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_CHAPTER Vil : FORMALLY SMoOTH MORPHISMS

. 31: DEFINITIONS AND BAsIc PRoPERTES

ek R be @ ving amd TeR an ideal. The T-adic. k?o\ﬂ%\&wﬂu—,:g, is defimed by:
UER is opon if aud owly i for ol aeU Hue is o neN wik,

~arT"c U. Equivaleadly , He Mh o +T* whoe aeR and ne™ forme o

. bonis of e opew sebs of R. Ju pokiculor, T* is an. opew subsd- of R
M’R-J:“" is dosed. Ow o olur howd for all o e R-T" we have

thal a+Th c ?*‘ibb’hamw%%&’R*E“'mmam,ﬁwiv&&— o R.

~Thua dor ot wel TR is Open.. YTy dosed in R. Q& 4l mf,,i.am,.ak%mugﬁ—:
_ shouwn thal dor ol aeR  and ol ne N e asd- asTR s opeme
_omd cosed iw e T-oadic %y@h% of. R.

...Y,»{&J}'Rema.rk (o). T(’ 1S w& RUVEE YR Z'E- adic. %?olo% iy md an -
C Nyen T =(0).

i@) “The (o) - -adic %P@%e%ﬁ, eg‘ K o is 'ﬁw &t&;&i&iﬁ %pob%%

i&,2§?m?wikem L+ R mé S be. ﬁn%g @ R— g a kawa!moy?kgu
. mw%&, comd TeR e tdeal. Gonsider e T-adic '\0?&»% ow K
ond Hu  discrele 3«'&?@5@% oo . Thew § is Cowklnuoub if omd ouly .-?;

4} =0 for bowe weNSN.

) /Pmﬁ s i ¢ is wnhnuouy thea tﬁ—'éﬁ}ﬁﬁ IS GpeR.  SH L wes
s opos. Hemw 0+TH=T"g ¢7'(0) for some ue M.
€ w

L=t Y @(T") =0 for some ne N Hew Jor all seS &%r«g(s‘)mﬁ,

or ‘?&r al re ?i’s‘} L% c &?{s\}  Hen, %@r all s § t@(s} s
Opea amd P IS CoWiMuonS.
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A sinilar proaf-. sowa:

_A8:3) Troposibon: lek R amd S be nugs , g1 R—=S o worphism of wugh ,
_oad TeR, ‘&C ideals. Cousider Hie T-adic. %?d’ib% o R and Heo

~Jradic %fo%%om S. Thew 4 t,«;;,,ﬁwﬂw,uuom..,y@wmdu ouly if plTDeF
. for' Howe wewWw. :

o (84) Pehinibion: Lk K be o M’u.%i S ax K- a'i%nlm,w& Ted on ideal -
_ (oustder e T-odic %?o%% ow &, |
~{e} S is colled T-swoote {or &md%y swwm, \m%, usm@- do thee -
_ T-odic @0&%\} over K %or' Qny ’E—d%nhm, ad ) wery, ideal Nec
b N"=0 , ond mewﬂ}\m ,k J\W a@, "R-d%g.‘hm : moqahism:,. o

. S - SN
S
{*\}s R T . s t Y.

R o o

luitcw. VI J&q, Wehwral Waks /N tavries -“u. &t.sc&e.‘t. %Po 0%y and W
s cowhuuous | e is a fkfﬁnw% wr S —» C 4o that e &mw
. ommultes .

) ,_U») S s mieé T—mm%‘wﬂ qwr"@ A m.u,éer %w, md&w% @19; ia.)
_ Here s ol wosk owe ﬁs@hu% W § —p C .

e} S is called T-dhale over R if S s 'I-—swcm'%rﬁ, amd. Iwwme{l\ei
over W

QKS}R&M&A({&)M. u&ﬁ@‘@ f:é@},%&. (0)-smoothucss is He same
Can e usued swootliuwess %&om Cimﬁa%er . dL e odditien. S s e%i R
- ,g{&ﬁ& ?mw@akuﬁ. over K|t (O} —umvanu died ,{,,@f}e‘éﬁﬂ&}ﬁ@r&g‘,@?@%&s .
o wawifed (k) o Cuape T |
(k) ke R &&,hm%‘émﬁ,"@ alggbra | méI"éc g&@l&m&igg ,‘
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S is Tromeobe (resp. Tounvamibied , T-tale ) over R, thew & is Fsmoot.
(MP%"'WVQ‘WLL%Q&Q u,%»@kﬁ& Jover K. n paiadar , if 8 is swocHe over R

o Hee S s T-amoote over R dor oll vdeals TS 8. Jn %amd yoHe
 Cowverte s wor hwe.

ey Cousider &\‘WL&) e W 8 r::—%";‘,‘gﬁ_ﬂow‘-iuuou&( where S cavmes
e T-odic %Pcl@% comd Sy A disuele  Yopole \) Hemee WEW)=0

?ursomn&N :lsi.u\gw-ha wm%&%wﬁ_ -H%u(I“\)CN
_omd -ﬁwwgtm. &&,(Iz"‘} O, Thus w is coukinwous .

—A8.6) Theorem ,(Tmsg%w#a)\.d— R4, gi—i% s/ be. ,ngFLfsws s A wgh and

Xes ,I’S. S/ ideals. Gousider +he T-adic %poio%ou. S, e Toade
,_%Po\o% ow S oud oruwme:

() .S is T -awmoekh. (T- mmm%e.é) over R

iy & is. Tlosmooth. (T- WWM) over S.
(m\) % s md—mww 7 M l&) % ('J:“) e T/ ?br" Aowe We 1 00 . ,
4_ Tm.s‘;sifsm%&cr-mw&a§ owr R.

