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CHAPTER Xiii: OPENNESS OF Llog

kb R be o Noethenay \r{u.% ond WM a {-“w.'kl\, ‘?hcnx\c.d R-woduls. e aw
inlevenled i dha {oibm'n% Aubiels o} Spec(R):

Reg (R) = } Pe SpctR) | R, reguar § = He wgudor docus of R
Nor (R) = {Pe Spec(R) | Rp wormal = e normal fecus ot R
Ug; (R) = 3 Pe SpeclR) | R, aakisfien (R} =  Ha (R)-lecus o R
Us; (M) = }Pa Spec(R)1 M, adkis biea (5)] = e (§)-locus o M

Uew (M) = 1 Pe SpecR)] M, Ghew-Macauday ] - He CM~locus o M,

U R is an m'l::%ma, Neetherian n'n% Huse Loci Uy ol be. open i Spec(R) -
T Huis duxfkr* we wouks do Ahow opouness o) these loci provided +hal-

Ris a couplele. local NeeMuriai viuua. T e wok chaplers we oclend
His vl b a ‘earanx cdom  of  Neelheraw v{w.%e.-

§1 : NAGATA'S CRMERION

(13.0) Theorem: leb R be o Neetherian ving and US Spec (R) o Awbad- . U is
opem. iw Spec (R) it awd ouly i He -Qul\nur'w,%, oo couditious awe SakisPied .
(€) For all Q€ Sp(R) wile QP and PeW # holds +hat QeU.

(6) Tor all PeU o nowewphy opow subsd- o} V(P) is cowkained in U.

?_V_O;oi,: X Us Spc(R) is opu Hhen conditiown (@) and (b) ewe aakis fred .
Cou.wm,,l\, r Auppose (o) and (b) and Ad Y= Spec. (RY - , N e dosure
v‘t_ Y in SP:;_(R). Y s Mo umiow °.£. %‘u‘ldy Wy yweduei ble Componauts,
Aosy YN e Viv... uVe whee Vo= V(R) 4or priwe idedls P @ Spec(R).

I Tel for nowme. 1§ g thew ‘o\, (b) Heve is o hohc.hq;#s open
mubr- WV wille WelW., Thew Z =V,=W is o dosed Aubrel- of
Srec_(R\). Wwe daiwe tha Ynv, cZ. Y QeYnvy , Huw Qe Y and
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Q¢ Swe We W, QeW and YnV, e 7.
Sinca. Y = MU U Ve,

Y=YnY = MaY)u.. . v (Y,.nY) < Zu VU, Vv

\ 3§
“py _
(ouhodk_ku% Hak- Vv & an ivedwcide wponend- of Y.

Meefore W W for all 1404 and by (o) YVyeYe¥ 4or ol Igigr
Thus Ya Y awd U is opam " SPec.(R‘).

kb R b a viug ond ¥ @ properhy o} :‘nco.\\rik%c. Debine
P(R) = { Pe Spec.(R) | Rp  has property. Pi.
Tor Uample | T caw shand  dor propevhies . vc%ulw  CH, Gotenzlein , ehe, thew
P(R) = "Re%uz) » Ugy (R), Gor (RY, ele.

(13.2) Depinition: We say thak +he Nogaka. cileriow (NC) helds 4or o

properhy TP L dhe o*oﬂouiua condibiow. s Adhsfied for Loery. Noetherian h'm&,‘R.-

(NQ) & TP(RP) owhiws o homewephy opew Aubrd- o Spec (R dor all
'PeSpec.(R) Has 'P(R) is opue iw Spec(R),

(12.3) Theorem: (NC) holds for :
(@) ¥ & wqular

(b) P2 CM

() v ('iom\du..

