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___CHAPTER X : (GORENSTEIN “RINGS , MATLIS DUALITY

4. GORENSTEWN RINGS .

(o) Debinition: lek (A, w,R) ke o local Qrbiniam vug. T socde F(A) of A is defined
,b7___JYA _=_Q.hh..im>:-—_‘fA6A_l_..M_Q. = OE R

,,V(Jg,_gjgemm:k_zng._(.éf!., ) s a. \O(oJ av‘\'m\wa. \cm% . '“u.u, j (A)JS Q. _\Au:ﬂ ng__ A“_Smu_, —

Asy ()= imt ) PAVH(0) L w40 W TcA is a nowzers ideal of AMen
A Ail}-:-kbulknn&l,nj .(A);{:_(Q),.Jﬁommrj(ﬁx) .o's,,_,o.,qi ML‘LL:AX'MEY\S{cMnL_k:L&C—,‘DY‘SrﬂLLJ

,A,,4(JDJ,3)?_JQ?§';‘LQ&L.L&~LA,M,.‘!)m.‘:&;m_loco),ﬁ‘ﬂs:cudc.ﬁon_,.,,,C.M;ﬁh%_e‘?__éimmsiou_ﬂwo&dlul:___
ﬁ_JJ.,w__.,xds_m._mAq,,_,___.Hae,u,,,,La__v\.q.o.ximn.\ge‘%&m—.qums of A Thew
,,,,,,, & ukii(é/(x,,r_,xg,) - ,;,_.,c\.\'mk_il(fﬁf(m),_r\,ﬂ;_é.__,,

~ Poo)s By induchion on d: A d=0, tewe ,,isﬁncz&&\jn%, do show- I d=\ A xyeA
Jzkn%.laxkdmwk,px,ﬁAd Then Xy is regqular and i+ sullias do show- thok-
A,,A.diu,k(l(fﬂx)));—:mi_uk(,;f_(.f\/g(x,sp)__).;_Lr.l,-,n__,o.,e A-() with wma < (x) ,_.,._Simg__):_jswmaM.\m_-r
0.74 (xy) muLJMo.y < (xy)- TTuus “wulbiplicakion L)v Yy debiwes an iwgckive e—liwar
Mop b _F(Axy). — S A/(:u,\\) withe ola+0)) = ay+(xy). e daiw thakoris
o Suqu.‘wc. Lt be A— (xy),,,hn-“;_ whe (xy)qﬁ:\u, parbicular, xbe e@q) and thun
,,,,, _be(y) .,,,Muu.ﬁ_xg,‘xs,,,!e%dm:ﬂ, Hone b=yt widle o .umqun,;t__eA_.,,ASAu_W)us ~_3‘;&‘1&\\# S
by e (ey) mplies b (<) ond 4l)e 7(5’(’0) b g (4 00) = yE4(xy) = batey).
T is an isoworphism of  k-veder spaus.
~ Tor. e induckion. f.s\gf Auppose. Aok My s-\o.kmm-\- haa ‘:m.u_ showne for lecal CHM-ringh
of. c\lme.h&ou. <d. lek A ke a local CM-ving of dimension d and lek i, xq and_
Yy —Yd be maximal R%'Jor Mauenes of A, Sina. Xy is. \-uaular on My, —,xq)
and yg veqdor on By, vy ,) 5 Assy (’}/(xu—,xd-.ﬂ Assy (Myyy—pyaay )=
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i®, By wle w4 P doe 1<ics. Lk cem- (Bu._..uvR). JlenWC__LSAQ._K%AAﬂ.t__MH

 Rlemeuwk °£- A/(x 1 %d- \ and A/l‘iu Yd= e_wd_x»rﬁidﬁw—ﬂv—,ﬁdq#hﬁ

__n\e.,)uxdg.x:-_, Aequmusq ﬁgcm_c,)sh__v xd-i——“-"‘—a~£ﬂ5/rr—7¥d—1*ﬁ"*— 'u%uln.r anm.uus-
XAl A= A/(c_\ Thae A s o CM- _\cm%“ag._Aer_mon._A_\ wnth !:r%u.\a.:___

—AeqUenes Xy, Xdop Yy, Yy :Byﬁ_mc\m\mn_ hypeMusis.:
o iy (3 (P, xacd )= i (3Bl va A

77 o=t
ol Alc N(x.,\l. Taen cuam’m E\/ induction \n\ia‘;.o-\'\\um
ol (FA %)) = g (I (AW sy, xae))

“ \)v

s upliess— diw (1A, —, xa)))-= divy (I (Yony, —,xai,)))
= A!Mk(j/A/(v 7Y _”(')\))

= d\w_kl I( My \u\,“
© 477

oy

*_ktlv,\L_M_._lﬁlx\:iqhah}ﬁ‘go“om_Aly_gﬂ,J\ij&?&mw‘wﬁbA&LD& .

_._(M)l:Fh‘kDLLAIéJAfM)_k)_.h*&.._kﬂl—&&'&cﬁ%._LM:ﬁM%fT—kL—_“ML)Cf_Y.j
—diwne (1A, —,xa))), thare 3, —,xd_is o SoP_o} A is called e M -dupe o} A

AAA_l.SV.COl‘caﬁﬂﬂ.,__%o,mslu'j{_w,,ﬁ_u.‘af,.,.LL;J:.;__\,.*__A‘.N,Gchﬁn.u___ﬁ,n%mé«_vls,‘,_Q.%M.S\dhﬁ__k&%___
i&. A._._.v is %omkm._u%r:.,,,,Q.\L;Muximo.\;ic)go\s_m c A.

—0.5) Defiuikion: lek A be o Noetheriow tug. An ideal TeA is called imeducible if
o all_deals K 3e A ol T=Kng it fllows dhak Tk or T=1}.

