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_.LW.EE}EOPQQ'HGM;_.. Leb- (R, m, k) be o Guasi ....gumj...kn'm%.‘..(.ﬁ,n., irzS} o.. focal ind -tole

fR-.-.alckLLm.,,_____avd_.LT,.w, ke) o docal ‘.H&msi\im_mﬂ_—:nﬁ%&mﬂ_Lm'%. wnR=m=waR.

3 ’Pﬁ ’E\f ....QJ&MF)%OW-.. - LBt e "é’» wheve {Seymg ,‘h?}, ave Vool ddale

’Q»qﬁaﬁ&m& PR VT ﬁ%mt ouad Ry = »@4__'% Ry
...ﬁom,-ﬁ%ﬁ. tS,T\) = How Lo (%g&_'“r‘} m-@*ﬂ %mhﬁ(éi; ’“T'\) S
Uy “omk_d% (R, k.,:} - fa.‘m o ol (%ﬂ‘_,k{\}%y (%.2d). bee aﬁ\mﬁ\f krnous-
thod- % nokwral Mops. . roug ~alg (S “T“’} e S -H’ow.& “alg {RepRey axe mgc&rwe...

Sk e iwveste. uac s __‘&.@X— aack’ e wobural o b s \uﬁg_&r‘%
T wwmonus to. show ok A s Aurgioiive .

o S D= g@)Rl By Hae waiversol ?mPe&% o Hhe  densor ’Pm&mL
Homﬁ_ﬂ% LS m= uom,r_m% (1w, ‘) S
where (). follown . Alwie. fer ol Le T ved(mS) =, . S'QMLM&{] ~
ﬂomk_ﬂ.w_.{_%mk;‘} = Howg, “alg {5k} = «'Hmu,,_% (Dyke ) R
e i &u@«m _show- -tk the nakeeod o i %mfd% (0T =
Hom, aly (D) ky) s AurgicHve . Nohie . Heak foey Talgbra, marphsien
g B R s ,s.w%u,%% e, Mo feool bigichow:

o Mow g o (5, Ty

@cmﬂr___.ﬁg_ {ﬂ.,.mﬁ,, =y u{c.a..s:_t; a e vicuiwiol  (deal of D uide. kiq‘) kry qnT=w [
Sk Dy o= Se@p T dhd leb %u%“"- S ,pmyma%.., o gt BT Y k..(ef.,;}—v—-. | SO

. Cnch g, ot foca Elale T:aiaégbm Sime T is  Hewselian | By...(.%..i&i-‘} .

?{E%&w? T {’@- el fe T and %&m%@m #U@‘z-’i""r For &.m:% T‘-aﬁ%@\w&. .

- Vaov@%a\‘am__ D e R wh%u har (). =. e%%{umna & Coveimskoite &,"w&@m;. o

i /
and “::ﬁ..g,g{ | _;w -

a 1= uﬁ\ﬁkﬁmm M\-‘;\Msm TR T, o

-iii‘
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(437 Theow: ek (R, ﬁt} e a e:‘&.w_sa lowal v e d i?{hr’, l‘mh‘,khs \) PG S

. Hemselizahow . an &E&m’mﬁm. before. . Suppose . Hhak- (5,,.%.,.&37)“..._33. @ ,,agms.i__ﬁnmlw,aéﬁ&-\y,,,, S

.. Hewsali i

Ry R o K

im l'}

B T - S

:
:
N
S

mq% cund. ok :\Mﬁ-@gwmm MWMu%w&\m%qmef_ m%mv‘:’msms

iokeve KK o ﬁmiﬁs, L is the  Comowmnal oy, Wnd uaa, B are Vol ma%mmg

e is 0 umaiw. locad mow?%suu. w R & se Mgl A&Wm () cammules .

R R s o togal mmrP%«us;%L dnd @ -

'?mg;_ Sunte 'th 5 ind —thaie ond_ S ia ﬁ&w@.ﬂf\\m %o“y L. Ebﬂ

ﬂew.ﬁ_ g ﬂﬁh} S}%%Mk_aig(km, s\} e

—.Moreouver, —tha. hm% ‘Won,?@ﬁs;m,.,,, s Jocel . bebe mm. k““

A M&M%AWQPSQMJEQMHAW e commudndive &;’W e

i**‘} e

 Sime. k™ s o Aepasalle. cosire. of k. and ks W‘i desed %maum O

.....wamquﬁ_ i%—-w.cw-tmt&m. e E&a‘-ﬂ-—“?%‘t Ao Haal- &tw {#’.‘;}, mmmv.&a& ku__

Hee s o waigiee . TR = algehora morghizwe wy Rt S Ao dhak () commules.