Poofi leb R ke o Notheaw ring with dhe properdy ok for all RS (R)
He  Aek TP(R/P) coutainy a houempw opew  Aubsek of Spec (R/p). lie have
o show- 4ok T?(K) 'S open. Spec (R) . To do 4o e wout to apply

Tworewe (13.1) . +isb nole dhak (L )& 6 Spec(R) ave priwe idedls il
QsP and R, rgulor (om €M, Garaskin) Hae Ry s regrdar (o M,
Gorenskiw) by 91, (8.29), (£.60), (10.29), Thuy i all Bcares we hawe *o
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showr  Hhak TP(R) soks fies wondibion (L) o Theoes. (13.0).
(q) Pz "ﬂgu‘al’
We have 4o show- dhak  for all PeReg (R) Hhere. is o honsinply opeic subid—
We V(P abe Wswg% (RY. let T’c-Ru&uz) and %, _,x, e P a reqular
Ayslenc  of  paratuelers of Rp. Mew Heve is an ae R—P wifle
PRo = (t,—, ) Rg |, in parhicdar, PRy = (x,, —,%.)Rq for all Qe -
By amuwphion 'Re% (R/p) cowtaius o uouwpka, opem.  Aubiel- Wand W
comenpouds t aw epesc subrek UE V(P). Siuw V(P) is iveducibie.,
UnTDo =W4E. Moreover, for all Qe W, dhe nug. (BP)g s regular
and PRg - is Geueraled by n=db PR, demenls . Hewa Ra s «
reqular lcal Wug amd We Reg(R).
(b) Pe M
ke have to show Hek for oll Pe Ueyy (R Here
W VP) Wit W U, ).
k- Ve Uy (R) wite Sk Pen. TThew Heeve ave Yor —iYw € P 80 +hat-
Yo—r1Yu B o vequdar sequene of Ry . Tor all 1sicn wusider o
veduid priwary  decowcpesihion of (Yo, —1¥) omd wmle o —y)=Tnk;
Wbere Fo is He iubneckiow of e ph'\uo.na, Cowapouents of bys) —o¥0) whicl,
e ouwkaswd 1w P oand K iy He fwlerechow o}. piwary  cowpouenls
hol- Cowkanwed 1w P. L a;e Ki-P 4or all Isisn (if Ki= R, 4ek a.;:-.i),
and Ak @ =T " a;. Siwe D= Spec (Re) is opew iw Spec (R) wibe
rl)«,!‘)V(P):}-.}Z‘ e  luaxy ‘chlau_, R b‘l Ko and abbume ;
() Yoo —iYy 'S o ’R~Aqmu
() T=t,— )R is P-privary.
Moreover, for all Qe V(P) we obtaiw:
Rq CH 2= (Ra), oM.
IE remcins o show ok Huve is o houmpla, open. Aubseh We V(P) witle
) (Rmlg and (RR)g CH  for oll Qe W.

s a nouc.mp"a, open. subsel
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S R= R and Po . Siwe T i Poprimany, P & He ouly winimal
priwe ideal of R and Hue 0 o re N wiHe Pra 0. Comsider the
bthohow O0=PrePrte ...c PR u{_—lin For all 0&icr, PYpin
o.*-'uikly &}uu.mkc\ R/F ~wodule. Hewer for ail 0gicr e s a
bieR-P sodhak (PY/E)IR, &5 o frew Ry, —moduke. lb b= b
and W, =T n V(P). '57 omumphtion. Hure is a noncuP\-»& opoe Aubhul-
W, s VP) witle W, & Uy (RfP). S wW=W,nW,. he claine +hol
for ol Qe w 4 Hug. (R)g =Rq s CH. W phows by induckion
ow o -tk %Jr- all Qew Ho Aug (WP'»K\Q is CM. ’
For Li=2 cowsider e trock Acquence

O — (Te)g — (RE)gq — (Re)q — ©
Swe (Pret)g is a hea (R/3)g —module | deplt, (RP)g = Aerlh(%a)q
and Hhus by M, (222) depi (Frr)g 2 det (B8)q . S (B)q
s CM oawd diw (Rrpa)g = dim (Bis)g , e nng (Rree)q is CH .
For e induchon slep L — id comsider e Aequence.

