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CHAPTER X

e

CHAIN ConDITIONS

§1: RATUEF'S THEOREMS

(1) Poposi How: ek R be & NocHeraw. vug aud PR o priwe. ideal . Tew asc o
Wost- hnilely mauy pnwe, ideals QR Ao ok

K PeqQ

(%) L (Q/p) =1

(i) W Q> WPl

'Pmo{, Suppese thak Te Sfu.LK) wHe -P=w and Lk o..,.._.,a.,eP wiHe
U(o..,_..,a.“)-n Seb T = (&) —,ay) omd Lk P=P, B— P be M priwme ideals
of R whide ave winimal over T. Lok 1 Tren ke aw infuike Ad- ol prime
ideals witke PEQy oud &h(4) =l for all AeA.
Saim: Nyep Qr =P |
Bof Claw: The ideal F= Oiea@y is veduad , Hos T is oo inlersckion o
- Kuilely wony priwe ideols, Aoy T=@n... nQ.. B F£P, Huw PeQ dor
al 1sier Sine §@)Tpen is om inhuile ad-, Hue is a Ne A with Q) +Q
for ol l6isr Ow W olur houd | Al e @n, Hue is a lejer wille
QJS'FQ)‘ ond Huave fore. ’PQ, Q; ¢ Q) Cou.hac\sc}m% (Qk/p)-..\ Tiws shoun
He closue .

Siue Tlyen Qr=P ond PodP dor ol 2¢0gr, i+ dollous Hiak
Bn.nP ¢ Miea@r . Ty Hu is a ke A with Bn...nP- & Q) and P
is %od\, Wi wal priwe of T whick. is cowloined 1l Q. "F'nv-bm-é, be@,~P
He prime ideal Qn is Wwiwtwal ove- TH+bR=(a,—,a,, B\ By 910, (4.55)
- Q, sn+\ Tk shoun e amerhon .

(14.2) Theorew: (Radh f#'s weak emishenc theorem) Leb R be o Neelheran nug  ond
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PQER prwme ideads Wik Pe @ ) b Pe ls., and M(Q/P)=d>l\ Thauw, theve, e

infuitely many pame ideals WeSpec(R) witl. PeWe , MW= ksl, ond
I\A—(Q/\M)RJ-L

Prof Lok PePsPs ... $PaGSQ be o A‘-n‘éﬂy increasing. chain o} priwe. ideals.
I WeSpee (R) with Pews P Hun b (Qw)=d-l. (woke if Lk (Q) >d-l,
Hew W (Up) >d). By Tio, (456) Hun ove whinilely wany Pprime ideals
- We Spec(R) it PeWsP and &k (WR)=l. By (M) Jor all buk Fuilely
oy o} Ao prime ideals Sb-W= A+l He»m)e. Huve e \’n%{w‘.k\y Wany
priwe ideals WeR with. PgWsR MwaAH, and Lk (B4 )=d-I.

(43) lemma: leh R be oo Nockherone vng, PR o prime ideal with AbPe hp 2
and Vi, v &P wide ‘u"(\’;,_..,'\:f)z\f‘. Thew N-’P/(v”'_.,'\rr)z&-r.

’ngfz By Krll's principal ideal Hheorewe all  winiwmal priwe ideals over T= (-u"__;u,_)
have, dwight v. Y Tz =t < hor, Mew Hew an dewenhs Vi) —s Vg € P
e e Tl =1 Vetd/T=t. Thew P 5 a Winiwmal prime ideal ouer

(v, — 1 Vvug) ond by Knd's privcipal ideal %cgrem. Lr-Pg et < b, o conadickon,

(I‘H.H) Lewmg.: ld R b o Noelenan h'kva, ) PR o prime 1deal with WPe by,

and weP an dement with ‘-J—(uR):ﬂ. Thew Hhoe ave \‘ch—"m'\dy mony  priwme
deals QP with wéQ ond Q= h-l.

Proof: ek q,—, 9% be e winimol prme ideas of R, Gousder ‘f—{u\'ldy Wony
hiigi- oue priwe ideads Q, Q. with u¢ By omd QP dor all I i¢r
leb W, W, be He wiwimal prime ideals conwtaiuiug WR . Nok. Hhak by
Krull's privcipal idea) Huoewe Ak Wy =1 for all 1¢yss. Sime ARP>l, i+
followr +hak P U:‘;‘:, 9. v UJ-; Q u U:_' W, = A, ld veP wnde vé¢ A,



Thew. L (vR):I and LA ((k;‘U)R): 2. lee proced \»7 mduchow. ow & :
b b= 2 and Auppose. QQ,,__.,Q,.’S is the Ad- of Powe ideals Q&P wite
e QL awd db-Q =), (Nolke ok possibly r=o0). Le) Qyp)) —  Rpy be Hie

priwe ideals wlide are Wiwiwal over vR. Siue R < P, Here is @ QpceP

for sowe l¢ken. Thw b Quy =1 owd U¢ Qrap, o cou*md\d-\ow
T k>2- M- R= R/yR omd P=Pur. Tha by (43) W-F=l-l. By
Maumphion. & s wob  owkaived i oo Winiwmal prime  ideal ovr R and
| Harefore  M-(uR) =1 By induchow hypothuesic P an nbuckly wony
prwe ideals B e R wite G =P, wé¢B, oand ua,;...»‘-é.. L @, €R
be He preimage of @ R, Thoe QEP, udQu, ond Lk Q =h-l.
(4.5) Theorew: (RaMilf's Atrong. - existence Hheoew) b R be o Nocthewaw Wng. ond
T Q2R priwe ideals wile Pe@, P hso and 2k (¥/p) =d>0. Thew for
ol L wiHe 0¢ied Hae Al