...........(“.'38} Vehinckion:  Leb (R, m, i&} e oo Guent lotah ARG Aqmdmph: {R,R,L,a&)
tohwe R s e quast Nocal Jﬁmci-y Heasellam. g R s Arpovable dosuve. ei.k

R~ Y is o fowal mems,m_ 15 Calbed

G Ahaed Hensellzadow of, TRo_{E .{;.R,.k,..«,,g@\;} has the  mtvesal f’pmp@%& el

e (RS

*ﬁ.yivﬁ,.mw@z_ b E«?{‘ k' ;H z&j e tiother  sbmel denselizakio i%ﬁam%w_

- fickwod  wap .ﬂmﬁ;ﬂ%, (RWS, R mmtwd% (™, %‘\; i5. Ea&:;cﬁt-um amd R™ and R
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....mqe_...;'wmor?%u'a... {ude . i Genern) Mok %7 o wniqla. ..i‘mmw?gm'smé}., An ﬂizwﬁ-‘e:.uiw', e

. Gowp. el R-ouboworphisms o R™ s isoworplic ot Galols goup of
k- ondowosphisis e} k"2

A4S Remark: Tue ahwet  Heuselizakow is wieful e e &M"ﬁ o} dinvsar clais Gronps-

per?,ad-mx&& %eﬁi and  vesoivable mm%mﬁ.am%-%, e e pofucal __Mm%o@m‘sm. £ N

—Grougs . Gk} — O (AEXE) (% o varalde). is bigickive t%‘;ah&nwi?;%- -
CGlAMY s Bude.



-..$8: TROPERTIES OF THE WENSELIZATION =

O afwn’r goal is to. s‘nom Hak o quasi lowl g R s Noc.\rhe.nan.. :.f; and. mdy

. 2 Rk (Rhsl mpec.kmlv) fs.. Noetheniam . Ju ovde bodo so we need Sha
followiug. vesult :

(H.%i)zmpostlwm Ldr-(R,m) .....I:m_u,..ﬂ.uam:., loui__.:..vin% which. s wm‘yleie..=.(m¢i e
. upwd) ) .iu.,-,&k&...mwad;c. 'l-opdo%’R is  Neethenas u.f;mwd cmly 4‘; e IS %mk\y .
%@H&M .

. Froef.: Bourbakd | Chap. T, {2, lor.S bo Thw 2.

,,..(Haﬂﬂ.‘)’ﬂorosi\liom e (S.,;,-txp'.’)Jt cer be .a. dnecl-lua@iun.o.@ Wingh..and ..mmi:'kcx\us. S
t;) Tor all el S is a foca) Necthenam hn% it wapimal ideal wmg

{u:) For oll Lol wile (g 3 Ae. WOrFktsm, Eh As. {adhguﬂ\’ Bal-.
S A Tor ol e e Vg - g (w) Sy-=img. . S
 Thew e dived- biwid S = -&u«.‘&x Soois e '@Omj Nuc”\e.nm huﬁ_ withe moximal

o tdead W= -@;m ez M Moreouver, e camoureal wmaps S;~»8 " aw ﬁm—l&?ﬂi\,
{Ja}f— %«- all (e T .

. ?fg_efi __ __O%\n'gmhl___ T % S s o quast ...&iojfai__...n.h%, with woxvwmel idead .
..,A,mm;@g@,"_.m;_._._ Sl He  diveck liwid s exack ond commudes wilh lewsor
pvodud—\ e nafural Maps @ : Sp —s S e %@!W}? Hok, Mewover, by lii)

Mmool ideal wa Qf_ S s gzntmum oy ﬁ?,_(w.ﬁ Boe bueny e X | Hewe wi.
85 ?\mwy %LM"M

T order do show thad & is ﬂwumnm«_ ﬁd— devote. the v adic
.%%&?‘&E—lom ﬁf_ S. The worty mall | deodl m:.-—...m.fs UELS 15 %m\-dvf %;M&MM._..._.
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%