0 — (Pfpin)g — (RIEw) g — (Fet)q — O
aud apply @ Awular axqument, |
(€) W2 Gownshin

is

We have do shows thak  for ey Pe Gor (R) Hare is a nomcmpty. opan ublel-
We V(P) with W Gor(R). Lk PeGor(R) il Lh-P=n. Sime R, is CH
Have ave %, —,x, e P whide forne an Rp—Scquune. Gs in the proof. of (b)
tere s o ae R-P 40 thal-

(%Y xyy —, %0 is o reqular Mmguenee. e Ro

(B) The ideal T=(x1—,%) Re & PRo~ priwscrsy -

Replae R by Ro and orume Hak x, —, w0 5 o egular Aquane of R
e T=04,—,x0) P-primang. By U1, (10,3) and 00.4) for all Qe V(P),
Ra is %‘pm&kﬁw f and ouly if (Ra)q is Govenshin. e veplace. R by
R ad asmsume +iak P s Ha Unique minimal prwe ideal of K.



Sine Ry is oo O-dimensional Gorewslei ving. by UM, Thearene (10418):
Exty (’F, R) g R, = Ex’c‘KP (k(F), Rp) =0
and
Howg (Rp, R ©g Ry 2 Howg (k(F), Rp)= kiP).
Hewte Huve s o be R—P  sothak : .
Exty (%P, R) @ R, = ond  Homg (Rp, R)@g R, = Re/er, .
Siwe. ¥ is te wiique winimal prime ideal o R, P=0 for Aowe
TeN owd bue Is @ ceR-P 4o Hhak PR/pinp is o e
R‘/Pﬁc-module for all O<¢icr. ’Rc.p\ou, R b\; Rye and artume:
() Exty (P,R) =0 and Howmg (%P, R) = Re
() For all 0&icr @ PYpivt s o e P - module .
For all 2£0<r  consider 4k Cnack Acquence
0 = PYpivt — % Ypin —u %t —4 0
and +He mducd fon% exack Acquante. :
o —p E:xflg(WPL R) —-—-—-»Esd:' (P/pu'a-e,R) —_— Ect'R(pi/P""" R) _—
Siww P/ s o bha Re-wodue Exkl (P“/pu-t R)é‘a‘®5d-' (¥%,R)=0.
Thua by induckion. ew £, Extk (RR)=0.
The trach Aequence

0O — p » R +» Rfp —» ©

Yeds a Q«m_% exack Aquence:

O=Exty (R,R) —s Ext (P,R) — ExkiH (Rfp, R) —v Exk S (R,R) = ©
Akomu.% Hhat- Bl (RP,R)=0. ’Re_rea}.. He arguimend- frow abouve 4o
wnclude twal Ext% (P, Ry =0 whick t-u.th +hal- EKEK('VP,R\) =0, ek .
This skous Hiak  Exth (RP,RY=0 4o all 450

For He losk Alep b dhe proof mobice thak P Qe VIF) and E is

we iyichive R-wodule Huw Homg (R, EY) = (0:2Q) is an fufuckive
R/6. - module .

Qarwm: leb- QGV(P\) - Tl (R/p\)g is %oms‘-@iu, i and MAY e Reg is



152

%oms\e.\'u .

B oo} Claim: L 00— Ry —+ E° be at igickive enolukion ol Rg (on aw
Ra—wodule).  Sinw Exty (¥r,R)eg Ra ¥ Extey ((%)a, Ra)=0 Jor ol (>0,
0 — (%p)q = Howg (Rp,R)@ Ry — Fome  ((Rf)a,E®) is an iugickive
mo\uhow., of (R/P)a (on aw (Rp)g—wodue). Th ondem o toupuke
Extizy (R(Q), Rg) and Ext’ meyq (R(Q), (M0)Q) e wed +o cousider Hhe
Complexes  How g (k(Q), E*) oand How (Rie)g (R(Q), Howg ((Rp)a, EY)).
For all je N Howg (k1Q),EY) and Hom ey (KIQ), Homg, ((Fr)q, EY)
are bolle isoworphic. Yo (0 giq) Q) whoe Ef(Q) is e suw o all wpiea
of E(RQ) w e dired Aun decowposition. of EI (see U, (7.5%) omd (7.63)).
This iwcplics +hak- E'x\:‘.ga (k(q), Rg) = E"t“('%i)q (R(®), (RE)q). By au,
Tiorene (10.18) Ry is Gorensheiw il and ody it (Re)q is Govewalein .