 (owsider o wmmm&u}w& . JwW bf_ K- aje&dsm EMWP\A.&M; R

: %?mm \)l&%ha}mmi Mmp,cfw mmm-ﬁm. Jlscmk %rma%,mdm s
 Onhwuous , Hak is, & (T'7) = 0 for some vre N, By osbusphion.
q NI e T/ for sowe nely and Hievlore Weg! (Th)=0 Yiaplyi mﬁ%@j—

, “’*’*2?‘ s cowhuuows . ’E}a ‘mumFﬁomié},%&a AS aw ’R-ai%&m mceﬁs{sk V
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CW: S — ¢ bl Ka’u ww. Sie S is Tlsmocte over S Hure s aw

- S-algrova. M&Fk\s% w: $' == C wle vyu =W o i
 Suppose. _dkak S s T-uwvomibied cuver R, s/ T4 MMMNL%!&A over &

ohd ek wW: & d be Red%&m ,,,V,m@?h\&ws, Cwite Yu=VW =W

henw W=W Alwe S is T- umm.m{%{d,,,, over R, T w=n Aue S s
I’-um.&w%ecl _byer S

(g@ﬂ&om {Base. &m%{x;} ket R be a m’w%wﬁug amd. R’ ,?z‘dc&@hm —
_ound TS aw ideal. (tguPFos.& ok S s T ‘Mmm(lv-u%vami%d) B
_over R, Thew & .u,S@R‘Ri’ s TS —smootle (TS - wavasar %ﬁd,‘);omr r®.

(Pweg, lek= C be an R'- de&t\am N&e C an. ideal wunh NZ= 0. Gusider
o Commukokive A'W ef_ K- J%;Lm. mvphu&m

b v et \,}1 t s
. R e RO o B
,Vu,uke.vc,. ¥ is He wokural wep, SN s x;qm?pa:l it Hie discvele 'LoPoinm s’
e dhe TS - adic ;,,;%D.PQO%. y-amd W is cowbnuous . p and q are o Holural
aps. Sine L(I"S) =0 for some neN , Wop(I") =0 amd Tep is
_owhinuous, whie $ cawice Hu. T-adic -ﬁ-opaio% Sine S is T-swocth ouwr R,
~ Hare is aw R-dgbra worphisue v § —>C wille vv-=Tp. Dehue
u=vedk: S=S@R —uC . uw s o Wfhing of T
e werokilied @ae is Adh- an o howework..

?"I
’4

() Popsition: Lk R Fo § 20 Lo worphius o Wugs and Te§,Ted
N ‘d\eals 'Q%S;éﬁr He T-adic %?Oia% on S MWI{-‘Q&{Q ija\o% ow St
m& _,hquPQ.;e;.z e
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(L),US{ is. L' -swoole ouwer R
) S s T~ mvm?«wi ower R
i) g is cowhwuous.

o dhew & s T swooth.  over g .

'ono‘g_ L ¢ be em. S-—a.l%qhm.uwm&dm Ned aw ideal with N%=0. Cousider oo
_ owswudabive Am%m.\u

g x l‘

R S s &

W‘le\re,. Vs the wobwral wop, N is &qmppc& ke Hhe discrele %Pa\o%‘ and

is_towhnuouh - Stuee S is T/-swmooHe over R M\s%?dﬂg&m o

luurph\s\m. we 8 —p e bl Yu=w  omd  we a’a% =-..l~g, e have Yo show-
et w o is om S- ol?hm. hwq:»k&.sw. or@qu)unk@u}iﬁ, thak A = m%"ﬁy(ug R

%' (x"ye 1/ for Aowe ve™ and Hhous E&’(I"“‘)-_—.O-%or sowme une™ amd

E%’ 1S cowbWUOuA . Stwe. S g T- \mm.w.é%(d over W u.g’ e um’eiw.

m%@ua’a?%’&mo)\,mﬁ%’ ik follouns Heak u,% A omd W s em
,;_.m,,&ro}%\:m,,_,,‘,,wf\—Fh{s;m o Meme & s TsweoMi over S.

,,U,,..(Wi) V:xmmﬁe: Ldr(ﬁ m) be o local Noe.%w\. m«% and (R, m) s w-adic.
mmp\e&w“ Tm K & w-dhole over R.

M bk € be @ /R-—ai%&m_.. ond Ned aw ideal wnlle NZ=0, (onsider

. owmikakive &W @%. K- aﬁﬁm va@ﬁusms

o , R —et Gy
K- L S <N

e v s e nakiral mop, TN camis Ha dscrede dopology and R He
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Q—GA\'Q %?o&o%g - oid W s cowbinuows. Thew T ,(4av?‘S),=O gow- sowme e N
iupiyiu% ek AW =0 awd A{wPr) =0. Sine wm" e W, W focdow

.,%muﬁﬁ,w@. umP Tﬁ; o f@/ﬁ?’f",,,; Rimz —» CAd and C*)" iwdwies o
 Commudahive di

—7;3'——1» Rz = Rfpuan Eﬁ‘“"“"*c/u e
et o

LY -—4\4-—-——-! <

,,_hiw.m}«, is. -Hm m&mmi wmap. Thew U.m.)\.cw_ & O .ﬁvg&w% @f, .. Nomowr, .
,,,,,u.u)&ojb s u.mim.

L&, lb} '&ww’k Mo %uu,m\\\l oue.. Con s\«om

Clek R ke o Neeburion. g, TeR ow \M ound. 'R*-f-(RI”)" Fue
I-ai\cmm?\ckowb@?"rm”ﬁ* Hs. TR*. 2dele over R,

Ld—-% R—s S Le,o..mrF@usm_ aﬁ. Noe%hmht\%&,'ﬁg!{ m&}is ‘

_ideals. Gusider M:‘:—-a&c%‘»\@% ow. R ond Hhe .i&,::‘nﬂic,m:‘rn.t;n\o,m,,«,o,n S.
ond Auppose. Hhak- G is_cowkuuous , thak is , gE@N Y for some we .

e R = (R, TY* (S*= (3,10 ) dewcle. tha. T-adic. ('}-»udm.\) B

;,H,,(ohap‘e;koww@g. R {of- S}MA Lde R—R* P:S—» s* e Yo

ha}umimqrs Tihee Hae. is o Comwutuhive Jm%gm,m of. Yiug. moqahusm

R -

™. ...

i -

;,,méw-e, % 15 leduied L‘f 4.

