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CHAPTER 'x:!_; MORE ON THE STRUCTURE ©OF WRRMALLY SModTH MoRPUHISMS

- }1: THE CoMPLETE TENSOR PRepMcT

b w: (R, ) — (S1) and v (Rw) — (Tyr) be local morplisms of
local Noetharias 'h'u%),. For all LieN we hove (uol ucussmﬂ’\) 'l'u.y'.ci-i‘m
natural morphisws ol S@ T—modules:

T, n"QR_‘F--—» S@® T amd o SeRu-J'--.... S®, 1.

3 R
Hesea for all e N ;w,('c:‘)-&- lw(ﬁ\) s an ideal of S@g T. leb NZ be

parkially oderd by (4L{)& (U057 ) €= (i and 6§ Theaw Hhe Ak

L g°R‘l"/o'm("-‘-,;.)"> im (), \’(c,‘?\.(_gl,ﬁq% (yem® IS an iwvere sydenc Ve

"ti.ﬁ»u‘,j*‘) : SegT/ M(‘tg‘)-@»im(cﬂ,‘) —> S®RT/ i fegy +
is Hha natuval “op Yor (442 Wi -

i m.(e:ra

(ﬂ.\')"ggﬁ."u{,-\-iom “The ﬁn%
S&T = Kiw oone SR Vuimye i 157
is  colled dhe g.s_m.plek. densor Froéuck- ﬁ_ S and T over .

Tefive. o -k‘;o(o% ™ SepT by ‘hkiu%, Ha Adsg e
Fimesy + i (o) [ed,4)e N2 =) i (e, T+ ine (S®, 1) | (i)e NJ

@ o bonis for He opuc hdi W SepT. T cowplele. deusor produck
ST is He cowplhow of S@LT with vespect o Huis topology .

Gusider Hw ideal

M = im (o) + u'w.(—r:,\) = e (MBRT) + iw(S@Ku“Bz n (Q&R‘l}} + H'(SQRT\}.
Thue {fbr ol e ™

mr e a'm(x“'aa‘r\) +¢'m($&&u""‘) < m*

omd %8,{1" s He an.Pchou. oL SegT wil m?e&- o 4
W -adic %Poioég}.
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By H universal property. of o densor pméuc%- we oblaiw. for all e N:
SegT/ i () + (g & Vil & T/l |
e particular;
SO T/ & Sheopg e & S8 T/,

(n.2) lewme : ek R be o v(u%, and TE€R aw ideal. Suppose. Hthak- K is

Comrle&q__ i He T-adic "opo‘o%%. Thew How fo“omiu.% conditons ase. @ﬁm'vakw@-:
(& R is Nockheriau

(b) 4(R) is Nechrerawn.
(S Rir s Neetiewios. and T4z is o f\'m' Hy %n.ne.mu R -wodule .

M: “ome.wov‘?fe
Recall Hhe -(ollcwiu% Heorem ﬁrow. qn.

Theorewe A3 LR be a rwg , TeR am ideal and M o R-wodule .

Suppose. thak M is T-adically ideol - separaied. Timw Hec fellouring.
Gnditous are tquivalent:

(ey M is Mok over R.
(b)) Mxm & ok over Rir and do- all ne N +he natual Mo
Yu! T/ @y MM —— TUM/pmay
s B"@&_Hvt.

Note. -Hhal Yo 1S alwwgs surgictive . Ow R-wodule M is called
L-adically ideal ~scporsied i Jor g ideal FER He R-wodule FR, M
i Mp&rmﬁui e the T-adic '@bpoﬁo%.

k) Theoren: Lok w: (Rym) —> (S,0) aud (R,m) — (T;ur) be local worphisms
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of local Neehnau vings. Suppose thak T is complele e Hu te-adic Yoplogu.
ond +hak- e veard e, -Felc\ Yn °£ S s o %’W\dy %L\\c.\v;\eﬂ (-R'“’MOA\AC..T\@M.‘

(@) S&T is o cwplede.  semilocal  Noethenarc ng..
(b) The ideal n (S@{i") is  contonued e He Tacobson vadical o) S&; T Mowover;
for dl ce N wille 150 Hue is isoworphiswe of wgs:
SET/u (T = Wi QT
(Q U T is Yok over R, Hun SBT - Yok over S,