By He hypollusis i (NC)  Gor (Rp) cowladus a nouewmphy. opew suboack W
T We Gor (R) and by (13.1) Gor(R)

is opum. 1w Spec(R).
(13.4) Theorew: Lk § be o homom:wrluc. image o a CH-\'\‘...%. Thew
c Uy (S) 6 epe iw SpclS).

Proof: leb S=Br whue R is o (Noctheriaw) CM-ring. By (NC) W
sufpies do show Hhak for all Pe Spec(R) the Ak Ugy ( %) cowkaina
& Wonelphy opeic hubAd of  Spec(R/P). Lleb Pe Spec(R) with A P=i
ond %, ,x, €P Ao Hak X, e ) Xy fvrm_ maadmr- Au'u.a.uu. w Ry
Siwifar do e prosf o (13 3(b) we cow ossame Fhok

W) %y — % forme Qi R-sequance

(B) T ideal T=lo—, ) & P-privany.

Siwe R is €M, a0 is RAe and we wplaw R by B4 The Pis
Heo Waque wiimal ideal o R wide PTso0. By rqa\o.una,? by Ko

for a asutalle a€ R-a we assume. w additiow.  thad- 'p/P‘-"" is



o $ee Rp-modue for ol Ogicr.

leb Qe V(P). Thuw Ry s CM omd we wad 4o show- thak (Rip)q is CM.
Seb- R'= Rq , Pl= PRy oud Q'=QRq and cowsider e ok Aquence :
(%) 0—> Plpiz —0s RYfpiz — 0 RYp —p O,
By M, Theoreme (2.06)  for Crery focal Neetherias Hug (Tw) and eery fuibdy
qourabed T-module M dcr,&ev M=s i aud ady f Ext (Y, MY =0 for
all i<s ond Bty (T4, M) +0. Applying MHowp, (RY&, =) o (») yidds a
bu? exock Mth\w.n
(o - = Ext L (Rlr, Rip) — Bl (RVar, Pon ) —> Extl, (Rier, Rpw) — ..
Morcover, by 0, Theoww (827) deplee RVpin 3 win (depite Ripr, deple. P/pic)
oxd  deptts R7pr = deplle Plpiz alwe P/pin is o dheo Ri/pr — module. . Thew
by (ww) depll. RYpiz = depe RYpr. W vow procad by indudvon. ow C.
Suppose. Hok  deple. RYpt = depl®. RYpre = ... = deplee RYp1¢  and cousider
He xact e et |

0 = PYpin — Rfpiics —— Rifpl Lo,

T nome  orguuent an above yields Hwak  deple RYpiiom = dephte RYpic

Siwa. P70 it fllows thak-  deplt. Rg = depbe (%p)q amd (Re)g
‘s O, Thus Hwe is o nomemaphy  opew Aubid- W S Spec (RP) it
We Ug, (RP)  ad  Ugy () is opew i Spec(S).

{13.5) Theorem : lek § be Hhe homoworphic wmage of o Gorenslein vug. Thea
Gor(S) is opew im Spec (S).

M: Llek S = R where K s o (Nn“ﬂcnvm) faan\n.s‘du.. V;h.%_. —Ey (NC:) v
Aublcas Yo show Yok for all Pe Spec(R) +he ad- Gov-(%/p) S oL fw-
SP«_.(WV) .l Pe SPe;(R) wide b P=w. and Xy ey %y, € P A0 thal.

