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CHAPTER Xvi: A LIFTING TTHEOREM

T AR
e e ettt 4

Ri: LocALIZATION OF WRMAL SMOCTHNESS

leb- &k be o fidd and (4,0) @ bwi Nectherian g&-—&‘f%&m-”&y (838} S &

n-Smooth over ki amd ouly if 3 & Gometncally Teguiar  over- &, ol
5, e wabural worphisse & > S s wguars Tue o M, Andv Hhis
raulh oM. be Odended an folious: Lk @ (R, m) > (§,n) be a

bocal WIOW%&M of lacol Neethariaw viwgs, b g i s over R
wmd R s a Q-—ﬁu%.% ¢ u -rc@dax‘. Usr a ﬁ‘*am“w% e obbasn. :

beb- @1 (R,m) — (Sw) be as above amd QES a priwme ideal with
P=QnR. T Sq & QSg~smootll, over Rp ) e formol Amootmess

locaiies. Tn 4nis Awchion e Amour Andve's theorewe i He cane
ok R cowraiva o Med.

(1) Thegrem: Lok ws (R,m) — (S, 0) be a local morphisue o complele. locol
Noetheri asn hugs wiHe S k-smoole over R, Thew Hue is a wma&d{m
éiw of wplehe  local Noeteram Rags  amd \ocal Worphisws |

(Riw) —2 s ()

x ) Ip

(f(,m\) —_— (S,n)
where S’ 15 /- smoote over R', R 1 a m%duv local Ng , % and &
fve vae,d-zw Wi S$S= S’y R wa Pau.

?ﬁi: Set- k.—.—-_%/m , C= S@Kk S E‘;fmS . Wi E — C W %m—‘;%'&m wmduid
57 W - NQ&_ M C s ';‘imﬁ —~ Smoote  over k ,
Gael: R s of Lol characlenshc

T Hos wae R onbang @ etk Mé and Hhere s am ME«J&'M%
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R R s hak Mo couposition. KB RIvk s e idedity o k,
vimidy tlere v is He  wnadurl map. Lok 4 S—C be Ho wobuwal Mok .
Sinw C s s - smooth. over k and S s Complele. , by (u.7) Hure s
o k—da‘cbm.. %wor‘;‘\is.m, ¥: Q=8 so thek py=id., Mok is, W
Jt’u%m_\m, c X4 s
AN e
4 o commutes . .

Lek- Kiy %Xy € M. ke a Ayalene ef, %muw\vm ef m, t, %, venables
ove— R,  Seb R'=kCE, — £, 1 and Mm_ e k—d%o.km. \MOPP‘MSML
«: R —y R by m\kzi_ and o (£ = %3 for  odi I<jen. Sive R aud R’
ar complede ; %X is Awgichve. S S'= CE4, £, 1 ond define
Wi R — 8 by W =T ond W) = for ol I<jen . Sime C s
"ws - smoctl ovesm kR, S (Vms, ), — &,)-smootl. over R’. Fually defrue.
pr S'—=S by Blo=y ad Blg) = uxif)=uly) for all i< en.
Swe S ond 8/ s complede, B is swgichve il Bu’ = ww.

Gust der Pow: 5'@)“,82 — S, Tk F&k; S'ak,kw———o Smd=C &
e is‘a\wr‘:kisw... “The "/R-a\%d>m_ S'QR,R s w - adically complele  and
Sie Hab ower R. By (0.2) Row is an isomorphisiu -
Cane. 20 R is eg, uhu‘unl charackvighc .
By U0.4Z) R codoins o cocfhicient- vhg RoER  and Hure. is a Complele.
disode valuokiow wng (D, pD,kan) omd o focal Sugichive  morphism
L:/D—-—-*‘R‘,E'R. ’By QMum?kow, C= S/mS is “Yius-SwmootlL ovar k,
w parkcudar, C s a reqular Lscal Rug . By (ILS) Hhoe s o omplele
local  Nochriawe D-dgbra. (¢, %, L) 40 Hhak C@pk = Ppc' 2 C an
R-algboras . Morwover, e’ e?ﬂi-i—k%\di? flak- owr D and C=pe! is
%wvwlﬁml\y 'R.de- svem k. TThuy €' is w-smoobe over D and Ly (H.7>
e D-algbra worphiswe T € —— Ut ¥ S Lifhs o a. D-algdbra.
mw‘owsm pi €l & no Hhak Hhe 3\'0.%@3%.:



¢ = Smd

rN\ n
S ' uwmules ““\a)r“ls) ¥ =

Leb- P % — % be o b\&t\cm, ol %a.umlom . . and R'=DIR,, &, 1\,
=c't, _, 4,1 He dorwal pover Aevies rngsh over D and €. Wl
%: R —p R L7 wlp= i, b)) =xC br ol zsien and B:s/—s8

l’7 Bler = 3 ond fS(—k;)zu,(x,;‘) for ol Z&ign. Obviouply , % and B are
Ama&:}iw. . Dehiue W RO — 8 b\, wWip D — s dhe 'h'm,% Mowi;kism,
tohich Adg&m Heo /D-d%m. struchive. on @ ond by WiE)=tr for dl 2&0¢nm.
Sue € is W-swoolb over D, M h'w&, S/ Vs (wt,, ...,"b.{)%tmow\, ower K
Howework-:  Show e He Wec(uﬂ charackrishe. wne Mol S s R

LT F>®u, .

U‘o-’l-) Rewmark: Nole. 4hol-  Jdhe Hu&c ¢ and € i M ‘:\w'L °f. (“-.l) e \vf.&u_\ar'
ut—uu.. (S’,n') Of_ U‘J) L alse o wmfk}g_ \e_ada.r' local h'ua,.

Recall He  following  defimition  fraw  Chaples Vil :
lel- R be o rng, S on, RK-algbra , and TS an ideal. S is called
L-wivanmifed coess R iE for bory R-algehm €, ey ideal N@ C with
N*= 0 and ‘“’“‘A’ conumutative diwmw 0£ “R—-o.\%dgm, Wmu?\u’smsc
—— YN |

* N 1

~
E )

~

R —— C
Whae v 15 e notuvad map, N ames He divexke -‘opo‘o%, S He T-adic
%Po\oo&, ond W is Wukiuwnous, Huwe s o mosk one ‘”Rmal-%&m. mryh’sm
ur S— C 4o dhal Su=w. Nok Hhak i} (R, m) is o local Nedlurow
g by (8.9) He moadic compldhon R s Wofhle ower R, hakis, R is
T -sioolt  and ﬁ-mm%& ove— R
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(1.3) Voposition: Lk R be o viug, S an R-algbra , and TS aw idedd . The
fo“owiu.a wuditions ase  tquivalewt-:
(o) 5 is T-wwamibed oves R.

e

(b) JZ‘SIK =0 whee Jls,z 6 He T-odie CCI&«HQ}IOM.. 0:9. ‘JZS/R

Proof . Note thok- 52.\5,& =0 i} and owly if Ol5x /T"ILye =0 dor oll neN.
() = (e): T procf is Auilar 4o e prood o (2.5) (B)=la):

Lb- € be aw R-algebra , Ne C aw ideal with N*=O, Qm.uécr a
wmutohive  diograw.  of R-algebra. morphisws:

S 2 %4

NN

R — ¢
Were. W is cowhuuwous and w ond W ar »Qt'%u%/sbf.ﬁf» A&lm‘uwpmof_
of (23) w ond v Ja}iue, He Adame S-module Alruchue ew. N, Mowowr,
N'=0 ond TE) =0 4or some re N, henw wT™), W@ N and
W)= w(T*>) =0, Hhak s, N is an SAr—wodule . Ay ju He prosf_
of (2.1%) d=u-w: $—» N defiuy . R derivotion. 4rowe € iwko N.
Thun d= hdge whie dye: S—a Ols/e is W wniversal R - dedvahion
and i lge — N A we @-liwar map . Siwe T N=0, b laclon
-Hwou.&iq, Slyp /[ T* 0lgp =0 amd h=0. Tueore w=Ww.
()= (b): Obviowsly, Sl =0 il and owly il dor oll re N and all
S/~ moduks E uoms((ﬂ.ﬂz,E‘)-:_O- leb- E b an S — module
ad 1 Hgr — E o S-limar map . Thoe 4 imducs aw K-dervakion
D= fdge+ $—E  whie dyp:S— Ly & e waivsal Redesvakion
lb- C= S/zr » E  be He drvial txlensiow of E, pr L — S/ Ho
progchow | vi 8 — S Hu wakurak wop , and A S— C e
R-olgbra  worphisue  difiud by Als) = (v(s), 0). T we oblain
o owmukodive A;‘W ef R-dglbr worphisms:
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S —2 o+ Spr

SO

C

whee h and heD  aw "R——ol%d,\u_ ze\'{L-\-du%g e—,?_ V. Sine S is I-'unmmg\ed
Ses —R, b= A+D omnd D=0, Heneo g.-..:.O and @ = O,

b k2 (R,m\) r., (8,n) ke hmrf,hisms o_f, h'ugo vHe R and S local
Nocter au h'u%;_s and v(w) € w.

