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CHAPTER XV . EXcELLENT “RINGS

§|: REGULAR, MORPUILME

US) Depinikion: (o) leb ¢: R —s $ be a morphisie o) Noethewai, hags. Tor all
Pe Spec(R) M hber (ring) ok P is debiued 4+ ke Hhe Hug. S@y k(P).
() Lok (R, w) br o local WNoedheerion vivg amwd R ik w—adic compldon. The
forwal fibemn of R e He Kben b e wahued morph isw @;’Rm—q%.

Kecall ok o local h'w% (R, m) hea %«nm%w\y ‘fn%ulor formad  fibers ib o
ol PeSpec(R) Ho ring Rog hlF) is guomahrically vgulor ower k(F), Hhak &,
A for all duwlle %‘J& edensious k(P e L Ho h'w% %QRL is W%Jox.

(15.2) Pefiwchiow: Lk ¢: R—+ 3 be o worphisw. of  Noetheraw hngd . Yy s
lled o tegulor  worphisw i

) @ s fla

(&) For ol prime ideals PeR e dber g Ser RIP) & quomehically
Wm- ower k(P).

(15.3) Ramark: A loal Neebhenow hng (R, w) has gro wetnically vegular dorwal
Fben L and 0wy i He wehuea Wmap ¢ R — R s regalar,

(l&‘&‘)ﬂwm: b R I g 1 4 morplisis  of  Noctherias Hings . T
(q,‘) U e omd 4 av ke%ulmr, Huw so s .

(B) I 4y b rgudar ad 4k fatbdy ok, Ko p & vegudan

M: Ob\l{aws‘l\f c b e iy Hobk ek PeR be o z?h‘me, amd kP el o aeiwui-a
bedd odemsion. Sk S =S L ad T =Te, L.
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Coim: The induced Wh(sm“ﬂ'b: S, ——T s )e.%u.\nr.
T of Cladw: L Qe S be o prwe ideal and k(@) S F a Bule kdd
tlension . Sime T = Tegb = Te (§®RL\> = Te, S i+ Lllows that

Te, F = (Te, SO)e, F = TeF.

Meweouer,
Sepkif) = ($0s), s S = Seel
S o fulle tdemsion ond  with @ =QnS e dedd exlension kia) < kig)
s Mucke, Hewe RQ) e F & Rl awnd T e, F=Te,F is a regular HM_%,
Al 4 is oo egulor wophisne. T 40 S —— T & a heguabor- wompluis m .
Nete +hat S, £ a - Hﬂwa&’!:\'wm._ ¢ s a Wm— Worphuisw .

b W e be a prime idead oud Ad Q = SiaW. T indwed
mophioue (), (S )q — (T is Jaidihdly  ded wd B hiber
(M) @) RQ) is o Jocakzokow eb Ty k(@) od Hus a regrador
focal g . By AN, Tuowu (063) He nug ()4 ~ tegudar. This shows
ot T ¥ a m%ulm—‘ Hw%.

(b) Siwe a4¢ & fob wile 4 doithbdly ok, ¢ s Lok b PeR be

@ prive idead ond AP &L o huwile beld exbension. Theo TL=Te, L
s a rgular nug . Mowowr, T M%M\y el o S = Sy L,
Ao by A, Teowan (8:63)  He fug S i tegulor,

(15:5) Froposition: L ¢ R =3 be o faithplly Hlab eqular Worac, ua, .
Thewe R 1o /w@uﬁm—' 'n'u% cf oumd DW\SI & S s a magui\aw h'uu%.

p?“gg_a{i: dlows imm@\s’o&dy $row M, Theoreuc (8.43) siwe all fbew of ¢ awe
regudar Augs .

tls.h‘)/zv;a?osikah.: leb- & Lg, o fwdc‘ amd K e N%%Ln'am. gﬁ—d%eLM-- :M-
R i %{&MQJ’!\C@M\’ ie%uicu— Over %{, —for'&w:% ‘%’\'Mwy %&WM 'fwu W%cwsion..



kel e ving RBOL &5 reglar

Food: - kel ke o fully gueald 4idd clensiow . By (13%) He. is
o ‘&w.k. p\&m}y NMpwo.Uu ‘{\'e\-u\ uclemsion. ke K a0 Hhak e exlensiow
Ke L) % rparalle . By Muwphon. He nug. R K s tgular and
RO LK) = (Re, K)@, LK) s swoohe ower R, K, Aluw LK) is swookde
e KBy (h10) REELK) s o wgular Nug . Morows, He ocheusion
Repl — R LK) « focHe fdly flab and e vug Re, L reqular,

(1) Lewma: Lek 4Ry, t,o;:ﬁ;,&",m be o divech Awlew of regudar Noekuur/as.
Hw%;,. SWf’P“&’ Hok o all vijel wide gy e MW’M“‘” &P‘i-:"ﬁﬁ R
~ Yok omd Hwl R= @&(em Ry is Nebuvaon. Ty, dor odl te T

He uohural llm?h;u ¢ Ky —R & Hab oud R i a %Jw— g

M: Siwa. M leusor produck comumudes wntle diveck Biuik ) for all teT
He wodwrod  worphue @ iRy 2 R 6 fob Lk PeR ke o Priwe, ideal .
Sue. R 4 Neelarion, P 4 v?;wlkdy Gewaraled ; day P (g1, —rg5) - Thew

Hee & an 6T widle Go—1§e @ R S o=@ (P) . The induwd
worpluaun  (¢)p+ (R)p: — Ry foitddly flak wifle woximal fber R(P).
Thus by M, Thorene (84T R, L oa wgdar  focal viug.

