. §s: DIRECT LIMITS

(149) Definibion: () & divcled seb is @ parkiolly ondend seb A such Hhab for all X, ucA
Here it an dewad VeA with A<V ond IR

(b) Lr A be a ving , A o divced Aok, ond in\}\e/\} a M|7 of. A-wodules. Suppase.
Hhok dor tack pair )\)},..eA wite A¢p Hhoe is givae aw A-livcar map 37&« M, —

H
sothak (£) dy=idy, dor all AeA awmd (i) fobon = bon whuewr Aspgn.

/A.

Thew | M,, ‘-’-)‘X‘S is called a diwch _S_\rﬁ. (ef A-Modu.\e.s) ower Hie divecled seb A
Nole +hok om con define divect syaloms o} scls, groups, rings, dhe . actordingly.

(7.76) Defimikion: (o) Leb- 1My, L0 and }My, $,] be divck ayclews of A-wodules over e
divecked A= A, Q. mowhism. (or an A-linear wap) y: My el — I b

is o fouily of A-liwar maps @ =3qy: My—+ M | AeA and g, A-lineasr | o thak-
for all Agp, J,;Qup)‘: qp.;ﬁ, Hhak-is , He diogra.

™M
IR
x il l"f)...
")
M ‘T,;;‘“ M. Owwides .

(L) Lo 1My, 0,7 be o diveck sydewe o A-wodues over A and X aw A-wodule.
Q worphiswe (or A-likear Wap) ¢: IMy L,  — X is o Jowily o A-liveor maps
=3 gp: My — X L XeA and ¢, A-livear | Ao thak dor all A, e A witle X<,
€= Guobuy , Hhakis, the diaganc: My T2, X
$n :)b/‘;)" -

(&) L 1My, 10 be o divck Agew . A-modules ser A Qi A-module Mu toghher
with e A-livear wap 4p: AMy, 4, ] — Me is called o dind Bwit of 30,8,
| iF Jor touy A-liea wap - M| — X Heeis o unique A-livear wap
LMo — X noHuk gy = hyy dor all NeA | Hhakis, He dingraw:
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ALY
Mx’_h.
¥}"\l \‘M”—Lix

Nohabiow: M, = Dwm M)‘ = Ii’ﬂ My
A

—

V1) Thearan - ek 1M, 0] be o diech syolen o) A-wodules over A Thew Ling M, exishs .

Prof: Lk C= @neaMy ket diveek sum o} the My aud iy - My — @AM, the
holural embedding. Lt DeC be M subwoduwle whic is quucraled by :
L) = oulfute)) aeMy; dgply.

S M, = /D omd define A in,{,,,xﬂ —+ M by 4,00) = {(a)+D. Obviously,
=t $a for Agp.

ek ¢ {MM,('_}A} —» X be an A—-\mmr map. By Hhe wniversol ‘nc‘:g\-"—& of N
divec sun. Hare is o Unique A -linear map q: C=®M, —» X so thak
FA=% Jor ol AeA. Thew for all A& A and all aeM,.

3L e (e = QRN -(§5) (o ) = 9@ -9 fa @) =0
G fockovs Hrougle M, : C E x

Mo

¢ wlere V- is He camounical Wap. Nom:ue.r) ?a— all
A —y

1\6/\4\\4.&'% MA———*C,———-—;M"

L%/
ommules .

The uniquemess o} A follows siue Mg, s queradd by UpeasM,) . Tius Ma“ﬁ'ﬁ‘.”&
J.,%.,um- wite 4 8 o divck Qwit of %o by

(7192) Proposition.: The divec Liwit &u}. M) o a dird Ayplews. )\MA;‘-A‘\ is Wique
up o isoworphisw .
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Pef: Homework

(7.73) Examples: (o) Leb M be an. A-module , M, &M subwodules | )\s,‘, if and ouly if My=M, | and
ba: My —> M, Hhe inclusion. Trew Ling My Uy My,

(b) Leb M be am A-wodule and My, iuc.\.'i H divech sta\em_ e all g(hﬂely gureraled
subwodules o M. Thew M = gga_’ M, is a divck limit & %—iu'dd), quucraled A—wodules .

() b A b o ring. aud Ay, inch Y dhe diveet syl o} ol *iui\d\, qureraled Z - subolgshras
g A Then A¥ Q_i!a’A)‘ is @ diveck Vit o Noctherion rings .

(17%) Remark: Leb My, Lo and M, ,L‘)'_L} ke divech splews of A-wodules over Yo
dincled s A and Lk ¢: M, Hal — 1My, 40T be aw A-linear wap. The e
is o wnique A-livear map A ) Qu‘m My — Biw, My with 4l ¢ = fiw liw, p, ¥y -
Cobare Ap: dM, 00T — Rine My, 4" 1M4 ?'/""?' —> R, M) ar e mahural wags.)