,_*UO.L)J_-L!MJMG.L._Le.&:_lAr\M1k)M,LL,A.,,‘QCG.\#N&&:MQM_WJ{M%_OMA,QEA*,G!L-.ML::‘DN'M%;,\'AQJ*
M¥Q__is,,jy_u3udh\c._i@‘_AGMA;Q,A7Q£_WA\'M{( (3 (Ma \) = |.

Pl _Ol:\u'oubls’.)..,,ﬂ_..Jsf,,.incA!u'Juc.v.\'.u..,A_LLw%&m‘sI*_Lg__(D)_is‘_LVmAu.c.\'L\:.ﬁl'u._MQ.J B YV
et M%Muue_-&a)— A _is o loel  Arinian h'n%w:\_&n.m_;\;o*shour thok lo\c A

_is_ineducible  i§ and © ouly Al diwmg (B(AY) = L AL (0)=KnT is veducible uwidle J§_+J.D>_
—ond 4 (0), How K Y(A) 4 (0) ond o TA)+(0) oxd dimy (FA)) >\ Gusenaly,
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it diwg (Y(A)) > 2, lek K,Pe F(A) be fwo nouzero AuLApaus wth Knl =(0). K and } ae
ideals of A and (0) is reducble.

(1o '7) —_Q_tl\u‘\om Lek- (A,M) be a. local Needhenan h’u%. Aw ideal T A is called a Famm:.\er
idl i T is (ime\-a\-u\ Lv a )a\f\e.w. of Pam\e.\-s og.A.

(lo.8) Grellary: et (A, w) be o
() A is Gorewsledw

(b) A condains om  iwducible povameler ideal .
() E\"'“é’ Po.vwc.\er ideal of A & iweducible.

local CM- h'uﬁ,-rhg {%\\ow{v\% axe. kquivdcw\—:

Recall hrow. chopler VI . I A is o Hug, and M an A-wmodule ,then

ijdim MSn o= Exty (N,M) 20 for all i>n and esery A-wmodule N

&=p Ext“: LA/I) M) =0 {or ’.uc\-z, A-\'Aenl T (su. ('7.47-)\) .

(103) lemmo: lek A be o Nocthenosw Hng omd M aw A-module. Then iwjdine Mg n if
ad oy it Exty (WP, M)=0 for fwn priwe ideal PeA.

Troof "= Tk anfpias o showr Hhak Bxk" (M) =0 for teery dinilely gqureraded A-wodde.
N. Sine A is Noctherian Hee is o dwm.siu% haiw o Aukwodules o} N
N=No2N2 ... 2 Ng2 Ny =0) Ao Hake Ni/np, A8 4or 0¢jss whoe FcA
axe priwe ideals. ke ahow- by decreasing induchon. +hak E»d:'::"(N,‘,H)-=O By

omumphion  Exta™ (N5 M) =0. Swppose Hok Bkl (N M)=© for some 0<jss
The exack Aequuna 0 — Ny — Ny — Nj-i/N; — O yiddds e txach

Mguana. [ (Mg MY s B (N, M) —— Bk (M)

15 ]
E*K*‘l( A/pl_-' , M>=0 O by md . hxr .
Tows Et) N, M) = 0.
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(IO.IO) lewma: ld- A be o Neethewam H\\%, M an A—Modu.\e., and N a +’u’U\, %uue.\'m\ul
A-wodie. Y ne™ with Ext (AP, M)=0 Jor all Pe Supp (N), Haw Ext’ (N,M)=0.

Prod: Homeworke (wne @ Alwular crgumend- on in (\0.1))

(IO.I!)’P_roposi-l'-'oh.'- lek (A,m) be o Nodhevaw focal ving Ma %’u{.k\y, %c.uc.\ro‘\u\ A-\Modde,
and Pe Spec(A) wite Prwm. Y Ext,"(Ma,M)=0 {or Loery prime ideal @ 3P, Hen
Ex'l:z (AP, M} =0.

M: I xem-P. There is aw track Sequenz. O —» Avp 2 Ap — N=Hp —r0.
Tor ey Q€ Supp(N) we hove PEQ and thus Bxt)l” (Avg, M)=0.—B\, (10.10)
Ext'r(N,M):'O-"Fom e zou% Mack scqune we obbain. ouw txack Avquah 2.

Exty (4p) M) = BxEY(P,M) — GBS (NM) =0 Thua Bt (¥R, M) =0 by

Nakwfa.uq,‘s lewmmaL .

(lo‘(?.)’z_npos{kom leb (A,u, k) be o docal Noetherian. Hh% and M40 a *\mUY %mgm\ul
A-module. Thew injdim M = sup {n | Ext:(k,M)¢o}.

Prog): Use (109) amd (10.W),

(lO.l‘s)Qno“a.na: Led (A,M,k) be o local Noethewam Y\'Ka, ) M+0 a %n\'\dy aunc.mu
A-module itk iwjdim. M<io; aud N o fuildy guuesoled A-module with deplte N =0.
“Then iwdie M = Sup {w | Ext} (N,M‘)*o'ﬁ.

oot : T Aufhias 4o shou Hhok il tainjdine M<io, Huw Ext (N, M)+0. Sine
dnfl-h.NsO, we hove k=A/m N %mu% am. exack Aegquance. 6O —k—s N—> U —0,
T Exby (M) — B} (kM) — B (U, M) is txack Sinw, t=infdiu M,
EtX'(L,M)=0 and EtX(hHM)40 by U42). Thuy Ext(N,M)4o0.
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(Io.l‘i) Lewma: leb A be a g, Mand N A-wmoduer , amd xeaun (N) a. NZD ow A

od M. Thew dor all mpo Ext' (NM) = Bxtl, (N, Wan) . T isomorphisue is
nalural iw e Avak variable.

Proof: Lk F=homy (—,"xu): Ax)-mod — Mxy-wod. We wonk to shows Hhak-
RYF = Ext;‘ﬂ(..,M) ar conbravanand Junclor ow Aod—wod.
() Fe E;d:'A(_,M). In order %?\ooc. Hhis , Consvder the rock Aequene

0—+M-24M—3 MM —0  and Ld- N be am Aoy —wadule. Siuw Howy (N,M)=0
we hove an. Hxack equance: O —b Hom, (N,Mamw) — Ext), (N, M) 222 Ext), (N,M).
(2) Thewe s o -ooh%u)ma\— mquance. Bxty (-, M) which is nekural i He find
onokle .