{!g,@)&mﬁg&: bh v R —+ R omd w: R —st & be morphusus of

NecHur ase \riv\%n» Seb- ¥'= Sy R and W=w@R : Ricey &/, Thun:

CYIIN IS ‘rc%s;\mv worphisue  omd S R-olgekra, M@Hﬁd\y ef.

Awle pe | e W o is o Ww— m#&»’qm-

(&) Swppose Hal W s o reaular Wcr?‘kﬁau, wois Lok, R is hwle ouwr R
(wav), ond du-v o wlpotewd . T w o o reqular  worphou
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Prood i (a) Lleb Pe Spec (R, @ =v"(F)e Spec. (R), K=k(Q), K'=k(P), and K'el o
%’\'Wﬁk %-«'e;\é iclemsion . e hove to showr thal D'= Yol s a %«la\-‘ local
vug. By ossumphion e fug D= SegK & gomelncally vegular owr K.
T D= Fopl = ($8:R)@g L= Segl = (SegK)®, L = Do, L.

Wk L= @“_A,EL whare KESE! ave %{\MLM\I generaled  deld w\-em.(ous-'&\, (15.¢)
b dl €T He rug DeyE; s mguar and by UsT) Degl= b, (PegE:)
15 o w%;...\mr Hu%,

(b) b PeR be a priue ideal . Sine R is fulle owr R, tuwe ik o privae
ideal PE RN wite v(PN<P Siuw ker() i wilpoled, ker(v) SP aud we
woy wplae. Ry RS S by B, RYpr, o5 and e = (es) Bryp (Ri/er).
Nole ok by (a) Ho wdund wopwsn @' =ugl: RYpr — Slpiy = Sor (RVp)

s egular. TThus  we woy ohwme. Mok R ond R/ we dowoins with, helds o
Guobenks K=QR) oud L=QRY). ke hove do show Hiok SeeK i gromekically
rguor over K. Lk KeE be a hulle didd extewsion , e L=QR) e E'=L(E)
s o ‘%“%-&.L%‘E. bemsion.  omd Hi Hw%. S’@R, B s m%.dw— Auee Wy R s g’

is o reoudosr worpluou . Siww R/ is fudle ous R Rieg b = Rigg K and

Vog b= SorK  yidldiug @y E = SO & The wowphisi S@RE — SBLE’

s doith by flek wite S8gE/ o e Hng . By W, Thuoeu (€.63) Hu
ing S@g E s vegpalour,

U64) Propesibiow: Lk w: (R,m) —+ (5,0) be aw ingchive ol morgwow o local
NicHanos. dowaivh. Suppose Hiak S Ubewrially Hucke over R omd Hak
He  Jormal bl ok R ok (o) is grometacally W‘Jm—- (o QRY)  Thwe Hha
Jorwa]  Hber of- S ok (0) s geowerricolly 'maém.lu.w (over Q(SY) .

cwmmpl{w. wim) & ond hewwe W T iz o waxiwmel idea) QE.”T'- Sine
He wT-adic Cowpletow T Yhues E‘j %3“‘.@“‘% i dollows +hak T= S%%
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L KaQ®R) b 4 quokewt $cld of R and L- QS) Ha quoticwd didd of & bl
Kel a Hule slension . '5) oMumpRO W ’R®RK is a@mulmao.ﬂy ve%v.\m« over K,

Fhua ’R@QL s g,towc-}ncu\ly \»e.%,,Jq_r over L. e cierbow {o“@m wiHe SasLa
(RegS)e L = Ryl

(1500) Lmllary: Lk (R,m) be o loal Niedheno wug ad (5u) a focal R-algebra,
vasdially  dHule over R Wil mSew. U dhe dorwol dibew of R an
%«wm&ﬁm‘y &@a«dav no ave Hhe f%ovw.cd «?—ibew o'f_ g,

?_vg_ef,: Lk Qe gfz&a_ (5;) ond P= QR . The wohural mm-?%m'sm. w e —s S i
5%2.:4{%. ad  local - By (159) He dorwal  Kbes of. S/q et (0) is %WW&%'W(}«
woular owr k(@) = (Ha))g.
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§2: G-RINGS (QUASI-EXCELLENT “RINGS)

(\S'.lf) Tebuibon: A Neoelhevian ‘w’w%"g is anlled o G"V‘;W% (or a. Quos - excallesd
\:i_&%‘) . for all Pe Spec(R) e  akural worphiswe Ry —— (Rp)™ s vequdar

We. woumk~ 4o showr bt ol R s a G- hw% L end O’m\y i dor all
Mé W — S?ec,(_ﬁ) Hie  medural ey Ry —* RW, is w%km” I parkaular,
o local NecMarai wug (Ryw) s o G-ving, i Hu nehural YN R R

i m%uam

Usiz) Teorem: leb w:R —+ S be o reguiar worphuoue o Niethoriamn
Hugh and orsie ek W b dedthhdly ek, T

(&) R o madw (wormal |, wducd , CH, Govensleiw.) Wug i and oy . S iy
rgular (wonual , reduwd, €M, Goreusleiw) -

() % Sis o G-rug , e R s a G-riug,

mg (&) dollown how R, A w i ot fully ok il requlor fibers |
() teb- Te Spec (R) and QeSpec(s) with &'(@)=P. (Nele Hak Huwe
s mmch o prue. ideal Q dne w s %%%&H? {lak) . Cousider Hi

Cowvmmdotiue &La\.%rm:

(Rp)* . (g
o 1} t g
2 “e

>
P e
Whoe « awd o He  woakural maps . by @usption. ug @id B aw regidoy
morpkAS WS Cund Uy %M&iy Aok T EY (s Y u&aﬁ_ﬂﬁuﬁ g 3¢

Qe M%Mw— mkaas Weg .