’P_v_u_o,_: '37 Hhe  defimihiow of Hoe divect limid ('l.‘lo) (c).

(T.75) Poposibion: ek AMy, 11 be a divck sydew with, diveck limik Lim My amd uakural
Wops 4, M) — QA‘_!«_.M)‘.

(@) For all me Lim My Here is adeA aud an demendt myeMy with 4, (my) =wu.
(6) Ik myeM with /h(mx) =0 +hae there is a p3 X with #,‘(mx)=o.

Freed : (o.) leb- me biwMy . Sine Riw My is queeraled by J (M) pen we can wrile
M= t:;“ N, (“‘—c) Leb- Ae A witle ;¢\ forall 1ggr Tha 4{,1_‘(mq> ‘b\('F/\t,_(“‘tJ)

and wiHe My = 2 B (g) we hase dhak m=4 (wy).

(&) Lk §: My —— C= ®pa My be Ha canonical ingichions , DCC Hee submodule
Qeneroled by l(iA(o.) = G (L (@) | aeM, . X $pl - By coushuchion of IQ,M,\-::%J
¥r(my) =0 implies  +hak-:

(a-) i,\ (lu,\) = ?;4 ('71-(::) i‘,u::)r (”'—-;-) - Lc(“‘t))
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lek- e A be larger thaw amy index which ocours in (). Tn Hee bllowing we
ik o inslead of pi2) with po dependent o . Thwe
o dea () = (& fon () =ty (mx)) + x (my)
| = U for () = 3 (1)) + Z (G () = i)
For tack T:
G bue (mc) = iclug) =(io o (mg) — o lmg) ) +
+ E"r #7/‘_( f/uc(“'t)> "‘le/u: {“"C))J
Thus we cak wrle:
Aea () = I i e () — Eo () « @ My
where o is iudependewt- of . P THE, thew ( () =0 and no=0. This
;MPlic.s=
Gdaa(m) = 4 fo (ng) ~ 4. (ny) =0
Sine .‘W,:c'd. -Tk-ne.farc {‘n\(“'}‘) =0.

(10 Thearem: L M3, 25,7, 1M, 001, (M LT be diveck syslesus of A-wodules
over Hhe direcled se A and W {a,‘.":{Mx,.[.}'d'ﬁ — {MA)‘_}U\‘ amd
{Fx.'] }.MA,QHQ — lM,\",.f.;,J be A —linar wops so Hal for all NeA H Sequance
My 22, M, —-E)‘——'M)'" is exack. Thew ‘\‘\u.S&‘-l\u.hu.:

Bag M, Hm g My B, g MY s ead

Froof: Lk Ay My — L M) and 4, 4, respeckively | dewole. He canonical maps iwle the
divect limib . S xp = Qﬂ!, 2 and Po= Q_\_nﬂ,ﬁ,\ Tor ol Ae A we have commutative

H ) I o4 AN
Lim M e, Lo My DMy —=—s Lim M)
U) Pbegb—.;o.

Py Lev l'ef_l'_ﬂ_\!,'M;‘. Thew Hwre is o AeA and an wye My wile 4{»)((31}‘)=z.’.
Than ul) = e Hh ]} =4 3 o) 0nd B w2 = Bty 4 0f) = 4 B () =0
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(2) ku-(p.,) S im(xg)

T (2): Lk ze lim M) wle Po(2)=0 aud Ik wyeMy with ta(mx) =2 Then ,
Po 4y () = 4 Palwy) =0. By (1.75) Heewe is o peN with Mgy so that Lo Balmp)=0.
Sie 24 P = PP--Q}O\' we. oblain [S}‘,(#,\(m»)-_- 0 and Hevefore {-M(MX)E:\?:.‘-([S}‘L)=
elap). Lk wie My witle g (ul) = By () - Thaw oo ¥y (o) = Y, o0 (i )=

Y () = () = 2.

(,'7.7'1)'1'&9&&: led A be o ving, N o A-wmodule. , ond {H,\,{.}U\hﬁ o divck siplem. of A-modules over
A Then {Mx&AN,.{A@k\} is a divch splenc of A-wodulen cve- A and

bu (MygN) = (Lin My) &N
Le. the deusor produck commudes Wil diveck limils.

Preop: Obviously, {My\@,N, .{’.MQCA]‘ is a divech syplem o) A-wodules. Thew is an
l'souev?\n\'slu. @ (N)\QN) 29 (@Hx) &N which Wmaps LALG.QL) ‘o li(o.)@lp . Umnder
Hhis wap (:)\(O.&b) —('7.,((?7._)‘&\}:\)(0.&5)) is wapped o (L,\ta.)—':,‘,({-,‘x(a.)))ﬁk .

le- D be e subwmodule of @My Geueraled l:y ) ala) —%L{;}A(a.))\a.e—M)\, Al
The  sequena

e, N —&—*L@M)QQAN —_— (ém)p)QAN — ©

5 exack amd weder M isowophisw (x) , He subwodule D of ® (M@, N)
which is quuraked by ) § (a@b) ~ G (L eid)(asl) | adbeMyon, Aeu] i
Wopped  owho iwlk). This shoun Ha anterion .