= )lWS SPcLLR) | \JS.Q) A)—(Q/vl)a A—l'., MW-—:A&C}

?__ﬂ_: Co:e.l l)O

The prog. is by mdudwu, on L Tor L=, by (14.2) Hwe are Twhwldy oy
prime ideals WeR  with PeWe Q a0 ok MW=t a»w\g@d——(%) d-l
ond B, is buile. For He induckion sbep i-lm i Ak Woe B, , hak is,
Woe@ with LbWo= hwsiol amd b ()= deitl »1. T apply (14.2)
+o obtain iu{-.’wl\d\, Wauy  prwe ideals W wdth WoeWeQ and

e W= bt |, () = d-t.

Cose 21 ¢=0

We have o show: Lo QeR be a prme ideal. I Huw is o prime ideal
Pe@ wit, MHP=h>0 aud IU'(Q/P)=cl>O, Hhoe Hueve are ik{a‘uﬂd\/
Moy Fn'w.e; ideals WeQ widh LWeh ond L& (Q/w)=d. We Wou. ortuwme
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Hhak R=Rg i o local Noctkeviau. Mug Wit waximal idea) & . Morover, we
eplace. R by R/E, dor o wiwlucel prime. ideal TP wite L-(Pp)=h and
oMume. Hak R is o focal Nochuviow nng with. Waxiwal ideal &.
Skpl: Lok ay, o @ P with Lk (o, —an) =4, Hew for all 1e5¢ b (o), — 0 )=y
Sk T=la,—,a,) ond F=(ay—, auy) (iLh=l, 4 J=10)) ond Cousider
o shoves)- prwary, c\bcow.posi-\-ioh_ of T oud .

TaIin.. nI, and T= }n.. A}
whee T; is B - primary, with F=P oud PR WJ-«Pn’ma.\-a,. Suppose. Hhat
NieP for l¢jst aud Wi $P dor B8 e Thew

Ton —nTenlyn —n 3 &P
oud bk~ ye Tyn —nTenQyn—n =P, U r=l omd +=s L+ ye Q-P.
Thew- 'K WJ' for lsyst  omd  Hhewdor
T yR=T, ad JyR=Thn— nT.

oWl = U/ € QAIR) A S=TRUx;y—, %] and cousider e %o\\otm'u%.

ideals £ S @ K= (%, —, % )d , P'=Ps+K, and Q'= Q +K .
Slep2: e d“"‘w,',’
®) S/« = R,

(B) P'omd Q' are prime idels of S
(X) e Q' = h+d

. () Siww S =R+K i} dollown Habk Fh= RAaR.omd we M% show-
thek KnR =T,. I Fe KnR, Huuw

8 = T igiges Yy ¥
Where riy€ R and xW = xb e Muthiplyiug by ¥ yidds
\,v;‘ = =5 PITIPRER TN yo-u’l ot eI (T+y R}o-l‘
By He coia of y dor ol deN T:y*R =T, and Hhewbhre SeT,.

Couvmgl\' y Y e T awd 'Wuc%nc. I, e KnR. s Ahouwn +hak KnT,
ond +thuwy Wk = Re,.

(B) Gowsider . commutative A{a?wug



aké

R s §
o A
Re, = x
here 4 A ase Ha watural waps. Thew
Yo, & (AS410/ic = QY and  Prr, > (Ps+k)/k = Pl
and Ve x Rp , Y@= Ria. Plowd Q' are priwe ideals o} 8.
(¥) By Maksumuro, Gmmutakive Ring Tacory , Teorem, (13.6)
CAHO/) = bk Yk, —xy 2 B Q- A
aud Hievefore
Q! ¢ A+ @AY= Ao+ B (Q4,),
S I, is Prpriwary, , dh(%x) = A4 (P)=d amd denw ALQ'g Aad. (Noke
+thak we owly know- Hak M Q > A+d and Qg d +* o] quuevakors of.
T (orP), Hhun by posting. t S we have 'veplocd ! I, L, K, an ideal
Gemcroled by L z\c.w&e.u.\s.)

I order o show ok M-Q'> Asd wole Hal R, = ROy = SCy'1=8,
oud  that ?R’ = P'SY' Treredove A Pl = MP= b, Morover, amw Kep!
and Rz, = Y, we oblain Hhak Ak (RYp1) = M- (84) = d wplying. Hhol-
M Ry AEP! s B (Qp) = hoad .

Skp3: For all veé N cousider Huw idedls
Ly = (Xé,——,xh_‘ ) "4,,-—7\)) s
owd Lk Q) € S be o winimal prime ideal ower Ly wiHe Q) = @' aud
W (Qay) = Ak (Q/Ly). Tor ol ve N sk Q, =Q! nR.
dawm: For ol ve N
(%) Y4 Qy ond LQy=d=bba,
(B) M- (G/ay) =d.
B o} daim: Noke thak yd¢ P! aine PRy =P'sy *Sy. Mowowr, I, <R is
'P“P"“‘“’""& whe R = SAC, hewae K ois Ploprwmory and M (Krys)=
= H(P'-&-\,S)-—zk}-(n,..,xh\,)::. A+l QY is o winiwal prime vdeal over Ly,
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Lo & quuevaled by A dewends oid by kadVs pincipal idea) Hheowewe b QL <A,
St KiyS=loryS and Lh(Ly+yS)=4dal, it dollows ok yé Q.