Oy Remark: P R — S & o %&;&W‘? Py regular worplus we
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He R o G-Ww%s Haew S Wm\»& nok ke a G-—W'u.%. For WW\&,'%\&. e
local  Neetavmeour wwgs (Rwy and (S,w) and lowl worphisws R =~ 5 25, R=T
wheve, vu omd v are e nolural Mops oud VW %»Jwr Moreouver , R ix

a. G—v{u% and ¢ s wok a G-ﬂ‘im%,. '—Ey ('5’.%} W s o Wm— wu?%m.

US‘-W‘)?@yﬁﬁﬁg&w leb kR be o feid o} charoclerighic pro and Lh f.?z%kﬂww\
be o divcled «@a.m% o suodiedds wille ek, SR B ol e A and

Mueen ke =k Lk (Ryw) ke o rgpdar Local vig ond a k-olgebra . e
%oliomu% condiioun ase  equivalewt-

) R m %g«.owﬁmﬂy \’&%«Jm—' over K.

(H) K b m-swool_ cve— k.

l€) R %5 w-swosde over R wlobive b kg for ol xe A.

Frogh: (e (b): By (233)
(b)=b (<) Obvious

(= (o) Lk Foh be He pawe fiddd and K =B e vesidue dane Lidd

of R. Swe R i gular  and T A podeck | R s W-swmeolh owee F. By
(8.30) we have t showr Hhek He naturnl "o :
¢: "’Qk@kk —b dlg G K
is tupchive, By (2.25) for all xe A e uoheul Watb
Gt Wy B — dlr, e K
IS c'ué:id—;w. “Thua «?or— all ke A Hewe is o commutahve A\'W:
P Bk~ dle K
T I
&Wkﬁﬁz ke . NN JL%%K

whasre. T aud T oe e hatural W, ﬂvmim% Yo e Mverie J S yw.“.s:
@ o mutabive &\'u%emm:
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ﬂnh ®KK "““"Ei““"“” %@R K
Tl S
Wat (@ys B K) —2 Lin (ey o)
S e mvene hwid i ﬁ.gi— apack | g s iwpchve . Mowouwr , 3:7 (12.22) e uabural
mop T, ¢ 8L, —dim Sy, is ingekive . Ql-“\ou%k e wverie it dees vk
Ouumndle wite desor poducs ik gueel | e bowe. argromenk an i Hee proct. o
(l2.22) yidds Hhak T, is fwichue . Heue ¢ is ingckice amd R & w-swoolle owr k.

058y Proposition: Lok R be a. complele. vigulas local g, FeR a priwe ideal and
Smﬁp;\mw« Ho quuric formal  fber of € i guowekrically vegular, ak is, Ha
W&% S®§Q(§> is %@ow&ﬂw&y me” Ower Q(S\)-

Toof: Seb KaQus) and Lk Kol be o fule Beld exlension - loe have 4o showr
Mok Hee v{u.% g@sL is W%dmr or &ﬂu;vo}wﬂ\, Mok dor Gwesy prinee {deal
Qe Tl He bowl vng (To,l)gr is wglar Wk Q=T Y vig
(Sel)q is o localizakione of Soa L awd i subkics 4o thow Hhab T 1s
Qowsekrically egular owr K. (Nole Hhak @nS=(0)). By amuwuphon Ty &
o rgadar  lowl ring,  wnd He anmerhow 4ollows il char K=o0.

&APF@:;Q, Fhak axxwkzpw , A char R=p>0 ond K cowhaiuns o Gellicicuh
fidd & . Morowr, R i is:omvfzwa o a forwal pouser  bevies h"w%
RekDr,—, . ek F= %kﬁ yen be oo direckd fonily o fulermediote
%’éﬁ&& kfe kx“i b widle Tk Ezg.} < b *%or’ all ye Ul aud ﬁ&»@__p kyakr.

Seb yimx{ ad cusider dor al pell e fug Re = "Ly, —, 702 . Noke
Het R s %\Mgt owwﬁﬁeg., ond dhek | sine. RFg Ry , Fis He wnique.

prive ideal o R Dyiug ever P = PrRp. T S =Rp=Rp, is hule over
S = (Ryyp, b all pe Tl Ll Ky =Qrsy) = QRy) = Ry ((y;,—,y,)) denole
He quotant fidd ef S onmd Ry O shourne i He prood el (1z28) i
follow ek 1 pep K = K7,
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Caiw | T is O-smooHe over & rlative 4o Sg- dor ot xe 0
o Cainl: L C be aw S-clgbra ond NeC an idal wil N2 0
Cousider @ Commdm}‘% cﬁm.%faw‘ of W@v\akmw ol ringp:

sg, —

r \\ .