§c; INVERSE SYSTEMS

(7.78) Debinibon: b A be a \'\'ua,) A o divecled Sek, and \Mx,)\e/\’ﬁ o Qu\ui\y . A-modules
Suppose. thak for each pair X,).._e/\ wile Xg ) there. is %wu;_ aw A-linear map:
ik)\.’ H,‘_ —e M, 5o thak () ‘R_Mz iAHg -‘or- ol Ae/\ and (t'n.'..) ""X}.«. 4)"‘) =¥_'\\) wiencver
Mpugpn Then {HM{,AP" is called aw. nuene sylewe of A-wodules ower A.

Jiverre Sylems o} ack, Qroups | vingh ce. are debiucd w&iua,l\’.

(1!71)1_4-\'»;».{-\&»: (o) Lok {Hklb‘}t—_s ond {M;,g;ﬂ_‘g be invere s\da\e.h«s of A-wodules cuer A.

O mophisw (v aw A-livear wmap) @: 1My, B § — 1M, Bl is o Jomily o
A-hnear wu:.';s (?-.it?)‘: MA“’ H): | Ae A\ and YA A-\l'\u.a.r.j Ao thak- ‘?or' all \&)4.:
'Ap. ‘f}.. = Y, _f_)‘)‘_ , thal is, He dio.a,.-nm_:

Mp e My
b, | Ly,
My L2 M, commules .

(B) Lk iMy, 1 T be an invene syelem of A-modules over A and X aw A-wodule .

Q mrP_\‘LS_k_g (or aw A-lincar M) ¢: X — {Mx,h}:ﬁ is o fawsly of A-linear
lko.‘)s L’:‘QX:X—-PMA‘ )\GAOM.JL“ A-—\\'\u.nr-'s So‘“rm\- ¥or- all X)).._e/\ wide
A, = Pyt thakis, He disgramc . x s e

q;\\‘ L

M)‘ - commules .
() Lek 3My, 8, 1 be an iwere sylew of A-wodules over AL G A-wodule M.

fogetur  with an A-linear Mop 4 Mb““*’”&;-‘-&,:s is coMed oa iverre lmid
o "-HMX-X}:S L for Luua A-livear wmap ¢: X “—’{MA;"'A).;..& Hee is @ unique

A-luear Wap h: X —> Mg 5o Hal ¢y = & dor all N A, Hhak &, for all AueA

Wi, As}._ He Aia.am_u\. /‘f,._/—_\. My

e~
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Nelahow : M, = &_\!_ M,\ = )21' H)\'

P
A

('I.Ro)'ﬁieme.m: Lt 4N, L'\);S be anm inverse Splew. o A-wmodules over A | The iwverie
(™ o‘e-l__u_t M) exish.

Pro}: For all AeA ek py:TTH) — M, be e A-W projickion . Seb
Mo = { xe My | p(x) = gl\,.,(ﬁ-.(*‘)) whenever A €.

Me s a Aubwodule o TTM, . For all Aa A leb- Nyt Mee — My ke the vertnchiow o
pa o M . Ror all Ajpe A\l Agp ond all xeM,, ~|»,‘(x)=fa(x)=£)‘}‘_(?ﬁ(x3)=
Buc(hotd) - Tawn Ay =By, 4, and (M, — My s ane A-livear
mop . We daiwe. thak M, fogeer wille 4| s aw iwvere Luut &L%HA,\-A,.\-
b q={ng: X — 1ML by be o A-tuac wap, dab-is, By, g, = 9y
whonever A<, By He universal propecy of e diveck produck Have is om A-livear
kmf g X — TTM, witle PAg =9 tor adixeA. T Agu, Hun

Palg00) = () =y @ ) = by (plgb)) ,
and %(x)e Me . Tuun % iuduus o A -liwear Wap h: X —a Mg with ~|;\L.== ¢, Jor
al he A . T uniqueniss of g Yields oo Wwniquevess of h .

Nole: The iuverte liwid lim M, is um‘ﬁw.l\, delerwmined up do isewmorphisw .