T —Lkm, s am  xack &ea‘muu. B:e.
S-modules - ‘

(No-'*}?_.mpggjﬁg_n_.: Assump‘—ioub o6 above. Suppase. in addihow dhak S is
h-sSmooke owr K wahive v k.
() By passing o He w—adic mm‘a‘e‘wow& Go) y-cJJ.s an. &xach Aequunce. ;
0 — (JLR/.&QRS) — 'ﬂ‘S/k “E“"* ’ﬂs& — O.
(b) I, in addibon, S k& n-urromified over R, thor X s o isowmorphiswm -
I pashicdar, for tery Asca) Nounow k- algbra (8,w)
(s & SV = (dLgs)" .

Prosl . [a) By (8.25) for all te™N i nohural map
% ‘H‘Wk 812 (s/h‘") + 02% ®s (8/,,@)
s lefd inverhble . Thus ior- ol e N Hy Acﬁw.hm,

O —s lgy, ® (t) —=u JLg, & (Vn*) , S s/p 8 (Yht) —> 0O
l$ Apr}' %&JCJ’ ’E\, Passw% do Hie mverie P d- "“'u. Auziumu..
o3 v,
0 — (g & §)" —— &% e Ry —— 0
s exact . (sco. G, (‘7-8‘33.

(b) By (3) g =0 i S is nounvamibed owr R. I (§0) i

o focal  Necthowoue k-—ajg&m , Ey (8-‘{} T iz w-dde over g, Apply (a)
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4o He nug  morplisius ket S — T, T ® is o {wmo?\'\l‘&m and
(s) &SI = J/Z;;k :

_ (IL.S) (_ng_l_l&ra: (a) Leb (R,m) . ($,n) b o local morphisu.  of foca) Neeherar
Wngs aud OAswme o g, noa builely guueraled  S-module (or o fuile
4o S-wodule oL vomk wm ). Thao (,JZQ,R)A 5 o %u'k_ly generaled
S-wmodde (o~ o buile Pree S —mod ule. o vank m).

() Lk KoL be o fulldy gowrald Feld exlension aind x,,—,x,
Vonables over L, "Tha (J)‘fo\,—-,x“]l/y(>’\ is o LDy, — e, B-wodule of
fuile pe. T parkiedar, (i, e )N B e e KDk, i, D
wodule o) rak n.

(16.) Grollary : Lok k —— (R, m) = (S,n) be worphisis of. rugs , (R,m) and
(Sin) local Nocthewasm vings , and v(myc . A S s h-smooHL ower R
relohve to k, thoe He nadural map

W (g Bg SN — J/fs,k
is Yk inverkible.

(E_o_erf,: {ollowa bowe  Hee ‘:woﬁ, of (!L.q\).

(1L.7) Proposibion : Lek ¢ (R, m) ——(S,n) b o fudl morphiswc  of. complele
vegular  focal  bugs . Suppese  thak R cowlaius o held | fene R=kLxy, - ,xnl
whe k2R, Lk Lok b a subbedd whe k fude ovr L. I S

is n-smooHe ove- R Lvery £ - devivaion Vgt R —+ R xbends ® an
L-dervebion D1 8 —a S,

’E&"il &L 'RO'-"—- kr)‘t,--, X“j, —5‘7 “L.W) Qh& “é.g) ‘?Z'\QIGE (‘R'Rc/e @ROPR\)I\:
JZ'Ko/e, ®g, R aud f)':fb is o Fiuibe 4 R-wodde Moreower, Ly (h.6) He
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bl wap R+ (8l @n 5 — Zgn is S ikl honce W induced map
% . Homg (‘ﬂ/:/e.- S) — Homg ((3lg, @ S), S)
s puwgehive . Sime (Jlge @ S)* T (Slrype ®r, ) = dlrye®r, S is a
fudle fec S-module , by W (7.99):
Homg ((Slgy, &g S)Y, S) = Howmg (d2g, ®g S, S)
S Homy (Slgy +S) ®; S
F Howg (dlgy, 5)
Der, (R,S)