Trood : () Siwe S/a is o Fulely generaled R-wmodule |, +he ving
S@rT/T. = Y @ Vir is Qchinian. Mowower, T/anz is o howomm?\“‘c.
O'thax, o ("/n"&RT) @ (Seg Yirt) ond hene o %‘uﬂdy Yeneraled S@T-wodule .
By (h.2) SET is Neheran. Siuw HC(SET) is i the Tawbson vadical

ol S&T and SHET/MUSET) ¥ SeRT/m ¥ S &g Ve cw Qrbinios riug,,
SBT s o Coupkle tewilocal Nocheriou fing .

(b) be woy wnle:

& 1T = 4 Seg T,
S & 4-~—-£' 2 peN® X

T (ud &T)+ i Sg i)
= ’gf;"i."'u,peN& Tt & Vil
| = ;Qi;‘:.*»(-%;%_ S/niﬁgvui)
Tor a fixed (e N &R_ﬁ& (S’n':@RT/u'j) is e complehow of He g, @, T
wiHe apect o e 'U"(%/uigk"’t’“)waéic. %po\o% By omumphion. H is o
%‘uﬂc\)« guerakd R-wodule | heme for oll ie N ke nug Y s o -%w_\dy
Panld R-moduls and S @,T is a Fiuilely qaweratd T-module . Siwe T
s cnwFleﬁe. (e He o-adic %Po\o%ra,\) ; 5 He h'ua, F' T wad e obtain
SBLT = fiw) Sl ®gT..

by He umversal property, el He Htensor produd-

MGT = ST /im(niegT)

= 3 &RT/ " L( SGRT‘)
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ond ST e (50 T) ~the mupdon 4 S0, S yobidar, » 53
is codaiwed e dhe Jodbsoiw. radical ol SE.T  and '
S@KT/W"(sagT) = S®R-T/“£(S®RT>

Yt ® T

show (.c-\) we wod 4o %?‘\l “Thearews. A3 frowe M wndle
MZS&T, R s, and Tan. By ()

In oder do

SERT/W(SHT) = Shi @T
and SﬁﬂT/hi(sng) is Aok over A, Amw T s Yok over R.
I order 4o show  thak
s B, c39;{‘7»: (S§T) — “L(%KT‘)/R‘*‘(S%T\)
IS 0w tSsm&P%msm_ for all e, comsider 4he xack sequeme. of A — iuo&des.
0 —s MYin — S/n”" ——t S/t —> 0O,
Siwe  SET/ueH(sé X T) i flab ovem St | He Sequence
0 —— Wi ®spiri | SORT/uiv (s —r“;} IR S&8: T/uiv! (S8 T
IS exack omd A s iichve . Nole  Hhok
" Oy (SETAMSET)) = (Vi &, )@, ST ins)
= Wi g, (heg ., SSeTminsaT))
& Wi g, (BT (sETY)
aud Y. 15 aw isoworphiswe fer ol ie ™.

W oremains do show Hhak SET is w-adically ideal Aepovaled . Lok eS
be aw ideal - St S is Neelurow To (S8T) is o @»mwy eneraled
S& T - wodule . By (o) SET is MNeetheviosw. and by (k) n(S@RT} s
codasned e He TJaobsow radical of ST Hewe T (SQKT\) is
)”F‘“‘“)"QA ne Heo n(S@KTs—oﬁic %poiow and He Heowewe is Proves .

(IIH) lewwa: Lok (D, n, 2,) be o discrele valuakiou HM% wide waximal deal nexD

and (R,wm, k) o loal WNockhenow. D- Ol%nkm. X x s R- 'ﬁgu.lo.\f‘ thew. R
is {Jo&- over D.
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Proof + Cousider e act Agquence. O —aD-EasD—rl o, m&ﬁu% wite R
over D yidds o «@ou% trock  hequence :

0 — TorP(R,2) —s R -2 4R + R/xR — O,
S x 1§ R-reqular, Tor P (R, L)=0 amd siwe R i Nedhoraw with x
@whained e He Jacchsow-vwadical of R, R s xD-odically {deol ~separabed .
By 9, Taorswe A3 R is Yok swer D.

