(u,z) € K x B— Ly(u,x),

form an equicontinuous family of functions from K x B to R. In particular, this family of
functions is precompact in C'(K x B) with respect to uniform convergence. Therefore, there is
some subsequence ny and some L € C(K x B) such that

Ly, — L uniformly in K x B.

By homogeneity, L,, converges as a function defined for all functions u € C® which are compactly
supported on K. Moreover, using the linearity of the L, it is clear that L is also a linear operator.
Then, taking an increasing sequence of compacts K,, which cover M, one can apply a Cantor
diagonalization argument to obtain the desired sequence. ([l
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4.4. Limits of the finite dimensional min-max— the proof of Theorem 1.6 and Propo-
sition 1.7. Now that we have collected various facts about DI,,, we have enough information to
finish the proof of Theorems 1.6 and 1.8. The last remaining step is to pass to the limit “inside”
of the min-max.

Proof of Theorem 1.6. The key point of this proof is to use the compactness established in Lemma
4.27 to go from the min-max formula for I, to one for I. We introduce the family depending on
I,
KLewy(I) :=hull({L: CJ =R :3 ny — oo and Ly, € Dl,,,
Tk € Gy 8.t L(f) = Jim Ly, (f,2x) Vf € C(M)}). (4.13)
Among the implications of Lemma 4.27, Krewy(I) # 0, and every element of Kreyy () is an

operator of Levy type based at some x € M. Then, our aim is to prove the following: for every
xr € M, and every pair u,v € Cbﬁ(M), there is some L € KCpreyy(I) based at x such that

Iu,z) < I(v,z) + L(u—v). (4.14)

We proceed to prove (4.14) in increasing order of generality: 1) for all u,v € C? and z € G,, for

some n, 2) for all u,v € C? and any x € M, and finally 3) for all u,v € Cf (that is, u,v that
may not be compactly supported) and any = € M.

Fix u,v € C,?(M), and let x € G, for some n’ € N. Since the G,, are increasing, we have that
x € Gy, for all n > n/. The min-max formula for I,, with n > n’ (Lemma 4.9) yields the existence
of some Ly, , € DI, such that

In(u,x) < In(v,x) + Lpyz(u—v,z).

Given that u,v € c? (M), Proposition 4.3 guarantees that

lim I, (u,z) = I(u,z), imI,(v,z)=1(v,z),
n n
and in particular,

I(u,z) < I(v,x) + limsup Ly, 4 o (v — v, x).

n

Applying Lemma 4.27, and the definition of ICreyy (1) (4.13), we conclude the following: for any
x € JGp, and u,v € C’E(M), there is a functional L € Ky (1), based at x, such that

I(u,z) < I(v,z) + L(u — v).

More generally, if x € M, then we can choose a sequence of points x,, with x,, — z and
Zm € |JGr. Then, for each m there is some L, based at x,, such that

IHu,zy,) < I(v,xm) + Ly, (u—v)

Once again, passing to the limit in m (and using again the compactness of Krevy (1)), and using
the continuity of I(u,-) and I(v,-), we conclude that there exists some L € Ky (1), based at z,
and such that

I(u,z) < I(v,z) + L(u — v).

Finally, we need to extend (4.14) to all u,v € C’bﬁ (M), and not just those with compact support.
Fix u,v € C'bB(M), and x € M. Consider sequences uy, v € CE(M), k € N, which are such that

lue — ullos (Bo(en)) < 1k Nlvw = vllos (B, 2.y < 1/k-
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Then, for each k we have some Ly, € Kreyy(I) such that
I(ug,z) < I(vg,x) + Lg(ug — k).
The assumption (1.3) and Lemma 4.12 imply that for all sufficiently large k,
I(u,z) < I(uk, ) + Cllu — ukllos(Byy (2a)) + Cllt — gl oo (),
I(vk, ) < I(v,2) + Cllv — vkl oo By (en)) T Cllv = vkl Lo (ar).
Ly (ur — vg) < Ly k(u—v) + Cllu — v = (ug — vi) | 08(Byy ()
+ Cw(k)|lu — v — (ug — vg) | oo (ar)

Therefore,
1
I(u,z) < I(v,x) + L (u — v) +C’E + Cw(k), VkeN.

Then, after possibly taking a subsequence of the L, we obtain (4.14) in the limit in this final
case. Since (4.14) trivially yields equality for v = u, we conclude that for any x € M
I(u,z) = min max {I(v,z)+ L(u—v)},
(u, ) wtitn LEICLeUy(I){ (v, z) )}
and this finishes the proof.
O

The nature of the set Kreyy(I) and its dependence on I is a direct and trivial outcome of the
proof of Theorem 1.6, we record it as a Proposition.

Proposition 4.30. The family Kpevy(I) appearing in Theorem 1.6 has the form
KLewy(I) :=hull({L: CJ =R :3 ny — oo and Ly, € Dl,,,
vk € Grysit. L(f) = lim Ly, (f,2x) VS € C(M)}).

Finally, we comment on the minor modifications needed to obtain the stronger min-max result,
under assumption (1.5).

Proof of Theorem 1.8. The proof is exactly as that of the previous Theorem, except we invoke
Lemma 4.29 in place of Lemma 4.27, which is made possible once we have (1.5). In this case, we
obtain convergence as operators of subsequences of L, where L, € DI, for every n. We define

L:={L | IH{nk}tr,nr — oo, and L,, € DI,, such that L(u,z) = liin L, (u, x)Vu € C2(M)}.

The min-max formula using the operators in £ is proved as before, and the fact that for each x
we have L(-,x) € Lpeyy(I) is immediate in light of Proposition 4.30.
O

Remark 4.31. In order to illustrate the difference between I : C’bﬂ(M) — Cy(M) and maps on
a finite dimensional space, we point the reader to (4.14). If I were differentiable on a dense
set of functions, one can basically go straight to this point— see e.q. Proposition 2.6 and the
proof of Lemma 2.4. However, for generic Lipschitz I in infinite dimensional spaces, Fréchet
differentiability on a dense set is not expected to hold. Thus, most of the difficulty was contained
in obtaining (4.14).