Usiu% ’R, =8y yicds Hak Q) = @} §y nS amd Qy = QIR = Q} ﬁy nR=
QuRy R, in parkcular, Q) S, = QuR, aud AQy=LcQ) <h.

W order o show +ha Ak Oy > A hb-l-\a. Hak 7 yR = '}‘r\-—.n'&*_ ond
hewe  for all veg,yﬁ

D AN e'& (“!)""‘f“h—o and re (*\,——-—,*h-ﬂ < g Thua

(FyR) S 2 (%, ), x5y S ond |
(2yR) + (e, -y"™M)R e LynR € Q' nR=Q,.
S JiyR=Hn —ne and T=Fn__n (24), all winiwa priwe. ideals
Per LR awe olso winiwal priwe ideals ove- 7 ond Hhoefove &b (1:yR)2 hol,
AMue b7 = bl Furthermore , all  arsociaked priwme. ideols oL (7 7R) ave.
~ Gowboined i P wite oy P omd v¢ P, Hus (ap-y IR s wo coukainad
i e wmiwtwel prime. ideal of T YR oud Hurfore
- 01 yR) + (o =y IR T 2 A

Coomd M-Qy = Q) A

(B) Obviowsly , S=R+lLy=R+Q}, awd +hus Yo = R, owd QAU%Y = Vo, aud
M- (Gay) = 0k (Rl ) = & (Q/Ly) . Siue B Q'= had and Ly 4

Yevaraked L7 L dewmenks , by Maksumura, , Gommudabive ’Rm.%"rhwn&, Theorew (1%.6)
»U—(Q/ag M(Q'/Q\,)>& Ow +ee olur hand |

s - (0R)) = M- (Q7q)) ¢ M-Q'-21Q) = dede - k@)

By (.L) brQy = 4-Q, = yiclding  +het- - (ay)=d.

Skp't: Claim: For all v, e N with Vip: Qu+Q,.
P oo} Claim: Siwe @Ry = Qlsy + R,-s,, # follows +hak Qy= QR nR=
~Q'S,n?w~d L Qy=Qu Hhan Q\,-Q Suppose. Hiak Qy = Qu

e Ve, Hhee yA-yV =y (7%-"_:) eQJ +@ =Qy. St R is local,
YAVl is @ wiib and  Hurefore ye @), a cowtradichon. Heme Ry + 0y
whanever VEp and By s mfiwlle.
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Recall +hak o NoeHura \n'ma,'R is colled CO.\eMo:a il \Qor all Priwe. ideals T RER
wHe PeQ  oll Aakuraled chaiun 04_. priwme ideals P= R ReReg® 2§ — $Re=
have, e Acwme 20\8‘“4.

(46) Theoews: A loca)l Noeteriaw dowain (R,m.) s cole.v\a.vz, if aund mJ\, o
dor all prime ideals Pc R

(n-) &A—?+ diue @/p = din R .

Prood: Y R s cdu\a.na_) formula (») bolds Aine R is a domarn . C'ouvusdy,
R ois web eo.\e_ua.ra, Here are prime ideals PQER omd Aaturoled charis
g briwe ideals .
() P=RgPh g —$R=Q ad () P=q,5 —5Q,.=Q
Wit s4t, say s<t. U br oall Isiss Q= k@ +l, 4w LFQ=
M@+l = W-Qg, +2 = . = M+Peg. Bub by () &k Q 2 L4 P+t > WkPa-s,
0 coutradichow.. Thus, i R is wok (’nje.uq.r%,, Heve ove prime ideals B QR
e PeQ, 2 (p)=l, ond M4-Q >0 P+1. Suppose. ok L (W) = d
oud opply (.5) o R, Op, and e (wide i=0). Thuc dhee ave
hiwchly  Wwony  prime ideals Ry SR with PSQy Ao thak Lk (Qu/p) =]
ond & (W/Q\) = d. Assume in additow. Hhak dorwuda ) holds, Thue
Be(W/a)) + 4 @) = diwRan  ond  AF(WQ)+ 4 Q = diwcR=n.
Thua dor all X 2 A Q) =n-d = L-Q > 2P 4. By (4,) Hhere are ok

wmost %uu.\d\, wony priwe ideals QIeR Wit Pcq!, —M-LQ'/P).-a\ and
AU Q! > 8P+,



268

§z= FORMALLY EQUIDIMENSIONAL RiNGS

(%.7) Debinibion: A Noethon are n'u%’l? e{; Fuile, Kndl dimeusiow. is colled
tqudimensional i diwR= diw ¥p for- all winiwal priwe ideals PeR.

(N.E) lemma,: Lk (R,m} be o local Ca.\»r.vnq_na, Neethenan h'u%. It R s
tquidimensional Hhau dor oll prme ideals PQ R wl. PeQ:
b Q - ld-(o/p)-i--e.)—'?.