, 5{&55\} Zm?as{‘%ink; “The %Ham%% wondihows o &fiwvajw'i— o
, ;iﬁ;} S s }~sm§&,, over K. o
, ik\),; S* s .ég*w&mosm Cowyre R
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Ae) S* is Ys*-swoeth  over R*

?;.&ag_(a‘; = (b): By (816) amd (2L) S* is T} S*esmoole over R..
by = (c): S s 15 -smooth over R, by (810) R* s TR*-upramified

ove- R, amd  ®_is conhuuous . By 18.6) s* ,,is‘.,,%;s*f—,smow«, _over R*

= W) Aply (8.10) and (2.8). o

,,“,..4(c_)==b(n§ Lk C be aw R- d?,l;m. NeC on. léaai e N"=(@>

. Gousider o owwutabive &\a.%rmm.

S e SN
3, T .

e R ey S . -
wﬁmg 0 s e wabural wap axd W is w&hwm (C/N is quipped e
~ He disode %@olo%} leke wme N e u.{‘%“”} =0, Sl q is. owhuuous ,

Hee ds o e B wide  A(T"™) = 0, Thun A and T Aackor %ww%&

- R* omd S¥*, miaec:’n»dy, oid e oblin o Comwutative diagram:

g v, A

hd

~
. & ~ ¥
% ﬁ . . S fq —

Y
O RY C

KB-*M

 ldhere vﬁ-., yf%mA, ond T cowhinuous . Sine S* is FS*-smocte over R
‘ﬂum P ﬁaf}nu@ s 8 & o F. e w= v s e &%u% f u.

»

A8, Bﬁ.} Exm? L;A— ® L& o Neether om nw%, Xy ey Yo Variaboles over K. Then:
ey ROy ey xud #a ,,gmm;é,‘g,,;i@E‘asmam%ﬁ},,,u,m\r-w, .

} ,éh} REX.}«W,.X“]E AS é x.)...,_.l,xw}REx‘,m, Ky ]ﬁ ',,"'JMQO%“%L, _Qlex ? s

: E@%‘a Lekm I‘-‘-"-—‘,{,XU ——-,st}’ﬁﬂ)én» .‘__}xw'},} g. :;f%u s XM‘} E»EXUW«J K“.’]i" omd
 ousider Hhee kﬁmm ﬂg; adurad, ,m,g?ig{sms;a o

Ro—2 ROy, —, 21 “"“E-"‘*W Rt .



ey

- ROy—, 5w 1 da (O)-smoolh. over R, heww by ;(&,SV};,'K&,, ¥l da T-swoolbe
over K. Sinew TRy, ey 3y b is e Teadic Cow,“a\&“ow, ug; RGy, )y iy

, ,,W,,Ly (8ito) RExy,—y 2 4 ds LROxgy, xwm,;% —smoote ouer ROy, —, %yl

By (86) RExy, — ;% L is  f-swoote over R.

& f3\}'ﬁawm£(7“m;m%\) ek W be a ?mu Ky, e g A s ()-smoolb_
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 §2: COEFRICIENT FIELDS AWD QUASI -EFFICENT TIELDS

ek (R, k) be oo local Neebhenaw g e: & — R._Ha worphisw af;%,m%«& .

. c\e@«.m& Ey, ey =lg. I owe™  witle ker()=(w), Huw R is called oo

v{u.%, c,g;,, chavacleristic w . Note thak- w=0 or n::??@ %Dr‘ sowe me N mA?eN
 prme, siwe R is focal.

(3 W}fﬁema.rk LR-L (R, m, k> %ﬁ. e local N&W&h% ng . ;
Aoy W Kois o dowmaiw., thew  char (R)=0  or c%vm.réﬁ>-p>ﬂ WM FQN
s a ?mm nuwbey

(E} A char (k) =0, Han cﬁmr{ﬁ.}a@ and R_cowkaius a. Mé W%uci& s
‘,.A,_H,,_isﬁmor?hc_ o @. S
A<y Exoclly e goifomm% (oS OCCUY :
() chor (R)= char (k) =0 4= @SR

(\L) _char (R) = char (k)= PO, popriwe d=P  Zfipy=T « R

i) char(R) =0 and &&r€k> OO, b prime
{N) M(R} = p™ ‘thmal me ™ vl w>l, end cﬁ«ar{k} =p.
B ?mwﬁ\cﬂar S cﬁwx(_ﬁ} C\«qr(i§ %m,"Rcom%m%&. ,, %@\é B

(.g W)/%m’nou, Lel—- (R W, k} L& o ﬁom] N&»e.%wm, g e
@) R s called  of. Aqual characlerishic. {f char(R) = a&a\f(k\%
B Rois called of wnequal or wixed characlerishic if cﬁmr(ﬁ{)%-dm.r(k}

.,(s é)ww&k@w:‘_LJ-W(R,M‘; k) be o Jocal Nm@r@mﬁmwm’%” awd KeR
ot Aubfedd.

(a) K is calied @ %&.%me«u}-‘ %\ﬁié aﬁ.R K waps. lm%wev?%mc:al\y

oo ko under He woturad Mo ?%,ﬁ ———p Rf=lk
“ B
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odk) K& e quast - m%c\'wi&— %icm N ueder +he neduval WMap @ R = Rhy=lk

b fedd R s O-dlule over M mw.%e. gik} or Eﬁm,\m}eu“xﬁ Lk is
 O-dhule ove K v g»i

w,_;,.(&w‘} theavein : ld— (R, m, E} %e, \oml N&d—hnma, M% ag. ﬂqw a%am\ems‘%c, ‘
¢: R — Riu=k Jhe natuwal wap. Thew:

(o..‘) Lek- koeR b o aublield o thod- R s Ae.?a,mk\ve, over g(k;} L
 Thew Haew is o Quasi = Gefpeienk hidd k& Rm%.kﬁg_ P

oAb}y K coudmivn o quasi —coefpicient %@:H e
. = keeR s o quasi = — cocbhiorent %eM A -ere. is o umique

.,,.,,“Cm%me;ﬁ' dedd K o_?i, e Cow\e:%wm /R which  coudaius Ry -
N‘) " K o ie cow?\ek, i the w—odic %?o 0% M"‘Rmu%%a, o

o Csefciondk field.