Remark 4.32. One may ask how it is that including such a large set of linear functionals centered
at £ as Krewy(I) in the maz of the min-max formula (1.4) does not corrupt simpler operators
that may not use all such linear functionals. Suppose that I is a simpler operator of the form

I(u,z) = max{Lq(u, ), Ly(u,z)},
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where L, and Ly are simply two fized operators that have the GCP and properties (1.3). The
reader can check in a straightforward fashion that indeed

min = max  ([(v,2) + Ly(u —v)) = max{Lq(u,x), Ly(u,x)}.
UECbﬁ Lz €Kpevy (1)

The main points are that choosing v = u in the minimum immediately gives one inequality, and
the reverse inequality comes from the fact that if L, and Ly are linear maps from Cf(M) — Cy(M)
with the GCP, then for x fized, the linear functionals L(-,x) and Ly(-,x) are both of Lévy type,
and hence in Krepy(I).

4.5. Convex operators. If the Lipschitz operator I is assumed to be conver, then it may be
represented simply as a maximum of linear operators of the same type as those appearing in the
min-max formula from Theorem 1.6. First, let us recall what it means for an operator to be
convex.

Definition 4.33. An operator I is said to be convez if for any two functions w,v, and x € M,
and any A € (0,1) the following inequality holds

IAu+ (1 =N, z) < M(u,z) + (1 = NI (v, x).
The operator is said to be concave if the above inequality is reversed.

The convexity condition can clearly be restated as
LI (v+t(u—v),z) — I(v,x)) < I(u) — I(v) Ytelo,1].

Taking s € [0, 1] and applying the above inequality to the functions v and v + s(u — v), one sees
that convexity of I is equivalent to the condition

I+ tu—v),2) = [(v,2)) < s~ (10 + s(u—v),2) — I(v,2)), VO<t<s<L.
Lemma 4.34. Let M and I be as in Theorem 1.6. If in addition, I is known to be convex, then

I(u,x) = IEI%X{I(’U,{L‘) + Ly(u—w)}.

sy

Here the maximum is over some family of pairs (v, L) where v € Cbﬁ, and each Ly lies in the
same family of functionals as in Theorem 1.6. Likewise, if I is concave, an analogous statement
holds with a minimum instead of a maximum.

Proof. Let I, be the finite dimensional approximation to I. By its construction, it is clear that
I, is convex if I is convex. We shall show that the min-max formula for I,, reduces to a max
formula when I,, is convex. From this point on, the proof of the Lemma follows the argument
used to obtain (4.14) in the proof of Theorem 1.6.

Fix u,v € Cbﬁ and x € G,, for some n. Assume further that v is such that I,, is differentiable
at v, with derivative L,(-). Then, due to the convexity of I, the function

t =t (I(v+tlu—v),z) — I(v,z)),
is nondecreasing for ¢t > 0. Therefore,

t Lo+ t(u —v),z) — I(v,x)) > ligzgp{fl (In(v+t(u—v),x) — I(v,x))}

= Ly(u—v,x).
In particular, for t =1

Lo(u,z) > I(v,x) + Ly(u—v,2), V& € Gy, ue C'I’?(M)
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If I,, is not differentiable at v, we take a sequence v, — v with I,, differentiable at each v;. Then,
In(u,z) > In(vk, x) + Ly, (u — v, ), VEk,
passing to the limit £k — oo

In(u,z) > In(v,x) + limsup Ly, (v — vk, x).
k

From here, it follows that for every v € Cbﬁ there is some L such that
In(ua x) > In(v7 iL') + Lm(u - ’U).
Since v is arbitrary and the above becomes an equality whenever u = v, it follows that we have

I,(u,z) = T%X{In(v, x)+ L(u —v,x)},

the maximum being over some family of pairs (v, L). This proves the maximum for each of the
finite dimensional approximations I,,. As mentioned at the beginning of the proof, to obtain
the maximum formula for I, one proceeds by the same limiting argument used in the proof of
Theorem 1.6, we leave the details to the reader. [l

4.6. Extremal operators. An elementary consequence of the min-max formula for 7, is that
one can bound the difference I(u,x) — I(v,x) via “extremal operators”. Namely, since

I(u,v) — I(v,x) = rrllji,nmLax{I(v’,x) + L(u—',2)} — I(v, ),
(take v' = v) < max {L(u—v,x)}.
Likewise,
I(u,z) — I(v,z) > —m]_ia,X{L(v —u,x)},
> mLin {L(u—v,2)}.

Therefore, we call the following the extremal inequalities for I:
mLin{L(u —v,x)} < I(u,z) — I(v,x) < mlz}x{L(u —v,2)}; (4.15)

and given a family of linear functionals, £, we define the extremal operators
M/ (u,z) = sup{L(u,z)} and M (u,z) = inf {L(u,z)}. (4.16)
LeL LeL

Note, these extremal operators have made important appearances in PDE and control theory for
decades (and most likely in other fields). For second order equations they can be traced back to
Pucci [42], see also their importance in Caffarelli [8] or in the book of Caffarelli-Cabré [9, Chp
2-4]. They also play a fundamental role in much of the theory for integro-differential equations
for both linear and nonlinear operators (a very abridged list is e.g. [7], [13], [12], [31], [45], etc...).

Now, one may ask if the reverse holds. Namely, if the (4.15) holds, does it follow that I can
be written as a min-max of operators belonging to the class £7. The next lemma gives a partial
answer to this question —which will be useful in a forthcoming work dealing with Dirichlet to
Neumann maps.

Proposition 4.35. Assume that I is as in Theorem 1.6, and suppose further that there exists a
class of functionals L, so that I obeys the extremal inequalities (4.15) with respect to L. Then,
with Krevy(I) as in Proposition 4.30, it holds that for all Ly € Krevy(I)

VoeC3M),YreM, Mg (dx)<Ly(e).

We will prove this proposition via two more basic (and possibly also useful) facts separately,
where both of them invoke the finite dimensional operators.
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Lemma 4.36. Let I and L be as in Proposition 4.30. Let I,,, (My )n, and (M} ), be the finite
dimensional approxzimations defined in (4.2) for respectively I, M, , and MZ from (4.16), and
let u,v € C'I;B(M) Then

(Mg )n(u =) < Tn(u) = Zn(v) < (M )n(u —v),
i.e. the approzimation (4.2) preserves extremal inequalities.

Lemma 4.37. Let I, £, and M, be as in Proposition 4.35. Let n be fized, let I, be defined in

(4.2), and assume I, is Fréchet differentiable at u € CbB(M) with derivative DI, ,, let x € M,
and let ¢ € C3(M). Then the following estimate is true

_h71||¢|’03 + ME(¢7 $) < DIn,u(¢7x)u
where hy, — 0 arises from Lemma 3.25 and is defined in (3.6).