0

omd Aue S s u-adimny Wwp lele.
~
Homg (dlsp 4 S) & Howg (42, , S)
= 'DC\'& (S.S).
Thus  He  wokurad mop  yi Very (S,8) — R (R,S) s Aurgickive  and
W & Der, (R) & Der, (R,S\) Ly o o L-derivahow V€ Ter (5,5)-

ke

(16.8) lemma: leb yo (R, m) — (s,m) be a heal worphisw  of  local NocHuran
h’my,, I S is n-smoob ower R wia ¢, P S is W —~swooth ovc.v-/ii\
via. W induad mor‘»\m's,m. Q . R — 0

?Lo_oi_s S 5 N-dwoolL ocuer R - aad Dh\\l i ¢ Ve ¥_la)~ omd Slmsg s
%DWL%&A:“‘Y *uxalow' over R=R/wm. Y S is n-smookde owr R , § is Houe
ond S/wS s W/mS - swooHe ove Fmd. Henw S/ € s /T - smookle

ove Riu = R/ .
(e) Lemmoa: lebk (R,m) be « focal NochHurion nng ond S a sewilocol
NoeHeor as. /R-a;\‘&ﬂ:m with WS € Joc (S). W} S s " -smoole ocuer R or

Ay wantiweal deal. me S 4he focal Wng Sy 5 nS,—smoole over R,

?_rgof,: T Onherdiow goﬂow; Ly (&.&) Awme S iy Awoolle over S,



34

(16.16) Theorew: leb ¢ ¢ (R, m) —s (S,n) be o Aol worphiswe  of.  Local Noetheriai
h‘n%b, Suppose. ok R coulains a {i’dd. Y S is n—smoole owr R and R i
@ G-nug , Haw g s Ksau.\o.r-.

/)rooL (BKI\JM\L/R&AL&) By (l.8) S is W-swoohh over R via Hue induced

. ‘l«a‘: <p ’R -——-05 Gusider He mmubobive 3\ o;‘. focal MOrP‘m.sm;
R ¥
T} R l o

R ——s S
whue T and o ae  Hhe matural maps. Sine R i o G-vug, T is o vequdou—
hcr‘;klsm. RIA /‘? is nau.lm\—- , ¥T s m&.jo‘.\—- ond L\I US’.‘&\) W is R%IJJN"
Sne. & s {ALH«-{-LMY {at-. Thus e Wouy  oAbume. Hhal- R and § ax
w\uflci‘. ocal hugh.

e have Yo shouw thak Sps i %v.cw:}ncojiy \v«.ﬂ,-er- ower k(P)= Q(WP)
Jor all e Spec (R). Sine ¢oRp . Rp — Sps is "pg—swmocHe ouver
R w Moy Grume Hol R i a dowmain ond have +o show Hhok
S®gQ(R) is ?.o‘m}ﬁwlb K%u-‘ﬂ.\’ over Q(R).

kb QRYS L ke o fule held odewsion and R eR/c L an iuwkrinediake
ritu&, A0 Hiok
() R s fwide owr R
() QRN =L .

Ris o complele nemilocal domain. Sine R is a complele ocal Hng,
R is Heuseliow. and R is @ Comy\cl-g. Lora) domann . The nng S'= Seg R!
s o %mﬁ-c. S~ mccfu.ﬂa. and bow o C-owc?‘cig_ AemRocal hm& Lot 3< <
denole e Jawhsow rodical of S. By (87) 8 & F-smooll over R
e have 4o show ok S’@R.L S (SegR)®g L= Segl is a m«do«»
hn% ov quvo.\e.uL-\y, Hial 4o oll priwe deds Q =57 wide QnR'm!o‘)
He hw% 5’ is rc?Jax- E&m—gr prwme fdead QS S 5 cowdodmed T a
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maximal deal NeS' and by (164) Hu localizabion S is NS, ~swoob aver R’
under Hhe inducd morphisne ¢l 0 R — S whae ¢/= ¢ ®p R’ Thus it sullices
to shouwr thal ¢! is o vegular Worphisue , Wore  Apeeifreally, i Aublices to show:
) ek g (Rw) ——(S)u) be a foal morphisne  of complele local rngs -
Suppose. Hal R is o domaln of Qﬁu_c.l characlerighc ond dhal $ is
n-swooke owr R . Thew SegQR) s a m%g\o.\r- Hing
Sine R wwuins o feld , R wwhadws o coelhicicrd- hidd k. Menw R is
o homowanWc. imaz&q, of o Complele mzxjo.v- focal nug , Aoy R="T/p
whave T= kCx,, —,xy1L. By (1) and UL.Z.) e s a com?ieie_ veqular
local Hug (”&,MB> ond o councmutative dia%rmw o} ool morphisuas:
— X3, x
x| Lp
® X,
wheve o and P oare surgickive ;, B is ug-smoole ocver T wia 4 and
S Pe R T Bre via Bey.
S Ry = (7p)p s reqular, by (12,8) and (12.26) Have is a
Mubhidd Lok wile Ckil]<ee aud £L-desvodows D, _ D T—T
o Hook-