R [ L‘i {44 I) s i o Aocal  Mueblunam. MM.% e

e 3ed be aw ideat. —rmmmx,._xe}m Heak-. g"s: u.,q..,x,‘)*sf‘

s imphics . Heode dorall ke Wi Faw® = [ETa TS P
Ay ﬂk&N LBty )+ m®) = £ Typ— xv:}

e o= 0y, %) and T Aulies. Yo show (x).

oee. (s o hel _omd elewesnh %/, X xte Sy sodhal apﬂ:_(;:-j);_—_. Xo Gl

Ay (x)=x. Sine x'¢ R &7 I— wh \) S&.M gkﬁbm\ ~ MNaetienon )%m is e

—rel  rodhal x'{:{x",_ , Xg:) S +m—€: TThus.x 4_ (g oy R )5 e 8 s mie

- A443) Proposibion: b {R,m,.k),.,be_, a.,._ﬁum.._ﬂ_ioml,.ﬁ,m%____._ma.w,‘(,s;.ﬁ,‘)_"___.(,5,,,.,‘), (8;,1,) quess
Nocal R- a.!?kms

U») :\S.'R is. Nedhenon, ($,,4 ,‘)W.m‘d_, ( S, m_,_) _locasd \i.._..d»nlc,n_. over R, ond. 4. 5 —S
e Jocad R algbra. wiorphisu, dhen ¢ i 'Fm-‘fk?aﬂy ok,

. ’M_.(m) leb S be  d é%&l&“ﬂ—&hk.]nm' wed o Phwug. 1deal i h{n‘_R:...m‘f,,ané,,,, o

S=8, =S, By (3.228) % is Mok cwem R ;e g\s.gjal— ouer R Siwe. §°

s o fed over RS @ ek is  uwnrawmibed o Roamd oy (3.3) Sk iva

. productk of  Jelds . *he.te.gbw:,. A eﬁ.éuud,\om,ﬁi%wm,ﬂ' _Hms_ds_a. ?—K@H
P “
_nd wmS=wa.

(l:)"Err Ma:l-sumum..,._.'ﬁ\m . ”2.’.1.3.,...32,..13 f.\a}a- over S, i amd ,Gn\vf_h__.i&w .m@s___.S = o, S,

 Wiee He wetural m:m.P Sine .S_,‘.,, cund... S, .a,ee.,...#;\m&-..-...,..nmw . "R,m@z S.-_‘-" S, = h,

and. m@Rﬂ” X 2 owm Sz LS | PP RS Po.r%-\'cdu.r,, h,l,‘sz..m.nz.. amd. "“te.gt_\gw, e

,,,h_; @s‘.gz Eo ) S,.@x.’_gﬁ_ = (WA@QS'E@S' S;i 2= om @R SA_ £ yeq SE' My, EZ:'" “’2""

5, is .uakomrg‘ ~wa .

ek (R, wm, k‘) be o local. Noethcmon riu%. omd 4.5¢, &?;-j‘t@:_“ﬂ_.,. divect &%ﬁ-ma. qf;
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ol R «-ai%g,hm _omd. . ecal ’R—al%dam_. moerus,ms bodeve. e :

---‘-L:)w{s.dr@é’}ie]; s ke syabeneof iepresentndives o fale aeghborhoeds o R
-.Coushrucked. i §3 , or

BRTYER S, ,uﬁ Yier is Mo Mylene of \-eipmu?\m}\m e{; local dlole R-olgdvan

—{ond %«.he&émag;s tudo. o ~heparolde. losure e} k) construcled . iu £4. .
T by (443)

S— For all e e L&j e lom} "R—*n;\?km_ marp%us.ms &f& Sg_-u——»33 ..... o .
foitfdly Jok

(L‘}Wﬁﬂue]’: WS "y Po.u‘%\cﬂmr g; e & Bg % (h..) SJ__%

________.,,.,(‘f.l&lk) Theotem: ek (R, m, E} ke o lowd.. Ne&hanm wing - Thee B
Ay RE: ond R™ are fora]  NoeWenom hm&»& sy mosiev of ideals  wh =0 R"‘ Gid.

whS g RS o | § L |
oAby e camowiead waps TR R*™ aud A, ’R_-»‘ii’;“s Bt %%Q@NV :@Jm@—