?ggf;z kbt BeR be a winiwma) priwe ideal wile BeP. Siuw R is cde.na.na,,
ro is R/p aud by (4.6)
Mo (Tp0) = Ak (W6)) - 40 (Wp) = dimeR - Lk(Wp).
s Ahows  +hal “—(p/r?o) is i\w\e.fae.uc\aw\-— o} 4he choiee of -uu. wetuiweal
prime ideal P and M-Pw W (%p,) dor wery winimal priwe. ideal T, <P
s.‘mcﬁo.r\,\, , W-Q = 3 (/7)) for all Wwiniwal prwe. ideas B e Q. Ll PeR
ke o Wiwiwal prme ideal wile R ePe®. Tha Ly (%.6) | Alnee (’R/ﬁ;)g‘is
wkm»}:
2@ = Lk (0/r) = dine ((Rh)g) = & (O/F) + (P (%,)a )
= Lk (9/p) + L (PR)
= 4t (Qp) + L-P.

For Ho mexk Huorene e une -?ollow{u.% docks fowe QU
ek ¢ (R, w) — (Syw) be Hak Local morphisne of local NocHueriaw kg .
() For all PeSpec(R) Hure is o Qe Specls) wibh ¢ (@) 7.
() A PeSpee(R) and Q€Y o winiwmal prime ideal ove— PS Huw QAR =P
ond L-Q = L P,

(14.9) Theorem: Lk Gt (R,m) — (Sn) be o local worphisue o) local Neetherian.
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Wags . Suppese Hhok

Q) 8 s {ai-‘-k&.lly ol over R.

"y S is bqudt'vneuaionn.\ and Cole.ua.ra_.
Than |

() R is quidimensional .

(b) For all prime ideals PR 4l vng  S/es s &qu«lc\iwe.uss'aunl'
(@) R is Gd@mara,.

M\(@) leb R 2R be a winiwal priwe ideal ond Qe d o priwe. ideal
minimal over RS . Tha Q, s wminimal i Spee(8). By amumphiow (i)
dim S = diw S/, = dive ¥R 4. The iwduwed w.orF\«i.sw. G Rp, — S/

is QO;M\J&,« flak- and By M (263) dim S/p¢ = din P + diw S/my,
Thus  diwe Rp, = diw ¥ —dine S/ms  1s ih.c\:.pe.uclew\— of 4o chotw o P ond

R 1 tquidimeusioun] .

(B) kb PerR be o prime ideal ond Qe € a priwe ideal which & wiw'wal
over PR . Thae &-P= L@,

Siww. S s ca.k_uo.x-wa, and equidimensioual
dor wey winimal prime ideal Q, Qi L Q = b (Q/,) by (1%.6)
dim S = diw €, = L (Qag) + dim S/ ~
ond  dime S = diwd - Q= dine g~ P s tudepedewd of 4w dioiw of Q.
Shs s 2quidimensional .
() We have to Ahow  Huak dor oy minimal prime ideal TR and bsery,
prwe ideal PR with B eP formudan of (1%.6) Lolds, Mawmely
(PR + diwe RBp = diu Re, .

Nek. 4hat By (o) R s Aqudd\'wte.ns\’cwa.\ ond diue R = din R

b R eR be o Wminiwol priwe ideal. The induied morphisue T Wp — Shs
5 factfully Lok aud by (b) g is @lmary and equidimensional . Thua we
Moy veplaw R by B, S by SR¢, ad @ by T oand artume Hak
@ (Rym) — (&,n‘) s o bowl o worphisu 6 local Noebhariau rugs aud
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ok R is @ dowain. and © is tquidimensional and calemary. e have do show Hal-
or oy prime ideal Po R He dorwl o of (N.(«.\) 4P+ diwe Rp = di R holds .
e QeSS be a prive ideal  which is Wiuimal over Ps ) e WO = WP
- QoeS be o Winimal prime ideod of € it Q= M- (0g,) - Siwe Yo,
is 'mle,“o,na, \ h\, ;(N"")
dive 90, = dim & = b (Yag) + dine (92)
and dumu, Awe Sps  and ¢ ore equidimensioual ,
dim $/ps = dim S/ = dim 8 - 44Q = diw ¢ -44 P.

Stne. @ R— S ond 4 indued worphisue ) Bl —3 Spg are fa&kfuﬂy flak-,
by 80 (8.63):
o dim = diwR + dim Sl omd  dim Yps = diue B/ + diw. Shuy -
Thus dim Spg = diw Bp + dine Vg
= din R + diw S/ms — L-P

ond M*@m dim R = din. R/p + WP, '[Sy U‘LL) R is ule&y.a.na,.

(14.10) C:ha“&\'z kbt R be a local Noelenaw kg amd R ihs Cow.p\d-\on pld R is
fquidimensional | R » (quidimensional ond w.\e.ua.na,

(1) Crollary: lek R be o eqular local rug , TER aw ideal, and S=R/i .
it d s &qu&diwws(onn.l Yo Hhe wa\eHou_ g‘ is l.quiclimcusional.

/P_rg_o“;s ek QT be o winiwel prime ideal , B =Q,n¥, amd Lt PR, Qe
be prime ideals wilh ToP,TRcQ and Pa=p | ¥R = Q. Nok. tho- P

it o winiwal prme deal o § . Siwe R s regular R 5 a regular focal

h‘w% wmd @ dewain. Ju parbiadar—, R R s eﬁuwhwstakn\ auad Cde.uaré,

By 4.3) applied o e daithhly Mok leusion R e R Ho ring Rk &
equdxwm.smum\ Thes  dim Y, = din R/ = dive RAR = dine Pe = din o= dim §

Awa S is eqmclmemswuod. Hem te S s éq\ue\\me.u&oual.
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(%42) Tebinibion: A local Nocherai ving R &y called orwally squidimensional if R is
quidimeusional .