del- (D,cl.&'\)‘é o ¢
whive 4, 4 P od LhP=+t.
'—&‘j (‘L.'f) He  L-denvodions Dy — Dy T T exbend 4o €= derivahious
?¢,~.~ﬁ: B —» T Heme for all ‘pﬁm_ deals QEB wihh WAT=P

dek- (D4, )lsc,@'&{- ¢ Q.

By He Yobuss of 4 AW-PB=t. T Sy = (Bhp)g is regula-
5\, (12.6).

{16, li)‘RcmmL: “Theorewe (Na.\D) holds e withouwl- he %mPkow. ok R
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couboius a fidd. Tk wus fub poved by M. AwdiC using Ho Audva - Quillew
«t\ouw(o%. T proof of (16.10) is due o A Bwzdecanu. awd N. Radu . Theiv
proof. caw be ududed do He uueral care by using Jassbiaw enleria for
wucplele. \u}“lcu—- local viugs of uuequal characlerishc.

(16.12) Debrachion: Lk ¢: R —= S be o worphisue of Noctheran vings. Thae

¢ is colled o veduced morplisuc if

@) ¢ is flak

(6) For all prime ideols PeR Ho viug S@g k(F) is gromebrically reducd
over k(F).

(16.13) Remark: @ focal Noelkewar wng (R, w) is No%d-m. if and ouly i He
hatural Wop ¢: K — R 5 reduced.

Stuclar o (IS.Q) oue caw Ahow:

;(IL.I%)TMM-. ek R . 2N § T be a Morplu‘.su. 0{_ Noetier an. viw%A.
(@) I ¢ and 4 are vduwd | 4¢ s veduced .
(b)Y U ¢ is veduud aud A ois 40&41;%...“7 flak, Ho ¢ is vedued.

?r_o_ui_: Howme worle

(16.18) Thaorews: Leb- 1 (R, m, k) — (5,&) be o faille fdiy flat- morriu‘sm.
of focal Noetunan vivgs. Suppose Hak

(a) K cowhaiun o feld and is o ng,a_ﬁo_ g«

(6) The fiber over He wmaximel el S@g K is goweimially wouud over k,
Thete ¢ 15 reduced.
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?:_o_ogz Gousider Hhe commuladive Jiw
R 2, 5

%] “;

e N ?*

R~ ™

Woe R is He w-odic compleion. of. R, 5*= (S,mS)" is He wS-adic
cowpletion of &, oud %, B ar Ha nohural waps. Obvicusly, S"@gk = So k
is guwehically wdued ever R oawd by (GIF) # sdlias Yo o Hhak o>
is rduced Aue o is reduwd. Thus we wo ansume. Hhak- R is complele.
and have do showr Hak S@g RIP) is qomevically veducd over RIP) for
Lery, Pe %‘:c.c_tpf). SwPPose; ok Mo amtertiow is folse . Thaw e s a
moximal prwe ideall PR, Pru , so Hhak S@gkiP) s uek qumelvically
veduced  over k(P\)- MW‘“‘% \-qp\am?’{ \sy R/ip ad S Ly S/es amd cam.
ossme Hhal- |
() R s o cowplebe focal domaiic itk quokieunt fdd K
(i) For  all PeSpec (R) witle P4 (0) He ring Sop k(P) is W%d\y
eduwd  ewee R(P).
i) S@K is wet geomedncally veduud ovo- K,
L Kebl ke a fiwle hadd exlonsion and T dhe iwk%gm] doswe.

o R wT. 3“ﬁ>ese_ Sl S!;@RL and Wenw S@g V A~ wok reduced -

T s fulle over R hene T a2 a compleke. focal dowain. . Sinw SgT

s wok vedued , Hue £ o maxiwal ideal Qo SepT witle (Sa T
ol veduud . Morover, Hhe induced err%’sw Y8Tg + T —+(S8T)g

is fowal and e 4 oy fbefy%m w® %«;T‘ okd S oy €3®RT\§Q oid  OASWME :

() R & o owplde wormal locad domain .