o M (o) Lok BmAhjer €k be o diffeedial basis of ke over glke),
) —H\ﬁg— (%, %&XL&&I‘@ - S E-h%|swgﬁwk@ W‘&u&_ A- k ﬂhjio \s““w_

o lwiversa) kg — devivakion . 14&-&-&{%&, ko My \)hsaww.%e. Qlky) i k. amd L=
b ol e T e R owide B = A(

lg_é\mrk O, Hew B=l E@I is o %amsméemm. hc»sxs ag‘ k |
_ever Ry . I ckuu-kmp >0, dhaw by 042 B is o b-basis of k oer ko.u, ;v

Sk ks M%zo..m.%\e.w @?mrk@ ,%«7 ,(,Hi'&\}_,,w B ssai?hmaml\}. ,;\v;(_uégmmém%— I
e dmw. 4%03:- %L is O-ddule  ouer k

,Uﬁ_ dor k=0, Hhaw B is a %ms&m&mu, %ws s@i. %& Suex g‘{@ and

R s @w—%‘\& &%@Em Over- ?Qk;‘} ko ®). Thua qﬁkfﬁ =0 ond Rk is
ruootl, cmd %wma}%‘? werasmified sver R, .

Y dier k=pro, Hae 57 (h48) k. is Mzramk\e Buee. E é’&§ Wﬁam E s
O-smootl. over ﬁz ’By éﬂf:} Hhere IS @ fxack Mmaaf_ k-vedor
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__Apaus: ‘ﬁb(‘m/m”@kaw) b X o iy, — dz,kmm —_—.

. Siwe. %15 .&u%éc;kw,. &Wbiﬁﬁ =0, and k s %ma\\? unromdfred over Ko lB)
Ry is o quasi- ue.%mwk— feld ef R aow%mmu.% k.. B .
‘,,U:} Sive. crar (R} = c.%mr(k} R oconkaius  an Awk%«.é “auw/K cos&mﬁm ,
S sublidd k, ad k i Aposakle ow;,,,kow,mfﬁy.,(d) R cowaius

@ quasi- sebpiiet  dedd .

(c) Gousider  Hu Joll ouring, Am.%mm
k= ‘%

 Siwe k IS @-cﬂaju ouver ko, %me.

il tsmmcﬁm fnf.-\m,% gt k*—-—-—bR/ e

SRR T same orguuesk fwplica Hiak Ha

IS o waque &ﬁm@ v ks ® R/ w3
wg. Uy o Thua em- nll,,,,;q,e,,‘.N‘ we oblasi.

a_k@-oi%&;m Monfa&ism, wo: k—s R/t

&/ﬁ P

if@" owmmuntes . Siww 'R is
oﬁsmikf wm.?ick L?s -Nu;, wuiversal &3&0?@'&'& of He fuvere Wwid
o thexe (S e ko Oi%;k%&» %Lor?kusw. wr e —b ﬁ Cwhide | bWfda - umc‘mu&s&
 dollours %mw. Ahe Mwimmm °§‘ M. mops ug -

(fi} ollown  drown (by and (.

{8,18) Theovem: { Cohen's  shuchue  Hheorem i dhe éq&wJ ) cﬁmmz:kn‘skc.ﬁm} _—
ek (Row k) be o complele local  Noedheviaw. L —
u,(oﬁ)‘ Theve s o hal  omd o Aurgickive. mmpk{sm of. iugh s

. tf: k Ex&, g XN ']l S oS R 5 w&.‘.%&_ Xb--.[)(.” ..kt V&K@Lﬁm Bt k SO

by e dive R o=, Heae Heve s aw iugechie Al ,,..%uoq;%{sm of nugh:
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A ROy, — e L — R, whewe y,, ., g.‘_, ~eve vawaldes over w.

~A%19) Remark: I (R,w,k) & o Compﬁc}e,,,; local Naethevam ﬁw o ;&?Mim

_ chavaclerishe |, e

1) K ois e howowmorphic image o-g. @ povser Seriea Wing_ Ouer k. amd
(\13 Rois o %mle. _oxleusion. QQL O power. Aenes... nu%ow,rk

. Frool of (£.1€): By (8, i"f} Rocowhoius o eefpiaient field k'e R. Cousider

- the wokural  waps BB REy k. Th Py s aw isomorphisue of %Ais
o Lk wy,— wy ke e «&«a@km o} qeweralors of wo and ¥, %y
. Vanables  ouer k. By M, Proposition. (9.3%2) te morF%$M &(m\) k—R__
_xlewds  to o WOtP%aA.»W,,, G RExy, oy 5y b —— R wide ) = dor 1¢(gn .

_..Moveower e ww::s.i'ﬂ-iow,, ?otp\sswr&e&\%,‘“&w \)1\,,‘,,,“.ﬂ\,\,,,.v.,?mpmi%icw H.‘?;»?’l.) fk)ﬁ,

g is Aurgechive . ,V
(B) Ve dim R =y MA 'H,.... rewm o w&%@\e% OQ;Pq,mwelf,&vg; WMo
— &%mw\)\’ M, Proposition. (9.32) Hueve s a ;Ww?%sm_, Ao kDyy—y A— R
ot g = fpi) T ond Ay =t for all l€ien  Siwe by ke is o

o byplew of poraumelers of R and the wwg Ry o) = %/«a,uy,,m__,\,r\,)a
s e Kuwle k- vechor Apate ,%\,‘ M, Theoew (129) Rois oo fulle.
REyy e L=wmodide.