(15) Theorom:  Leb (R, we, k) ke o focal NoeHherau g, (Sove, L) o complete.
Tgudar beal Wag and o k-olgebra . Thew Hhee s o owplele docal Neetheram
{o.i-\-h&.dty 4ok ’R-al?km. (Sim, &) 20 that-

S k=T S/ms T Sy an k.- algavas.

Poad : e oy amume. thok R is complee aud ok ke Sy, We med 4o
Jkl\’n?,..(sk fuo  cases:
Gael: L is Aeparolde.  ouer k.

I s cage by (?-%‘7> So owhiun o welhoiad- fidd £/ il ke £ oud
by Ghals shuckuve.  Hhegrenc S S0t b1 o k—ah?km whoe *y, —, £
e vadales sver £. By (10.3) Hhoe is o complele.  Local h'u%, (‘fju-,ﬁf) Ao
Hot- T ig ?iai-i&%\d\\l g‘a}- over K aind “ﬂg»ﬁk"m‘ﬁ (w pm-i—mxjo.r, £ s e
wsidus fdd £ TY. Y wao, thabis, So=0, ad- ST I w2, ack
S=TC, —t, 1. Swe T is fa&-\-&%diy flok- ove- R, & is & and
S@ck T (Vm‘r") ey, — 51 = Ly, — £, 1= S, on k—ai%gi;ms.

Cose 2: £ is nob Mparoble  over k.
Suppose. Hhak  char i(z,:‘ﬂ:z omd Lok P=T, dewole Hu prince. feld of.
characlerishic p.

b R= 2y and (3,00, P) ik compleion. Sine R i complele., Hee
adwral map §t Z — R ahuds o a wort hisuc o rngs 3,?-%0 —R.
By (0Z) Hoe s o couplle poving (0,50, K) whide is flab over D, with



210

'DG){;;P = k. Morover, Ane k is separable over P, ﬁay (‘h\s‘) VU 5 pD-swoote

e B By (108) dhoe is o focal mophisue wi D —> R twhich induces Ho
I'Scw.orPhisM uy o He vesldue dields.

S 8 a Cowplele. vegular focal h'u% of- &c‘uol chavacknshic and thue s
& vokurol \«u—?hisw. = %., — S ik S.®5 P S, Mow.om.r) sua. £ s
Aparable over P, by cone | Have s o failihlly Lok couplabe Bimagiea T
v T@/ﬁo? E S,.

Gusider—  Heo Cowww%nkw J\W &2_ mr‘p&\isw‘s oﬁ h‘h%};

X A

D— k = 5,
t te
A

D, + T

Whave § is Hhe  wodurol nap . Sine. T s complele. and D is pD ~smoothe over fﬁ;, :
AV ls do o beal %;-ai%‘_km_ wmorphisne. v: D —a T Moreover,

T@Dh Q-'VPTQTQ,@?E Se ol k—aj%kms :
Sime T is falbihdly flok over D, P is o Toregular dewend- amd by (1.9)
Tis %ai.%{ﬁdkl Pob- over V. Thuy we hove Local &uor];hisms u!(®.pb}~+(?,m)
and  v: (D,pd) — ('T]ur) Whve T & Mok over D and Rim=k s Vpp o
«g\'uﬂd\, Guerakd D-wodule. By (1L.3) Sz’R&DT' is o Cowplele Semilocwl
Neethawai Wug which & ok over R.

How.omr) S@;Rk = R&bT/m (Rgb“r‘}

R/m &, T

fie w2

Toyk = S, an k-algebras.