—Merovee, A faclor %mw%g;..r,%ai— is, Heve is . a iam.i’R—ai%Lm ) mm@;ﬁmsmw
g RE 5 RY 40 Mk ;\..-.—.,g-g;- T

M ga;} -?oﬁom %vow.. {qu2y. e,
(H TFor oll teX %\me, ave.  onomicet '@oml Wi%e:gm&ms
R, S , R* {Ki“"\}

kAt T=pT (X T -H«.L Mineck_Hensclion coad), ”‘E»y It 6&9;) and {443T)

k.

me @g; e Hewseli zakiow. X MF& %\Muﬁk“ﬁ

,_.....(‘E'&ﬁ%ma,& Lel—- (R, w, k\j b o Guoad. \0&11 m&g Siwe foca) lule @—éﬁ%&mﬁ»
are foithpdiy flok- over R, R™ and R™ ave {aifiully Hob ove R . Tais.
. ;@M‘Pi"u ek~ sﬁ’ka-'R’@‘&m . Nwﬁ%ﬁef\’m...,_ Few. R is Neelheriom



_,tﬂ.‘f.{n)_?mposi%'our led- (R, m, k) be o local  Neethen'as. n'u% amd %J—s we—adic
%Ple.h DU - TM

. {a). There. ave  hakural mdusious Ry 'Rk'-—-u-»'R e
{L)’Knud'Rg" bave e Acume  wm—adic C’omi:‘eisom Head- o i, 'R a?“

. T’m@{_l“g Jknowr drom. A Mook chuﬁe;\-e.--lacai Noethewai n'n%a. M\-t';?—% Hemsels
Asma, {Thm (2 3I‘)‘) e Ly 4. H) CoW.P\e}n_ focad Woetheriam. hu%,g Qe i—\&mg\;m_._ )
Ty noduwal embe&ém% & R—R dackors -mmuﬁh, w®h

Py,
X . R

Moweover, v m R = mh and  BVah = RAw we oblane by indackion on. k. .

dhak 1’2“‘/(.%%—)'-*-“ = R/t for all teN. Heww Huwe is mm-mm?mw_ N

i Q”"_..-——t w. yl&!&lﬁ% o éma.%m.m
T l T S

-

SR ey R

hee & is Hie uwahersd Wk . Stue & s u,h.iﬁm_ y e Jiwm..@omwwksu,
cand w= ¢ Thus.o &u%éckm .

{447 Cemﬂam&: Aok (Rym, k) be a focal . Noelherian viug. Thew He fﬁa\\mﬁn%ﬂ. ave. .
. _eﬁw'y&im%:, R

(o). Rods regular.
By RY G degudar,
e). R® 8 waular.
,ljmsﬁ Sine wh -—-m'ﬁk and W™ = ?m“Rhs' e sbodemest doliows iﬁa.xweﬁiwldy._ S
 froue G, Theovene. £.63 .
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(4.48) Remork: (o) Recall Fhal o Necthenow Wage R is called wormol {vegudor) iR for
al priwe ideals PCR He local h'm% 'R? s normel (W’JW)
(B) W g: (Ryw) —> (5,0) is o faitifully ok worphisuc of local Wugs ond S is
vepudor (or wormal ) redued ) dhew R s \-«a%ulw (o worwal | veduced) » Depeuding. on
B bl ok 4, dase properhen mosy wot osand Prowe R to §. I, however, S is
o {lowl) dbale txlension. of. R, Huy do.

Kecall +hok o Nockhuviaw viug R rokisten Sewe's wowditiow
(R L for all Pe Spec(R) withe U Psi the Locadizabon Ry is regular—
(S i} for all Pe Spec (R} + depte Ko > wan i, ik p .

(449 Theorews: Leb- R be oo Nocthevian Viw% and S om dtake 'R-OJ%?L\Q.. “Thew
K ks ?ﬁ'ﬁ& Semes condibiow (R;) (or (s0)) i ond omby i} S rakishes Semd s
coudibion. [R)) (e { Sﬂ‘).

Prool: Nohie thob ke Seiw. condibions ae focal properbien owd thak for peSpec(R),
q€Spec(S) Wit qaR=p He leduxd wap Ry Sq is %w%it?uny ok, The
backiward divechion dollows imﬂéﬁe&iam}, frowe U, Theowse. R.60. In order  to
show i dorward diechion. leb ng @ ke o moxinal ideol wad wmo=unR.