For notational reasons, it will be easiest to simply present the proofs of Lemmas 4.36 and 4.36
together.

Proof of Lemmas 4.36 and 4.37. First, let u,v € CE(M). We will use the fact that restric-
tion/extension compositions

EfoT, and E°o T,

are both linear operators, and furthermore that EY o T}, preserves ordering. Using the extremal
inequality of (4.16), we see that since EP o Tyu and EP o T,v are again in C’f (M), it holds that

My (EP o Tp(u —v)) < I(ES o Tyu) — I(ES o Tyw),

(and we have used linearity of E? o T, on the left). Now we may apply E° o T}, to both sides,
and we use the monotonicity and linearity to conclude

E%T, (ME(EE o Tp(u — u))) <E°oT, (I(Efj o Tnu)) _E%T, (I(E,/j o Tnv)> .

Hence by the definition of (M), and I, in (4.2), we have obtained half of Lemma 4.36. The
other inequality follows the same proof.

Now to obtain the estimate on DI,, let ¢ > 0, and v and ¢ be as in Lemma 4.37. In the
preceding equation, we may now replace u by u + t¢ and v by u. Invoking the positive 1-
homogeneity of M, and (M ),, we obtain

t(ME)n(Qb) < L(u+tp) — In(u).

Now we can invoke the approximation estimate in Lemma 3.25 applied to (M ),, and rearrange
to see that

_ _ 1

—hpll¢llcs + M, (¢, ) < (ML Jn(@,z) < n (In(u+td, ) — In(u,z)).

Hence, taking the limit as ¢ — 0, we conclude Lemma, 4.37. O
Now we justify Proposition 4.35.

Proof of Proposition 4.35. Let ¢ and x be given. By the definition of L, € Kreyy(I) via Propo-
sition 4.30, we see that L, is a limit of convex combinations of operators, L such that there exist
un, and zj so that

L(¢,x) = lim lim DI, (¢, z).

k—o00 n—00
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As Lemma 4.37 is independent of u,, and from the fact that M, (¢,-) is continuous in x, we see
that

M (¢,2) < L(,x).

This inequality is preserved under further convex combinations over L, and thus we conclude it
also holds that

M (¢, x) < La(9).

5. SOME QUESTIONS

Here we take the time to mention some additional questions that arise from the min-max
representation.

Question 5.1. In the Introduction, among the examples for maps satisfying the GCP, we men-
tioned the Dirichlet-to-Neumann map for a fully nonlinear equation in a bounded smooth domain
Q C RY. Our main theorem yields the representation

o,U = main max {fab(x) + Lgp(u, ac))} ;

where {f%®} 4 is a bounded family of functions in C(0K), and each Lgay(-,x) has the form (1.2).
Then, we ask: are the Levy measures u® appearing in the min-max formula formula absolutely
continuous with respect to the surface measure of 0Q2%. In other words, find out whether there
are measurable functions k® : Q x Q — R such that

s (dy) = k(x, y)dvoly(y).

Furthermore, deriving further properties for the kernels k®, such as pointwise bounds with respect
to the kernel |z —y|=¢, would be very useful. Such bounds would mean that the equation 9,U =0
is closely related to existing regularity results for nonlocal elliptic equations, i.e. [4, 7, 13, 45].

Question 5.2. Going in the opposite direction, are there Dirichlet to Neumann maps —even in
the linear case— for which the resulting integro-differential operator on OS) that has a singular
Lévy measure? This seems a possibility for linear operators with low-reqularity coefficients, as
suggested by the existence of well known examples of elliptic operators for which the associated
L-harmonic measure is singular.

Question 5.3. Let M = RZ. If it is assumed that I is a translation invariant operator, can you
show that it suffices to only use translation invariant linear operators in the min-max formula of
Theorem 1.6%.

Question 5.4. Can the min-max formula be extended to degenerate or singular operators such
as the infinity-Laplace or the p-Laplace? These operators are not bounded from C? — C, but
nonetheless they enjoy good ezistence / uniqueness and partial regularity theory for weak solutions
of equations defined by them.

Question 5.5. The aziomatic image processing work of Alvarez-Guichard-Lions-Morel [1] showed
that if a semi-group on the space of continuous functions satisfies certain axioms, most notably
locality and comparison, then in fact the semi-group must be characterized as the (viscosity)
solution operator for some fully nonlinear (degenerate) parabolic equation. This is notable because
one recovers a representation using weak solutions. Is it possible to make an analog of the paper
[1] to the context of Theorem 1.6 presented here? This would be an extension of Theorem 1.6 to
both the parabolic setting and the setting of weak solutions.
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APPENDIX A. DISCRETIZATION OF THE GRADIENT AND THE HESSIAN ON M

First off, we shall construct proper discretizations for the covariant gradient and Hessian given
M and G,,. Our point of view will be to think of a sufficiently smooth function u : M — R
as given. Then, the discrete gradient and Hessian of w will be defined at points in Gn using
only the values of u at points in G,. We will see that the regularity of the original function
u will control how far are these discrete operators from their continuum counterparts (Lemma
A.14). Moreover, the regularity of v will control the regularity of discrete gradient and Hessian
themselves, in a manner which is independent of the mesh size (Proposition A.15 and A.16).

Remark A.1. Before proceeding further, it is worthwhile to note that the discrete gradient and
Hessian defined below are standard, and that this appendiz has been made with the chief purpose
of making the paper as self contained as possible. In fact, as with the discussion of Whitney
extension, we failed to find a direct reference where the discretization of the gradient and Hessian
is done in the context of a Riemannian manifold. Furthermore, for the purposes of this paper,
we only need rather minimal properties of our discretization —essentially, their “comsistency”.
As such, the arguments and estimates here are far less optimal than what may be found in the
numerical analysis literature where subtler issues are considered.

As we can only use the values of u at points of G, our first order of business is to single out
admissible directions at z € G,, along which a (discrete) derivative may be computed. This is
done in the following proposition.

Proposition A.2. Given z € G, there are vectors
anl(w)7 R Vn,d(x) S (TM)I

Satisfying the following properties,
(1) For each k,

exp,(Vik(x)) € Gp.
(2) Also for each k,
98hy, < Vi (2)]g, < 102h,.

