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CHAPTER V . "JACOBIAN CRITERIA, EQUATIONS OVER HENSELIAM RINGS

v
it A JACOBIAN CRITERION For ETALE  AnD UNRAMIFIED MomPHISHS

() Treorene: bek R be o Nochenan Wng ; S =ROu,—x1 +He pelynowial Waag.
covwer R ok n Vedables and T &S e vdeal. Seb T S/ ond Ik QeT ke
6 priwe ideal , W S s wrhuckon 4o S.
tay The %iiﬂ%m‘wg tonditious e tquavalent: -
(el} T iy unromibied over R e o nughlorhood of Q.
(02} Thew are polywomials B, — B €L Ao thol- D= dek {054 W1
{w3) TThewe aw polywosals B, -, B ¢ T sucle ok D 15 wverhible Ve
whoeo D= dek- E'é)?;f}')gﬂ.
{6} The %eiiow:w%. wonditons o guivalent:
(bt} T i tole oir R in o neighborhoed of Q.
(b2} There ave polynoudals B, B, €L and {e S-W such thel-
6y R,—TF)S =T,
W) D= de DB/0%) 4 W

'&-g_e:k_: {a) 0&%0%37 , (a2} e {«.3)

T is we Roalgbra o finile dgpe  ond Slyg 5 o fuldy gonevabed T madule Teus:
(af) e T is wwvandfied cuwr R for dome £eT-Q

@ Sl = () =0 dor some LeToq

& (Rg)q = lype =°

MOWW@" §
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Where di S ——b eﬂ-rjﬁ is Ha universal dervabon Je{-{h&& E”}"’
¢F = E-:gm QF/%}X;: dx; for al Fe S=R0x.—,%xl. Thew:
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Al g = (Ws,r0) 7/ 4T
= (D Sy dw) /iT,
= {(Bim Sy )/ 4Ty + T, (@ S, dc))
= (Bya Tg dxi)/dT,
et IZ_-*.{"F:’,___,,”PN‘)‘ Hiew
df = T30, Sd¥ + T il S dlg, -
“This inphes ok ((lryp g =0 i ond ouly if:.
@l TG = T TR
o) ®(0.3): Assuiaing (1), oo @iz Tg dw =02, g 47 and Hee arx
(sler tenumbering 3 weusan ) B, Fae X o thak dR, ., dF. awe o basls
o @4:""% dxg. Thewjore e delerminomt o the hams owokion. waknx
D= dek (0R o) is drkible i TG,
@F=(ai): b B PeL s Hok T deb| “Fifon) is tawechble fn TZ.
e @2, Tadxs = TLIL TG B and (dlpe)g =0
b} (b2) = (bt By GWWﬁon. = S¢/m, 1B} whew feS—W and
D=k (VRox) & W By (o) wx know- ok dhee i3 o he S-WT thal
T s werwmidied  ove R T wimains  do ghouwr 4ol Y ig o g & S~W
ro dok T 15 mmoo ovem R. ek g=f D e claiue thal- Ty s o Sweob
'R—fdakgjgm and T 4 lole owr RO oo neighborhocd @f_ Q.
In ode— 4o show Huiy Ab € be o K-daba, F£C an ideal it §=0.
Consider o <omumbobve éiu%m;m o] Flng, HAOTERIS M
an‘_g —— t=%3 |
s —~— T Fo
A e C
wfw.w_/m, and v ase ke nakural M LS. e ned o %‘-(mf Py "R’wd%cbm, wm?,ﬁ-;{gm
T: S E wille Ty € heriz)y -
Sk =T and @;:@éné}a? and leb e, _ e, eC be preivacacs of.
Ty, ey I Order do wmplele. Hu provd we hwe do dvd deweds w0 e




Ao thok T (e, o, e+ ) =0 i © dor ali 1&0gn. ek y, v be vavables.
Cover C, Huw oy ”TE%_W%: r?amda.;
‘?é--(e.+‘1-.,--,tm~yn-- = T {e,—en) + X:EZ, gtﬁ“)’é}h- (&) yy +
_+%mgei_%{%ddm%w&>’z.smy o
Nebie ok by o, ,0) = “Fhoxfey,—, o). Sima =0, i orde- o fiud