(Nda‘)?gwqu: A M(, ﬁqux&’mcms{ouol local Neelhermos \«'v\%,\k équid\'mwm'nuo.\-

() Tovew: Lok (R,w) be o formally tquidimensional local Neckheriau Rwg .

lo) Tor ol Ve SpectR) Hea viug Rp s forwally squidimensional.

(B) l TeR be an ideal. T Rir is tquadimensional i and ewly L Ba i
%emmlly quidimensional .

(€) leb S Lo o local Hig and aw R-olgora. cuaidhially of. fuile type. . U ¢ is
Quidimensional Heuw S is forually equidimensional

(d) R is Uhiversally mkum—%.

Foof: (0) L~ PespelR) ond Qe Spec(R) wihe QnR=P. Gousider Mo cowomudntive
d\'o.%m.m. of local worphisws:
S=Rg —E— ®RP.S
e ¢ t <
| Re —F— (R
By d0 Theore e Az T i %c;%%wll»y Hak . Mowover, § and S are howomorphic
imagun of vegular focal Wugh. Sime R s {cma.\ly tquidimensional , =T, is
u‘wl&\’mm(oud and by (4. 0) T s tquidimensional . Sinw S is olso calewary. |
by (%) (Rp)* ks equidimensional .
(B =" Lk TeR be ox ideal wifle R squdincnsional aud QR a prive
eal with TR Q ond Q wimiwal over TR, Thoe PaRn@ is winimod sver T
and dive Rr = diwe Rp. Siue R i cquidimensions | R i equidimensioual
and calemary oud by (144) R/AR s equidimensional, Thuy
dive %Q = dlue @P@ = dine R = diwe Be = dive B |
RAR i rquidimensional .
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‘= : i TeR 5 ow idea) twide 'R/:R equidimensionad | thew B/r is &imc\‘wsmnd
by U‘h‘i) Aute. 'R is cdemma,

(€) Leb S= (R, — 4,1 /1), where +, — &, awe variables and T,n ©RCk, .k,

ideals With ko & priue ideal and Tow. By (b) i Auffiecs bo shour ok Hee
localind  polynowual vius S = ROk, —nl, L foruelly equidiveeusional. T wohoal
Map ROE, —, ka1 — ROk, — k1 is Jaidobily flakr and Mo is o prwe idea)
weR b, — kWi A ROE,—, 60 =u. Sek TaROb,— 0, and woke
Pk Mo foidhidly Jlok worphisue ¢: &~ T adende 4o o Jaifihdly Hlak
%uo\-P\misw«, of Hhe couplehows Q»': [
Claiw.: T is ql«u‘,éiuu&‘onaﬂ
ool daim: Wil Q= Raw e wohual worphisi RQ —T s ?m“\%..u\, Hak-.
Seb K=k(@)= (R/Q)Q, Hew by M, Thorewe (£.63):
dive T = din RQ + diwe KTk, — 1,1 .
U BeRy & o witwal priwe ideal ) by (1h.6) Mh@ =dinRg = (V)=
= dim /R\a/ﬂ,. Moreouer,  Alue (‘EQ/PO — VBT s foitofully ok by QM (£.63)
div. VBT = dime ﬁ“y’Po + diwe KB, — byl -
= dile Ry + dime KO, — by = dinc T

Al piwimal prome ideals £ T are of He foruc BT ol P, Qag s o Wwinwal
priwe ideal o R This shows dak- T 4 squidiensional and huma by (¥, )
Tr forwally tquid imensional Aime T 4 a bowowmerphuc. imoge o o reqular
b nu% Tos ahows ok T is équdxmus\ow | |

By (}‘h‘t} Hee hu% T s eqmi;ws\owd, Mok 1, 9 is %mmﬂy tquid imensional |
(d} - € b o ool dowann which 15 ehbewhially  ef. bucte type. over R
Byld) S is frwally equdimensional and hewee calenary by (1,10). This fmphres
Hhok- R s wa(vusul\\/ Calenary .
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§3: UNIVERSALLY CATENARY RINGS

(l415) Definibion: A local Noctuwiow hwa,(R s called %md\\/ Cole.uana, W Re s
-{omal\?. Eqwidimmsio\ml Jor all P& Spec(R).

(N.lb)?_r__opo&\'kow ek (R,w) be a local Noeleran vug. W R is formolly Cabemary
e R 05 \AhiVe:\‘i\d\y Cﬂmcwa, . |

M: R is u.uivg\*sod\y m.\e.um-\a, foad aldy o R s univertally calewary for
by winkimal priwe ideal B SR, Herw we way ossume thak R ik o
fomajiy @lenary dowain - Thow R s -?omml\\, 2quidimensional and R is
waivenally @lenary by ().

(IW;‘?)’R&MR‘ lb (Rwe) be o local NoeHerian Wug . Thae

R le %wéium\a.s(ow (:':E:%% R Mhivtr&cd\y m}:.ho.ra,
) [ /@/(/',,
R M‘Y “‘,’*‘“‘"‘y $.16)

Thee ave Waky  xomplen  ef universally toiemma, local  Noekaros h'h.g/, which.
are mo%— Wuidiweusional |, or xample , il R 4 a regular focal vug aud
PR R prive deads widle PEQ ond AP < 20, Huw BPnq is wh
tquidinansional. Thus +He convere £ 1) ad (2)is false. o Hus rechiow

we wonk 4o showr Hhak Hu couvrie of (3) lolds. This nequives Mowie prparation, .