Taws S s o local vug | diae by (h3) wS =wm (RE,T) is wukaitud
i He Jewbsow rodical s RE,T
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$2: A LIFTING TUEOREM

(116) Lewma: Lk R ond S ke rngs omd T, 7€ S ideals. Suppose -umL Heve i

%wm_, o Comwurahive A‘&%mw. e \mg, Wtorp\usw.s.
R + Sk

Pl iv
Yy —F—— Yy
Where v and L ave Hhe na}u.ra.i waps. Thew Hee is o worphism. & R--—-:»S/In}
so Hhok - Rp=AF: 'R—-———-—-tsét:ng,ms/g amd
°\=§§ R -2 Yy L, Su
wheve. A %J@ axe Hu. uakurol Waps -

ffr_ggg: Rt nole dHhok He wakural maps At Srng, — 5/3, ond ges&m&*—* S/
mduce (%7 Ws’erir.%-iou.\) isoworplisus  on He S—wodules:

N Ty e Teg/y and ¢'s ¥frny S Tigi

leb- ve R and xyeS wiHe «(r) =x+Te & amd Bir)=y+7}e g .
Thew Alx-y+Tny) e T /g wply ing ok x=y+In}e Dhony and x-yeT .
Siwilarly, ¢lx-y+Tay) e Tt/ and Heefoe x=y+In} ¢ Yrny amd x-y< .
Heme  x- y+In} = O+In'L. This shoun  Heok for ol re R e is a

m«tﬁm demad z e 5/5:.—.3, so +hal- Rlr)=Alz) onmd d(r:} e(z). ”Def;.ug_,

§: R — Sf.r:ng_ %7 Fir) =2z omd '\mn?\& ok 3 s exwwn—r:hsu of. Mngs.
(07) Theorem.: Leb u: (R, m) — (S,n)) ond w: (Rm) —— (T be local Morphisws
of local Nocthenom. Tugs. Suppose thak S & u-smooMe over R aud that T
s mm‘p\&e. lek TeT be ac idedd and Wot S— T/ o loca) 'R-ojei&m_
Morphisw . Thew W, Lifh 4o o Loeal R-algelora worphisue. w: S—— T,
Hhakis, e dicgran. S e

""’:\ % A @wimubes heve v s e wakural WMap.
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Pool: Lok pie Te — T awt dewote Hhe nakural Wep. S S is u-Swookh owr R,
for ol eN o Mop LWy S — Tt Ll b os. R-algebra. womphisu
Wir § — T, Hhak s, Ha d.'o.%,mm:

§ —pide ., ot

PNy

R ——— Vs

Commules whee X is e waohural wap . Ju ?.ne.rnj, He w, way wol 'K+
h?uwr', Hok 15, Hhe A(a.gm.m:

S —-——.l’.‘.—.—.—__; 7': L.
1 -
W T
Thrin

oy hol cowmmule where o7y ;& Hhe nokural wap. W Ha k\(om’u% we wonk Yo
wushuck for ol le N R~ 0-\?.\>m. wmorplisws  W;: S —a TArL 40 thad bolle
of Ha {ellom'wﬁ, dt’o.%m_ws Commube. :

S _____\j’_»______; -'7u-‘-. and S Wo T
e T o e | o
Wecn Tl ———é:—-—-* et

Fx on leL and Auppese thok Wi S — TAcl is an. R-algom, worphisue
no thal- Y diagrai :

S Ve s
wol L
7&:': _ 1?5:4-&:'& commules .

We wank h  coushuck aw ’R—d%&m_ Wm-?%'sm. Wit S 2Tl po that
+He ciu'a%mms

s We el and 8 Mo T
m Fe o b IR s
: Thein Ve ey %{» b

wwwule, We Hob show:



Uaim: There is o K- Oj%&blo._ mor‘p\«\'.sm. i S—Trivt 4 Tn* ae thak Heo Aimam.m

8 s Y ond  § — T

\k\ t— (! b friv
Vst T e Their e Tnut —— g Ty ool
wwule. Whae o and T ave the waluval Mops .
B o Gain: Gusider He communbive &n'a.%mm_ of g, worp hisms «

}‘Cﬂwa i Ll“
Tarer —X L Thef

hove 3 i He wakural map . Obviously
et = (Teim) /(u'i,/d-m‘)
Vi s (Vigin)/ (T+ u—i*ymg,.f‘)
Vot E (Vieiw) / (on + TR o)
By (L&) Hew is we R-dgdbra worphis
A: § —a (‘ryum)/(w};,gﬂ}n (I+a:¢*y¢¢..;) BT/ Tt