Y vne otk Flewrm, o epav) =0 for all 184080 we wed o scluc

ke wmadnx equai-mm,! _ _ . L _
P ?" T;;ﬁh‘“"::n»)
S (&’6&'} ey 10 =y | o
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Siny, . D= éd—{gﬁfaxj‘) S inwerhble "Ta: - f“i}\) == ek (gﬁ-fgx&‘){&:,w,@fu} s
mvechible. e C  and 4k wadng .(@Fi/axj(.&.,m.,ﬁ“ﬂ is fwverhble fw C" Thus
{.;2} b holvable  ond Hhwe oxe i th e b ’P(e.«;-v.,_.._,«;_“a—v") o
e C 5 b“.“m_’&e.&"m“en\). é} «Eor i igiga. The ”R-—Q\%ﬁ;m @n_o_;-iphsm_
T 5 —» E ée.é,“ma E\i “t:‘(;g.,) = VL 1"-0:-. adl lgdsne -e{m}om %mwg&_ T
y;ej&m% o %@\w{% o W,
Bl =b{bzy: I T is e owr R W a %agh%nk&con‘ o &, Hue T is wevamified

pver K ow @ Mu&%&w’hw& @%_ Q and By (a:} Hhee ave. (—H}_,Pﬂ. e so dhod:
| deb- (OFfon) ¢ W

b kmu.d— -&-o S%W. -Hfm}- ﬁu_w_ s G dew&- f_%w AG -uqod» I;_"—-. fP‘.‘m.,”P“\)“{_.

Sne T s %’mwv %}m@l@d e osdbias o show Hal- T, = (’ﬁ)___,'ﬁJw. Seb
_T"‘m,g/{.ﬂ,__‘,-m‘) and I x/{l’,)__.,Pm“) amd bk QF be Hu wonbachon o] &
to T Gnside— Hu wxack ALGLUAL o Re-mwodudes
) O (TYzra)y, —s (Tpie) e~y T2 —s ©
e daiue Hoi- He dguene ) Vs sphib exack. ek ge T~ &' 4o thak T
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whew v s Hhe nahurod mop. Sinw Ty {5 Awmoote cver R, e ideabity wap Ailh

o o .’R—..aisgz.hm Wm—io%{&m v Ty (T%.'C“*'}% ihé.mm% a mv?s\u’.su

T To iTVI*%)Q, with. fag =id. e requani {x_‘) is &ﬁa’l"l——.ﬁm&c}w@ﬂd o

uguane. - O — (Fhonje, @ kiv) —  (T/on)q 8, kir) 2o Tegkld) — 0

ods agacks lefue P=0nR . e wond do showr %u}-'}'i 15 \’somowi:,hﬁgm.
Nok Hok- by (a) Tlis uwnmmihed over R ia o neighborhood of Q. Henw Huse
v oo e TR Wil Th wramifhed awr R ond Th@, kiF) wiom bed

- ove kiF) '@....(.‘5.3}.“}”{;& B k{?) s o :Pwduc}— o fadds and W localing

- vesidue dars mug UTDadg g k(P) oud Tgeg kiF) ae fidde. T is wn

S0 morphisi tiplyleng . ok AT e, kiPy= 0. By Nokoyama (T/p)q=0
nd Hhun Tg =0 yidding Hak Ty = (B, R,

_ (&z);&m_i!_m%; Lk R, S, T ond T be as in (5.2} SW.%&.T is winrne fed
pue- R o ma%%o&md e QL ond dhak Huwe e cdewenly Hyy— By, €1
N g det (PHipy )g W

Jn WMW’ w- s Case T is fale over R o a M&é&k%@%%& e Q.

Proof: Simee T s wavomihed ove- R m a he:;%‘n\%or%wé 4 Q, (ﬂrfa)mﬁ
whese. iy = é@i:. Sde )fdT = _i_‘;:', T&xgjf&I. Hena dIQm.@;:f% dx..