(7.81) Exawple : Lak- pe Z be o primc wumber. Hr oll ne™N [ nx\, Lb "’u-rku" yr‘f‘k) ""1/(f')
be Ha comonical sumichion . Tue Ack } 2/(?\») ) -g-mk,u.} is am iwverie syplew . Th inverse
Riwt- &\_!Q_ 7-/(Pn) = ZP is e Hu.% & p-oadic Mu\u\w_ﬂ(iu\g%u-a) :

(182) Remarke: Lk ¢=1g}:4M,, 5,7 —s 1ML LT be o A-liwar wap of ineve
Slons. Suppose ok 4+ Dl My s My ad B M oM ane
Abruchure Waps dd He wvene Wiy . T all A poe N witle A< we have o
commutakive. Aicuarnw.:
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¢ ’
. M —&— M
h My My

This ndwes o A-linear map Liwe gy ¢ Lwmy, ——+ L My,

Toe is o diffocd way do Hhink of Limy, . We hawe thal Liu M, <M, and

Lim My €My ¢ =i induces aw A-liwar wop e, ew Mo dieck produch:
T M, Ten T My
u Vi
_pi-& Wy Liva ¢

s ’
———— Lu W

(7-83) Theowem: Lk {4, 20,7, 2040 T, M0, 20,7 be invene siplems o A-wodules over A=W
Suppase. Hhak =]y 3: f“x-{-.\,J — i b ad B={p]: l”.\,h,l——"l"\ 2w

A-livear Maps of tuvern s*\e.ms wil, 0 —p M L——»H,\—L-b MY ekact for all AeN.
Then C — !:’L“.M,\ ‘"*ncx .Q\MM _Linfs | 'e' M" is exact,

Poch: Remork (1.87) implies Hhol- Liw vy is imickive aud Hhak Lmpy L, = 0.
let- xe Q.L!&_H)‘ wnth (z‘f_l_g Fx)(x3=0. Thew {cr‘ oll AeM PA((&&&P)‘)(K))=F,\(ﬂ(K»=O
awd Hoe is an yy e My wite ) = plx). L yeTy) with Aly) =ya-

be daiue k- yE L Lw M. Tor all Mpe N Haee is o comuwudabve dm%nm
W KAep

Avp i MA-;-,.;,
8 l Ly
pe= A, A
M, % LN 7=

s o Ly, Onase) = Fr v e ) = Braen (P»,F(*)) PAG<) =) -
Siwe &y is ma;.&wc, = '%'k AL (7’\4-;») T y€ Qi Qim M) with (luq o(*) (7)—- x.

(1.834) Tepuition: Lo h’\;‘,h}j be aw iwverte sao\e.m. ol A-wodules over A=™N. We
Aay  Hhalk- I'MX):-X,J sakisfion Yo M“Q“L_‘m&" cndiio. ML i} for Svery Nt
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decreasing chain. o} submodules H’.XPLH},) | o2 stobilizes, Lo dhore is an npeN
So +hak &Xu;‘ (an) - x‘kp. (M/A,) -?or all pny.

Nole : ld-{HMb‘}ﬁ be aw iuvene sylem. over- A=N wible h,,_:“'\ﬂ_——-be surgclive
for all Ape N T M, By sekishes ML,

(1.85) Proposition.: Lek M ke o dived- (o vene ) sylenc of A-wodules (h\uib) over N.
aud lo- (u;,) be a /a’m'c.\-\)o iuoea.s(u% sequame o} iu‘ux,\-s TThew
f My = By My o My i

(7.86) Theorem: Le- {MX)“-X}J , ’[H)",g.',‘)ﬂ, )11"1):',{’.',"}43 ke Muvere S\F‘e.hs o A-wodules
oer N witle 8, . M), —oMf surgictive. for all X, pa™, Asp. Suppase Mok

¢=%°‘A}: {MX') “"X)L} B )lM)\)x-\).:S aud ‘3=&F)\'z| : )\HXFQXF:‘ — ‘H;\)‘Y'.Xlu. ave
A-liwar Waps e} invere sylaws with 0 —p My 22w,

N S M) — O exack
{Dl" ol e N, '—T—m_,

4 ua
0 ___.&_EH;_:_—"L'E’A_; Q;MHX_Q—.:.E"_. ﬁgulf_;o

is exach,

Proof: We omly have 4o shoir thak JimBy i sugickee. Lok z=(z,\)el§_u3 M . We coushuck
U x=(x\) € My iuc\uc:\i\:dy so thal- xelim My aud (liw B0)=z. TRk xeM, with
Bolto) =2, and suppose. Hak (6™ for O ign-] hawe bean cownstuclel wille

(@) Bilx)=Zi 4or OLisu-

(B) dopi @) =%y for V&ignl.