(2) Lk P be o ha Ao)-wodue. Sine % (s oo NZD ew A projdine , P& | aund
Exta™' (FM) =0 for oll winz.

e fdious notr by imdudion. o n. thod RUF = Bt (o, M),

(10,18) Froposibion: lek A be a local Neethavian riwg,Ma {l;‘uLU\I generaled A-wodule |
ond X @ N@Ju— adlemenr ow. A and ow M. Then iu&d\’uwa) Wam = iwjdine, M—1.

B+ Use (012) amd (lo.y).

(10.16) Remark: We showr in b nexd chapler: I A is o Local Noe\-ke.n‘cm.ﬁu% and M40
o ‘Fuik_\? ?w.mu A - module. o Hule \'v«iig\-ivc. dimecusion , Yen. diuM < iu_@iw«. M=A\PH4_A.
(lo.l'l) lemma: Leb (A,M,k) be @ local MNoetherian h'h%‘ Ma Fui‘dy %mcvn)eeA A—lmoau\c.,

ond Pam o prime idead Wil L (%) =4 U Ect, (kM=o Hon Bt (kiF), Mg) =0
wher k('P)=(A/P)P.

P : By (10.1) Exti(A/p,M)ao and by (7.99)(b) E&f\r(ku’),n,,):-: E,d:,f (4, ")P"O‘
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(10.18) Theoem: ek (A,mk) be o local Necthenaw ng e dimension n. Tue following
Cowdihows aw 2quivalent-

() agdine A < 8o

(') wdie A =n

()) Extl(k,A)=0 for i4n and E% (kA)2k

() Bty (k,A) =0 4or sowe i>n

(d) Bty (R,A) =0 dor i<n aud Extl(k,A)xk

(@) A is o CM-ving and Bk} (k,A)x k

(€) A s o CHM-vug omd toery paraweler ideal is imeducible
(¢) Ais & CM-ving omd Hue is an ineducible parameler ideal.
(}) A is o %;\e»s\r.\'u, Ty

"Peg]: By (10.8) () &= () a=s (§). b will shows: (@) =b (@) —s (k) =b () => (o) and
(b) =b (d) 4= (d") =» () =»(L).

(o) = (a): Suppose Hhak iwjdim A=+ <so. leb PeA be a minimal priwme deal witle
R(Me)=n. Thew PA € Qa(Ay) ond Nowy (kiF),Aq)+0. By (1. M) Bxt} (kM) 40
omd by (10.2) *rn. In order do showr rén we prousd by induckon. on . WY r=o,
we e done. Sina wjdime A=v, Ha buder T=Exdt} (-, A) is righh- exack by
(142). Mowover; by tio.id) Ext] (k,A)40. U me Wa(A), He track Aguanca.
O0—-a2k—A 7ir.\c\5 an. Wrad- Aequenwe Ext';(A,A> — B&t’:(k,A)——bO. Sinw
Ext), (R,A) $0, e oblain. that Exth (A, A)4o , a conbradichion atnwe +50. Hene
mé on(A) and Hawe is a vegular deved xem. By (lo.ls) B= M) s a Local
Noctariaw Huz of injechive dwension. -1, ’57 induco \r\\a‘»\-\usis, r-l< dim®B
En—l amd r<&n.

() = (b): By induckion onn. IYn=0,Hen meOu(A) and dhoe is an txack AMyuene
O—k—A. She wjdiw Amo , He Acqunce A= Hom (BA) —> Hom, [k, A) — O is
Houe, (k,A) +0 s %CHC' and hence Hom, (k,A) = k.

A n>o, He some argumenk as iw () =4 (') yidds thak A codains o regular
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dement xem. By (I0.15) B=A0) is o local Noctherias ving e} wpckive diwmension n-l.
Thus by induckiow hypollusis ond (10.14) Bk M (k, A) = Bty (k;B)=D for all n

and Ex\::{ (k,A)gExfgi(k,'B>§k. Sine % is a. \-ua,«.dax dement owf\, Hou,‘(k,#x)=0.
(L\w(c): vial

() =e): By induchow. onn: P n=0, &b Extl (k,A)=0 Jor some (>0, Sina m is

He ouly prime ideal o} A by (109) iujdine A si<eo.

Lk myo and irn will Bl (k,A)=0. We Wank do show Hhak Bl (M A) =0 for
Lery priwe. ideal /P-C-Aj' Thew by (0.9) Twdine A <. Assume Hiad- Have is o prime
ideal Po A with Exty (WP, A)#0. Sine A s Noclheran, loe may arsume. thalk

Ye Sfa.(A) is mawwal wide Exty (4 k)*o Thoe Peme and de xem—P onsider
Hie exack Malauie O— A 2y Afp "'/P-»(x)————»o “Tis yields an exadk sequunce:

Ecg (i), &) —— Bkl (A, A) —2— Bt} (4P, A)

By amumphion. Bty (M@, A)=0 for all Qe Supp (AP0) - Thus by (10.10)

Ex":t (AMe+s), A)-O omd x is \-c%dar on. Bty (4P, A) On +he olher hand

i A (Wr)=d ) Hew by (07) BT (MP), A) =0, Sinw din Apen-d<i-d,
B\’ induchon. \f\\lpow\.-.ss \n_\&m,A Lo ounc\ E\, ' (a) =» (b)) E’xt'ﬁp(k(l’) AP)“

E)d:L (Y, A)p =0. Sina Ext) (e, A) is a —fnm\d7 gneroled A-wodule, Huve is an dewend-
xem-P wiH, xExt} (A/P A)=0. Thu Ext! a (A, A) =0.