Ao thok Ho -Fpilowiu% J\'W commute ©
s —% 2T

. " w .
ond § Minle | Ty it

\ T \\\ t e
A 4

AT, SO T/l T et

This  shows e aim.
Jw order b fsle He proef. cousider e commutative Jéa.%mm:
S b —* -Vu"*" +Inuv
bty
R + T/ e

w&mg s He nobwal aap. Siwe S 05 n-swoot over R, dhewe (s aw
”R-d%gl\m. wor?%aism. Wiy + S — Tl o b obbalu Ha '?eﬂowiug(

Cowmnantative A\'a%mm: hY —We T/
Wi & \3‘{‘ T<
AT I T/ T ot .

A3
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et

S o T
Wit L L Mist
. Al .
Vi —2el iy

N

-r)/u-.f-t-l J-Innr':
lu?'wna, +Hhak- Ai-l-l Wi = T Weyy = vl = Moet Wp .

“This Wouo e Com- Comstruck o Mﬁmm Gg_’R-ol%eLm.. \Mor?h{sws
Wo: S = TAC a0 dhoke ‘%«H“ al e N 4, A‘Q%ru_w\, |

W, .
t B“‘"H
Wit .
Tt

Gwwmules and wch wo s o t@Af;*@:ug, of Jaei g S — T4t Sue T
s cowplele , Hure is  ac R-algebra worphisue Wi S— T whide Lfis Wo .
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§3: THE CoNVERSE OF THEOREM (4.15)

UL.8) Tropesition: Leb u: (R, k) —s ($,u) and o (R,wm, k) —3 (T, ) boe \ocal
morphisws o Jocal Nocthenaw Wugs . Suppese.

(&) S and T" ave cowplele

() S is w—swmooHe over R

( T is Hab over R

td) Theve s o \!—n}%cbm. t’somorpht’sm_ do: Sﬁnh—-;-‘-*.rﬂkk-

Thew Have s 0w R-algdova sowmorphizw. h: S E4 T wluch induws

hy=hgl: Segk — Tepk. Iu parbicular; S is flak o R aud T i
e siwool. over K.

'Er_gof_: Leb 9: S —u Sgrk= S/ms  and Jor T —eTogk =TT be +the untural Mups.‘
By (1) e K- algdora. Morrkisw_ Woe hgv: S Segk .f‘.f..."r@,&k VT
dh do aw R-algbra worphisie fo: ST so Hok Ha d
4 X .+
v Lop
S/us ---—&3-—-\» VT
owmules . By (0.2) A i hi@édw’ve_-

aggron

(04) Theorem: Leb u: (Rym, k) —— (S, L) be a focal morphisue of focal
Noetheri au h'u%&. U S is A-Swoole ocuer R thew S is flok over R and
Se ks %wme.%s'ml\) w.iax‘ over k.

M: '&\i W.?‘) S@EK is m{S@RiQ-smw%. over k.. Thsu, L); (&33} S@Rk
ts %wwe.%u'cdi); vegular ouer k. I+ romaius do show- thak S is flak ower R.
Sime § s faitkfuliy flak- cver S and WS -swookh.  over S| we Waoy assuwe

ok S is cowplele. Sine S, = S@& k & s s Gowebically  reqular
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ok, S i a vc%dm'* focal \'\'u,%. By ULs) tere is a aow.P\c)k_ bocal
NoeHuen'can -fa&%fdl\, fak R-algebra. (T, «) 40 thok-

TOzk = Tur & S = S@zk an k- al georas .
By (48) T and § we isoworphic.  as R-algibros. Thus S is flab ower R.

UMO} &m“aq: Leb w: (Rw, k) — (Sin,2) be o focal mrphism. . lowl
Nocthewou n'vugs aud Auppose thal S is w-smooll, ouver R.Thew R is a
N%»Jax- $ocad h‘u% il awnd mdy if S is a.\-%gdar local V\'u%.

’Zmi: By (4) 3 is Yok over R and S@zk= S/ms is quowmeivically

regular over k. TJu parhicwlar, Sws s a requlor {ocal rwg . The arerhion
‘?b“ﬂw: wi-He ~<i)”,'_me°pw_ (g,‘i3>.