Cousrder +he commutahve d\'o»%rm: My S, M, ""B:-—’ M,
:‘(l." 1 l"l—‘,u_ L ‘F:,_,'n_.
| . = TN Bay
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ld XeM, wile B (%) =z, - Thew P, (;H"_cg)_.x._,) =Bt Pt 5 = P Gty )=
L (2) = Pry i) = Znos =2y, =O. Heie dheve is an Yo & sy with %, Gy, Y=
Foo (Rn) = xnoy . Sww 4L is sunichie e & an y, €M so thal fuct i ) =Yy -
Stk xp = X =y (yy). Thew:
(@) Buloe) = Bulki) =~ Busa) = Bali) = 2o
(B) b ) = sy R sty = o ) = S only,)

= fucn (B2 = %ney $oiw Crm)

= *h—n,u. (”?") — Ky ()'n-l) = Xy -
T wibh xm0u) €M, , xe fim Mo ond ( Lin ) () =2

(7.37) Rewark : ueorem. ('7.8L> also holds tue wndev Heo (\ncake.v-> a&buw.f;l—‘bu_ Hha)-
‘iM){,f-&»] sahofies ML,
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§7: SoME  IDENTMES

o His  sechow  we lisk some. homslogical idewkities . The proofs , ift wok povided , cow be.
{ov.ud . wost bosks aw kow\olo?‘,cal olgebra, for awple. ; $ Robwam : Qu ihoduchow
+ l\cwo\ofm.\ nla;bro_.

(7.88) Remark: Leb IMil;r be o domily of A-medules and N aw A-wodule . Thon
(a) Hom, (@M N) & TT How, (M, N)

(b) How, (N,Tni) = T Howy (N,M;§

We knower frow (L.37) Hhak B densor produck commules with diveck sums:

() (C-DH;,)@AN 2 @ (M N)

Sow @ ad T cowmwmule Wit e ‘omc.kon. qg_ ‘\ow.o\o%*, e idenbiben *_ (7.88)
&(\QMA +o Ha A:YNCA %.u\rjb\-s\

('I.%ﬂ T_mrosi\-ioh.-. L+ IMlier be o ¥o.wti\'7 R A-wodues and N aw. A-wodule .
() Exf; (@M, N) = TL, B} (M,N)
(b) Bt (N, T M) s T, Exty (N, Mi)

(&) Torl (@ J:N) = ®ae::—r5" (Mg, N) .

(196) Tigorem: b A B be o \\ow\omm?\nism_ ef. nugs Ao Hal B is o 4lak
A-wodule and lei- M and N be A-woduley. Thew:
(@) T (Ba, M, Bg N) = Be, Tors (M, N)
() I A s Noclunaw and M i {'w\\.\c\y qoueraled | Huw
&tﬁ (Be\M, BeyN) = Ba, Ext, (M ,N)

Pt e ouly prove (k). Sime M is s'iw{,le\y guuaraled amd A is Neeleran , M has
o B veroluhow F,  widhe R LTS Ao :57’5 A" . Ty l-.y (7.89):
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B &, How, (F;, N) = 1saA How, ( A", N) = Ba, & Howy (A, N) = Be, ®N &
* @BON = @ Houg (B, Be,N) = = Howy, (@8, BEuN) =
= ‘“m“‘B (Be, Fi, Be, N\

omd Hhis isomovphisw. s Wodwral. Hemw Mare is o isomorphism. o complexes

B, ‘“D\M.A( N) e '““"b (Be, V. ’BQAN> Sme B is A-flak, B, F, is

a 4?«._ B- waolubon. of 'BQA\"\ Hewee

Extl (Be,M, ‘lse,. N) = H (Howy (Be,F., Be,N))

He (Be, Hom, (F., NY)

= Be, H(kow, (F,N) (s B is A-Yok)

= Be, Ext)(M,N).

b

Fom. e Univenal ?h?r.r\'\a. of. inverte. limils cwe cam. derive Hhe -fello\.n'n% ?mrg\—ka-.

(7.97) Propesition: L 1M} be o divech (iwverta) syseme o A-modules, N ae A-module .
() How‘.‘({&_n_a‘ M, N) = &m How, (M.‘_,N)
(b) Hows (N, lu M) = Lw How, (N,M).

leb TecA be an idea) and T (-) We domiow fuchor. Nokie Hat [ (<) is an
additive huclor. Tor toeny A-wodule M
(M) ={meM|I"m=0 for some nea N}
= lw (0, T
»Qs'm Houe, (A/x~, H).
alcl- ch J}unrion of. l';:(_.) ave. P local ao\mmo\ég% ?v.ndon. Netatson «
() = =) H_-‘,’;(._) ave odditive funclr wibth H_%(_):F -

"

(1.92) Proposition : uém) = 2_..“’ Exti(%:»,n) aud Hhis isomorphism. is haurd.