(#.8) Boposibon: Leb (R,m) be o docal cahmary domain with diwRan and R ik
cowpletion.  Suppose Hok Huwe & o winimal Prwe  ideal QcR Ao thak

l<dim Rl =d<n. Tor all Isigd-l &k 4O densle Hhe Ad o} prime ideal PeR with
() ArPay

(b) Thoe & o prime ideal WeB which is miniwal over PR o thak Qe W and
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d\'m?z/w = d-(.
T for all [gicd-l: A & .

Proof . The proel. i By induckion. ow L:

Lol ek oem cR wide 040 ond WeR o wiwwal prwe ideal ever oR4+-Q . Thew
m—(wm)z\ ad  WaR=P#0. This implies Haak
= {We Spee®) 1 QeW, BH(Wa)=1 and WnR 40}
s o \AOW:.\M.P\'% Ak uwnide
M= Uyep (WnR).

S\uu_. ﬂj—-(‘“R/’a)c FH R/Qa:el)l MRQ;F omd Jor oll W{.—P WnR 4w, Thus

, P'SMW‘{‘\\M\LM— and so is He s T ’(WnR\WeP-ﬁ By (40) Heore ave
ek wmosh f\w}dy Wony  priue. ideals We® witle Qew, b (¥a)=| aud
bWy -Q+l=]. Hene e oxe l'h.%‘u.i\d\, Wawy Well wille 4W=

= Ak (WQ) =1
and Wk (WaR) = 1. Mowowr , Aue ®a A calemary

dime R = dine Ry - b (W) = d-)
M P= \\)T\R & Al'

For Ho induchion Alp L=l Ak L5l amd Ped,. S R=Re and L QCR
be o wiwimal priwe ideal over PR it QeQ, oud dineR/g =d-l. Sine R

i Vq, colcuo.na( domali. , dine Rp = n-l = dim. @Pﬁ Qo Comenpouds to a.
wiwimal prwe ideal @ o} RAR =R with 1€ d\’m,{‘i/— d-l ¢ -l = din R,
37 induchoun. hgpo-\rhs\s A,_-, +4, Hak s, %«uc s o prime ideal P, S-.R

it LFB=Li-l cw.d o priwe ideal We R whide is wintwal over PR wnidle
TeW ond diu Ww = (d-D-(-) = d-<.

ek T, QMA W\m&%pmzna&w
of P, ond W iw R md"a venpechively .

Sine R s m,\um.r%,, 4 Pa i ond
W is winiwal o BR wHe QW and diwm R/w = dim. RAT = d-¢.
This shouws thal SLEP.

(14.19) Foposthiown: Lk (R, m) be o loal Noethewar. dowain , R iw tonplerion.,
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and (O) =Fn — n % a shoresh primary  decowposiion. of (B) 2R with Y.
Qi-prmary for all 1$i<rv. Suppose Hhak L Q=0 and diw B4 = 1< diwR.

Thew Hure ave demenbs bicem R and de('}zn_n'}r\) -8, Ao thak
(a) b- & e‘},

&) (5,NHR = (6,OR
() Yo iukgm.l over R and “Ypvé¢R.

(?mot_ S‘qﬂ\ '—By mww.P%ou, Q' s o &mmw.ol Ph‘M.e. lAth 6{_ R MJ ‘l’")\

Aue  din R/Ql <din R . Moreover, "}‘_ 4 Q for ol 2¢ s aud Haew is
an elewmew o.e-(‘} n.....n'}‘,) Q,. Siuw diu R/Q.,c\ Ha ideal T= 3‘*-3:%
is wR- in.cu% Jw porbieudar, T s achended $roue R, thak 4, T=1R
whave T = ?En'R leb be T-(0) ad + SeR with b=te?0 whie

Sine R s a dowain. bé Q, aud -‘-hn.\re.?cn sada,. Sd—?:».?&, Han
b-8 =t &f}‘cQ

&?9_; Claiwg: d ¢Lﬁ

B o Coin: Swpose Hhak d=b2 for some ReR . T b-3= b(-T)eq,.
Swe bgQ, ond @ prime , 1-0e @, emR ad T is o wik ol ®

Teis twplies dhal  be 3’;.”-—"”'3\—*4 w porbadar, b & codained iw-
lanoter) wiwimal prive ideal ef R ) Aoy be @ b Q wivimal in B

Siwe K is o dowaiw , be @ n?-(o) oud b=0, a coulradichon .

Sl-r.?3 let 3=R be a. houzevo ideol with wé Assk(g/?) e cladue Hiad
TeqR. By fabss (PfR= TR :w®  and Frwe} ama wd Ass (R,
Heuce '}R:w—a=}ﬁ oxd w R Assg L%"‘&Ry Sima QeR is o minwel
prime ideal i die Rl =1, Jor ol Qe Assg (RAR): Qd Q and
Hurefore Theo. W TeP-Q ad kK He Q- Phw.o.ra, Compouaint of QR.
T ccié},n.__n e = (0) \upl \w% thok de k. D s “"MF“‘“‘W&
Cowponat  of. '}R and  Huere fove. &'&R

§;¥_§P‘l'- U wé As&R(R/bR\ Hhase c\ &-\aR Cow}vud\'c.“u% S\Q.P'l Heneg
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we Assp (R/6R) and we can. Wrile bR =TnT whae T is w- pnmv%, and
Tw=TF T BR«:"’Rn'}R ad by slep3 TeyrR . Ty dp 2 d TR
and Huwelore T4 TR, Moseover, Alna Ra = R/r® ¢IR+3’RA:? =4 x
and Hure s o dewmerd ce} with T-ce IR | Thew

¥-c eIR 3R < LR
wd (b,A)R = (bR . (b) s proven .