X, — Xy A?bm a H’.%;Aur-' hequenie. ef_?P. Stwwdos- 4o Heo ?'oag_ o
(13.3)(b) we cam ormwme +Hhal-:



K) %, —, 560 forme an R-sequame. .

(B) The ideal T=la,—,x0) i2 Peprimary.

Swa R is Gorensleiw , 20 is B aud we weplae. R by R/ oud ansuwe

Hob- P 2 Hhe Unigue Winimal prime ideal of R. ’Rnp\&du% R by R, for

o butable 0€R-P e astuwme in odditow Hhal

G) Poivt £ o fee Bb—module

() Bt (77, RY =0 and Howmg (%, R) = Rp.

Under Hure arsuuphionn Hhe prosf b (3.3)(c) shows Hak for all Qe V(P):
Keq is Gorensleiw = (Bp)g is Gerenstein .

Sine R s Gorewsleie , (Fh)q is Goreusleiw.  for all Qe V(P). Thus Hhave

is a houew‘;{-z, opei Aubred- W of. ;S}rc(g/r') wite W< Gor(RP) .
‘By U‘&.I) Gor-(%/p) is opew. W %&(WP}-

,Re:a“ -“m.*— S is  akx. ‘R*d?\:‘m mkdts, Ge- kmk. -Lai:e. Qe 'R iJL‘ g is
Hie Localizodow o a. R- alggbva. o %wuk. Hype. .

(13.¢) Qw““ﬁ' ek R ke o complede focal Noethewaw avg and S an “R-olgebva,
Ml&\a\\\' o} fiwiie ‘hape. over R . thew u (S) and Gor (S) ave. opcu..
e SPQC (S)

’E'..‘;".e" S s a i\omomm?hu'c. ima.%c. aﬁ. a tuxdar- n'ua-

(13.7) Grollary: ld K be o iedld and S a . K—-a.lr bro. essewhall of &'uik
wrollary i Y

type- over K. Thew  Upp (S) amd Gor(S) aw ope in Spec(S).

“5.3) Rewark: Theowsus (13.4) and (13.5) are not e for W ‘t%u.lcw— Thave s

Q. Oxomple of o ma;.Ja.v nu.&'R and o prime ided PER A0 thak
TReg (R/P) is wob opan i Spee (R/p).
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$§2: The REGULAR locug

U3.9) lemma: lb Kel be a Finilely qenevaled Fald edlension. - Thew Huwe is
w finile purdy iuseparable fidd eddension  kek' Ao thak L(K') s sepaveble.

over K/

Proof: e Way  aAtume Hot dark =p>o and Ad- E=K"-\‘~‘
Claw: E@y L is a local Neetheviaiw vng. o dimensiow. ©.
B of daiwe: Sine E@y L is We lolizakion of o Fiuilely qeacvaled E-algebra
Eexl & o Nelhudaw vdug. lob w= I..0, ai@l; & Eoyl . Thew Hoe
is a eeN a0 dhak Wit q=p° ¢ ale K for all Igi¢ry and wP=
e, a;“&ﬂ;q = | & Z‘;, afﬂgq. Thua eithar wP=0 o wWPis a unit in
E@kL. This shows thak He uilrmdical of E@®, L is maximal and E®cl-
is & local Noelhewarm Wug of dimension. O.

leb m ¢ E®xL be e waximal ideol and &t

X = 2., o iy, sges

be geuwcrnlors of w. Sk ki= K@) igien; 1gjas. Obvioialy, K'is a finle
puely iumporable  odeusion of K. Mowover; K'FT= KF=E and Ea,, LK)
is o focal NocHeriou Hug ol dimension . Ll ¢ E®cl — E ey L)
be 4he nng worphisue defiuned by Ylaeb)= ab. ¢ is Aurgickive witle
M=nwl(EQL) € ker . Thun E@,, LK) 14 a feld and by (150) and (1.33)
L(K') s Mparalle over Kl

U310) Definition: b R be a Noctewaw Wug.

(@) R is colled '??cﬁ-o L Reg (R) coulaius a voucmply opme. Aubsek of Spec(R).
(6) R is called Reg—1 ip Reg(R) is opew in Spec(R).