~ (8.20) Propesition: leb k, ke a,g;;aaw ,mne\.u,,;(ﬁ)mﬁg  local Meeheriaw
~ Ro-algdeve. it k, & R. o

S {e) L R is m-swoot over ky M R s m?.,ia.r I
() % R is Wwwkmim‘mﬁa omrha,-&m!’\ssmwme&

OLer Re

M: (o.\)k}WLe. e ?k{fma g«vdé eg_ ke . Tm?@{;&-,-&hm k@ is ,Se?wmkge.
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~ and O-swoolle. over T Hem._’R is w-swoote owr ¥ and we Way oASUME.
. thok k, is perfect.  Siuee. K s wR-smoolle over R by (2.9),we way
assume Hot R is mm?%ée, ek %y, % be o Winiwe) s‘gag‘fe.m_, 4

. Gewerokors of wm.and & __ by variakles over k. Pk S= k%, &, 1 and
L Gl b)) e € By () R has o ebhciewk Sdd B withe kock.
o TThus Huse is e kn-»al%hm. asomv?hsm, ECEY R/m*—-%-’ S’/g”— ek

T R —a 5/’%&- be e ,w(,omPo.sifkou.. R E Rpe T Sf&& ke pis
e wotural map: Siuu.;,'Ru, s W-swocHe over k, e is @ hequene. of

ﬁ-fﬁhn%& R e e

S S s %,n&*wiym. compled
T . Sauw&\a%qm{w\) R
 owmdes |, Have is a ke ,nl%e,Lm.\

, .“BMOth{s,,m» R :eﬁ,,,,S,q—_-;-ﬁ_,kl[,{,‘,m-‘,f&:,;“w
which, -&?}s W ’B\i M, Theowue .
R {9 2?) w s surgickive . TThua
‘k —— Cdiwe R 2 diwS=n. Own the
ouw- ka.u,a Al R ¢ edine R = ond dimB=edive Ren.. Rois e .

W@r lacal h% ; ,

(L} SWPQS& Ahal- /R s w%uicur and Ak R s /m?nmau&. ower ke, "B)g

8. W) £ Cow.Pﬁuﬁ\o%,. R &f_ K oos %ﬁax’ aud  owtains  a. coefficiewd

Chdd R owith ke ®. K s Acparalle ower ke . By A ?meﬁ. of (8, l@
Rk Cxy ey %y U =S where %y omy % ave variables over ’k”&y (&12)
8 is (R %) S = Swootl  over R . Sine R is heparoble over ke, Ss

A %0)S —smooll over ky and K s m-swoote over ke .
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. §3: SOME TDIFFERENTIAL CRITERIA FoR T-SMOSTHNESS

A8 2) Debimition: b R —2 R —28 be wophisms of viugi, T€S aw ideal, aud
o duppose. Hiak S s equipped Wit e Tradic dopelogy. S is colled T-swooll.
__over K vlakee o bk i dor .euc.na,'p;—-d%o.hm c,. Q}.ﬁm& Wdeal No %m:\théQ,

M-ﬁ»«\& ) mmwu&nli\.e,méio»%ym,_; of. ,.y.iu% N ,,warp\dsws :
[ . n

o Re—— R et ,
. Where S/ cawmes .,:I%..éismkw%po\%_ ~oud W is conbiuuous , Aohsfies Ha
,,e?bl\awin%; condition. :  whenever Hre is o ,,.k,—v,ka.l%x)amb,w:».r?hism.w w: §—>C
- lifhug W, Hher Have s o R-algbra. morphisse i § —+C ifhing W

A 822 Rewark:  Lek kR e R —2 S ke a_mm?htsm og.hu%b omd TS an
_ideal. T} S is T-swmootk. over kR ond T-swoole ouver R wlakive tok LoV

S s Tosweoole oue R,

- {8.28) Pelinition: Lek R be o viug, M,M! R- wodules , aud ¢: M — Mo
. ,,'R‘e-,-i,iumrww,“ g han o L iwverse (f thee s am R-linear wop
AP M e M e Ao tp = ‘&M e e

L) fomma Lk R be o ving, M, M R-modules ond ¢: Mt ™ @
R ~lineqr %%&.P;.,.“L?‘,.,/&QS,,,,Q.,MEL@—,;,‘ihut.@'&ﬁ. if- and only if for tery. Rowodde
Nt induwd map ¥ How g (M N} —— Hompg (M,N) & surechve.

Mf;@g : Hﬁmﬁ w’@@‘%ﬁ.

‘ I&.zg},ﬁwmm: L+ k 414"@ ¥eos e ma,e?%m'&ms V,,,@i,u,viu%wm&&i[f < S



7o

_ose ideal. T Qo\\omim.%, conditions ave %ﬁw(vdcm%-'
19y S is T -swoeth over R welakive o k. I S
gk} Y M s e S-moduwe.  wiHe T*"Meg %ﬁr sowme we N, Hhew e
—mahural wap T Perp (5,M) — Ve (R, M‘} s »&mr&zc.hw_ Mok, every_
_k-dedvakion. d: R —s ™M &fhs + o R-devivabiow. T S§— M. P
Ay Tor ol ne N 4 wokurel weap @, Ry g (HEP) — 8oy @ (%w}
han o Bl iwveme .

/?ig_zﬁ (a)=p(b): leb- M be on. S-wodude with TM=0 Ao sowe net™ and

o C= (Sb_:w‘) »M  be Mo drivial exlension of M. Recall thak on o
_S-wodule  C= () &M ond thak C g o Hag wider He
.‘,“,,.,,.,.mwﬁ.%\phw&mu. Lsym) (s, mt) = (ss!, sm' + s’m‘) Gousider— € an am S- d%&hm ,
__via. Mhu@,mwr?h;sm i § —» C &%Mwﬁds‘) = (s+T%,0) for ol
_seS omd ddewkify, M oiHe Ho MA—- hlo, M)EW&ME €. Obviounly,
~Mis am ideak o} C with M*=0. leb W S/rn = €/ denole
ke wakuval Wap. “For éé%rk(RBM>J¢é‘m o morphis . a@_hu% B

A: R~ C E\la X(ﬁ)aéﬁ(%wﬂ, d(a)) for ae R amd verfy thek

[

M&\acém.m S e Y=<y

iz —i——-——-o r ‘,_______3},_“__,__,. C

o ownudes | whare Jar C e /v s Hhe wokuwral Wap. L:L w: S —p C
_be. &%\m& %)g ~wls) = (u(@,@) ond  wole ek for ol ek
—ugdla) = (Zglfay, 0) = Xbla). Thus u s e k,,a%q&gkm_mOrﬁa@m@mw o
b e T By mmmpéxwwé&‘), Hee (s o R-olgdeva worpluswe

S = O whide bifhs W e dl se 8 ols) = (wis),VsY) fom
Aonkie wep U S—+ M . e daiw that De Ter (§,M) .

e s, b e S ) Hhew: B

,‘,*«rﬁsﬁﬂ = _is) w{t)



I'n

= (T6), DN(wW®),v8)

= (W) T, W) D) + T(EY DY)

= (m(si:), Dist)). . B e
~Hemw DUsk) = WA DE) + T u:‘m@ = s.”b(%.—)—t-"&fi?(s) omd TV is o devivaiow
o Arowe S 4o M. Mowouer, u—% =X, theelore Vg = d o %mm@wﬁy}
_Dlg =d. I pakicular, T is a k-dervokion o S to M whide
_exlends  d.