Spr T § e, <
ond Auppose. Hhak WS —s 2 s an S&" ol gebora. ﬁm%% el w. Lkl wi%u.
Sa S i bule ower Sp, S= S 5 wd ve=aev Seg, S —C
5 o S-a.i%&m_ —&ﬁ)&w% of wu.
Cladw, 2.1 SQ is O-swooltle over K wlahive de K for oll yel,
Boddaimzr b Cbe a Kodgbra oud NeC ow ideal widle N%=
Comnider a commududive émw et Wug morplals s

&

sh-gh

—————Y ke, —-—--~«-=-w--m~b C

T

Spo T Ky
ond leb w be a kx.,— G&%}&LW}_ w.m?%m Af&%mﬁ, w. St @ s O-swookk
ovtr S welakve to S‘E«"' Hare s aw §~d%ﬁam M‘\"M% !y C s &

-~ 1 - )

«é\%}{\&% WE . Toe e;«-_,w% demenr se @-—Q Ho iw% 'u'(&f;j s o wad W C

(Slue  wels) is o wnik b PN and N s wilpobect). T o dochons througle

o K-dgdbra.  worphisue Sa— . v i o K- olgdbra. Liphug of .
“Thawa @& s QS - swock. sver K idakive o Ky dor all ye Tl By Usidy

EaS

SQ 1S %govm_%v{md\? er' over K |
(iﬁ&&)ﬁwm: A Gompuo. local Hu%,'ﬁ'; 15 o Q-n’u.%-

Poof: Lk PER ke o priwe ided | S=Ry , QS o prime ideal and k= Q(Sa)=k@).
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be have o ahowr thak T K is gomebcally tegular over K. Nole Hhal
Seck = (38) @k, $/aS < (Rl whoe Q= QnR | K=Q(Ra) = k@),
and Hak TouK = (Rady ®wayy K@) Thus & sblies o show Jhak
e Yeneric. dorwial  §iber o Ya = (?/Q'\)P s %nm“rnm;\\y w,%dm-. Heuce, we
WMoy orue. thak R 5 o tomplele. local dowoin. | VeR o priwe ideal amd
Sm’RP. ke Wave v show ok Hhe Gemeic. dorwal Bbe- ol € is %mm%wﬂ?
egudar, ”&7 Golhen's  shruchue Hicorems Hhese is o owplele WW— local
Adodug T ol R 40 Hak R s Huile over T Seb Pl peT. By Usis) H
Queric dormal dber oL T s growehically vegular. Obviowsly , =Ry is
Fuile over To omd 8 is wnenkially il over To,  with iugicHue locad nedural
wop Th — S=R,. By (154) He duedc dowwal b of € i gromekeicall y

%%u.\ar.

(1s.17) Co\-o“m-\&,-. b R be o Nukheviaw g e %o\\ow{m% toudi Hous e &quivdew\“:
(&R ua G-ving.
(b) Tor oll waniwmal ideals meR dhe wakuvel map Ry, — (R, is regador

Trod: (b) =pla): leb WeR be a waximal ideal. By (Isile) (Ry)h s o G-ving,
Qund %7 M wpH o Hee  wakural map Ry (RN s regadar-. By U5, 2)
/{ew_ MG G-"V\'w%. Heweee K 5 a Gwn‘w%.

bk R ke o dewibocal  Nocdhowan Mg Wit wawal ideals Wy, w
and Joscbson - rodical = 1l W, T J-adic womplhiow R=1R3)% is dhe
produck- @g_ %\@i@ @wi H“%é‘

R= ()" =T, (R
rd for all leien, Ry) = (R)mg = (Ruw)™ Tha R s o Goving
i and m&\! W e wokuwred worbluoua R e R s m%dw- Thas yiedds
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05.18) Grollary: Lk R ke @ Semilocal Noethoriasc ring and R He touplebion. of R

by wpeck Yo the Jasbsow. vadical - The f{oﬂ@m% tandibiows axe Lqudvaleic:

() K s o ﬁ-m%. ~

(b) e wobural worphowe R —a R s egalor

() For ol Fa Spedﬁ§ and all Budle purcly Twheparable field exlemsiows kip) el
He nw& ”—R@RL [ m%;dw

Usi9) Popasition: ok R be o semilocal Noebierion Hag and R 4o complebion o). R

with tapeck do e Jacobsow radical. The dollowiug coudibiows ave tquivabunt

R i o G-—Hm%.

(B) Tor tocny fuile R-dgebra S whide is o dowain. aud for all Qe Spec (@)
with Ond =) He rug So ik egedar

() For ey pule Ro-dgia. & wlicke s o domain. and for all QeSing (€)
W fubewckion RnS H(0) is wok Avial .

Prood + Obviously | (b) e=p (c)-
(o) = (b): Suppese.  Heok- g is a. R-cbgebra, wa. Hhe Mmﬁwm W R b S .
T Pokerw i a prive ideal 4 R. Sk R=FF ad L=QLS). Sine
S s hule MPR He Pedd exlemsion. R(F) =il is dule . Meoreouer
=Reg ¢ = T{@Ré and Repl =(Regs)e L = So L =T(s) whee
S={0). The prime ideals of To L wrrapord to the ?hm ideals of ©
b%iﬁ%«. bie oo (0) e S, Suw R & o G- - Hug | Hee Mg ”R@ L ois
rgudar . Heww Ta s & wglos dowal rug dor all priwe ideals Qg € wile
@nd =(0).
(b) = (e} Lok Pe eai®) axd kP2l o dule deld elnsion - Thee is a
fule R- ai%aﬁam S wile Beedel wd QE)=L. By avumphion (b) Hhe
g, ”Q&RL = %@$L s vegubar
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$3: TROPERTIES OF G-RINGS

dn Hus  sehow we want b show:

(e) Euav%, algebra. Uhentially of fuile fupe. over o G-ring is a G -ving. .
Ua»} Ewwg Aews focal G-ﬁn% is o (Re%-‘z. m’u%,.