(b) =»(d): 4rivial

(d) &= (d') : Theovewm (S.lb)

(d')—b({-\): leb %, —, %, be an SoP of A,I:(m,_,x“)‘ and B=HT . Sue A is a
CM-ring, xi, —, X is & wqular Awquue of A. Repealed application of (10.M) yiclds:
Ext) (k,A) T Bty (b, Moxd) & o0 = Bt (k) B) =Howg (k;B) = k.

Ty diw, (F(B))=1 and A s o %otons\du._ Hng - |
1f) = (b): St A is a CM-ving , by (8.16) Extly(k,A)=0 for i<n. | T=(xi,—,%n) €A is
o poramcer ided of A and BaAr , Hen by (10.) Bxt)(k,A)= BExdy(k,B) = Youg (kF)
aud Howy(k,B) Sk, Aina A iy %ovms\o'n.

In onder o thowr thak Exth(k,A) =0 dor all >, b T and B be ob abow.
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By (014) i+ sufhies b show thak Exty(kB) =0 for (>0. Sinw diwE=0, by (109)
Bty (k,®)=0 iwplion tha)- iuiéiw. B sl and i+ subkies o show ok Esc\:.:s(\l,'5>=0.
e BNy 2Ny 2.0 2 N,2Ny,=0 be a A%u.nA\'v\% ain o} idedds with Ny Tk
for all 1<ig . Tis yields  Ahort- m«.\—mﬁmus: 0— Ni—Niyy—» k —>0 for
Y B F o | luc\wuma, Qo«%wo.g_\-— heQuanuh

0 — Howmy (k,B) ——>Howrg (N, B) — Howg (N D) 2, Bty (kB).

Sine B is C&omb\uu,) Hvowﬁ(k,‘ﬁ)_ %%(N,, )- kR and by wmduckow ow

Pe (Howy (Ni;B)) £ ¢ Jor all 18i¢r. Mowouer Lo (Bomg (NGB)) =L &= 3 =0
for i {80, Sine zg(uous(s,e))szgm)ﬂ W follown tak- 3,=8=... =8, =0 . Thus
He exack Aquore O —Nry —+ N 2B —0 yidds o aeou%bxac:\- Aquane

0 —» Exty (k,B) — Exty(®,B) — ..... Sine. Ext’y (B,8) =0, Extly (k;R) =0 and
J'ujén'w. B,

(10.19) (bmng,ga-. L} (A,m,k) be o local Noekheriam CM-ving of CM-type raond dimeusion wn
Thew ¢ = dimy (Extl (k,AY) -

Mi Lek I-(x,,_., Kn) be a Pq,\—amc.\e.r- ideal e:[__ A onmd B= Ak, ’By (\O.N)'-
Exta (R, A) = Homy, (K, B) and += diw (F(B)) = dimy (Homyg (k;B)) .

(10,20) Theovem: Lek- (A,m,k) be o docal Qerensein nng omd Pe Spec(A) . Tuue AP Is
a Jocal Gorensiein nug .

M: Gnsider a g'l'm'\c. iuau.\-'wf_ \-cAo\kHou_B:t_A: 0—?A-—+E°—7E'_|——s...-—rE — 0.
By Howework €, %5 ¢ (B, is aw ingickive Ap-module and 0 —+A= Epp -+ E, O
is a {-\'ui\e_ iu@éc_\\'\m renoludien. o{_. AP' Thus \'u\'c\\'\u Ap<do.

(1o, zl>Thgpm let (A ", k) be o lowa) Nocthenan huca, ond A the m-adic COW.F‘:"\OR.
o A. A s (éomaslun. il and only if A s raomnslcm.
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Proof.. By (353) A is CM i} ond ou\y 14 A is CM, Lt I= (x.,__,x.,) be o poramchr
idea) of A. Tuu IA is o parawmeler ideal o] A ond AAC:A&A

Recall  dom Chapler 7.
led A be o Noclenan h’n%’ Ma *ﬁni‘dy %n.h:voltd 'A—WAOALJC. and E° o miniwal
ingckve wesoluhon. o M. T E' = @SF‘ EU‘/P)}“(P’H) whave. /«;(ﬁﬂ):

= diwe oy Bty (R(P), M) & He iH “Bass V\uw.)oe.r- b M wille vespeck 4P

(10.218) Theowem: Lk A be a Noetluwan Hing amd E' a winiwmal i ingichive. vesolukion
o A A s Goenslen § ond owly it hr ol oo Efz D E(M)
or _tquivo.\eu:\-\\“ Jor all Pe Spec (&) : }L(P, A): xi,h,-\-P'

Roo) Mot Suppose Hhok U (P A)= 5, 1ie dor all (20 and all Pe Spec (A) -
'B\, Howework &, #5° for oll Fe Spec(A), EL is a wikiwal \'H.&;.c\'{uc_ venoluhion
o A, . Siwe EY s Pule ) wjdin (Ap)<e® and Ay is Gorenslein.

=b: Lk Pe Spec (). —By orumphion AP is Govenslein , thus E\' (10, 18)
Exts, (k(P),Ap) =0 dor it dimA,= WP and Bk, (KB, AL RiP) i}
L= e\mA =P T )A((P,A‘)=SC,M—P'
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§2. MATUS TDuALmy

Recall  from. Chapler V1.
Led A be o Necthena h'u.% ond E an \h.au:.\w; A—wodule . Thenw
=8 i EWDre
hl‘\z\'t, E(A/P) l& ‘“V.. W\-Ju_}\\ﬂ’. ‘W\.“ °£, A)/P QM-A hz A;wLHP) '“OWL_AP(k(P)’ EP\> (V-L»S')

lek (A,mk) be a local NocHenan ving awd E=Etk) the ingickve hull of k. For an
A-wodule M ad- M= Howy (M, E). Tn MU= Hon, (M, E)'= Hom,, (Howy (M)E) ,E) and
tare is o camouical map B: M— M= “O\MA(‘“DWLA(HJE),E> dehued b\l: for xe M,

8(x): HouA(H,E.)——vE. IS Guen ‘:7 Q(x)(tp)e. @) for all geHom o (M,E) . Nole
thak & is A-luecar

(to, u)tmm: Assumfko% s obove amd buﬁaose M+« 0.