(3) Finally, the family {mG}g:l forms a basis which is “almost orthogonal”. To be concrete,
for sufficiently large n, we have

~

. 1
(Ve (2), Vao(2))g,| < 55, ik # L.
Here, V denotes the unit vector in the direction of V, that is V := V/|V|,, .

Proof. Let us recall the constant § € (0,1) introduced in Remark 3.3, as well as h,, (see (3.2))
which was given by

hy = sup d(z,Gy,), Vn,
zeM

and which is such that lim h,, = 0. Next, recall that by (3.2), we have
n

500h,, < 6.
Fix z € G,, and let ey, ..., ey be an arbitrary orthonormal basis of (TM),. By definition of b,
d(exp, (100hne), Gn) < hp, k=1,...,d.
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In particular, for each x and each k, it is possible to pick a point x; such that
z € Gy and d(exp, (100hner), 1) < hn.

Having made such a selection for each z € G,,, we define
Vik(x) := (exp,) Hag), k=1,....d

Thus, the first property holds by construction. Next, observe that since 100h,, < 0, both z, x
and exp, (100h,er) 2311 lie in a ball of radius 46v/d. Therefore, using Remark 3.3 we can compare
Vo k(2)]g, and |[100h,ek|g, . In particular, we have
Vot — 100hsek]g, < W8d(exp, (100h,ey), xx) < Lh,. (A1)
Then, the triangle inequality yields,
Vo (2)]g, < |100Rnex|g, + |Vig(z) — 100h,ek|g, < 100k, + 1815, < 102k,
Voto(@)|go > [100Rpex|g, — [Vig(z) — 100Rnex]q, > 100h, — 18R, > 98h,,.

This proves the second property. It remains to prove the third one. For the sake of brevity, let
us omit the x dependence in the computations below.
Let us express the inner product (Vj,;, Vy, k)g, in terms of the orthonormal basis ey,

(Vi Vik)go = (Vg — 100hye; 4 100hyeq, Vi, g, — 100h,ep, + 100h,ex),,
= (V1 — 100hnep, Vg — 100hp,ex + 100h,e1),,
+ (100h,e;, Vot — 100hp e + 100h,e1),,
= (Vo1 — 100hnep, Vi, — 100hnex)g, + (Vi — 100,67, 100hy,er) 4,
+ (100hye;, Vg, — 100hper) g, + (100h,e7, 100h,er) g,
Since the e; are orthonormal, for k # [ it follows that
Vs Vo) ge = (Vi — 1000,€1, Vi — 100hnes) g, + (Vi — 100hneq, 100k, e) 4,
+ (100h,ep, Vot — 100hper) g, Kk # 1.
We apply the estimate (A.1) to this last identity, it follows that
\Vots Vi) g | < |Vt = 100hneq| g, Vi i — 100hnex|gz + Vg — 100k e, [100h,e4 4,
+ |100hneq|g, |Vt — 100, €4,
< (381)2p2 4 2(181 7, )(100h,) < 204h,.

Since [Vpl,. 1 > 98h,,, it follows that
(Vo Vo )gu | < 2045 | Vo[ | Vil < 204(98) 72 < o,
and the third property is proved. ]
From here on, for each n and for every = € G, we fix a selection of vectors {V,, 1(z), ..., Vpa(2)} €

(T'M ), as in the previous proposition. Moreover, we fix u € Cbﬁ (M) for the rest of this section.

Definition A.3. (Discrete gradient) Given x € G, and u, define (V) 'u(z) € (TM), by solving
the system of linear equations

(Vi (), (Vn)lu(x))gz = u(exp, (Vo i(x))) —u(z), k=1,...,d.

Note that, as the V, () are linearly independent, the above system always has a unique solution.
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Remark A.4. Let us illustrate the above definition in a simple case. Let us take,
M=R¢ G, = (22,

and write hy, = 27" and Voi(x) = hney, where {eq, ..., eq} denote the standard orthonormal basis
of R%. Then,

Thus, in this case we have

u(z + hner) — u(z)
hn

and the vector (V) u(x) is nothing but a discretization of the gradient.

(% O u(2)),

Definition A.5. Let x,y € M be such that d(x,y) < ro. Then let 'y, denote the linear map
Lpy: (TM)y — (TM),,

given by parallel transport along the unique minimal geodesic connecting x to y. We should recall
this map is an isometry with respect to the inner products g, and g,. If the point y is understood
from context, we shall simply write I';.

Definition A.6. Let V be a section of the tangent bundle TM. We say V is of class C* if

V() =Ty V(y)ly
V]ce = sup : :
[ ]C () 0<d(z,y)<ro d(l’,y)a

Likewise, if M : TM — TM, then

< 00

M(z) — M(y)I';L
Mloepry = sup L= MOyl
0<d(z,y)<ro d(ajv y)

These seminorms, when applied to V = Vu and M = V?u allows to define the C® norm of u in
the obvious manner.

Remark A.7. Let 5 € [0,3) be given. The following is a useful characterization of Hélder
continuity that will be used later on. Let x(t) denote a geodesic and e(t) a parallel vector field
along it with |&(t)|g,,, = |e(t)|zt) = 1. Then,

(Vu(z(t)), e(t))awy — (Vula(s)), ()| < ulleslt — s P=H 0 if g > 1,
and
(V2u(@(t)e(t), e(t))a@) — (VZu(z(s))e(s), e(s))ags)| < lulloslt — s™ P21 if g > 2.

Defining the discrete Hessian requires further preparation, we define first the following “second
order difference”,

uz(V1,Va) = u(expexp, (1) (Vo)) — ulexpy (V1)) — ulexp, (T V2)) + u(z).

Here I';, denotes the operation of parallel transport, as introduced in Definition A.5.
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Definition A.8. (Discrete Hessian) Given x € Gy, and u, we will define a linear transformation
(Va)?u(z) : (TM)g = (TM)s.
Given k =1,...,d, define (V) *u(z)Vpr(z) € (TM), as the solution V to the linear system
(V. TuVii(2k)) g, = 0ua(Vak(z), Via(zk)), 1=1,...,d.
Here, for the sake of brevity of notation, we have written
zp = exp, (Vo i (2)).

Having indicated how (V,,)?u(z) acts on the basis {Vy i (x)}¢_, of (T M), the linear transforma-
tion is completely determined.

Let us elaborate on the linear algebra problem that was used to define (V,,)?u. Given a linear
transformation D : (TM), — (T'M),, and a family of pairs of vectors {(Vi, W)}, for some
N, we seek to recover the full matrix D from the values

(DVy, Wy).