By amumphoe 9T = S Tg dHy and dHy, — dit, e @ besis o

B Todwy . Wit dp = IO 0 OH/Oxy dxg Hhe Jacbion. delerminand-

el _i‘é}"&"ﬂ)xﬁ 'S dmwerkible fn TR ”&y (5.*‘} T tale over R w a-
hu‘akku&eo& o%.. ..
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§z: A JAWBIAN CRTERION TR gHooTH AFFINE ALGEERAS

{S’.S‘)“ﬁteﬂt@n: Lek- (R, mYy ke a local Nocthew au h’n%. &*FPOS& Yol R conkoans
& %’iaﬂ& k ond Hhel R is AsmooHe over K. Thue R is a %_.\m- Yocad h’m%.

Prof: leb x, —,%g €m be o minimal splene of geueralons o W Sine R wnlains o
hedd |, Ko m-odic complebion o R cowdning o velpicionk diedd K ond by Gohen's

ahuchue Hicorein : fﬁ' & -KE‘M;—MYJ-H/:

wheve Yi) — ¥4 @ varables over K |, T ¢ Kﬁ:y‘,--—-,yam o ideal . R H@(y.,)__ ,\;QE
KLy, —,ya 3. S %y, =, %3 is o minimel A of gueeralows of. W and R R
foctibully Mok, we g T S M>. Thus Here is a Awgickve morphise -
ViR s KLy, —ya =,
We dawe ok v hily ko a i’.uck?iu'.sm.bi. vings:
. v R o— Ky, —, 1.
Y cor k40, Moo He ebpend feld K owoy wok- coukodn k. “W«euﬁcrc,
VP be @ prime %dd- ontodncd e R, Hhoe e b 4 Gncad mop P o K,
Mowover, k is MFm-aHa omd Huo Amocll owe— P. Thus R s swoct
bwr P omd Hee is a COMMMM{W,,.&{W ob vng Worphisws :

»

R KLy —¥a ¥/me
4 Y
P KLy, ya¥/ye
‘57 B Mucothiurs . R over Py o9 lifa b o m%WWF\usm
V. R —— KLy, — yq B/m5 . |
%’u% He Aoue m%n.m&mi— Sgeui e At thak- vy, Gl o oa .mmﬁ\ism. !
9 i R ——a Ky, —ya Bie . |
Tepear He argumend.  Sivw o power Atries Wwg 5 Cowplade , Hhis yidds
o weg baorphis . : Vo i R s Ky, ey yg Bowchide Wi 9.
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Swmae v iz /&m-&u'.kw M wduced e . $he mw\uk \owd i ga
A~
Vi R KLy, gy :
i Amlﬁ.al-imf‘m, Treoewe 1291 Tais  dmplies  Hhak- Al’M(R‘)wéwa{%}}ﬁmaéim(R‘)

ond R 15 tugAar

(5H) Theorom: ek k be o $ield, S=ROu,—, %, 1 Ho polynosial ving coer ke and
I, 7S ideds with P o prime ideal ond T=P. S R=S,, TR=M, A= Skxr,
MA=w , Bi=Ym =K ond suppose thak LT =v ond IR= (f,—+)
whoe 4, —, 2 € S Thew M fellouning. condibious ave @aimw.ﬁ.\wl-v.
Wy vk {@Hfb_,ﬁf.'._mdfpﬁ —

i_L‘)_ A it smcoth. over k. ,
) TR wodule o difeadols dlgy s oo P A-wodude 4. romk nor.

(d) A is o domain, 'k bicld o Jackions QUAY is Mparoble over R, omd Heo

module o difjeeshals Ulps 15 o fen A-wodde

Pod: la) = (b): By asumphion. Hher ae Dy, Dr e “ox,, —, %ox, | and
. %U._,%re“{g”___,%% Ao Hhak- Jek—.("D{E.Q ¢ M. Consider -He K-lnear LY
: P> —n K7 deied by ¢(f) = (DL, —, Oel) - Sine c}eai-—(w%“)é M,
@(g) )~ Plg,) e li’&amr\}r mdepundenk ove- K. Henw gy, g, ox hveady
l'ncfciamciad-' e Miwt . .
Siwe R ois o mgudar local nag Wit woximal ideal M, M demenks g,, g,
Guurake @ prime ideald G of fm%m- v K. Tawa 6 =TR = (g5, -—, Gy},
bine . B 2 TR ond AFIR =v. Mokowr, A ix a R_%Ml@.!." local Ang .
kb C e a kvai%z,_%m, Ne C an ideal A —E s oy
i N¥= 0. Cousider a  tommubehive afu%«am_ ct