() For all xeM-(c) }ex is an peM! will ()40, In parkicular, ¢ is wgckive .
() U Mis an A-wodule of huile dnghe Hhoe (M) = Lo(M) and © is ax

i somorpluis w .

M: (o) The Aubwodule Ax £ M is \'so\um-P\air_ 1o A‘/mn.(.x). Leb- £. be oo
wwposition of wows: £: Ax =y Aawni) = k s B Thew 1) 40. Sme E is
inpichive , 4 tdends Ho o A-liwsar mMob @:M —E wille pix)40.

(B W MM be o Aubmedule with Ly(M)=n—t = LaM)~1|. The txack Acquemas.
O M —H-—k-— O yilds an tad Agqume O—k — M —n 0.
Sina E is an twenhal exlension of k: k'= Howy (k) E) 5 Homa (k,k) Tk and Hhus
Ra(MY) = €y (M) +1 . The sokewent  dollows by mduckion. on. n= 2, (M) -

(lo.zs)’P_m‘»;;\-io“_; ASSuNP‘-ious as ahove . Lo x be M wm-adic cau\;,\e_\-{on, °¥ A.
() Eis an A\-MDA\A:.. Morower, E is dhe iu}ic.kw hull o} Ha ﬁ—mo&d; k.
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(k) Hom (€, E) = Howg (€,E) = &

Poef: () bk clain Hhak- He cononicdl wop 7 E —+EQR defined by stx)=n@l it an

lsouoTlusm A YN éEGAA '57 (7.59) there s an neN with mtx<0. Smu. A is
dense i , hae s aw a €A a0 dhak & - —a € m“A s @ = ap+ E:u;, 7‘ ¢ Whae

\/lem"CA and L éA . “Then x@o.-x@(a,,-!-Zay._L )_xea.,+ X®Z"Iu = Opx@l +

Ziyx.ob = 0ox®l. Thus o is sugchive. Jn order Yo Show ok o & mgchive consider
+he {»ollowm& commutokive Afmam.mz E T E@A/R
el t T= oA
(Y. N k@;ﬁ?

€ and g o ingichve . Sime A is Jlak owr A, 5 s ingickive . This o =5g i ingickive, .
Siw E s an omeuhial exdension o} k,v is ikpckve .

Lt F be dhe ingchive hull of B or an A-wodie. Thoe F is e inpebive hudl o Yo
R-wodile R and by (159) wery ddomenk of T is anmihilakd by some pouer o} mA.
F s an A-wodue wile ESF amd Alne E is mpchive over A | Hee s o submodule
C a{_ F wit F=E0d. Sin oy element of C is amnihilaled by Aome power
. mA , Cis an A -module. Buk F is mdecompasable an A- wodule . Thus C=0
and F-E.
(b) Br v>0 act Ej ={xeE| m¥x =07. Ey is a module v A am:\/&, EvE Epyy, ond
E=UEy = b Ey. Thus by (7.91) Hom, (E,E) = Hom, (Lin Ey,E) = Lim Howy (E),E).
Sinw. Homa (Vwv, E)Z Ey, Homy (Ey, E)=E) = (Ym")" > is on. A-module of
«Y\'wlk «Qm«ak\, i b\' (l0,22) - A = (Amv)". Thua i\'m HomA(EwE) /&'m %‘“%2

an A-moduler. Sine Ey is also an A- module , Hhe Aawe arglume ent Ahouws +hak
A(E E) A o A - modules .

(‘O.Z‘f) Remark : (10.23)(b) Awown thak bu%/g—h'nca\— map LLE—E s He
Wulh'rh'ca.’n'ow L\I Aowme Q_e /A?
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(10.25) Theovew: ek (A,\u,k) be o local Noethenan h'h% oud EsEA(k) +he ingc_\i\&, hall of k.
E is on Adinian wodwe over A and A .

Poo} . Noke that twery A-submodule o E i also an A-submodule . Thua \e. Wow GSsuimMe
Hak A is wouglele . Y MSE is o abwmodue Wb ML= onn(H) = jacAl aM=0} and
FTecA s am idead Ad T'=0:.T = |xe €] Tx=01. Obviowsly, MM+ ke wont
o show dhod MU= M. Gnsider W track Aequune. O —+M—E—+EM— 0. Sinw
E & iwichue, e Mguine. 0 —r (B/m)’ )L E' s txadk, whae (Em)'= Howy (E/m,E)
and E'=Hom, LE,E)&Q (10.22). Thus Jor Loery. {e Hom, (EE) Hue is o RDeA

s Hok L)=Tx for oll xeE. Evgra, ge HOMALE/H,E) is w\ofpu:\ \mAc.r(*) ko an
feHouy (EE) with Jly=0 ond convendy tvey LeHom, (EE) with diy=0 facdons
Horougle o geHomy (E/m,E). Thus How, (E/M,EY)E M and Hu tmbedding ()
Contaponds o Ha UK-LeAJ(h,% 0 Mty A By (10.22) for all xeE-M Muwe is an
& (EM)! with P (x+M) 0. Thuy Jor oll xe E-M Huwe is aw ae Mt with axso.
Tuis shows thol M M ond hene MUE_wM.

I TcA is an idea, e xack Aquene O — T —+ A— “Yr — 0O yicdds an uxad-
Mquana 0 — () E24 Al cliow, (AE)ZE. Under () (Wx)' is wapped owko T-
W aeA-T, by (0.22) Hwe s a ge(Ax) with q(a+T) $0. Lot x=(I+T)e Tt
Then. Tx=0 ond afam(x). Sime T* =11, 10 am(x) i follows thak THeT
oud hewe T T
This shows Hak L dehimes Order —veverting. bigichows  behwean Hhe ada:

IMIMeE a Adbmodule ] == JITITcA an ideall.
Sine A is Nodlunan, E is Grhnian.