We are given a basis Vi, (k= 1,...,d), and for each k another basis {W;} (I =1,...,d). Then,
we seek to completely determine a linear transformation M given the values

(DVig, Wyy), for k,l=1,...,d.

Remark A.9. Let us again see what this definition says in a simple case. Let M, G, hyn and
{Vii(x)} be as in Remark A.4. Then, given x € Gy, and k,l=1,...,d we have
g (Vi (), Vo(zr)) = u(x + 27 "ep + 27 ") —u(x + 27 "ex) —u(z + 27 "¢;) + u(x)
= 2727 (V) u(x)ey, ).
It follows that the components of (V,)?u(z) are given by

9—n 9—n _ 9—n _ 9—n
(Vo 2yulz) = u(x 4+ e + er) u(;v+n2n er) —u(x + er) + u(x) (~ V2u(x))

and the matriz (V,,)3u(x) is nothing but a discretization of the standard Hessian.

Remark A.10. Let z € G,,. Using the upper bound in part (2) of Proposition A.2, one notes
that all the values of u taken in evaluating Viu(z) and V2u(z) lie within a ball of radius < 250h,
centered at x. In particular, if u =0 in Basop, (), then

Viu(z) =0, Viu(z)=0.

The previous remark guarantees that the extension operator is somewhat “local”, the locality
becoming more and more exact as n becomes larger, this is made rigorous in the following
proposition.

Proposition A.11. Let v € C?, and xo € M. Then,
u=0in By (7o) = Ef(u,")=0in B, oor,, (z0)-
Proof. First, we claim that
x € Byyoj, (20) = Bysoi (Unk) C Bygor,, (20), V k€ K. (A.2)

Let us see how (A.2) implies the proposition. Fix x € By, (o), with z € M\ G, then
Eﬁux Zp(uk ¢”k Zpuk) ¢"k )

keK,
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Then, thanks to (A.2), we have that
u=0in Bz50ﬁn(gn:k)7 Vke K, Vx e Blooﬁn(xﬂ)'
In this case, Remark A.10 guarantees that
p(ﬁmk)(x) =0, Vk € Ky, Va € By (7o)
In other words,
El(u,z) =0, Vx € By (o).

Which proves the proposition. It remains to prove (A.2). Fix x € Blooﬁn(xU) and k € K,. By
the triangle inequality, and the definition of ¢, 1., we have

(@, Gnk) < (@, Yn k) + d(Gn ks Ynk) = AT, Ynk) + d(Ynks Gn)
< 2d(, yn ) + d(, Gn)
< 2diam (P} ) + d(=, Gn).
Then, thanks to Remark 3.10,
d(@, Gnx) < 15d(x,Gp) < 15hy,, Yk € K,.
Furthermore,
d(Gn k> T0) < d(Gnk, ) + d(z, 20)
< d(Gnk, )+ d(z,2) + d(x, x0).
We now recall that d(z,z) = d(z,Gr) < hy, and d(x,z9) < 100h,,. Furthermore, as shown in

(3.16) in the proof of Proposition we have d( 1, 2) < 16d(z,Gy) for k € K,. Gathering these
inequalities it follows that

A(Gn gy w0) < 11Thy, Yk € K.

From here, and the triangle inequality, we conclude that Bys; (9n,k) lies inside B,y (7o), that
is, (A.2). This proves the proposition. O

In what follows, we will be using the functions ! and ¢, introduced in Definition 3.13. In R?
this is a completely straightforward calculation using the Taylor polynomial. On a Riemannian
manifold, we shall use the coordinates given by the exponential map. For the next proposition,
we recall that the functions “linear” and “quadratic” functions [ and ¢ introduced in Definition
3.13 are defined in a ball of of radius 46v/d around their base point, where § is as in Remark 3.3

Proposition A.12. Let 2o,z € M with d(z,x) < 46v/d, and u € CE(M). Then,
1) If CF = C}, then
u(z) —u(zo) — I(Vu(xo), zo; ) = o(d(z, x0)),

where the o(d(z,xo)) term is controlled by the modulus of continuity of Vu.
2) If B € [1,2], then

Ju(z) — u(wo) — I(Vu(xo), zo; x)| < |Jullcsd(z, z0)".
3) If Cf = C2, then
u(z) — u(zo) — I(Vu(xo), zo; ) — q(VQU(xQ),JJo; x) = o(d(z, x0)2),

where the o(d(x,xz0)) term is controlled by the modulus of continuity of V2u.
1) If B € [2,3], then

() — u(zo) — U(Vulzo), 2; 2) — ¢(V2u(wo), 20;2)| < |[ull sz, 20)’.
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We omit the straightforward proof of Proposition A.12.

Remark A.13. From Definition 3.13 it is immediate that Proposition A.12 has the following
equivalent formulation which will also be useful: given a unit vector e € (T'M)z, and h < 46V/4d,
we have
u(expy, (he)) — u(wo) — h(Vu(xo), e)g, = o(h), if Cbﬁ =Y},
[u(exp,, (he)) — u(wo) — h(Vu(zo), €)g,, | < l[ullcsh?, if B € (1,2],
h2
u(exp,, (he)) — u(zo) — h(Vu(xo), e)gzo - ?(VQU(:EO)e, e)
h2
[u(expy, (he)) — ulzo) — h(Vu(@o), €)g,, — =

Proof of Remark A.13. First estimate. Fix a unit vector e € (T'M)y,. For h € [0,7¢] let z(h) :=
exp,, (he), and let

= o(h?), it C) = C2,

9z

(VZU,({L'O)G,e) ‘ < HUHCﬁh/87 ifpge [273]'

9zg

e(h) :==u(z(h)) — u(zo) — (Vu(zo), he)g,, -
=0, d(zo,z(h)) = h, and that
e'(h) = (Vu(z(h)), £(h))

It is immediate that €(0)
— (Vu(xo), €)

9z (h) Gz *

Since (0) = e, we have €/(0) = 0. Keeping in mind that #(h) is the parallel transport of e along
x(h), the Holder regularity of Vu(z) yields

' ()] = |(Vu(x(h), &(h))a(n) — (Vu(z0), €) g,y | < llullosd (o, x(h))*~
= |lullgsh” .
Integrating this last inequality from 0 to h, we obtain the first estimate, since
le(h)] = le(h) = £(0)] < [lullceh”.