6& riw% m;-?kism: = B )

kR ot O
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Sine. R s Hhe loalizabion. of. o pelyunonual ving aver R, R i3 sumcoth over k and
Hhewe is o kw&j%iam, worphusue T: R—s C with ST=Te.
Seb Ty muje C and leb y=x+TReA dusecle Hu ‘\WNX; o xe o A
Thee Vu)=Tly) oud we hore to find demenb ere N o Hhak M medibied b~ algebva_
woplusu. =" R — € defived Ls’ )= uive, fockors %m% A, o equivadently
ok gilupey, - upren) =0 for ol tejen ling He Tagler dorwuda and
N*=© we obluin:
(%) g lwy +e.,__,u..+eu\) g lugy——yun) + Z:s‘_gg; ( %‘/(Dx‘,}lu;,—-—.um) €y

for ofl 14l (%) yadds o wokwix ﬁc‘w&;ow.‘ .

. %,(u-l-e') S gylu) . | | &
L P 4 ( 93}%&& M\)_ f

. %riiﬁ'c) . o) .g‘.ﬁu‘)
wiw, U AE == (“i""ﬁ‘; — u“,i-.eh‘) e g ST R T— u,“").... 3‘}« nnum&ﬁm%- Kty y Koy a.fl, .

| Mewssarg ) we Moy oddwme %wﬁ-— o
/@"‘Ji&war ¢ M-

Htﬂ&. died- (@%‘/DKJY (%ﬂ)\} 148,55t s imw&-{k\m we. € amd Haee g oan wuerhble
v mobnx A e CY 4o ok o

g,(ute) [ ila) Y I I T VY A
A = O] 9w :
3?’(“‘&'{'4) . . 3‘—{“—3 ¢ Q .- i - EgL .
.”ﬁew?bm..-mtm o elements Sy Sy € N bo Fhad
, %Eiu} k : N VI e -~
= A 5 T :
grtu‘i 0 G.“.'-_.‘ *’ em ..

The Waorﬁu'sm w &@H o a ﬁz-—aigkm. wowﬁﬁ’sm w: Ay & and A s

ool otus k.

' , e , I z S )
(b) = {d): By (205) Hi igquence: O—> R > dlgy @A Jlay > ©
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is Apik exack Sine Slgy B A s o e A-weodule and A 4 o lowl oug
He wodule of diffecunbiols g is du. Sive A L sweolh e k, by (si)
Alds a tegglor loced Hing ond iby hiedd o quokenks Q{A) is swmcotb cwr k-
By (2.20) QUA) is Mporable over k. | _
(d) = (c): By amumphion Q(A)=L is Aparable and Hullely goeroled over k-
By (131) L is. Aparally gevercled  over k. Sinwe -hde%ki. = dim S =n~v theve
5o mparoking Fomsaedere bess Yy, ——ynoe ok Loower ke e daine Hhalk
dy, —dy,_, s o beais of JLiy.. Tk orde— to prove his bk E= kly, — . )St
L s sgparalle dlgbrode over B ond by (2.14) He Amuane o] Lvedor spaes:

B _LSZE/H @ L Tl —— Ji —©
15 ixacd  Siwee L s Aporable oJ.%,LLmLc over B | Ul =0 and
oy ey s o hons o] U2, Theefow

e {Ulag) = dimp (S1y) = Ideg Lom v = dim {3£).
() =b{a):  Consider M axack Aquine e A-modules (sec (112)) -

IWX’?R . fiﬂ..d?;.ww-»@a A ‘Hﬂ‘:!k —n O .

whave. & {arTOR) = &(a) + T Jlgy. leb N= im{S). Sime A s lowl and Uiy,
05 oo b A-wodue , N is o fee A-wodue of ronk r. Nis opneraled
by (Okfox,, — Hifong) € Sl sg A Yor 1&ist. Sinw any bosis o N
is parl of o boms ef Slry &g A, anserbon (o) dollown.
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§3= EQUATIONS OYER HENSELIAN RiNGS

(55) lewma: Lk (R, m,k) be o queal local Hewseliaw ving , e RUx1 o poynomial
ond A E = Law ROx] € ROxL. Suppose thak Hoe 5 an Tek with {(@)=o
and PHEY) #0. Thee Hure is an demed ae R with

2lay=0 and a+m=& ek.