() Ris called Reg-2 i sy fiwlly gquicraled R-alqebra i Ragd .
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The alue is o shewr thak- complele. local  Nuethevian. Wings ave Reg - 2..

(3.0) Theowwt : leb- R be o Notheviaw n’u%.—'rh. pouowma, couditiows aw uiuivn\ed-.-
(@) R is 'Res-—i’,*\nd- is, ey Huiledy genevaled R-dlgedova. (s Reg 1.
(b) Every fiuike. "R-clgelova. is Reg. -1,
(€) ®or all PeSpectR) amd all fuite pwely iuseporoble fidd odleusions kiF)g K
e &5 o fiule R-dgdora & with:
) Beese K
@ S is Reﬁ..o
) Qs) = K.

M,. OLva‘ow:l\, v (&) = (b) = (c).
(= (a) lek S be a fuilely qrerobed Rodlgbra . Sina (Nc) holds for
Pa rgular we have Vo show- thal dor all Qe Specls) -uu.m«% Sa is Reg-o0,
T ik s Yo show: i S s a dowmoiw. awd a fnilely generabed R- algubva.
Hhew S is ’Re%..o. lel- Pe Spec (R) witl. RS . Sinw condition () =
also sakisied by all h'mib R with PeSpec(R) e oy asdume ok
ReS whire R and S ae dowains. |

Apply condibon (<) 4o Hhe duclke purcly iusparable ficld exlension. K=QR)<K.
Thew Hoe is a Hulle R-algbm. ReRc K whide is Reg ~0. Notice. “thak-
Hee 5w demsd- be R—-(©) wille K =R} ond +halk Spec(R) s
iveducible. . Thun R s ’Re%-o and theve is o aeR wile Ry a
w%dm- rivg.. Obv;‘ow;hi S emaugle to show thok S, is ‘?ax..o and we
Moy orbusme Haot R s a "(?Aa.‘ﬂx‘ ﬂ'n% ond S a &'@Hg eneraled R-algebora,
e Red Ju oddibion we amsume Hob R amd S ave domains, Seb-
K=8&(R) aud L=Q(s).
Ganc 1 L s Acparalole. ower K.
Siwe L s &'wikl\, Goeraded over K Hhare is o M-Pm%'u% “ramscanden w_
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basis 4, _ 4, €S of Low K. (Sw He proef o (1.31) Yo conclude Hhat- §
contaiur o Aeparoking  fomscemdence  bas's o L over ). Seb R'a RC&, —, &, 1
Wd K= QR = Kby, — k). R' s a rgular viug. Monour, +thewe is a
veclor Apaw.  banis W, — 0 €S b L over K.
Uoiw 1 Thave is  aw e Ri—(0) o that Sg is o fuile e R ~wodule .
L Claiwl:  Siaw S s fiwlely gemeraled ovr R, § i fruilely qoeraled owcr R,
sy S =R'Ox, _,xeJ. Mowover, fack x¢ is algbraic over K'=Q(R) aud
roMsfies o nowhivial ¢quakiow:

Z..;::o ‘a.;dfx,;‘"ao
wiHe Q;J'eR' and  Qin; £0. Seb § = e Ol £ O . Then S, fincte. OWRil
dnd we oxbend W, — we b @ Aglem of Gureradors  ef Hi R’ - wodule Sg.)
AN Wy W, B],—, 0. Siue w.,_..,c..g. is o baris ef L over K' Huwe is a
dewent §, e R’ -(0) with { o e Z:‘m, Ry, 0y for ol 1¢0es. Thue wite
f=dfe Mo dug Sp is o Ptk dee eraut and Claie | is proven .