Toof:  HE (M) = HE (1 (T;)) = HE (Lim Hom, (R, T,



atly

= ?‘_"_‘, H‘L(Ho\uA(“/I', IM)) Aine i_i_g’ preserves axoctuess
= fw Bty (Yo, M).
(193) Theorem: 1L O oM — M + MY —— 0 is an fxack Aquue o} A-wodules,

Ha Hawe is o 2“% exack sequance :
0 — H;(H'): r_.'r“‘l') — “}LH)=[.‘7:(H) —_— “}(H“) =Q(H“) - "!'rtﬂl) — H-_": (H)-—’ o
Tadhrwore.  this  rack bu‘w.uu. is watwral.



§%: MRE ON FLATNESS

A homomorpisw. of g @ A—B is called Yok, —?0-@'“\-?&“7 Yok, it B ar an

A-wmodule. is Dok, ?m-‘k‘u\\\, QJQ.\\-,‘!AF&N&’ El‘ui\lo.hh.:“)! Oke Ao, ok B s o #Ja.l-,

foiticpully dlak- A~ dlgebra..

('7-‘!”)&?05'1\'{0&.: Lt B be an A—O)T.L\'O. awd M aw B-wmodule .

(,o.) W Bs Y- (Qai-‘kfu.lh, {’.\a.\-\) over A omd Mg Qo ({o.i-\'kf-dl\, -Hd—) over B,
How M ois flak (faitbuly Hak) over A.

() L& M be ?m'.-\-k}\.ll\, flak over B. e B is .’;Jo):—({a-\k?\dly LIaJ—) over A i}
omd O\l\.\\’ W. M i g.lal— (h&{dly{-\d—} over A.

‘Pg!_'. h"‘ i.: e w—t N‘——’N-——-’,N",————b--- k Q.Mq\-l-l-hl-ﬂ- 0#. A—mdl&‘t& QMA
A-limar wops. Taw (£, B) @M = 2. @ (B M) = Ly M.

('ms) Lowwa: b ¢: A—B ke o \nouwmu?\\isu. o&ﬁu%, q€ Sr«_(‘&),?= ‘f_'(‘l)' M
ow B-wodule and Naw A-wodule. Thun Torl (M,N), = Tori P (Mg, N,).

Progl: Lek F. be o b A-wesolubion ef N. Sina A, is A-Hok, Ap® F is a fee
Ap ~ venolwhon. gf. APOAN = N, Thase
-r;r: (M,N>q = 'B"%Tér?(M,N)
- B‘ By HL(M&AF:)
H (Byg, (Me,F))  siwe By is B-Plob
H; (H1°A F)
H¢ ((HQQA,AP>®A F)
H; (MT QAP(APQAF.»
= Torlr (Mg, Ny).

TP Y T O |

n
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By (b67) aw A-wodule M is flok il and ouly it M, is Ay—flak for all mew-Spec ().

(7.9¢) Bropusition: lek ¢: A —B be a \fbmuor?\u'sm o) vings, M ow B-wodule , amd
for QeSpe(®) k. P=¢™(Q) € Spec(A). T H\ouiv.% are tquivelewk:

(&) M is A-flok

() Mg is Ap-{lak  for all Qe Spec(®)

(c.) Mg is AP-pd— forall Qe \M-—SF«_L'B).

Proo + (o) =»(b): By (747) e have Yo showr thadk {-or doery Ap-ideal 7}, _rrAP Mz, A"/ar)-o-
Sime F=Tp Jor some A-idead T, by (T5) TorP(M, Ar/g) = Torr (Mg, (44),)T
Tor, (M, A)q - The loder WOA\dc Vouighes by (7.47).

(€)= la): By (7 HT) we have 4o shouwr +hed *ﬂ\—)&ma A-ideal T, Tr' (M A/I) o.

By (195) Jor sy Qem-Spec(B) , Tor (M, Ay = Tor P (Mg, Ar/z) =0 by

(7.47). Siww Hhe B-wodule Tor® (M, A/:c) vanishes \Ma\\\’ ok Buesy woxiwol ideal
£ B, by He Lowal —global principle Tori" (M, 4r) =0,

b ¢g: A —B be a \»\ouomo\-‘:\u’swt. ol rgp and db-%g: SPm(‘b)——A»SPu_(A)
devole. ke wduwed Wop  glven L’ *q(Q) = 97(&). Nole Hwak %¢ is o wnhinuous
map . For Pe Spee(A) , wike k(P)= Ar/pa, . Thn k(AR STB/ps-p

thee S =A-P. Taw:

Spec (kiP) 8, B) = | Q (k(F)&,B) | QeSpe(B), Qny(s)=F, Q2 p(F)]

1 Q(k(F)6,B) | Qespee(®), ¢iQ)=PY

| W lalaespe®), ¢7Q)~P) = (*¢)'(P).
Spec( klP) @, ) is alled Ho fler owr P

| T

(197) Tuwen: Lt ¢: A—B be o \r\o\uouor?\nisw.. o rugh and M e an B-wodule.
D M is {ni-lk-ﬁully Dok over A, . g (S“i’P(HY)=SF°‘-(A3‘

(L) LM be o finley gqueraled B-wodule. Mis Jacthbully $lak over A i aud
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only i M is A-flak oud  w-Spec () € ¢ (Suppy M) .