Proof;  Cowsider  dhe naboal ﬁwal%&m_ Moviagd:m:

(’Qfx};’fiﬁ}§$‘ — k

O&uén'wﬁ %y i.?(...‘x‘)-:x 7. Ey @gr‘%} T= iﬁtﬂw}//{%§>§r iT d—a}c:, ot R e "uu::. :

_h@’%hlwrkood P_E. . #wg_r% Qe Spae. (‘T’) e AnR=m. Ju Wv‘gnc.u.]&rj with w w.i{&r’(?) 5

T,; i iam_li\i: dole over R.  Sivae .ﬂfn‘r{..ﬂ: kR and R u-aws»:h‘au_., T, = R.

Thus  Hure. 5 an dewew— e R b .4-(.&):-_0 and atm=TF & K.

(56 Thzorm. (Tuplicik Fanction "rkmm\) leb (R,m,k) be a quosl lowl Heowselics g >

5= ROty 2yl He polymoucial vug owr R, omd T=(f,,£,)S S an ideal. Lok
dsum be on ideal i R and E:—..(a'”“_._,“a:l‘je (R/3)" on clemend— o +hat-
ta) (T ) =0 i Ry for ali L$igm.

() T Josobian. delertminad deb (95 O WE) s inverkible i By

Thew Hre s ae o ={a(,— an} € R" Ao tiok for ot 14l {i(ay=0C omd

a, 4-2,@3:;,

FProof: Comsides Hie R-algebra morphuse

g T= ROk, d/z — %y
defiucd by ¢lj=da; and Lb- Q=@ im) and WeS e prawoge of Qi S.
Siue  deb- (Ui foxi (@) wverkible. e By, e Gacobiow deb(PHLx) & W and
Tais localiy Gule over R by (5.1}, Mowover; Tadaty =k and Hus TEFR
(o6 R-dgbrunyy, sue R iz Heschion. Hene Hue wc dencds age Rowidle
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a¢d=ar and fiia, — ) =0 for all 14ign.

{5»’7) Theovese. * { Heobou le.wwa:) Lot (R,hﬂk) be o quani o) Heuseliase Wug . Swppose
thal feRix1 s o polyucnual ond aeR an clemenk wille {la)=0 wmod (L@ w
Thue Have s o demenr beR wle Lbj=0 and a=b wod FLITAVR

M: b v be anoter varalle over R. ..Tf\-mu...lsy T&g\ar—’s forwmulo -
e+ i“.’a‘)y‘) = fla) + ?L’(a,‘}z'y 4 ﬂ(a}z'yz' gly) . S ,
wohicse. §ly) € RGy1. By amsuwuphon Hoe s aw dement cen with $a) = ¢ o)™ Hena
iﬁ.a..-i- %’(a.).\j} = & f.'{n}z" + ﬁ’(of)z'y - E-‘{n):' 7"" %txi‘)
= eyt fly) o L
Lrbhere M\j} SChyy %{?) e RGy 1. SEH«M% y=0 we obbain i ke
hio) =0  and LSy %0. L :

By (65) Hue s an domed- dewm so Hhak Ald)=0. Howae Blas Piayd) =

Play-kid)y = 0. b= a4+ g!.(a,')&.e—ﬁ 5 a voob-of § with b=a mod {la)m

(5.9) Theoaw: Lok (R,m, k) be o quosi foal Heuschime ving. and F= (§,,— 4 )<
Rtym 3 @ ddeal i Hoe pobpuonsial ving. over R. lek
= (%) 1eiem 15i4n |
dewole Hu Josobios wakix o L, m, i owd bk D be o rxv-wiwor of A
_ %uppos;@, ook Have i3 o demad @Lu{m)w,a%> e R™ so duak-
Fa) = O wmod (D))" m .
Then Hare is @ b={by~ b,y e R witk