Svuia ’R' is a.rc?u.lo.r- n'u.%, be weplaw K By 'R' and S by S;  and
Wame  Hhal- S s a finite 4 R-wmodule ond o dowmari omnl-l-\ml—
He Bdd oddeusion. QRY=K S L=OLS) is Aparable algbraic . Lk
W,—, We be a bass o S ovr R. Gusider

d = deb- (hripp (i)Y igeee -
T deR and dg 0 A L s separolole  over K,
daim 2: §§ s a N%M.lﬁr Ving .
E*ﬂmuz leb- Q€ Spec(S) wikh d¢Q and P=QnR.
Sp = Z:..., ,’R’wa s a bee Rp—modue and

Sp = Seg k(P) = I, k) 5;

5 a k(P)—wdor Apaw. o dimeusion + . Momo\«:r,

= deb (s (T 5D $ 0w k(v).
Thasw L\’ “Bourbaked, m&&m Chap, V.| $8, Prop. |, Sp is dhale over k(P) .
Hene by (33) SP s @ produck ) dilds  and by qi, Theorewn (8. 63)



Sq s a m}u]m- focal h'w%.
This  shows +hal- Reg (S) comtnins o noncumply.  opew. Aukiad-,
Cane 20 L s wob Aparable  over K.
By lemma (13.9) Hhee s a Hule puely wsmparalle feld adension. Kek!
so ol LIKY) is Mparolle aver K!. Oy amumphion. () thew is o
fnile R-algbm R' 40 Hhak R is Reg-0 and QR =K. Sek
§'= STRI & L(KY). By casel &' is Reg—o.
Caim3: S is 'Rea-o
B dawd: bk w8 Wit LK) = Llw, - w). Swa §'is a fuile
S-wodule. Hure wre demenh Ju— par € € Ao Hhak

§'= I, Swi+ I Sk
Hone Hure 6 ow deweswd g e S-(0) Ao ek

S'a = Z‘:;‘ S&' wy
and Sy 05 o Hulle fe Sp—module. Lk Qe Spe (&) b 94 Q and
rek Pa @nS. The focal axlension  Sp—s S s daidhhdly dak aud by 1L,
Theorew (€.63) Sp & vaular i} SQ is. M packiadar, Sis Reg-0 st §f

i 'ch,-o

(13.12) Proposition,: Lot (R,m k) be a complel. local Nockheriasn ving wih. Qe R.
T R s ’Re%-z

Foof By (12.0) i+ sulhius o showr: Tor all e Spec(R) e viwg B iz Reg-0

Hene we uo.y omume ok (R,m,R) s oo complehe focod Noctheriam dowain.
Which. towhaius Hue rotional wuwbers. By Ghen's stuchuve  Heorws (217) and (8,19)
R wwhiw a welficieid dield amd R ROk, — o U/e . S S= R [xy—, %, 1 and
h=06,—,x) ond Auppose thak b Quw v By Theorew (1211 (W) holds for
Me S . Swe S owhiws o Peld O.f. charackershc o, b\, Tueoren. (12.16) (W})k
bolds  Jor ey prwe ideal PeS. Morcover, Per (8) & o dew S-wodule witle
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basis %oxyy —, Poxy, owd by (21%) Jor oll Peg w-AL.. QsP He {o“owiu% cond Hous
ave Aﬂui.va\cu)-:
(@) (S&)p is rvegular
©) vk Hgus g B —, Poxa)(P) =
Wheve Qa-(?.,_.,g,s). let 3sS bk 4 ided Generaled ‘07 Q ond Hu rxr-wmives
of e Jawbion wokix (Pifoxi). Thee by Liza¥)
(Ya)p s ngudar o= J4P
'?c%(s/a) is opew.  iw 59&(}/&) and R is Reg-2.

(12.13) Propesition: lek R be o complele local  Noctherion. ving. of. tqual characlerishe pyo.
T R s 'Rga—-'z..