Second estimate. Let x(h) be as before, with h € [0,79]. This time we consider the function

2
() = (2(h)) — u(zo) ~ A(Vu(zo), €)g., — o (Tu(z))e, )y,

Then, as before it is clear that £(0) = ¢’(0) = 0 and
e'(h) = (Vu(z(h)), &(h))wm) — (Vul@o), €)g,, — h((VZu(zo))e, €) g,
e"(h) = (Vu(z(h)))@(h), &(h))g,, — (V?u(zo))e, €)g,, -

As before, we make use of the fact that @(h) is a parallel vector along x(h), which leads to
" ()] = [(VZu(a(h))i(h), & (h)g, ) — (V2u(x0))e, €)ge, | < Jullosh” .
Integrating this inequality twice (and using that £(0) = €’(0) = 0) it follows that
h
(0] = (1)~ =0) = | [ /)

which proves the second estimate.

< Jlullesh?,

O

The next Lemma consists of a very important fact, namely, that the discrete difference opera-
tors (V,,)'u and (V,,)?u are “consistent” —i.e. they converge to the differential operators Vu and
V2u. Furthermore, we have that the error made when estimating the derivatives by the discrete
operator is a quantity controlled by the C? norm of u € Cbﬁ (M).
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Lemma A.14. Let x € G, and u € C’bﬁ(M) then
(V) u(z) = Vu(@)lg, < Cllullgshy™, if 8 € (1,2],
(Vi) ?u(z) = VPu(z)lg, < Cllullcohy 2, if 5 € (2,3].
Furthermore, if P = Cbl or CI’JB = Cg then, we have, respectively
lim  sup (Vo) u(z) — Vu(z)ly, =0,

n—oo

e KNG,
lim sup |(Vn)2u($) - VQU(x)|gz =0,
n—oo 2eKNGnp

where K is an arbitrary compact subset of M.

Proof. First estimate. We may write

d
Vu(z) = 0Vn(x),
=1

where the numbers 61, ..., 60, are determined from the system of equations

d
(Vu(@), Va(@))ge = D 01(Vi (), Vi ())g,
I=d

Now, Proposition A.12 says that

u(exp, (Vi) — u(®)
|Vn,k

— (Vu@), Vur) | < Cllullos Varlg ",

T

o
and, if Cbﬁ = Cbl, it says that for any compact K,
u(exp, (Vik)) — u(z)
’Vn,k’gx
the convergence in the limit being determined by K, the continuity of Vu, and M. Then,
[(Va)iu(z) — 6 < Cllullgshi™ Yo e M, if € (0,1),

lim sup max =0,

NI e kG, 1SR

— (Vu(x), Vnk>

gx

lim sup |(Va)ju(z) — 6] =0, VK cc M, if O = C}.
0 zeKNGnp
The above holds for each [ = 1,...,d. Combining these inequalities it is immediate that

(V) u(z) — Vu(@)] < Cllull sl ™,
and, for Cbﬁ = C,},
lim  sup |(Va)'u(z) — Vu(z)| = 0.

n—oo ccEKﬂGn

Second estimate. First, we need an elementary observation about geodesics. Observe that

expexpz(vnyk(x))(Vn,l(xk)) = exp, (Vo r(x) + Lo Vi (xy) + (Error),).

Where the term (Error), is term appearing due to possibly non-zero curvature. It turns out

that this error term is at least a cubic error in terms of ELn, which is proved as follows: let
J(t) be the Jacobi field along the geodesic v(t) = exp,(tV, ) determined by J(0) = 0 and

A

J(|Viklge) = Vni(xg). Then, define o(t,s) € (M), by
exp oy (57(1)) = exp, ((t,5)).
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Note that o (|Vklges |[Vii(2k)|g, ) must be equal to the argument in the exponential on the right
hand side of (A.3). Then, note that

0(0,5) =0, Vs=0(0,0) =050(0,0) = 9s50(0,0) = 0.
Furthermore, 9;0(0,0) = Vnk(x), Slo)
o(t,s) = tVp i + stdssa(0,0) + O((s2 + 12)3/2).
Now, by contrasting the respective Jacobi and parallel transport equations, it can be shown that
10150(0,0) — Ty Vi o(21)| < Chyy.
Given that |V, klg., |Vii(2k)|g. < hn, this leads to the bound
|(Error)|y, < Ch3. (A.4)

The constant C' depending only on the metric of M.

Let us analyze the first three terms appearing in the second order difference du, (V;, 1 (), Vi (zk))-
We consider the Taylor expansion and estimate the remainder via Proposition A.12. First of all,
we have

W(eXPexp, (v, 1 (2)) Vit (k) = ulexpy (Vi k(2) + T Viu(2k) + (Error)g)).

The estimate (A.4) guarantees in particular that |V, x(z) + Vi (k) + (Error),| < Chy,. With
this in mind, we apply Proposition A.12 in order to obtain the expansion

U(eXPexp (v, 4 (2)) Vit (Zk)))
= u(x) + (Vu(z), Vo (z) + To Vi (zx) + (Error)),,

+ 3 (V2u(@) (Vo (@) + T Vg (zg) + (Error)y), Vi k(z) + T Vi (k) + (Error),)
+ (Error),

T

where (Error), which denotes the remainder in the Taylor expansion, satisfies the bound
|(Error)| < Cllullgsh.
Expanding, we see that
U(eXPexp (v, 4 (2)) Vit (2k)))
= u(@) + (Vu(z), Vo k(2))g, + (Vu(2), L Vi1 (21))g,
+ 3 (Vzu(az)V k(x k(x)) (V2 (x)Ig n,l(:ck),Fan,l(xk))gz
+ (V2u(@)Va(2), (:L“k))
1

+ (Vu(z), (Error)y)g, + (V2 (x )(Error)o,(Error)o)gz

+ (V?u(z)(Error),, ank( )+ Fmel(xk))gz + (Error).