@) For  all ‘P&-Sixd@} wille P o) Hha Hing S@g RIF) s gometwially
redud v R(P)

iy S is webk  reduced.

k- P S ke a Privae dead Wil 3@19%@, Sp=U, ae WeR a wowwo
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demend of w, ad Q&S o wiwiwol priwe ideal ouer PraS. Thuc

- worphisue (g1 R, — Sq - By ke deplle bovudas
| = deplle Sq = deplte Rg, + deple (S/a.8)q -
Sie R is a domain wille Q0 , deplle Ry =i yidding Hhak
dephe 5805 )g = 0.

Ou Ho oMar houd, by (i) He wduud morphuiue F: Rla,—> S/gs is
wdued ond S, k(Qo) iz guowedvically veduced eve— k(Q) . T parkiodary
He lowlizokion (Slags)q is quowelmcally wdwad ove iRe). Mo (Yaus)q
is a fidd ound %wmwaa“y W%&er ove RUQe) - Tl aphics Hal-

Sa i O 5q-sueole owr R. By asumphion. R £ couplde asd R, is
o G-vug , heww @ Rg — Sq is regpdar by Auded 's Hheovom - Hena,
He iuduud  worphisue @1 Rp —— Sp is vegular  whee B = PoR .

Siwie dephe Sp =0, depl Rp =0 and Rp Lo fiedd . Tis iwplien Haak

Sp ks a hidd By Semc's cnlerow for wdwedwess , € & o veduad fng
a4 m%&wﬁ&%‘\'ﬁﬂ.-
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Lk R be a scwilocal ring and T €Fmd®) aw ideal i Hhe Focdssow vadical
ol R. J Hus Awcchow we wowdk 4o show-: I R is T-adically cowmgplele
ond R o.G—-viu% (or'o.Na.%o}m Hu%,‘),-&m.’R s Q G-ving (o o
Nogate. Hug. Ju e Qo“cuiu% we asdume  Audie’s Hheoewe (16, 16) aund
Theorewe (16.18) i all cams | (e, we do not amume thod R condaius a fd.

(led) Lemma s Leb R be o sewilocal NoecHuvow vikg. , T € Frad (R) o ideal,
and R e Complebion. of R wide m;m:\- fo M "}awkmw.. radicall of R.
Suppose. thak R is T- adically cowplere aud Hat- Re® i aw ideal so
Mok for all ne ™ wite wpu, He ideal K+ TR is oxboded frowd R,
ok s (Qﬂ(K-ﬁ-I"K\gR K+T"® dor all wpug. Thew i< s

’?mef; Leb- K, = KaR. By mp\aum%,’Q by Wik, we WMoy Gbdiume. Aol
Knﬂ:(d} and fare 4o show- ol K = (o) Suppose. +hal- K+ )
amd Kn = (6) wite R+ TR exbended frowe R dor all me™ witl upue.
Seb k“. (R+T"RYInR  for all wiu, - Thuwe K R =K+T R
and Harefore by foitefd  flabum  foe all wnug

Ky = Kyy, + L%,
Sine Qaﬁ(@}, Hove 5 aw re W wite Qﬁi{‘}rﬁlﬂ}‘}r leb £ 2 WO»X(WQ,\:}
axd fo e Kg = (rad (RYVF. Siwe Ky= Kypy +T" for ali a2t Hae
s & Aquente (ﬁ”)@& w K s 4hal:
6) 4o e K for oll mxt
@y fu~ iw e %};\r akl wy L.
By amumphor R Oig - adically Cowf.»?«ele_., Hhus ) use Convergass
Huwards o dewendt e R wide é——gm_&?-‘f“' dee ol wrt . Siwe
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fet (Jod (RN and TP (Gud(R)E it foliows thak 44 TE and bume 440 . Thew
{é ﬂﬂkfb Kh = ﬂh},{;— ((Q—*I“a‘)n R‘)

s A, A
= (e (K+I'"RYN R = KnR # (o),
o coudradickion.