By W, Theown. Tbo S5, Aokishien (R (or (8)) ik dor alf Pe Spec (R) with Pswm
the Hhber Wug S B %{P’) nodns fen (Re) lor (%)), Sine S s thle ouwer R,
Sn®g k(P) is wnrosalhied over k{P) and Mg by (23) @ fnile poduck of
beds . Al Hiker gy G w_%@m- ond Ahe Jorwond divechion. Jaliows .

(‘f.So)Comllgma._ ledh R be oo Wodheraw \'%M% and S on dhale ’R*d%;km.mam
(@)K s wduwd e S is redused
{Q}Q is Yool de=p S is  nommal

&R is W&ww S & rupdar
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{51y meiﬁa.%-. ted- (Rm) be a local Nectheman ﬁu%.Thﬁu:
(a) R is wduud o> R® is rveducd e=> R™ s wduuwd

() R is worwal «=p R is norwal = K™ (s wormal .

{&i.ﬁ_‘)"mwm: Lel- iﬁ,mlﬁt) be o local Noelenom dotmadn, K=Q(RY ik ?-icici of.

quobieds | and S il inlegral closure (1w 1), Suppose thak S is @ Puile R- meodule .
D e is @ ome—lo -oue Commpondenic  bekuesse Hh hels:

W~ Spec (S) = Miw f-Ri‘}
where  Min (R") denotes He A o winical prwe ideals o R"

Proof . S T= TmrY

(a) e dosue Hhal Hure & o oke~to-one Drspondens. bohuen m—Spee(S) and Min{ $)
Sie. S is o BHule Rowodule ;, T 15 o fimle R'—modwle and m-Spec { T} 1

He ek of ol prime ideata o T whih hie over mh. T porkizulac,

| M= Spec($) = Spec (S@pu k) = Spec(S@g k) & m-Spec(3).

Henw oF sufliees o shovs Hhak M-SFCL(@)’-E Miw (£} - wnile ®Y < M_, G where

5. axe Hale Mm'%wam-ifmo&s of R. TThew gmﬁ)ﬁ ES&R‘S;) ind  goch S@g Sy

is He localizakon o ow fale oxbeusion sl 5. By (450) S@gS, is a sormal
ning. IW.P‘%’MM% dhak Hhe diveck Kuid S is ol monual dug . ek Qewm-Spec (3.
“Then S& s o worwel doweudri, ik parhicud ar, & contoins &Mw_:u‘«{ oue. Wasasweal
Prive ideal of T, s yidds o Auniche W :

(%)'- mugpec{g‘) —— Mix (T

Siwe RY g Beuschion. ond & o %m%@. R wto&uﬁ@, 3 éamm?osgs, twho
S - T T

G &m-Spec (T Sq -
E\ﬂ% wawimal  prive. tdeal of T s cowhingd i UxacMy one wosimal (desd
% T and  w-5pee(§) & Mim (T
(b} TE  wemains Yo shows— +hob Min (Ey 2 Min (R, Sine Hhe Heharal wap

TR - RR g fj.:a,ir’ b\i %oim% dore. cu% v vl e ideak aﬁ,'ﬁb‘ Moy, ouer
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de oo ideal . R and Min(R") = Min (RU@g K}. By a sleliar argumenk S —» T i
Hob and € is @ domosn, henew Min{S) & Min { T K) - Sime SO ond "R is
Jiok over R, Here we imclusions:

T =R"g S € Riegk = R@ (se k) = Sa, K
(sime Segik <KY. Tiesefore:

Min {3) 2 Min (Teg K) = Min (RA& K = Min (R")
ond He emerbion foliows.

{hs32) Qamﬁand: Lek {'R,m,k)‘ be o lowal NecHena domoiin omd S ik t'y\l@%,«d
Closuie . SN«FPUS{?_. Hok S s o ‘?{Mf%ﬂ. R—module . Thew R™ is a dowadw o aund
ouly if- S & o loal rng.

W-S-"*E‘) Exercise: M—’W be @ c%mgf Yowad ﬁh% and TR aw. sdeal . Chows—
Ry = Rifegn .