(10.2¢) Theoten « Let (Aw, k) be o complele local Noclievion nng and E=E,(k) Hhe
kgchve hull of k.

(@) A M is o Nockheran A-module , Hun M'= Homy (ME) 5 an Avhinian
A-wodule and MM,
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(6) Y M is an Arhwian A-module, Hhen M'=Howy (M\E) is a Nectherion A—wodule
ond M"S M.

Begd: (o) Leb-neN wilk A" —wM—20 wack Sinwe E is ingickve, Y Sequence
O—» M/ —3 (AY) = How, (A", E) = Howy (AEY = EM is exack E™is an Arknian
A-wodule and 4o is Coery, subwodule. o} E". Thus M’ is Arhuian. Sine (E")'=
Hom, (E",E)= Howmy (E,E)" = A" Heve is o commutahive diagrawe it exact rous:
A" — M — o
x~ e/ le

By (10.22) © is ingchive , hene © is an
(E") — M" — o

isomorphisim .

(b) We daiw thak Hew is o ne™N so thak M can be cousidered o subwod ule o)
E". For oll wmeN wusider ol Adinear wops T: M—3E™. This yidds o Ad- T

ol aubmodulen ker(t) of M. Siwe M is Adinian, tre s om ne ™ and ax
A-livear map §: M —E" o ok ke.r,(\f‘) is wiwiwal iw T UL \2«(;{:):\—_0

omd x& kc.v-hp)—lo), L7(|o.zz) Hove s an Adiucar map @ M— E with o(x)+0.

Lk ¢:M —EM e Ae_f—.mc\ B\, Q(ﬂ = (¢(y) ,v'(y)) T Vaw ke_r(?‘) = ker(\')nk:r(c‘) %
ke\r(\ﬂ' a cowlroadickon. Thua \!c.r(tp) =0.

leb 0 —M —E™ ke oxack Then (E")' —3M'— 0 is exack and (EY)'s AN
My o NocHuwor A-wodule.

In order o show dhak M"E M nole ok toery \nomovuov?\u'c, iwo.%c. o} an

Abinios. wodule is Arlinian. The txack Aequine. O—M—— EN—s E'% — 0
yidc\s o commutahive Aio%ro.uu_ withe sact vouws:

O — M —s E" — E%M —0a O

el 1= i®
0 —a M -;—4(5")“ —_— (E"/M)" — 0

‘&y (l022) © and & axc iu}&_l-i\.-c.. Thus 6 s an -'SOW-F\'\i.sm . Hene © is an
I'Somor‘a‘\i&w_ 57 -“u. S—mem..
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§3: THE CANONICAL MobULE

lio.27) Tehnitkion: Let- (A,M,k) be o local Noctheran Hh%, and Ma ‘?’lmu\, %Lm—“ﬂta
A-bodule it deph M=d. T wamber (M) < diwy ExER U0, M) s colled o dype of. M -

(10.28) lemma: Leb A be o Noctheraw \'in%, Ma '@\'wi\:.\\l %zhem.\ed A —wodule.
and X, —, %y om M-Seﬁu.unu.. Su.ﬂ;o.sa ok N & an A-wodde Wit
Talxy,—xn) € @ (N). Thon Howy, (N, Mom) 2= Btk (N, M).

Proo} Seb Mo=M and Mi= "x,—,x M. be show by induchon ow ! +Hhat
Exty (N Mo )= BELTN (N M) T 620 Ho txack Sequance

0 — M =My My — 40 yiclds a |ow3e.xoe\~ sequances

Bt (N M) — Bt (N, M) — Ext ] (N, M) =, Ext’, (N, M)

hee ¢ is mulbipheakion by ;- Sl x e omn (N) |, p=o and Et"Z(N,M)=0
57 (&), For Hw induchiow Alep U =p il consider Huw oxach Mquan e

0 — Wi =M — My —— 0 aud vepead- Hhe arumesd. Thus \-\owk(N)M">_'-‘=‘
Ext} (N, M),

(t0.29) Remark: leb (A,w, k) be a loca) Noecbura Mg, M a fullely guevaled

A-wodule. and X —, %d @ Wmaxwal M—::ec\umu.. T r(M)= AiMkHOW-A(k,H/EL'M>
whave T=(x;,—,xa).  Homy (k,MrM) F Oy m s called Hhe sedle of M

“Recall %vo\u. Chapler VII: L A be o local Noetkoriam. v and M a %m\d
o7 s y
?um\d A—Moéu.\e. .M is called o woxiwmal CM - wedule (MCH) l'.P. ACF'\'ELM =dim A

(IO.so)'E;‘Y{uikoh.: b A ke o loal C.M-\-in%. a %im'klsl %«Mem\-f-o\ A—module C

is colled o Canowical Wodule & A il € iy a MCM , v(C)=I, and
it\ié\\u,AC' <L ‘.
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(ID.&)E&F_\:&: let (A,m,k) be a lo Neeldrmaw \'ih%.
(n:) L A s %ovcns\du, Hun. A s a canohical wodule of A.

(5 I A s Ahwan P Ep(k) s o camonica wodue o A. Cbnwsd\,,mra,
Conauical wodule Q‘. A s isou.oq:\m(c_ “+ Ek(k).

Trob, (4) The Avkwion bocal ning A is complede. Taws by Madis duality (10, 26)

A= Howy (A Eplk)) = Bo(k) is o Nueharian A-modue . Thus Ep(k) is Fudlely
quueaded. Guventdy ) il C is . conowical woduwe o) A, M infdim C < deptle A =0
(c\no.r\u— X1) and d is iugchive . Now use (7.63).

(10.32) lewwa. ! Lt A L o load Noethen as h'ua,, ¢:M—N an A-lincar Map a{_

*P-'uil-cly genevaled A-wodules omd Xy, —, Xy O N~\u&u.\n.r Sequante . Led T= (x4, —, %)
Y e, M is an isomovp\n.\'sw\., Haue 200 .