(mw) lewmor leb R be o Nocthewaw h'w% of dimension. 21, Ug Spec.ﬂRj e
houem‘p%\&, opm. Aubiel-. “Thew dheve s a prime ideal PeU wite din R/p ¢|,

Fo: Sinae Ue Spec (R) is an opu subkeb | Heoe is e ideal TSR with
U= 5pec(R) = V(T). By amwnuphow. W & wonemphy. and Hue is o wiuimal
s deal T eR wibe TR od e BeU. Sie UnVIR)4¢ , we may,
replace. K E; WP and omume Hok- R i o dowodw . U odiwe R, e
shakesend- Vs trivial. Suppose.  Hak i Ryl amd Lk meR be o waxiwel
ideal . Sine G)eW, W dollows Hak Un Spee (Ru) + @ and W ol OsSuwMe.
Hok R 6 o lowd Noctherios. dowmadu. Toe proed (s L"f nduckow. on dinwe R:
Shee Ue Spec (R) is opan , e s aw dowed- LeR-(0) wite Vg €W,
The  demend- L 4 wouwkaived ou;\y «?&wiuy Wany %%QJ,‘ ot prime ideals.
leb QR ke o &u%ﬁd— oue priwe idead Wil LéQ . T Qe and
Un Spec (Rf@) @ . By Iwduckouw k\&w%a\‘s Here s o priwe ideal PelUn &mﬁﬁ/a)
wite diw Rp) st

(1.2} C@m“m-%t leb- R be o Noctheria Mug, L& Spec (R\) e memwu%nh& Ao bed-
Wtk Z:.-—.Hn\/{,lf‘) where Us Spec (R is opoe ond TWER am idead . Theo Hhee
15 o PeZ wibe dive R <1,

ool By Usi20), swe 2 corvspouds o Hee opew, subhek Unv(r) e Spec. (RéT) -



(15:22) Popesition; Lok (Rw) be o complele. lowl Noctieriaw domain. | & =RTET aw
"R-m)%akm, guuerald by oue dement £, ad Pog o wexmival ideal witle PrR =,
Sk T= ép and Suppose  thek D s o Awile Tlal%p\:m omd o domoin . lel D
be Hu cowplchow o D with vespeck do e Jaobiow vedial and ¢ Spec(®) — Spec D)
o woheol wop giec by @(@)=QnD. T ' (Rg®))= Ry (B).

o Sina R complede , by (15.02) and (3.05) R i Reg- 2. Hue Reg (D)
s ops i Spe(P). Mowover, Reg (B) s opei i Spec(®) and by Hobuss
M(S}gq"‘i%@,w‘ﬁ . Suppose. ok y™ (Reg (D)) & Reg (D), Heaue
Z = e{»"‘(ﬁeﬁiﬁ}‘)n gin@(g) *ﬁﬁ 5 o howw&’% Awliede of. g}m..(@) wheddo s
wlowchow o on opme ond o closed subhd-, By Usi2f) Hue is o privee ideal
QeZ wihe din (T/A) 4L S Q=@ =T nD.
% din (98)=0, M T & o moximal ideal oL T and a = ()N
Thea %a s oo w?{,..lme local vim%(, o wuhodiebon. Hewe &z’m%/ﬁ'ﬂi‘
(owsider  Hu.  vodural MW%»M% T Vg — DR . T s %%Pﬁdly Habo oud
Do, reguad o whi L. %a‘ is wot. "By il (2.63) Ha Bbem riug
Vg @, k@) = (PaB)g is wt mgder. Replaw R by Ban®, S by
Yans, T by */and, , od D by P/ amd cousider Hu sequan e o
t‘\%aﬂ-iw MOTMM:
(#¥) R — $=R&] e T2 G, + D -+ D/ =E,
Gasel: E s Hulle  ove R -
Thee D e fulle ower R, hee D R complee witle wapeck o
Joccbrow vadical of T, Hew D=T, o cowrodickon.
Gone 20 E is wok hulle over R .
By auwmphisw. Pe S=REEL (s o wostmol ideal wible PraR=wm. I
S = WE’Y'}!’E, where ¥y & o vadokle cwr- R oowd ToROT o ideal , i
Yws = (FYL/E owd e oxlension. i —s e = Ver = (RIIY1 /8
(whoe To < () o waximal {dead ) is Hucle,




T vy B/ged (B) & o quobiand Hng o /jd (B) = Ped(s) .

Cousiéeg—iu%, the woturel  worphuaun
S/ = Ver 2, Vtrad (D) —> Fared (£)

b A hulle ond © uryickive. | i+ dollows  Hhak- E/W(E> is a Pudle
Vor—wodule. s Efpad (E) s hwile owr R .

Nole ok vad WE) & Jud(E). I} Frad (B)=rod (mEY , Huew Ey
W, G219y E ik a %‘m‘,@rﬁ R-wodube Alwe. R U touplele s s e
Cowhodichow o wne |, Hewe tvod (ME) o Jed(E) ond rod (wE)% Tred (E)
e E b oo Aewdbowa  Nodheneuo dowad ol dimension. owe , Hhis tuaplies
ok ME =0, Siww () o hequune. o ydohve worpluswd W =0 oud
R A o bdd, Thoe diee P&l ond dimT el Q i nob monimed i D,
howe. Qis o winiwal prme deal o T D i ovenally Huckely quuraled
ov o hHdd ) s D 4 o Nogako ving oud a domeie, Dis rebuud,
and Tg is wgular | o wdmdicion . Hewe §'(Reg (O)) € Reg (D),

(!S‘.ZS‘)#W&MM..! kb R be oo G-—n’u% el S YT m~d%¢km &ﬁ. %uik_ %‘&P&. .
Taew S is o G-—ﬁn%.