Prood. By U3.) we have 4o show:
- PR ke o prime ideal and kPl o fuile purly lusepavable dield
mbeusion. T Huve is o Buile R-clgbra. S withe
) RPsse L
() S is Reg-0
tw) Q(S) = L.

leb- Pe Spec(R) and k(F) el o huile purcly imrparable held exbension. Replaw
K by Rp aud omume Hhak L= k(P)(x.,_,xu) wiHde CL:k(P)] = qup” dor some
vel N and L3¢ R(P). ke May  oAMwe. thok ¥, —, wy ar iukckmx ove- R and
puk- S = RO, —, xwl . Obuously, S sakis bes condibions (i) and (i0).
Caim: S is o cowplele.  Local Vg .
B ool Coim: Swe S is o il R-wodule, S i complebe. 1nde vapeck to Heo
Joccbsow vodital of S. Tt wmeiws Yo show ok S is Docal. Gousider M Ak

w=fyes| ylewm <R,

Obviously, w5 we ideal o S. I xe S-w, P xV¢wm and x9 is o wit of R.
T w s e waxwal ideal $ S and S is local.
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TThew S ROy, —,ya 2/ where k=S/n. Seb T-k[y,,__,y“] ond osdume  thol

BrQar vl Q=(g,—,44). Momowr, Bb huy]yen be o pobass of k owr kF
omd bk D Dor (M) be He denvahions debined by Py (u))=3yx oud Pyly) =0
dor all l&i&n. B PeT s o priue deal it ASP L\l Uz.zb} 4he {-oﬂm.n’wa,
Conditiows are 2quivalewt-,
(@) (MR)p s vegular
(b) Thre ove Ay, A&l s Hhak
vauk T (4, —) giy Du, —, Dig, by, —, Yoy (P) =v-

lb 3T be He ideal Qenerated by R and &)l vxr wivors o wakniug of. e
dorw T g, —ae Oy — D, %y, _.._,'%7“‘) whare. Ay, A is i g
Hoough ol fuwle Aubrk ol 7. T

() s roulor e=p T4 P
and 'Rg% (7&) is opew. in Spee (7R .

(I&.W)—ﬁ\wmm: Lk (R, w, k) Le. o Cohrp\e.\t. AOCAJ Ntc“\:.v{awt.. h‘k%-nm’R is —Re.%-?_.

Proel: By (13.1) e have o show:
o Loevy  prime ideal Pe R and Wery purely  inaparable feld exlension k(P el
Hee (s o fuik R-dgbra S wil

() ase L

() ’R..-%(s) is Reg-0.

(%) Qs) = L. |

loe PSR be o Ph"\m:. ideal . I char k(P) >0, thew Bp is @ omplele local
Neeburan oug o 2qual charackrishe pyo. The aaterbiow follown bk, (13.13)
I cher kiF) =0 and char k=0, R is o Reg-2. wng by (13.2). I
char k(P) =0 ad char k =p>0 , Hhew L=k(P) for all Huile pusely
wieparuble  beld  exclensiows o hP) and i rewalin Yo show:

kb R ke a Complele. focol NeeHuriaw dowadi of. unequal charadenshe .
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| “\cu_.‘ R g "&%-o
17 Cok:us s*m&uvc. Hheorem. (10, ") Hare. is o complele. waudor focal wwg SCR
aotha R is a fuile wodule over S. Sk QAR)=L and QUS)= K. Swilar *o
the prod ok (13.1) (e Claiwe 1) Hre is an element e S-16) Ao Hhak R,
s o Huile e So-wodule with basis W, —, o, & R, Cousider Hua
discrimn ot
d= deb (4ry, Lupw)) isr, Igjer © S
Siwa. L s beporable. over K i blloun Mok d40. b QSR be a Priwme
idea) Wity 0d¢Q oand A PuQnS., T cubedding Sy —» Ry is taillbully
Pab with Sp a regular fowal vkg. Morouer, with R =Re k(F)= (%),
he have Hhak
= db (brg o) @T)) ¥ 0 i k(P)

wnd by Bowbaki, Qlgbra, Chop. X, §2, Prop.l Ha ving R is dhale ouer k(F),
Toan R is a produck- ok ledds  and by T, Theovewe (2.63) Hhe wug Ro

is veqular- This shows Hak K is Reﬁ_.o.