Progk . Lok PeSpec (A) and ad- T=kiP) &uB. Thew Ta,M = kiF)e b8 M= kiP)e, M
amd RIPBM+0, Auw Mis Jaitlfuly flak over AL Thy for e T-wmodule Te M:
Suppr (k(P) &,M)+ B. Pick Q & Supp, (k(P)ap M) and bh Q be Hu peiwage o Q
B Thae P=¢(Q). Siue (ki@ M)q is a homomorphic. iwage of Mg,
we have thak Ma%0 omd Qe Suppg (M) .

() We hawe 4o shawr thak if M is dak over A and W—Spec(A) Q“‘P(Su-pp(H» Hun
Mis Jaithfdly Dok over AL By (€55) ik sufias do shows Hhak Jor tvery we w-Spec (A)
MEwM. By amumphion Hue s o Qe SpeelB) with ¢'(Q)=wm and Mg%0.
Suppose. Hhok M=mM , Hew M=QM, Ainwe Y)Y S Q) and Herelore Mg=QMg.

Mg is o huildy qenerald module over the focal ving Ba aud by Nakavowa's

lewma. Mg =0, o conlradichion,,

(1.41) Grollany: Leb 9: A—B ke a kemmovplu'sm ol ﬁu%b._ﬁu. "a\\owiv«.% awe tquivalewt:
() B is fithully Plak- over A

(B B is Yok over A omd 4 Aokisha 9’%"“‘3’ over (ie. %@ is swrpckive) .

(c.) B is Q.lq)r- over A oand kv all Mém-—Sf:c.(A) Have Lush QeS‘:«.(B) 13““'% over W,

Lk (Ajm) ad (B,1) be local vings. O homowmorphisw. of rings : A—B s called
local i} gm)sw. Then ¢'()=w. By (19€), a Jocal howoworphizm is foithtully flak-
{ oud ouly if W is flak

A howomorphism o} nugs ¢: A—B is said do sadisty Qing doww if for teery

aiv B oPR>... P witle T € Spec (A) and toory Q. € Spec(B) with §'(Q)=R
Hare oxish o hain Q20,5 ... 5 Q, wite Q;€Spec(B®) ond @) =F. % ¢
Sabishion going dow M for teory A-idea) T, LIB > AT

(7.19) Theorews: Lk q: A—B  be o Lok howoworphisie of viugs. Then tp sakistien
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%oiu,%, dou‘u .

’ang_- ‘B’ wduckow Au.%us do cousider a. chain e{. L\naw‘, one rP oP ‘P-e SF"‘ LA).
Lek- Q € SPectB) widh ] '(Q°) ’B\’ (. ‘N.) ’BQD is *Ja).— over AP Sine. He
kououou?k;sm. AI’o *ﬂ'BQo is \ocal | i+ is Qm,-\\g%ul\y ok .and Aakis s —Q»A\u.q‘ over.

Thua e s a Q:GSPCL(BQO) Qnam.% over A, . Lk Q) be He P\-t\'uan‘.,eg_Q: i B,
Than Q.eSPa;(’B) 1 @ Ues cver P and Q, Q.

(. iDO) Theorem :

(a) Le- A be aviug, M a fab A-wodue , N an A-wodue aud N, N, submodules
o N. Thow an subwodwes of MeN one har (N,AN)eM = (N,@M) n (N, @ M)
(b) L : A —B be o fok howoworphisw of fugs and T, T, A-ideals .
Thew (T, nI)® =TBnI,B.

(¢) Y w oddiow T, is buwilely aunoraled | Haw (T, T)B=T®: T8,

Prod. (o) Comsider Hu A-linear wap L2 N— Vg @ NN, deined by Hx)=
(N xe N Thoe kerf) =Ny AN, and 0 —aNaN, — N0 Ny @ N/, s
xock. Sime M is flak | Hu dequane 0 — (NyANJoM — NP Vit Net en© NS AeH
is execk Thun (NinN) @M = (NeM) n(N,&M).

(b)) U B is Yok over A, for ey A-ideal T Hhe natwal wap Te,B TR is
QM l'souov‘:\nisu. The stalemend- ?o\\cwa drom (n.).

(©) Fnk cousider W cone Whoe I =(a) is prucipal . TPehiue & A= A, by
$) =ox+ T, Thow kerlf)=T,: (a). Thus O— T ila) — A = Mz, is exack.
_TZuso\‘iu.%, with 8,8 omd wring. the A-floduess o} B yidds aw emack sequene:

0 —(T,:0)B —> B — Ba® . Thun (T, (0))B=TB: (a)B.