/Pv_oaf_: By NOka.ymn.'\s lewma. @ is Aurickve . Thaws e is o txoack sequence
Ci 0 —=U—MEyy 10 Sine Xy, — Xy IS an N-—s:a‘un.um_ L\’ Homework *6

problemct | C.®, ¥ is ack Thuy Ug, A = \z;\—-(tpe,,%:>=0 avd U=0 by
Ndu.u‘a.h«ofs Lemwa. . '

(10.33) Lewma: e A be a focal Noeherion ring and M o MCM A-wodule .
Eoera, A-—'ax..\ar Mguane. is M-n.2~..lar:

’P)g,oﬁ-. O\wiou\\b M#+0. Y Pe QMA(M) ‘oo \:\' (8.?-|) diw A}’Phc\e.r{-&_M=dimA
amd Pis a winiwmal 1>‘n'mc. e A. Hemc Pe Q)A(A) and lu:na, A"Waru.\nr

elemenk x  is M—\u&dar. Siwe MM s o McM A/Lx)—MOc\uJe_ He orserhion
bllows by iuducHow .

(t0.34) Proposition: L+ A be a local M ving of dimension d, Ma P-'m:kl\’ queraled
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A-module. , and € @ MCM A-module .

(0) I M is CM of dimension t and injdim, C <o Hhen Ext) (M C) =0 for Ld-t and
Ex-l:d"t (M, C) is CM of dimension. +.
(L) E'S Extt alM (‘.)_0 4or all (50 Hhaw chr\k HomA(M C.))d

© % Ext" (M) =0 Jr ol i>0 ond M is MCM and X, —,%d i am A \madcu-
/Ni\u.hu. Huw ”'ouu* (M,C,) ®, A/(;_)%' HDMNQL) (”/(5)74) %£)d> via. +e vatural masp.

Pupl: () By (8.20) Bkl (M,C) =0 Ror all i< deph C~dim M=d-t. Sine ann(M)s
ann (Bt (4,0)) , dine BE4H(M,C) € diwM=t. e work 4o show by induchion
ont Hhak EkX(M,C)=0 for £>d=t omd Hak dephh BtE(M,O)=t.
:l,r_tgde,ALMao Huw by (1012 iwdimC =d = max jil Bt M ,&# 0T, Heva
Ext4 (M, c)-‘o for £5d and Bxty (M,Q) +0. Morcover; dephe Exbd (M,0) =0 sine
dim Ext (M, €)=0. lek > and lek xem, b an M- —veqular elewenk. T wack
Mquine. 0 — M Ea4M — Mxm— 0 yields o |on% tack sequina :
.. = Exty (MM, C) —» Bty (M, Q) I+ Bkl (M, Q) — Bk (Mixm,C)— .
Mxm is o M-wodue o dimension. +-1. Tor L4 d-t, Ly induckion hxjpa-“u.s
t"""(”/xM,C.)sO hena 57 Na.\(o.\,o.mo..s lewmma Exty (M) =0. For (=d-t
we have o exach Sequence o — B<t (M,c_) Extdf("‘\,c) —
Exty " (MM, C) —+ 0. TThun Ext‘*:*' (Mm,©) & BELTMO/ELEM,0).
By induchon hypotusis  depW Bt (Maed,C) = t-) and hence
dz.':‘-&. E)d:a't (M (_) =+,

(B) Leb F. be o finile %ru_ A-vesclution. & M. Siuw Ex{: a(™M C_) =0 fJor ol ¢>0,

Hee Aeguance 0— M(H,C)——s-l—\ow‘k(\:'. ,C) is exact. Twis \/\dés an. oxact sequun
(x) 0= Homy (M,C) — Homy (F,C)—> --. . — How,, (Fiy, C)—+Bg —+ O

b How, (r-;-,c.)'scb«;, depth Howy (F;,C)=d ond depld Bg 2. Splithing (=)
o shor-  sxack sequances © — B — Howm, (Fe)C) = Biyy —> O and

opplying (6.28) yidds Hak depl B> win }d, dep B, +1] . Thus
d;?\&_ 'H'OM* (M, C) =d.
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(9 led xew, be A-\et&».la.\m "By (10.33) x s M- and C-mzu_\cu— and MM, Yxc
arx. MCM over A/Lx). Trowe e txack Aequinie O—M-Z3pM—» My —>0
we oblalw. O = E')d:‘;;(ﬂ,c.) —_— Ex{-.‘:" (M/xH’C.)——-—P Ex\:f:"(m,c) =0 and +thua
Bt (MixM, ) =0 b all (21, By (o) B<Jc:i,®(*1/,g.~1J <) EB] (M, ) =C
{or al\ L}l ond He A/(x)—\MOC‘\J:s H/XH and Sxc A&Hsh o ﬂMuMLP-\-uth

e procud L\, induction. on d. U x=xewm, is A-—\uaa..\ar) e oxack sequante.
0 — C —)E—O C —» C'/J&C. —0 l‘nduu_s an. Q\(q;_\— W(_L: 0O—» -H-ow_k(n‘c_>5_+
‘HOM* (M,C'> — 'HOM.‘. (M, c'/xc.) '=HOW.A/“) (M/xM) C/KC.) — B‘tk(H,C} =0.
Thws ‘HO‘MA,/OQ (H/KH) C/XC.) = HDV\A.A (“‘\,C_) ®a A/(x) T Sho(am ‘uu. cane d=1.
U d>l, W%, x3 be an A-regular Sequance TThew \>7 wduckion. hypothesis:
Homa iy (Win) ) Fa)) = Homeny o (Mram, Fic) Bay,y Mx)

= How, (M,C) &, Mx).