, ,(N;.M.) lemma: Lleb R be o semifocal Noekkeriau Hiug and T g M(R‘) o ideal.

Suppes - ¥ is a G“Vih%//\(or a Nogaka viug , my.} leb- PeR ke a

prive ideal with TP awd R e wplehion of R witle vapeck +o e

daccbsow radical . U (Rp, TRLYY & a G-ring. (Nagaba riug) , Hhac foo nabural

weorphisie '
Gpt (Rp, TR —s (ﬁriiar‘}h

regudar  (reduced) -

U T mop wp is focebdly flab and (R, TR)) ek(F) = R Rp B, kiF) =
”Q@R R(P) is W%aaﬂy %dar (W&mm“y veduud) over R(P) Almw TeP

omd R s o Gl"'h%% {No?h\, hm%\}. e salewesd ‘%‘siﬁow torthe. Ué.m}
and (1t.i€). |

(617) Definitions () Lok R be o Nechherian ug . We soy thal R saksfies
R s rgular  or vedused | veapechively.

(6) Seb NowT(R) = 4 Pe Spec(R) | Ry, han uch properky WY, Hhak is,
Nawﬁ’(ﬂ} is Hee Aiu%ﬁmrr locus of W ig P2 wf%dax* amd  He won—veduwed
foan of R il P2 veduced.

% D=1 P

Ve ﬁoeﬁ’(@ :

Wi

(1618)Rawarde: I New(R) is dowd i SpeclRy, for oxomuple il R is a
rouclocal  Goriug f W= rgdor or i R is o Nagaka ring i W2 reducd,
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He V(D ) = NowP(R).

(lb.ﬂ‘i‘) ’Eeé’"ui&'ow b R aud & be Nochuviow n'm% and : R—e S a Mowiﬁsw-

¢ s cadied m'ﬁ?—mrfs%‘g% t'{l ¢ Is %er and = mﬁdw o il s

(lo2o) lemma: Lok R and S be Nocthewasc Wigs and #: R—+ % o W-wmorphism -
Suppose. b New P(R) is dewd i SpecdR) - Thue Now W(S) is dosed i
Spec(s) oud

oy ¢ (Vpg)S =Dps

) ¢(Dps) = Dpg

E,B_ﬁf_, ek Q @ Spec (8}, V= AnR < Spec(RY), and g Rp—> S5q Hhe imducd map.
Slue @ s a W—Wm‘;h’sm P Bg is e /Rﬂms‘y%m and Hie property. T anwenls
and dosods wider M fodtbudly ok worphedue @ This Tuphies Yook

Now P8} is dened e Spects) aud Hok (o) amd (b) hdd.

(5%.25‘}7—%&:&&: e R ke o hewwlocal NeeWevai w{u% asnd I&W{ﬁ‘) Qi
idea . Sm%spm

(@) R is T-adically cuglele.

() R ~ a G- ving (Naﬁgﬁm m@.
Thae B 4 a G—w\'m% (Naﬁaﬁ'& v{u.%‘\) )

Kizm@{);:’%%f wduwckiow ow Hi cﬁt'meus(ew af; K. leb-R be a scwcloal Woekewai

nug of dimeusion o whide Achshi (o) omd (B) . Subpese Heak fhe

amarkiow is rue jfw—— ranl ol Weeklyr o ﬁm.%& @%_ i S S oM. %&% Ress
Hoowe w. U soudord wdwhousn Wwe have 4o shours

) Lk R obe o anilocal Noelunan dowaiu , T < Jrod (R) s ideal 4o Wak



319

R iy T-odically complde and Rr s o Goving (Negaka wug) Lok R be
e complebiow o R wiic vapeck o W Tosobsow vodical aud %égw('Q}
i ﬁf‘? bon wnok ?m‘m—%/\?; T Pk +0,

O befor A D =
(%) D nR +0.
daiwm: For all ne N:

/\ v g .
’Dﬁ),ﬁt == mﬁ‘e—ﬂowﬁ’(’f{? P ﬁﬂ"\m ri' 3‘“—%&5 % .&Eﬂe&i’)—

(8) (R (P+x"R)IR =D +x1"R
Hakis, for ol ne™ He ideal T+T'R i txbended frowe K.