BOE 'S Gusider o commutakive. cl\o.%mm u{’; g, - \MO"F\MSVK&

S —= s Sy

et -

~whee C ois on R-agdva via A, NeC an. ;Jcca it N*eO ond W
o owhwuous wap lekere /N covies the  discrele Aopologey . ek uis—C
he . k-olgdra worphiswe  whidh W W, te. W=3u and A4 =ugd . S
~d= A-ug oud wole thak de Ter (R,N). The ideal N of C cormen aw
~Reomodule  sbuckuve. wa A omd en. S—woduwde Abuchue wow w, te.
- reR,seS, ne N, Hew vrie= Alr)n oud su=w(hn. For oll reR, neN:
,,,,.V.‘%Lr‘?}‘,h,=w,”u,,(%£v~‘)f),,m =Alr) . alue Alr)—uglr) =d(r)e N aud N*<O. Hene
He S—wodule Atucture o N oxlends e R-wodude abruckure ox. N, Siwe
L(T*) =0 dor towme neN, w(@TYe N and Hhus TYN<O. By amumpkion.

(k) Hee is o TeTer, (5,N) ,\,&xlcné,{u%.,ﬂ d,. te. Pg=d. S veurd: S—=C,
T ‘?or" al sted .

| v(&{:):; u(s{:\) + Dist) o
= ulst) ,+,$;’D(€:),,‘-t4:DH:}W B
= uls)uwE) + uls)Dit) + wlk) Vis)
o= (uds) +-'D(§)?(u€%:)+ ‘Di&?} o Sue Ds) DERY)=0T
e = (s) v(;t-}
aind s o worphisuc of rugd. . Mocover




vg=ug +Dg =ug +d = ug+ A;—-u%,,:——)\ camd

33, -a&u. 44D = ju =" - S

~ TThis shows  Fhed v is aw "K—-d%&m Wovp\usm whick, ﬁ\@k w. .
(eyer () Apply Lewma (2.2%). Tor all () ~wodules N consider Hhe.
_ Cowmudakive de .

~Howg (fg, @ YA, N} . P Jri\uwas (JZR/», ®g S, N)

TR S,N) = e &)L

Ay ds dusgechive. iE m&‘,,,wou\y e R -

~{8:26) Theorewr Led R ke a ,k'm%,.,wﬁ QM,“R’-&Q%&ML. ,omd TSS om deal. Y S
s T-swoote oer R, dhew  Slgp & Y s a propctive S -wodde .

M S&}Ezsﬂ:,%\&. &A\&%mﬁ;% SMQM‘%?‘M\—% axack A&quﬁ.\nm_ag_ e
 S-mwoduwles L Y M PO -%m&uu.d&uimm e
Howz (g &T, L) e, Howz (Jlgy B S, M) ——> O

s gxaet., Hewae i+ Auﬁqusw 4 showe  Hhak e lseqmu;_ R

Ter, (5,L) ——+ Tor, (S, M) —s O
s exack. Cousider— the  dnivial exbemsion. ef L i C = Sael . Thew L oowd
 N=lJurg ove ideals of C withe = N"= 0. Mowouwer, YN is. Jisoworpluc 4o
He Arvial  exlonsiow of M YN ESxM . Gusider C and Uoan
- S—olgebray - wia A S C with Aa) = (m—I,O) dor dMloesS.
ek de Tr, (5,M) ke o R-dervedon . d inducs ow “R-algebra_
‘morrak‘&w, We S —+ N ETwM defind Ly Tla)= {o+T, dia)) . Siue S
is T-awmooll. ovor K, W _&f&h ~te o K- algbra worphisie w:S—s C.
- or all eeS bk wla)= (a+T, D)) . Thae D S —> L is aw R-derivetiow
Cwbicde B 4.



iM%

(8.27) Remark: lek S bhe T-swookh over R. Thew S is J-smockh ower R

dor ol tAe.a.\s‘.,‘},QS with  vad(T) € vad (). Henw for o)l ideals. TS wiHe
«;‘_YQ&,‘{I)Q_,MA (‘%\) : Hie 3/%-wocl\de. ,,LTZ.S,R o) /g, 'S Fm&..dnm

o A8.28) lewwa: Ik S be a ning, TES an ideal, and w: L—>M aw S-lisear

~Map o} S-woduler . - Suppose. .. Aok M s progechive and Hhak our of Hha
‘fo\\o&mw% Coudibiown i Aaﬁ-us%ﬁuﬁ

(ﬂt\) T s u\-Q.Fo\e.w\—

By Lk oe %uuy %m_mu S-wodde aud :tch(s‘)

Thoe v han o A imereif and °“‘\7 i He iuduced wap Tt Ll’:i:L""“‘"‘”‘/".:r:M
B T

’E@i\h&‘fomadé\\mhomis%wdﬁrﬁm bockward  diveckion. fb
T Mim MWIL%&anmMQQL‘ESmu_M\sty&\w Heere

M T L

My ——— Ly

 owmnudes  todave \"))fju_ ave Hhe  watural Wﬁ‘?s

S W=vu: Lo — b e wad to s.\nbm- -“m}- W is Lléu‘:i\\m Smw_,
W lkduos e 1%&%—% O L/I:_L, o ‘?ﬁ“owb Hael L= W(L)-e—IL TThis

\w.?\m Hak L=w{l) e w.is sundchive |, wnder  onbumphion. (o) or (B) i
B .(g‘) 4 IT*-0 A%M— tows. te N | Haw L=wl)+TL = W(L} +Iwéﬁ_.§ + T
e = W) +TEL s w(l) .