"’F{,B} =0 omd. EL = S Hiod ’Dism}ﬁgg, %or" all tedeun |

/ngi,s For +yn +e stadement s Fival | Hewe we may, arbLme Fhok vin, cud
Ak 2
Cdek [
aa (%,

g::r‘
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Y oren we compldie iy d oo sgolen of . polymoudials by selking,
Frog = %y = Qe ) —— ;) fu = Xu— ay. Hewe we way assume rewn, Fell,—, ), oxd
D= dib (MK} 18 {en- Tbviously | +he nsuiphious of. +he Huorem aw kil volid.
bk, — ¥ be vaviakies over R.Thew by Taylorls foruwda. fer ol gl
filarDla)y) = {i{amr Vlady,, —— s Diajyn)
= fia) + T, (PR He) D) yi + Dla)" gla)
tohere o= (@~ ad) , T =bpy ) 8 griy)e RO, —xa Tl o polyuoual i whide
toery deee han dobol degree ok fast 2. Heww .
hlasiyy) hia) | & e
: ’ kB Ala) | + Diay* :

H

fo lavBia)y) falad iyed iy
By amwuphon. Here o dewedds clem Ao Heak- fiia) =Dy el for all leisn
and Hewlore
f4,la) c
: = a)*
TORLY Cn
lek- A'e R"*™ be He adjoink mokix of A(e). Thaw Bl)A = DJE whee E i
Hie wxw .AM%-% Mok, T porticudar, THo*E = D) Alaj &E and

u’s.iiﬁ_i" Bﬁﬂ:}“f} ey “Yl . 31“’)
: = Do) |4 |° T U PR X L
L4, (arDia)y) Lo Yo 3uty)
_ d, Y 1 Ty
= D) Aéci) : « |- + :
4 Te 4y)

for rome Siew and Lly)eRTy,— v, 3. Fr (£ ign wmider  Ha polynoumial
hily) = d +yox Liiy) € RGy, —, g1
Slute  Lock. v ar%; ﬁgé@. oo Sobad &@%m«a_ b Bosk 7 we Kwoe:
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H-q‘(sf};
(%5 cofen = I
'+ quiy)

where qi(y)€ ROp,—— yal ore polywonals Witk qis) =0 . e wmin culaide Ha diogonal
ave also polymouwnals it wuskuk der 0, Hewe hotojenc and de{CAby o) =
| mod m. By Ha fuphich funchon. buora (5.6) Hawe are demends &, —, by &R
wite Biew and Aylh, — b, =0 4 ol 16 1cn. Thae wite £=ih, -4, ) e R

| 44 (s Dlayd) i)

B = Yajbsiay =z o

s immxgﬁ“} | Lhy i)
a+Diajke RY is o solubiow of F=0 with ag+Dlajt, = af mod Dia)wm.

ket (Rmk) be a Vool Necthewas Henseliom wug. and . f, & ROk, ., %1
polyvomials ovear R . leb- A& denole e mxw Jawbiow wabvix
[ 9%px, .. ... ’%lfaxn’ _
A = (QL;/'S"i)lsg:sm - : .

At e Fufox, ... Hufoxy
Tor tery a.=la,, —iap) € R™ He walrix Oa) defiues aw R-liuear brausYormakion :
o R 2D, g

e demobe by Cla) = RY i sta)y) e cokerued o Ala) and by I{a}mwwg{(q@>
He onwlifobor  of He R-wodue Cla).

(5.4) Theoram- (@me} Under assumphions and wotakions as abowe , 4l de N
and a=(ay— ) ERY no thal-
file) =0 wiod T(a)*m® for ol isi&m.
Thae Hhue is. oo cemend b={h.,._,b“}eﬁ“‘" bt b
L) =0 for all i4iem  omd
by= a; wod Tie) W hor all léjen.
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ML Scj" I‘-—'—i{ﬁ-} a&lé id— AU w,&ré R L@a [« 18 Ag&%ﬁ’m Q?; %ﬁ“@m&o% ﬁﬁ—I/ ‘&‘:(‘}"‘—t[g}'g——
ey = 0)—, 1) Hu comouical bosis e K Thew for all lgyer, isisw: diefeim{ata)).
'Ey &&%ﬁi&a&j‘iﬁ% sg; Ala) we hase Yok

Kb‘g‘bxk(a}
b et .
Q%/'E”‘k("; .
Thws dor all 1656 dhee & G axm-wabic Nye RYC o Hobo
dE = ey Ny . . _
here, & denolcs e wmxu e&mﬁ-ij% wakvix . By arsumphion. %m—- ol I hkgw:
A
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