I onder do show (<) wole Mok cd bR Atww 3¢ bR, and Horlo. %4R
Using b-Te ] we obtaiw T(b-Ty=o ad b T Mowowr, ine
d-ce B,R\, C=:\\+b§ 4or- Aowe. %}G‘% oud Hhevbore

* = dry 25?%4— "§" & L(b,?)?i’ = B(‘b,a}@.
Heuw +here ave w,veR 4o +hal
¢ - whbe —wrb* =0

ond b s t'uluamj over R

(14.20) Proposition.: Nolakieus amd amumphons an e (1419), Thee "HM.HM%
S=RL%A1 har o moximal ideal ob ﬂm%u— oue .

Proo}: Lek T=QIR) be Mo okl Hng of Juohiens 2 R. Se R is Lok
over R ’R@R %® QR T awd Alwe S s @ %:w_\d\, Gencraled
R- W\odu.\c. , S & R ®e T aud ® e S R["/bl €T whre T is Ho
ComPie.-iwou, o S wite vupect ot Joiobsow vadical o S. By omMumphon
QSSA(RB'-'-‘%Q,,._ Q, } with L+ Q, =0 and A‘M(E/Qlwl Sk q; = QTns
oo o) = ta—1qr | and 4 Q; = Uhq; Alwe sq =T ;T Jor oll
I<l¢ v, Mowouwer, S T s ke gral over R oimd 53/c‘L s \wkzm;\ Quer R/QL
yelding Mok Siwm S/qh = dive R/cs'a,__ dor all 1¢(g v

lb N&T be o maximal {deal twibl qQEN, ssmuc.‘)’i{._(s,am
we have thak S =R %] = RE%'} hoe TeQn 0. and &-b<q,,
b Q¢ for ol 1gigr Thus d/bqunmhq\, and ‘Vb-—\eq, Thus
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for oll 2gl¢r q, + q£=§ omd q, is the only wainivaal prime (deal
wubaind o N - Thoefore Sk N = diwe (F,)y & diwe S, = dine R/, =1
o B«)—N;\ sue mR &N, Thue n=NnS is o wanimal ideal o S
wite S S = SN and fu\-n_-ci\mS -.-AWLSN“I

(14.21) Theorem: leb (R ) be a local Noethedow Wy The following conditiows ove.
uivalewt .

(@) R is formally calenary.

(b) R s wniversally calenary .

() The poly uo wiial viug. RUx1 is Oole.hcm&.

’_P";.@L‘ (a) =»(b)+ By (Ihib)

(b) =p () ¢+ obvieun ,

() = (a): Sw‘;Posg, Yot RGO is Ca.\eum-a, ond R is nok %m.o.\l\, m\mo.na,.”ﬁtm_

Hoe s o priwe ideal PeR Ao that R/eR s ok Lquwid imensional . Sinw

(®PYTx1l is also co.\e.uo.\—v.a,, we veplae R by R/p and amuwme Hhak R is o

local  Nockleviaw. domain ,’R is wob tquidimensioual |, and RCx] (s cn.\e.\m\-a,
Nole. thak dine R >\ omd dhok Hae is o miniwmal priwe {deal & &{_R

it 14 dm R <n=dim R, U dine (R/Q)_.\ sl = (0)&R ond

- Au‘w.(_R/Q.)::c\M by (407) Heve is o prime ideal "B 2R Ao thak

(m) T =d-l

(F) Hee £ o winimal prime ideal W o} BR wille din (Ra) =1,

Swa ROx1 s colewary | R= ROy is cakenary amd by (4.4
diwR = dim Re, + P and Hoefore dike B, = u=ded > 1. Thus we oy
\tpimg. R by R/R oud ontuwe
(3) R s o domain  wile  diwe Rp1.

()R ko a wivimal prime ideal @, with din (Ra) =1.
Ty (419) and (1420) Hure is o Hug SSAR) Wi Re$ ae thak.
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) S s iwknxrnl (Pt ower R
(1) S=TRCY1 fr rowe 5eQ(R)
(t’f{) S hos o wonimal idead wo o M%\««\— Owe -

leb 4: ROX1 — & be dhe Autpichive R-olgbra. Morp\ﬂ\‘sw_ defiued by
He= g ond HO=%. S Poker(d) and N= 7). Siwe € is iwlegral
ovr R wide ReS, PaR=(0) and nnR=m is the wmominmeal (desl el R.
Clojin: Bk N = bk W+ . |
P o} clasm: U N+ wsel | Hue N=wROk1l and 4 N= b w.
Thw S/ = (RE"VN‘)N = (RW)Dxlgy = (Rm)(x) omd Si has dranscmdence
degres | oer Rf . This coubrodicls Huok 8 is ubegrol sver R and hewee S
algbwie  ovr Riw . ,

Sthie  dime ROx1 = diwe R +1 > dim &, i+ Pollows Hak 'P*w) ond , siva
RCx is calemary | diw Rix1 = diwe R+! = die ROxV/p 4 WP dind + 4L P
ond M- P=l. Mowover, by (1.8)

I (NP = b =l = dd N = kP = (- wa) - |
= dbm = diR>I,
o wwhrodichon . Thw R g %rwwd\\l calenary .