Prod: Te sufbion o prove Mo srlemcib for S=RUE], Hak is, S is genecaled

by oue demed- cve~ R, lek Te Spec (8) omd Q = PrR . ke hae +o diow-

Hiok  Hhe uahural worphuaue  Sp— (S is wgulor Slue Sp s o localizabion
of Ralel we way ciume Mok R is o lowal g itk womiwel ideal

W Pa® . The wakwral woup R B i “%;W‘W’. hew e k? (jg.&t) Her. worplais ke
g: S —* =50, R = RI&l i wgudar . Morover, ¢ is datdhblly dlok and
Hee s oo priwe ideak Ples! wide PInS=T Gwide e ommulaiive

d¢ Gromm: QP Mwﬂ ‘58?;
T o~ Jv
¥,

(s (s°



2%

Whare W omd > are e wakurel weps  Sine @;‘ s @aﬂ-k.%d&y ek ond 4, is
wguar, by (I6.3) i sulhius 4o chows ek v G repadar. Thus we Wiy oasume
Hob- R =R is wmplde.

bibe T=Sp by (15:19) we have do ahow ok o ey btk Tralgbea D
bhich s o domaii ond Ol prime Heols QT Wit QnD= ) o ring

P 8

”UQ s W@r. Cousider +ee Mor?wmsz
R=R T §=T -T 4

and Ak p =T T Rer(r) € R ard  ke-le) 2T are privae. ideals aud
*,Te docker %m\«%m. Wkw(g»‘) =R omd T heric) =T {w&u.u'wa, wgecve
WovFMM*. . _

R= Rher(g) = T = Ther i) — D.
Moover |, & is . local Worphuu  Alwe PaR=im. Ty (15.22)

4 (Reg DY) = Reg ()

Whie g1 SpectB) — Specl®) b Hw wokural wap. Thn Qe §7 (Reg(B)),
Mwe (0] €Reg (U) and T o o regudor Lo Aing, .

(x‘;‘.’m‘) Cmo“m% v le R ke o G*h\«%,. E'w_na, @J%LLE'@\, me..w%{c..\!? ﬁ*f;. ‘?mJL %Fc.
O'Wu-’R 5 o G-—hb«%

(5.25) Thearom: A semilocal G-ving is Reg -2

Foof: Lk R be o semifocal Goring, R i complebion bk weapeck 4o e
Jocobrow  vodical | axd i Spec (R) —— Spec (R) Hhe nobwal map. ke clain
Fhob- ¢7(Reg (R)) = Req (R}, By aitieful Habwss Reg (R) © ¢ (Reg (RY).
Lok ?@'RQ%UQ‘) td Qeiﬁpcc.uil\) wie AnR=P, le. Qe '(P). T
hahural worpleis A Ry = RQ 'S %%“‘N“}' flok- and He bber ving,
(RipR)q is rguar ) Mue R £ o Gorug and (RER)g koo \aagm\«m
b (Rw)" ®; k(P) whue MR is o waximal ideal with QemR Ty
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U, (8.43) Ry is vgular. This imphies ok TReg (R) s opuwc i SpeelR) . T
orde o show Hhek R 4 Reg -2 by (134 ik subhies to show- +hat
Lory, udbe R-olghba. S s Teg —1, Hhak is, Reg (8) is opes W Specls).
Siwe S is o hwchocol G- Wug | Ha srobemend  follows  Lrour e pavious
G.V'%thw}—-‘

{is. %) &w\\mr‘%a beb R0 be o Acnifocg) G-—h’u.%. "Thew ‘aRﬁ%(R\) is OpeiaVn 3‘&.{2)»

(5.27) Theowem: Leb (R, m) be o lowd  Noctkewaw g, The wedural worphism
¢: R — R \re.%,u.\mr.

Prool.: By Chopler W Hur is o diveck myslewe e} Lhale uevghborhoods %S,;,%f
¢ R a0 thab R* = fiw or S0 Bade (8,n) is o focal Nochhenas
R-dgebra. whide is He dowlization of aw bhale exlensiow o R . Tn porkialan
dor all ¢ {el wite V& s.pgvv.gg — 5 is %m’%;ﬁdiy Hal Wt My Sy =y =m Sy
The 4 R — R& L foitihlly flak T remosin 4o show thak dor all

Pe Spec (R Ha Hiug. ’R@‘@RHP} s growemally rgulac our kiP). le- k(F)el
be o bule didd exlension. T RA Bl = L, er (Srogl) - For o prime
idecd Q& Spec. (Rh@pl) A @ = Qn({Sepl) fral eI, Juw S @ L

s wirakuc fied (and swooll) sver L, (Soeg Llge is o fedd . Heue

(R* @rL)q = Riwt, e (Si®rLl)a; is o feld,

@ nyeL

(15.28) Theorew: Leb (R,w{) be e local Noekwrmaw g K s Q,G”»h'u@ il oud
wﬁy g RR o G-Hu%.

M; Consider He naburl mapy ’R“L'Ri‘»&w’:ﬁ.

n3 RE s a G-h’u%, ¢ and 4 are Raular mophisms . By (IS4) 44 i
regular ond R s a G- g,



9%

Cnvendy , suppose. Hhak R & a G-vng and Lb QeSpec (RY), P= QnR .
Sine R™ is @ divect limik o} Chale hesghborhosds , Q & a minimal prme
ideal over PR™ aud ®R(P) = k(Q} 5 an dg&m’c -éufeM e dension . T
partandar "Rﬂ’@,{ k(P) is o (frucle) product & fidds  and fi(&:} is o
ﬁCa]fszom o Rie, k(P). Thew f&,(k(ﬁ-‘)r—’ﬁ’@mm“@k k(P)) and