For all we N Ad— ’Dg,_..vqx.:t:“ﬂ and Lt TR be @.’P-me
ideal wnde. “Du ¢ @. I oder o shows (&) i+ suffion bo show tal-
T2 (@nR)R. S Q=QnR ad P=Par. Obvicusly , Q is a
/P-Ph’wm% ideal .
Guel: P ond P ase magimal ideals of & and R, vespechively, TThew q i
oxlended  frowe R | Le. QT =aR amd we cse dowe.
Cane 2 P aud P ae nok wmonimal . Comsvde~ -Hie M&omm% Jia%m o
nokurall mvisbu'ﬁw:

€, o — ~
R —F£— R, —F (Rp, TRY = R

T i }rrp & Yo
R A R, L (R, IR Y= o
P .

whie Ry demcles Hhe localizakion of R withh vapeck + He wdbiplicabive

S R A T 7@3&:

() By iuduckiow Mwm@ R* 4 a Eﬁ—m'w% {Wagata h‘w&)}.

(i) By m.uf) Yp is qu (reduced ) .

(i) R s a G-ring , henwe by Andrdls Yucomue 4, 4 a w‘%‘dm— and
redusied mmfﬁ»@m-

This  lwplien

(&) sine Dpg, =~ TR, ond bine 4, 4 o P morpluisue , by (iC.26)

P ”Dp‘ da .
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I parkicddar, D g g (4. (D ge)) -
(b) Siwe ¢, s o TP-wophisuc , by (it.20)
4 (Vp,ge) 2 Dipge and Diggy S =TDgeu
Howe D gw = ¢ (Dpsw) = @' (Ts*) & ¢ (As¥),
© by Mo cownnndabivity £ He diago: |
& 0y SAsry =< Ry S (Qs%)  and
4! (ds*)=dAR,  sine TR, < AR,

~

A A
Lt (GR) = Q sive @ s Popriway awd R-PSR-P

Thefore.
f_;l %@" ~| (QS*} Q
and Alwe Q M g';" P'(Qi’%*‘} ave F’-—pﬁmwa,
Y ”*i’(:' (ds7) = GR,,.
(dy S(sui@m—\ai, sue G i 'Pwp\&w«w% wile T Q-
"*{«" (Qs*) = Qﬁp and ! (Qﬁ@:@?@_
&) By () ¥ @Pf' (63*} =QR, and Heefon, sine T2 Q:
Qr* = @1 (ds*).
‘T@iné iwfs@im
Qs* = ¢ (As")S* 2 Ds* by (a) and (L)
aud ,
pelat (QsF) = pft (@R,) =R = M4 (Ds%) =7

b Qﬁ 2% and He daiwe s frovem. - "&7 (W‘.M) % is exbended %MR
ound  Hie Heorene ?oﬁows.

Tor Naﬁp}a. Hn% Hee W shadewent holds:

(6.22) Theoeus. (Mawk) Leb R be a Noeluraw nug and T < Frad(R) i ideal .
S%Po& .
(d} R & I‘-&&\'@‘y ww.pi@ﬁe_



224

by = s a Nagalo. Hing.
T K & a Neﬁa@rm. n'u,%,.

Ofler Masob  proved his Huorne , Nishimura. found xample. of a G-rug R
and an ideal TR o Hiak Hhe forual fibers of (R,T)™ ose nok
%mm&»{wi\/ reduced . Nishimurals oxauple.  ahows Hob e closed wess of Mo
nou-reduced focaes F’i‘%& o prowdnont wie iw He «&'Mﬁw% fpwq:e».% for
Nagaba. Angs . I order to prove o Auilor Ufting Huowene o oualiewd
h'u%;; oue Aan do make wac ﬁi Hirouoka's Huowwe ouw. e resobudiew of
mingudanbics . Thae cue com shou:

, (%.233 TTheotem: ek B ke o Neelherar uwiwvﬁdj\y m%mwr% Hu%. Suppase.
thok R cowhaine @ ond Hok R & a G-nug . Lok T hrad(R) be
an ideal witle R Reg -2 ing. e R s Reg — 2.

(to.2) Tueoreme: ek R be o Necuran wnivertally calenary nug of fuile
Kndl dimension . Suppase thak R codains @ and L T frad (R) be
an ideal . W R s I—-a&'@aﬁ? Ousplede. ond B b otlled ;| Hae R
15 Oxuadlendt