(14.22) Coto”o..r}: A Noetheras n'ng R s wiiversally Co»\e.no,\-& i} and ouly L Hee

polyuowu,'ol h’u?, RxI & w,lcum-%.

Proof.: et R 4 universally coJe.na.ra, f and owly it Rp is waivesally calenary o
ol prime ideals P R. Lle Pe Spec- (R Hhus by oMumPh‘ou, RCx] is Calemma,
omad henee 'RPCX] s Ca.Lenw-z . "57 (14.20) "RP is um'ugna.l!\’ Cdt.\mr?.

(1%.23) &m“m_-a‘ lk R be o Noctunan h'ua,.
() It dimwR g1, thoe R i uui\eeua.uy Cole.ham&.
() W dieR =2, Haw R is cﬁimou—a,,
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TProoh: () dollows by (b) and (14.22) Aiwe diwe RO = diwe R 4|

(4.24) Tworew : Lk (R, w) be o local Noethenoue Universally calemary h'w%, and S

C(Sw) be o Lol Noelberou Aukn\uk of He w-adic couu\ple,\—\ou,'k wiHe
ReSeR omd T=R whoe T

s He wm-adic cow?\e;\—‘ow of. g Than § is
kuwmal\y co.ie.uo.na,.

'Proof_ ’B\f (4,20 A%Lu; to show +hal S is {’umd\y Cﬂdﬁho.ﬂ& , L. dor all

"Pe Spec (S) Hee Hug RIR s tquidimensioual . e Woy arsume ok PnR = (o)
and A ok R L o dewain

.l Q and W be winiwa) Primes Oves- '?K
ke hase b show Hhal- dm«_(R/&) e\\m(fi/w)

Siw S Necuriom, He wobural wope S, —» Ry amd Sy — R, ae

dim (Rq) = dim Sp + dim (RafpeRg) and dime (Ry)= dim S, + dine (Ru/piz,)
Sime @ and W oare miniwal owr PR i follows ok
o\\'m'(ﬁq‘) = dim (%w) = diw S,
l- QeQ ond W, € W™ be windwal prime ideals 88 B Ao Hhak
dim (ﬁa) = dim (ﬁa/&,,§g§ oud  diw (ﬁw\)-_-. diwe (Qw/w,ﬁw)

Slue R is a.

wnivessally  takewary dowain | ik cowplekion. R is equidimensional and Hherdore
dine (R/Rp) = dine (RAu) .

Siwe K s ca}wo.r% \a\, (146

A.MR/Q,) = Ak (9/q,) + Am.(ﬁla) amd  dine (Rh,) = &.&-(W/wp)+ dine (R/w).

Siuw  db- (/@) = im (?Q/Q@RQ) dine (?t\} -M—(.W/w,,>- dine (RW/W,QW\) chm.(Rw)l
ud dine (Rg) = dim (Ru), # doliowr +hok  dim ( (Rra) = dine (RA) .

(14.25) ("mvo“w%! leb (Riw) be o local Nee;“u\nak_ wniversally Colenary. ving.
Thoe Ho Hewselizakion R™ o) R 4s wnivessally colenary.
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Avele on. wxamples:
The Qo“om'u% theowm.  is wentiond withouk prook:

(14.26) Theowm.: leb- K be o counlable beld of  inbuile rauscndene dc%.«eg cver

o prwe hedd omd &l R= \(Cz.,___,z.h—.lh“____,zﬂ be e Pocalized polyuewial

Wug i n tadables. leb wme N b an wleger Wit wmew and Te R

o ideal i Aoksfu Ha Jellowing  condiHon:

() Tor all amocoled prme Hels Q& Ag (RAR) # dalds ok
RE(2h—,2m) R whee m<n.

Tew Here is o boca) Noe}b.hak_ domaiu S wide Re SeRUR) and

%o“omu%, properties, , ,

(&) Thee is o K- algiora. isoworphisu tp:gﬂ RaR.

(b) For ooy Wouzro prime ideal Pe§ e nwg S/p s %c.w‘ﬁa\\\, ef.
hule  type over K

(9 The prime ideal ’P“‘P (u,~,zm)QS Lien over (0) , thed is, gnS~.U>‘)

us:'u% Hs Huorewe ow caw coustuck a ‘Lro.w'c}sa, of focal Neselurou
dowaius S whide ol to be formelly equidimensiounal . Ackually, in 19¢z
T, Q%Dm,o., provided o %mkum».\a\e_ o N&%o}-o.}s ok c:ow‘.c_l-m Ly
usiug o Alwilor coustuckion. ar fw He Huoew. Nagala's chain coupickuve.
soks  thak He  worwolizoow b oo Neehudow dowesu is uMwevﬁoJ\y
wlwcma, Oaowa.  comshucky o Local Nogolo. dowsin S whoee inplebow
oy doils o be &qw,&n«ucuswwa_l Mo ’pmusel)« , A R= KLx‘\,,z.,u.](,(,y’.lM)
oxd L= (xy,xz) € R The Nocdunaw. dowain $ frowe Thovene (14, 26)
it cowplelown T KIx.y,z,u"h/(x\,,xq_j 5 Ogowals Wxample.
Theoren. (14.2¢) o also be und o coustruct a local Nogako domain. with
@ how-opoe. vegular locus .