B M ‘g‘“%ﬁ\‘f Guuavates) MTIC‘: m:i(%} Han L= w@ﬂ} ky |
N&%{wim Movouver, L:s? Makwmura | o kative g —meé, , theovem, Z.4

WIS fw%eﬁck\rc

W vosodws

Yo show- %\a}r W Cahe {a«.} wWois \uéa,c_ﬁiqw Lek- xekex-(w\}



{4

_Sive W =TW = id Lfmp 5 X= WG med T and AHhefore  xeTL Aluce
W(x)(). W‘n%ﬁ. 2:4":' LYV wibe aj& 1. oud. Y& L, Wew.

0 awtix‘) &Am, Q, W(y,) 2 Yo wmod 5L ond xe T*L . Gmi\umm%,m ,
C Ake His we ckhtoin Mok xe TFL owd thun x<o. o

_Hemee W is o i&omort;%'am. Cond Wl e w—,,,ihwmwe&.u.ﬂ; e

(xz‘s)'ﬁmmu—k —t TR — § b hO\tFlt\'&\ﬂASu_ aﬂ_hu% and e S am.

e, S\LPPoSe.,‘:\kak% S s T -swooth. over k. T ke %n.\\oun’.u% _cowdihous
. aye &c\u\:o.\c.u.\—- |

~(a) S _is T-swoole ower R

(b) The.  nodwrnl WMo JZWKQR S --——«-—-»JZS/ ® SA \r\u_s, e A ~linear
A iwvere

(\a) S s T-awoohe over R, S is T-smoolh over R
~dakve o k. (b) fellows by (& 2s).

(k). -&(o.) TBy (%.22) W Mdlices 4o shouws thak S is T-swooMe cver R
velokive Yo k. 'By (Xlg)ti-lsu%cus %skow%a&-%or oll_ ne ™ .,
. aderal IMQF P szk B B T — ﬂs/k@ssi/z:“- hq}; @ MJ— nwerse .

S is T-swmoclc over k. Hena For all e ™M S is T"-swoob owver k
. and. .,,‘Ls,[, - ‘,(‘8,.2;&) . ,&%@s, S/ is a progickive. San —wmodule. We
procead E:\/nd uchow ow. W . "57 @uuwphion. @, han a Al jwwene .
SmFFose. P S T Jons o E.@J— eesie. - Stuee (I"S/I“*'>L O and

) "-"Q‘S/igﬁs S o me_‘._}nw S,ﬁ:wu*h«o&uﬁa. E‘)g (2. ZX) Pt Jhon_ac

(g, ’50‘) Cow“ax\g Lei— {R WA, k\} &; @ m%;\m- Qbmi ‘mﬁ% wﬁmch Cbm}f&ms
o —F\d& %’{ e %o“omu% condidiows ave éawv:ﬂ&m# ,
ég‘l) R s w-swooth over®g.



s

(L) The  watuval haup &ho‘”@ho O —— JZK@R \z LS \w&g&wﬁ .
M lel- Peky  be Hi Prime p%w‘cl&, &ﬁ_k.‘%y ,,(&.Z.GH}TRHiS W—Swoote
e P Appy (8.29) b He g worphisws = Pk, —* R . Tawe

R s w-sweche owe kg M&K®‘kok et Sl @y R das oo A
lkm =P &h%k . M&R‘ B ks m&gc,i\w. B
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§'i : FORMALLY  SMOOTH MORPHISMS OVER A FIELD

8. 31) Mm‘wu ek (R w k) be o ‘oca.\ No&h&nm hu%, KCR a. Au.LF;:H
R is called oweivically \c.%u.lax‘ over Ky il 'R@k.L_ s a. K%Jav- hu% for
o dveny ‘%wule. lb&kusmu,. %eH Lo k.

. (!32.)'?cm-k6‘m&-(7 Ade Sme, ?mqs, _ab in (7. (8). _shoun ok R is. Qrometrically

n%ular _over Kk, ! amd ouly A dor ooy Liile puvely ius:.Po.lec., had
qb&owk‘,g Lo "Hu_ﬁw% R QNL s R‘ZM\“V' e

(2 ss) Theovein L (R, m,k) be a loal Nocuwm m\% oud k,g.z a mu.aA
S | ?o“omk% ondihows  Gre Rﬁmva.\eh}
(o_) R is m-swoote over k

) R s qowelriaally wguac over k,

Prood : (at) ==>Un) leb kool ke o fuike fiedd m\tv.swn Sine R is im—smooth_
ove.rk, by (87) R'=s R%L s mR-swocth over L. Sine R' is.
Bk owr R oy wmaxiwal ideal MR cowknins m R' aud is mmmol
Ld— neR’ be a moximal ideal amd Ak S=R. The
,v hdv.ml-uq? R —= S=R\ is couknwoun i R’ is tquipped w\#k -Hq_
MR’—.QA‘c-‘oFo\o?H, _and_ S knle _He nS- ,,Va.c\tc,;,._‘,_%foioh w. Sie S is
. D<-dhale over R - Ey,, (8 6) S is nS-3mootl. over L. By (X.Zo) S

- hojfuoi mar) ‘Q'\a ®, k | — SZR @R'k A4S ul,h.&o.chvg 'J.Y; B= ‘};y,_'g,&t |
is o p-basis o] k, over ik priwe fidd P, Haw by (141) Ha ad
o {Aytl"q _1s o bams 4. e he-—wdor Spaw ‘Q'ko’ trbave Ako——-) glkq
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_is dhe  wiiversal denvokion . TThus i Auﬂ-\as 4o show: , . ,
,,,,‘(A.) W xy—y* €k, are P- mc\:r:nécw\" aver- P, ‘H\cu §x(a‘,-— erﬁ‘
Lm\—‘\/ uAe_FcJ\Jew\- over R ju e ka Whae & R—+ N
B ¥ S x:/" e k, and ki=k,( y— %) Sikea xy,—— xp€ky ave
P-mde'pemlo«.l— over P for all lsiserm o ot ¢ Ry(x, ...._,GZE,,.._, oc,,,); e
‘oo.rhcuﬁax' k= k [‘l:., .._4,71:.;-]/(,4:&- %y, ey £~ xr) whare +, A ave
__vanalles.  Cousider s e
S = R@\g, k : "~TR[.+!| — tr']/(‘k L T "‘"r)

'B\I “GJ\&\LWMF‘\OM.. (L} S is o \'c%ulor Movcover Munw {cr all LeS L!’eR
S is a m?.la. lowal ma% wite meximal ideal ne S and resxéw_

HJ 'L S, Cownider +he Qoucmh,g Im}v.ro.\ maps:.
PeR ¢ k= R amd P E S e LeSh .