The terms involving a factor of (Error), may be absorbed into (Error). To see why, we use the
estimate (A.4) and bound term by term

) Vi
LoV

|((Vu(z), (Error)y)g, | < Clluforhy,

‘(Vz (x)(Error),, (Error) U)gm Cllu|o2h8,
(V2u(@) (Brror)g, Vo r(@)),, | < Cllullc=hi,
)(VQ (z)(Error)y, Ty Vi (xg )gz Cllu||c2hi.
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Since 3 > 2, each of the above terms is bounded by C|lu||oshi. Then, absorbing the terms
involving (Error), into (Error) we obtain

w(€XPexp, (V4 (2)) Vit (Tk)))
= u(x) + (Vu(@), Vo (2))g, + (Vu(z), eV i(2r)) g,
+ 5 (V@) Vi (), V() + 5 (V@) e Vi (r), Do Vaa(r))
+ (Vu(z) Vi (), vaﬂl(mk))gw + (Error).
As for the other two terms, we have
u(expy (Vop(2))) = u() + (Vu(z), Vo k(2))q,
+ % (V2u(as)Vn7k(x), ank(as))gz + (Error),

and

u(expr(FmVn,l(xk))) = u(g;‘) + (Vu(xo), Fan,l(xk))gz
+ % (Vzu(x)I‘anJ(xk),I‘mel(xk))gx + (Error).

In each case, |(Error)| is no larger than Cljul|os h, thanks to Proposition A.12.
Combining the last three formulas, it follows that

Stz (Vo (@), Vi (k)
is equal to
u(@) + (Vu(x), Vi (@))g, + (Vu(@), Ta(Vaa(@r))g, + 5((V2u(@)) Vi k (@), Vaso(2)) g,
+ (V2u(2)Va i (2), Ta Vg (21)) g, + 5 (VZu(@))Ta Vi i(2r), Do Vi (w1))g,
—u(z) = (Vu(z), Vai(2))g, — 5((VZu(2)Vai (@), Vo(2))g, — u(@) — (Vu(@), Do (Vaa(zr))g,
— H(Vu(@)) Do (Voa (k) To (Vi (k) g, + u(w) (Error).

From the above, it is clear all but one of the terms in the first two lines above is cancelled out
with a term in the last two lines. We then arrive at the formula

Sty (Vi i (2), Via(g)) = (V2u(2)) Vi g (), Tu Vi (%)) g, + (Error),
where —thanks to Proposition A.12, as pointed out earlier— we have
|(Error)| < Cllullcshs,.
Then, solving the linear problem corresponding to (V,,)?u(x) and V2u(x) it follows that
(Vo) ?u(z) = V2u(@)] < Cllulloshy, 2.

Finally, if Cbﬂ = CZ, the convergence of (V,)?u(z) to VZu(z) follows analogously to the conver-
gence of Vyu(z) to Vu(x) for Cbﬁ = C}, we omit the details. O

Given the proof of Lemma A.14 it should be clear that the L>°(G,,) norm of (V,,)u (i = 1,2)
is controlled by the appropriate C# norm of « in a manner which is independent of n. This fact
is the content of the next proposition.

Proposition A.15. Let x € G, then we have the estimates
(V) u(@)lg, < Clluller,
(V) ?u(z)lg, < Cllullge-
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Proof of Proposition A.15. This is an immediate consequence of the previous proposition. In-
deed, fix u € Cbﬂ(M) and = € Gy,. Then, we have

(V) u(z)g, < [(Vn) u(z) = Vu(z)lg, + [Vu(z)lg,, B2 1.
(V) ?u(2)|g, < [(Vn)?u(z) = VZu(2)lg, +|Vu(@)lg,, 5> 2.
Then, using the two estimates in Proposition A.12, we have
(V) u(@)]g, < CRPP W ullcs + uller < Clulles, 82> 1.
(Vo) u(@)lg, < CRR™ P2 lulles + [lullc2 < Clulles, 8> 2.
O

The next proposition yields a quantitative control on the “continuity” of (V,)%u in terms of
the regularity of the original function u. As one may expect, if Vu(z) and V2u(z) are Holder
continuous in M, then (V,)'u and (V,)%u enjoy a respective modulus of “continuity” on G,
this being uniform in n.

Prop~osition A.16. Coqsider points T,y € M\én and Yy, T the corresponding points in G, with
d(z,Gy) =d(z,z), d(y, Gn) = d(y, ), we have the following estimates with a universal C'.
(1) For1< <2,

(Va)hu(®) = (Va)su()| < Cllullcsd(E, §)° .
(2) For2 < (<3,
(Va)apu(®) = (V) 2pu())] < Cllullcsd(2,5)" 2.

Proof. It & = g both inequalities are trivial and there is nothing to prove, so let us assume z,y
are two different points in G,,. In this case, and thanks to (3.3), we have

d(#,9) > My, (A.5)
First estimate. The triangle inequality yields,
|(Vn)at() = (Va)gu(3)]
< |(Va)au(®) = Vau(@)| + |Vou(@) = Vau()| + [Vau(d) — (Va)qu(@)].
Let us estimate each of the three terms on the right. The middle term is straightforward,
Vau(#) = Vau(@)| < Cllullcsd(@, §)7 "
For the first and third term, we use the first part of Lemma A.14, which says that
(Va)au(@) = Vau(#)] < Clullcshy ",
(Va)aw(@) = Vau(@)| < Cllulleshy .
Using (A.5) it follows that
|(Va)au(#) = Vau(@)| < Clluflcsd(d,5)",
(Va)au(d) = Vau(d)| < Cllullcsd(@, )"

Combining the bounds for the three terms the first estimate follows.

Second estimate. As before, we start by breaking the difference in three parts, so
(Va)au(®) — (Va)zu(d)|
< |[(Va)apu(@) — Vayu(@)| + [Vau(@) — Vau(d)| + [Vau(d) — (Va)apu(@)].
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The middle term is bounded by
Vayu(d) — Vau()| < Cllullgsd (i, §)° 2.
Next, thanks to the second part of Lemma A.14,
(Vn)apu(®) — Vayu(®)] < Cllullcshl 2,
(Vi) apu(i) — Vau(@)| < Cllulloshl 2.
Using (A.5) again, we conclude that
[(Vn)opu(d) — Vayu(2)| < Cllullgsd(z,5)7 2,
(V) apu(i) — Vayu(@)| < Cllullgad(d, §)° 2.

As in the previous case, the combined bounds for the three terms yields the estimate. O

APPENDIX B. THE PROOF OF PROPOSITION 3.21

This section is dedicated to proving Proposition 3.21, which we re-record right here for the
reader’s convenience.

Proposition. Let z € M \ Gn and u € CP. There is a universal constant C' such that the
following bounds hold. First, if 0 < 8 < 1,

V(B o Tu)u(z)| < Cllullcsd(x, Ga)” .
If 1 < 8 <2, we have

V(B o T)ul(@)] < Cllullcsd(z, Gn)?~2.
Finally, if 2 < 8 < 3, we have

V(B o Tn)ul@)] < Cllullcsd(z, Gn)?~.