R @gh kiR) is o lowlizabon of R kiF). Lel k(Q)e L be o fink
fidd  exlemsion . Thew Hhere 5 o frucke  field  elension kiP)g Lo 4o Hhal
k@) (L) =L, hne L i o (localization o R'eg Lo Tree Roml i
o docalizahow of. ﬁma Le. W R is a G’-—m’«% , e kg4 :R\@R Ly and
@@Rké. ake hﬁ?ular-

(15. 28) Remark . Lel (E’?,m> be a local Noclheran ning. The, Aoume. Pmn—.{. ab I
(15:27) shouwn Hhok e natural morphism & R —s RS g regular,

Stwlar 4 (LS:Z'T) we alse have -thad TR 5 a G-«n’n% 1P aund cnon e
’Ré"‘ s a G-—hug.
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- 8Y: ExcELLENT RiNGS

- (15:30) Defiuikion: A Noetheriow g R is called onallent— il R bakisdies Hhe ‘ge“ow,'img,.
_Coudihows:

3R s e ,,_G,-,—vim%.
AByE s W@g -2,

AR s whiverally mlawax%.w

s, ;%i} (Rzmo.ﬂg’ (a.‘) -3{. R is  om taeent h’m:& omd S m?—a}%&km Me;vrih'aj\y

e Fude ype Huew S s exullewd.

(k) A sewifocal  Nochherios m%’R s txellend i
(t‘)(R Bsoa G- hu.%, o

, {iu) R o M&'w@'&dw Cd-um,\ra,.

. Poek: (@) Obwiounly , & is wm‘wﬁa.\%); calewary . "By UIS2) € &k oo G-rug amd
B‘f defiwction 4 & %%-—
L) By Us2s) R is Reg— 2

N {ts‘,z;,z‘} Exwim (m.) E\m%, mmpi@,\e, focod  Weekbariom. nwg, § s ertedled -

, (B} el K be a ,,i?i\cﬁé_ e K s sudlemd . e Mmimv‘ 1 boery a.i%l}.»m

Aaudiadly o finile @Pe, puer K ia txellend o

(&) T Rlug of iwlegers Z is opullewt ound twery, Z -algebra. sbendiodly of.
buile type is  exullenk |

(¢) Thee are xamplen of universally colenary. G —rings whidh. ae nob- ”Ea% 2.
{e) Thoe awe Sxamples ok loal G-nugs  whick. are nok uniersally calenary, .
T cowstruckion s diffecwr drom Hhe ona he (MhzL)

Mz {a) E\n:x%, cgm?iuk local Woekhewam ‘g'iw% S i a. %amnmw%@ im%



@ wegulor ocal ring ond heme  umivesally calenary. By (ISil6) S is o Godng
omd by (1202) and (J3.3) S s "Re% 2,

b} Obvisusly , foery fhedd K
Cobewy Ko ’Ru&-f

) Siwa

s oa unwu:m.l\y ea.icmmé. G- vm% TRy comua%

s veguder, Z s um»e.v:sa\ly ca.hmma dn order %s“nnw %d— Z.
s a.,b_‘,m% bb- Ve Z be o ?nm“m\mlw Y Pe(o) , Hon Zp =R oud
- Aweny %gld s e ;.G-,-h',u,%;.;, L ,"fPr—v(F\) wite peZ. o prwe hwmbee . Suee
_hor Zp =0 ond diwe Zp=l, b dorwal fbers of Z, are %«om&kw{wjly

-~ teaudar . Thwa A is o G«-,—ﬁw,%,._ Suw char Zwo omd dine Z=l,

_ Condihon (cf)vi., Theorene (r3.407) &5 Achofied aud Z (s i’Ra%,:a.

(15.38) Theowm s Lk (R, w) be @ local a-',w..ﬁ,x,,”R’awmumw LR, and Q &R
o priwe idea) , P2 @nR. Thew : . .

o) Ry sahibies  Sene's comdition (R() &= Rq sokis fies (RY)

- {b) Ry sokishes  Sewe! .&Acowchhou (5.) 4=> Ry Aakis fies (s0)

() Rp i m%g\ar e=p Rg i raular

) Rp 4 wormol &= Rg % vorwal

O R,k rduud e Ry b oreduud

) Rp s M e Ry s CM |

() Rp s Goenshin o= Ry & Gorenslein.

Proel: (o) Recall duak- o NocHuriaw viug S aakshier Senmd's @udition (R;) il for all
. prime Weals WeS wibe MWso e ving. Sy ls wglar. Lk ReP be o
prwee deal ity AT SO By ﬂc}m& Heeve s @ prime ideal Qo & Q e
R nR=T and T =0, c0. 1 % Aaks fien (RY) Han ?Q i veoular,
Stwa Rp sy R, & Jaithdully ek, Rp is mgudar. Ts Ry sokis i (RC)
Guversely | Auppose. Hhak Ry sokskies (RY) owd leb & &R be o priwe ideal with
Go &8 and Ir @ ¢ S M=QonR aund consider Hthe wakural Mok



T Rp Ry, . T s faithflly Har and He fber (BRR)g, s regudar S
R oa G- ring, . ’E)v arbimphion. R Aaksfien (R() ahd AkTPos hQ, 0, Hhus
~Re s o vegular docal nug. By AL, (£43) Ko is veguar.
b)) Reaadl . Ahak o Nocthorman. rng S aodis fien  Sewels  condibow (S0} b dor all
prive ideals We S depl Sy omin J1, AeWYL Suppaie ok R sakifies (8)
cound b Toe® be o priwe ideal . Sivw R s Jaibohdly flak over R, Hase
ke priwe dead Qe @ with B=0,nR and LT =00, ek s,
Qo ks wiwimal v T By arumphion  depl R, = win i, ke, - Consider
ot fndued ot bdly Plak worplusue T Rp s R By W, (4052)
depte. Rp, = deple R, — deplee (ReR)q,  wid  dectt (R/BR)qe =0 Ain

Qe is minimal tver BR . Thus Ry dokis fes (). .
SCowveridy | duppose. Hhak Ry, haka bes (8) amd db Q@ be o priwe ideal of R
See o= QR Thee deptcRp, 2w {1, ARRo]. Siwe Ry, ---—:'R% is ottty
Qe by AN, (943) | S .

dim. ’Qau = dim Ry + dim ( R/P,R)QO
_omd h‘j qu, (ﬂs:ﬁ) B o
depht. R, = a@,f,m*kp + éa‘,%o W/?,,a“)&u !