_Sine. P as ?c.r?u;l- k and £ are swmool ouwer P. ’By (2. lS") -Hne.
Ae.ciwa-s 0 M/ ——p *R®Rk
o Omd O ——p Wy JL, @ L e Sy — O

- Qye (SFM-\) Q«xoc‘l‘ —nus mduu.s Qa. COMMuh:\we. A‘Wm&Wﬁ’mw

{ ot JZk —— O

0 —~——p WMipge ®ke' | m—— JZRQRQ e JZkakE——-—-* Q.
B el ¢ 4

£

o Yer Rel —s dl, — O

ul\m, @, e ‘Hw. aodural mops. The snoke lewma  snduwes o Qon%

 ock Mc‘ww ag_ R-vector Spas:

.Cnhrl(, — w‘!zr Yo

- Sma R and S e vegular ol vikgs mm a.mz Ams rk%*- =

otk Wwt  and henw -k ,@w'ﬁ.p, = vk coker oo
~ Nole +hak Colt.u"%-‘-' JLL/K' ~and ker = Verkse. Suw Lis
~algbraic over R, by Hu Carker tquality (2.23) e dur g =vh cherg,
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_ “This. IMics thok e ker'&pz_ rhe coker ¢, . o
o St coker @, = J).s/g QL oud S s an. ’R—al%n.\-m. of {-nuk ‘\'\ﬂpe., W
~ollows ok v coler ¢, < o0 . Morover, §="RU&,, —,t.1/(4 x, — 4 -x.)
and June by (1.10) - B -
Al = &Rct"_‘_‘-brj/a /RE’ t, — ko1 §((4:’-x,) 5-x,.§) B
o owhee 8 RO, £ > Sgp g/ = @, theb.t.,.._..;h,.j,,Stgw s
e uwnivenal R-devvokiow ,u:;,,k,.'Rf-E,,_._;Erl, Sinw._ & ({:-x‘) =0 i+
*o\lowa thok: ; S
’ﬁsm = ‘QR&., IR / (£ %, — e~ xr) QR& =rtel/R
B, S ek

 whewe d: S —s Qg IS -Hm usmiversal K- Je.n\m)now. a{. S his shouwn
Hok  He dorg = rh coker ¢, = ,; |

—Bv (L12) -\'\mue. s en- xack ~Aguence 0{. S-lmoé\des

&
(%) '}/q, | &Rf'h.,.-.,hr] RS — «.Q.. —_— O

o wheve } AP =%y —, £ =x) & € RO, —,t,1 and
&R, ] — &Rt-b.,.-.,-hrl Mo univenal dmvaiwk. bf.'Rfi- b de
 Gousider e M.qtu_na..o.?. Mnr‘pi\ IS ARD. qfl m\% : PR — R0y, £, 1.
o Siwe RUEy,— tel is swooth over R, by (24) Heew is aw exack

. heguence 0 —p 52‘R®KRE+I:-- tel— JZ.R&”__‘,,:‘_] — ﬂn%__‘.tryg

Morove, - Slgpy o, o= @, RO, 4,184 ond by (2M)
&R&wm = (8lg @ ROt 1, 1)@ @MR&.,..{ ]ﬂ;

&th.,_..trl &S = (JLRQR )o@, st
Témm (*-‘) wite L over S y;elaba o fxack Aeqtum.a
: ﬂ,;'n/,;@sf. Tol, (g HO@S LT o e L —o0.
Noke thak Eo)( & -x)01) = - Sx;®! aud Hhun ,‘im&(fmi} c Rpagt.

~ Mowouer, T:.ﬂ;@t-%_ and  Hwefore. .
kerT = (m(S‘aU\n(JLReRQ)...ker "



—ﬁu.sl'iurhgs o e
() dxel, — ,Ex.l ‘i‘.he.\'nlc_ \te\— Yy - o .
(i) Sine He hery, = rh coker, = e Sy @ L = v 5x,0l,-... Sxysl
er_,,.,,-ethar‘y,, wdependewk in. 8lp @ L. Thus Sxol, — Ik @l ave

~.(8.3%) Coro“q.r& ek ko be a feld, (R, m,k) a focal NN—%VIMHM%M&

ok, ~algebra. . Suppose. Hhodk- R is  m-smoote over ko, I PSR is a.
__prwe . ideal | -\-hu_.’RP is "PRp ~smooth. overk,.

?Egg ’Ey (&33)!-L Mﬁ{ax‘h S“tbw‘-'u\d— 12? IS %{ow.c"nmﬂy rc%ula.r Over ko .
Clek kycl ke o {'iuék fieldextension By mump‘mn. ROg L is a

ruap!o.r nw% Sine R p®rL is o docalizodion of Re, L, £ " hu.%, —RPQML

(%, ‘bS)/mer‘L b g (R ", k) —+ (S, 0;) be o ﬂaml Mcrpktsw. of fac.aj
Nadh.hm&_w Suppose. MS!S n-smool. over R _and db QS

~be o priwe ideal ; P= Q) Hs conkachow fo R. Taew, in quueral,
wider  the fwducd n.morrﬂmism. . CPQ:’RP — Sg e W g SQ isonck

- QSg-smoeoth 0w Rp. For xample i S=(R, m)%, Ahe completion off R,
ik order for %mmﬁi smoothuese tv localize, Hha nw%’ﬁ han 4o be almast!
 pallenk. ((See (T.db), He oromple e W Neelbenam Hng, w&mﬁmk’iﬁ