Proof. As done throughout Section 3, for the sake of brevity we shall write f = mhu.
The case $ € [0,1). Since the sum defining f is locally finite, we may differentiate term by

term, which yields
V@) =Y ulink)Voni(@).
k
Using (3.13) with ¢ = 1 we may rewrite the above as
k

Then, since the only non-zero terms are those with k € K, (K, was introduced in Lemma 3.9),
VI (@)lge <D 1u(Gng) = w@)IVn(@)lg,
k

< N sup [u(fngi) — w(@)||Véni(@)lg,-
keK,
For k € K., using Remark 3.10, and the Holder regularity of u one can check that
[w(Gnk) — w(@)|Vnp(2)lg, < Cllullcsd(z, Gn)’d(z, Ga)™".

From here, it follows that

Vf(@)| < Cllullgsd(z, Ga)? .
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The case B € [1,2). This time, we shall compute the Hessian V2f using a local system of
coordinates {z!,... ,a:d}. Then, for any pair of indices a, b we have

d
07 0, — > TF0u.0.
k=1

Then
vzbf(x) = Z v?zb ((u(gn,k) + l(v}zu(gn,k)’ gn,k; x))‘ﬁn,k(‘r)) .

k

We expand each term using the Leibniz rule, and conclude V2, f(z) is equal to
I(z) + II(x) + I1I(z),

where, for the sake of brevity, we have written

(z) = > (w(ink) + LV Gn k), ki ) Vapnp(@),

k
Zv l v u(ynk) ynk7 )vb¢nk +va¢nk v l(v u(ynk) Qn,k;x)a

III(z Z Vel (Vhu(Gn k), Gk ©)Pn k().

Since 2 € M \ G,,, we can use (3.13) with s = 1,2 to obtain
Z( (gn k) + l(vl (Qn,k)7 gn,k? x)>v2b¢n,k<m)

= (k) + UV (k) Gs ) — u(2))Viaydnk(),
p

and

Val(Vau(n ) Gnki ©) Vodn k()
Z (Val (Vi@ k), Gn s ©) = Val(Vyu(2), & 7)) Vi i (@).
k

Let us bound each of these. The triangle inequality says
’u(?)n,k) + l((vn)lu(gn,k)7 ?)n,ld l’) - u(m)]
< i) + UV U@ k), Gnis ) — w(@)] + (V) w@nk), Gns ©) = LG k), G )]

By Proposition A.12 the first term on the right is no larger than C/||ul|csd(x, §n%)°. On the other
hand, from the definition of I(-,-;), it is immediate that the second term is no larger than

|(vn)1u(gn,k) - Vu(gn,k) |g@n,k d(l'a Z)n,k)~

Now, Lemma A.14 says that |(V,) "u(fnk) — Vu(Gni)lg, s Cllullcshi™". Noting that d(z, Yn i)

is no larger than Ch,, for & € P*,, we obtain the estimate

n,k?
(Vi) (@) = Vulinglgs, , < Cllullcod(, gap)’
Combining the last three estimates, we conclude that

(@) + (Vi) w(@nk), Gnp ) — u(@)] < Cllullgsd(x, Gn)?, V@ € Py
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Using the estimates for the size of V2¢,, k., the above implies that
(@) + U(V) (@ k)s G ki @) = w(@)||V2hnp(2)] < Cllullcod(e, Gn) 2, Y x € Py

Finally, let us recall that the only nonzero terms appearing in the sum I(z) are those with k € K,
(i.e. € Pr,), and that there at most N of these terms. Then, we conclude that

I(z) < Cllul|cad(z, Gn)’
Let us now bound II(z), observe that
IVl (Vo) u(@n,g)s Gings ) — Val(Vau(d), & 2)| < Cllullcsd(@, gni)’ ", Vo € Piy.
Therefore
sup | Val(Vau(Gnk), o ) — Val(Vou(d), 252)| < Cllul|lcad(z, Gn)? ™!

oceP;;’k

As before, the only nonzero terms adding up to II(x) are those with x € P* ok therefore, the
above bound implies that

Zv UV tt(ink) On 2) Vodni(@)| < Y ullgsd(z, Gn)P ' Cd(x, Gn) ™

keK,
< CNullgsd(z, Gp)"~2
Therefore,
(z) < Clulgsd(z, Gp) 2.
It remains to bound III(z). According to Proposition 3.16 and Proposition A.15,
V2l (V (k) s )| < Cllullesary-
Therefore, using (3.9) (from Lemma 3.9) it follows that

Zvabl yn k) @n,ka )¢nk <C Z HUHCB(ﬁn k( )

KEK,
< ON|ullgs-

Gathering the last three estimates, we conclude that
Ve f (@)] < Cllullos(d(z, Gn)? 2 +1).
Moreovelr,~ since the indices a,b were arbitrary, and since d(w,én) is bounded from above for
x € M\ Gy, by a constant C, we conclude that
V2 f ()] < Cllullgsd(a, Grn)"
The case B € [2,3). The proof is entirely analogous to the previous case, and we only highlight

the overall steps of the proof: as before, we pick a local system of coordinates {x1,...,z4} and
use the identity
abc Z V(JLbc yn k + l(vl (gn,k)a yn,k; .Z') + Q(viu(yn,k)a Z)n,k; 1’)) ¢n,k(x)] 5

which holds for any three indices a,b, and ¢. The expression on the right may be expanded
via Leibniz rule, resulting in terms mixing various derivatives of ¢, k, {(VLu(fn k), Jnk; ), and
a(Vru(Gnk)s Gn ks -)-
It can then be checked that V3 oo f () is given by a sum in k of terms involving ¢y, ;, and values
of uw on G,, —in a manner analogue to the case 8 € [1,2). Now, to bound each of the resulting
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terms we will use (3.13) with ¢ = 1,2 as before, but this time also with ¢ = 3. The bounds will
follow by applying at difference instances Propositions A.12 and A.15, as well as Lemma A.14.
All throughout, we will make us of the fact that the only non-zero terms appearing in the sums
are those with k € P;;k. At the end, we arrive at the bound,

Vasef (@)] < Cllulles (d(@, G) 7~ + 1),
which holds for any choice of the indices a,b and c¢. This means that
V2 f(@)] < Cllullgad(z, Ga)~,

where we have used again that d(x, G,) is bounded from above for z € M \ G,. O
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