S R G5 o Grug (R/BR g, is requlor and Hws dive (FeR)q, =
,‘Jeﬁ&ia/?oﬁ)au. A deptt Rp, 2l ) e deﬁ&. R, 20 Ou Hhe obar hond
odep R «n | Heue c\eﬁ&«f?? =diw Ry omd R, is 4. Ju this @ne

ée?%’?z@a = ésm, ’RQ tuad ’R% s CH, ;

(&) Follous }"‘7 Wy 143) Alwe He uohural Wop Re —Rg is Jeida bty flad-
and  He Hber Hug {R/PR\}Q is regudon | |

(d) "By (a) ond (B) s e NotMedaw ving. S i norwal i} and omly i S

pokis fen (R omd (5).

() By (&) oud (b) Ame o Nochariow ring S is vedud i and suly il 8
rokefien (Re) and (8) .

(4) By (B) Awe o Nodhedoc ving & is O i ond rly il S sabifion (Si)
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, (%} The nekuval wap ,?P‘,M%Q, is %@%Mi\f ok Swilar do QU , Twoen. (£, &3‘) P
o ‘?c»iiow',uﬁ,; Heoren.  hdds: %,& s Gornshein. e=p R ound (?@:/Pﬁ)mwam Gownslern .

(s Madsumura , Theowue 23.4) . Siwe R is G.,;,G-n'u%;, ; (,%/Pﬁ\)& is !-e.%p.\ar' amd
. hena %oms\dw L

1S 34y Proposibon:  Lek R be o sewaclocal ,Ng%‘u‘cﬁm,"hn%. TThew
Sy ) Rowgular = R wgudar
e ATy TR CH qe R em
() R Gornslein e=p R Gorenshain
b} Y., w addibiow, R is a._@;-—h'm%' Hheerv
vy TR wormal ewsp R worwal
YY) R owduad 4= R sedund

) M; () s wellknoww . (iT) amd (i) have bewe  Showw. i 94 ((9.53) and (0. 21)) .
Liv) ond (v) follows by Us.z3y.

U5.38) Reamerk r le R be o sunilowl G—-Hw%,. T M formal  fibers of R ave
%wweéﬁw“y v:%dar, Hewe  He formal fbers of R ae %Mnm&w recuced
and  Ner(R) is opew i Spec (R) by (T2s). Thee R & o Nagato. g

US.36) Theorem: Leb R be o Acwilocal G-ving and M a fuildy Generaled
Romodule . T fdllownug Acks are opmn in SpeciR),

@) Ugy (RY = {Pe Spe®R)] R, sabshes (RD)]

(b) Ugy (M) = {Pe SpeedRY I M, sahishis (5]

() Reg(R) = §PeSpe(R) | Ry & regular ]

(d) Noe(R') = { PeSpeci(R) | R, & womwal §

(e) ‘MW (R) = |Pe Spec (R) %”K*F’ 15 Mm@&}

) Uy (M) = JPe Spec(RY 1 Mg s any
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(@ %or(@) = 3 Pe Spar_(@) I Rp is %cmh&ﬁtim.@ .

- Fods () follown by (15:25)amd (<) implies (o). By U34) and (13.5) Uy, (R
. aud ,%or (%) ave opan. " ‘SF‘:“ (@‘) o Viam (_g_‘) and (a,‘) %-o“owr .,‘by \ ,‘S,’S':&f) An ant.

ek R=M. E%m-té/w hewdbocal G-,-ﬁm%, Rr- N&%@n}a.ﬁna, and  Nor (R is Cpti tn
- SpecdRY) by (125). (e} follovn by (o), (B) and (15.28). The prosfs of (L) and
M) ave wude wore ikvolvwed  and  owiHed @\am,,é,smeGA\} :

B § 7 Bﬂﬁe.amm . lek ReRh be o lowd Henseliom G.——ﬁwx%-TTM'TR”?&,,,.@KMJEM},,

~Proe s We hawe o showr ok R is univemsally calenary . By (1.21) F sulbices 4o
show thot- K 4 ?omodiy wﬁeha% , thak g, Hhod- (%/p:)’\ s &qudc%iwwsmwuﬁ o
el 'PGSpcc(K§ s we. oy, ohsume thak R 15 a domoiu and baw to
show Mok R & ec‘métmwsmu&ﬁ We doim Hhak R is o dowain. By Us.35)
Ris & Negake- rieg , Hws the t%@mﬁ,,t‘&sm\r&._skﬂﬂ m QIR) is o file
K-wodwe . R i Hemsellam, |, hewee S G5 o loal  Noelhenom dewarn iy

mpe}ww s ~.S®;zi?; Ho%mwr, S is o Gonng, Hs S is normol by
{I5.3%) . Heme 3 IS @ 30%&%% Sine R is Hob ovwer R,

}

“~ A
o~
wnd K is a dowain.