X T -'(o..,._,q.) is a ‘?M'.Hy Geuevated A-ideal e T T, = ﬁ (X, n(o.,;»

'BY e above cane: (I )E = I,8: (0;)B and -Hnuefotc. hn-“u(b) (T:L)B =
(n (T @)’ = ﬂ (T : ()))B = r‘“\ (T,B: (o)) B)= T, B:T,B.
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(7.00) Theovem: led ¢: A—>B ke o *«i&%d\,. Yok howoworphisn. e} nga .
) Tor ooy A-modie M, Hhe wap M MeA 2% Mo B i injckve .
(b) ¢ is iwackve .

lc.) ¢'(TB) =T for toery A-ided T-.

Proef: (o) Lk 4:M—MEB be gue by pw) =mel oud lo- U=lherq. Swe B s
Hor over A, UB, B S M@PB and Us,B=0 by defiwtow of U. Sine B is
faidiply ok over A, U<0 and 4 is ingckive .

(5) Opply (o) with M=A.

(b) Oppy (a) with M= Az, Thee A Az — Sos is ingickive it Ombkery = ¢ ¥,
y ) = e A s IS V-y.dnv& ¥

(7102) Theowem: Lek M be. aw A-wodule. The {ol‘owiu% oxe  equivalend-:

(DM s Har-

(B) Tor™ (M, Yx)=0 for teny Jinildy genercled A-ideal T.

() ToM =2TIM via He hohurd wmap for oy fuilely queraled A-ideal T

Proof . () = (B): (40
(5)‘5 (r.)'. TeWoun ‘-rulu- e wack Aquemie. O—» T —s A —p A — O

(S) = La): le T A be any ideal . '57 Homework, | i+ Aullices 4o shols- -H\d-IQAM:»IM
vio. He webural mop.  Sihe T = Yo witk [T, 1AeA] e Ak of all {4».'1‘.\7 Gemeraled
A-idedls cowbaiind i T. (T, | el ] is o diveck Ay with T Liw, Ty . Qlso,
A=A, dT is a died Aplewe Wil R= L Ay By amsuwgphon(c) , Heo

wakuval maps L@ M — A ®, M=M ae ingickive. Thun Yo indued mop

-Q_»lg (quM) — h (AstM) is a%x;\,.._ by ('I.?L). By (1.17):

bw (TraM) = (LmT,)e,M = Te,M ad Lim (A, M) (LwA)B,MZAGM = M.

Thuy e vadural wap I@AM-——D M s i\qic.‘-\'\rc. and IGAM L0 ITM via. Y
wothuval wap .
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(7 103) Theoos: (Equitorial crileriow for md«&) le M be o A-wodule . Consider Hu
{ohomvua coudition () : Givew aw vxn splem. of Diveor- tquakioun :

Zj‘l ay Xj=0 , @ eA and xeM
Hare mish o inlege- 4, dg\ue.u.\—.\ YoM wite 1¢kes, ond demenks ijeA wite
lslsw I<kgs %0 that

o aibie =0 oty koawd xi= T5 biy,
Le. teny solubow i M v a Wiwar cowbivakiow o sdudiows e A with coefpiciets
we M. T
@ % M is Pab Bun ) holds.
(b)) L Ge) holds for val, Ha M s Yok

T‘E‘J Cousider ¢ A A Yivar \:7 He rxw walnx (o.-;_) and ALL \<=\ze_r(q)&/-\".
The vechor (L.,_,\;.)QA"' is w K il and °"‘\7 i Z'_o..;l'kl'.-.o. Covsider

oM : A'eM =M" — 3 AeM=M". Thw Oty —,xn)e M™ is i ker(p@ M) i and
owly if 75 ojx;=0. (%) weaus thak ker (¢@M) is contnined i Hu image of KaM
in A"aMx M"Y Thua L*) is  fquivalewt -h:(x-u—) X oO—mKkK— A“—»A" S
oct, Haw KSM —» AlgM — A'eM is exoct.

(@) ¥ M is Hak (ow) holds. :

(6) By (T.lo2) we have 4o show Hhat ToM =4 ITM via +he Vlw\-u.ro.l mop for
Zveny %mddy Gorevaled A—ideal T. Ll T ke quaraled \a\] n edemend . Than Ruse
is aw Uock Avuame O— K— A" —9 A—> A —30. "By (w) for val
He. Aequunce. keM —s MY——a M s wack . Thua KeMm —'E-'—oM" —sTH— O

is ack. Trom. K— A'—3 T —30 and e g moctucss o @, Y we
dhoiw. om sack Aquue KoM oM TEM— 0. Thuy ToMS cher | =T,