(10.35) Theorem: et (A ) be a local CM-ring o dimension d, X = X, —, xq an A-veqular
Stﬂhgmg‘ ond C, <’ comowcal modulea Q‘. A,
(@) x s n%do.r on C ond Clxye = EN@) (k)

() C€=C', iw parbcar, we cam dulk abouwr 'the' cononical wodule of A | devoled by
wy Pwvidd W exisks.

Proot: (a) By (10.33) x i \uau.lar on C. Thws Y'(g/(:ﬁ)) = \"(C-> =1 by (\o.?.ﬁ) and
i“id"“'Nu) d/(,_")d_ < o 57 (lo.ls’) . Heww C/(z.)c 15 a canowical wodule Of. e
Arbman fowl ving Mx) and by (10.31) FHxye = Bagey (k).

) Lk A= Ax). C ond €' are MM modulen and injdime ¢’ < 0. By (10.34) (a)

Bd;i (C,C.'):O 4’9!‘ all (yo and b\’ (lO.3‘f)(c,) '“ouA(C,C')QAK“é ‘H‘OMI (9/(5)({,c'/(§)c'>
via, the notuval wap . ’57 (@) Here is o l'sow\orrlm'su ye Homg (Hx)c ,C‘/(§>C')'
Thus Here s @ A \-b\M_A(C,C') it &@AK-—?. By (lo32) A B an
\'.somor?\u'sw. Mww x s wx.a.la.:- on C'
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(10.3¢) Theorem: leb A be o local Noectheriaw ¥ing 'Y “-o\\owm.% ave '.c‘\u'va.\e.w\-:
(@) A is %muns\uu.
(o) A is CM, wy txish ond w, = A.

Prog} : By (\0.!8) A s (émus\du. | ond ou\y $ Ais M, r(A) =1 , omd |'njcl|'u4AA<‘°.
The amedon.  dollows.

(10.37) Theorew. Lk A be o local CM ving of dimension d, and C o ,-‘-\'vu'\c\y gencroled
A-wodule . T {o\\oum% are. z‘iu,\'.vde.u\—:
(o) C = wy
(b) For tm.na-(:, 0<¢t<d, ond tery CM A-wodule M o dimeusion. +:

G) Ext:'t(n,c) s o CM-wodule o dimension +

(i) Exty (M,CQ) =0 dor ol igdt

(i) Hue is o nobwl somorphisn M =4 Bt (Ext 3T (m,0), ©)
() For wey MM A-wodule M :

() Hovu_A(H,C.) s a. McM  A-wodule

(i) Extly (M,€) =0 4or all 0

(i) He wohuro) map M = Hom, (Hom, (M,€),C) s an isomorphisw -
(d) i) € is a woximal CM moduwe

(i) injdim, C L #

() He notural map A ==+ Eund, ()=Homy (C,C) is am soworphisi .

Prof: () = (b): () amd (&) follow frowe (10.3%). In order Yo prove (i) nohe +hak

M- oun(M) = d-t. Sine A is CM, Hee is a wgular AeqUENW. X = Xy, —, %€ (M) .

By (l0.33) % is a vgdor scquemas on €. be datue thak Hxyc & He Camouical
wmodule &} Ax). Yxyc s a MCM AG)-wodule. o) dimensiow £ and by (lo.1)
Exti(k,c) = E%ﬁtm,_) (K, q’q)c) =k and by (1045) iuﬁ‘Aim.A,(,_‘_) (Hex)C) < 8= - Tius
Chx)c is Hha comonical wodule of Akx). By (10.28):
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"By (10.28) Exbd™ (Exky™ (M,0),0) = Howy (Extdt (M,0), %) c) and

Ex{-,:-t (M, ©) = Homy (M, C/c;)c.). Thun Huve s ol wehuval isomorPk\'sm,

Extyt (Exl::'*(ﬂ,c) ;) & How, (Howy (M, %xyc ), Finxc ) = Hou,%b) (Homg, ;o (m Fesye) 1 e
Henea we Wy epace A b, Mx) omd amsume Hok M s McM A-wmodule ., t=d .
Leb- ¢, M — How, (How, (M) i) be Hu watural wap definnd by

Gy w) - Howy (M,C) — C widle Q) (L) = fm). Lk y =y, 54 be a reqular
A~Sccimu__ ond Aek- I:A/cly.‘sy () How, (Howy (M,0),C) is MCM and

by (10.33) y is o gudar Aquince ow His wedule . By (10.37) i+ Aujpius o shou-
Hol- ¢, ,8A s on \'sow;v?kism. By () E:d:i(M,c) =0 4or all (>0 and +hus L)'
(lo.34)(c) Hom, (M,C) ®A = Homg (Mgym, C/Lg,)c.)' s;m-ga,t\t y Homy (M,0) is McM
and  Homy, (Howy, (M,0), )80 A = Howg (Hom, (MO8 K, Fyye). Thun
HOMA(HouA(H,C),C’,)@ A &= Houeg, (Homg (MeyyM , Yey)e ) C/c_\,_)c:) aind qH®K=

tvex - By U035) Ce A = Exl(k). The vatuwral wap ther  NEA —+ (MoR)!
is an isouorrh\'sm l>7 (to.22).

( L) - (c.) : “'riw'a,t

()= () () and () follow immedialtely dom (<) applied to M=A. Tnorder Yo prove
(i) 2 N be a fuildy qemerakd A-wodule and b M be o (huilely genevaled)
A Ayzyqy wodue of N. By (822) M is o McM A-wodule sine A is CM o
diwension. d. By arsumphion. (<) BExt, (M) =0 and by (136) Extly (M,0) &
ExL:H(M,c)zo Aine M is on d¥ SYBay wodule. ef M By (‘1.‘!2.) \'V\jc\\'MAC$c\<‘°.
(d) = (a): W remaiva Yo shows thal ()=l Led % =%, ,%xg4 be an A'-Scc‘\u.hu_)
'*/q_)ax, ond E=Ex(k). Sine C is McM | x is C-vegularsand w(C) -\*(C/c;)c.)
by (lo.29). "By (\o.ls) widimg “x)d <t and “Yx)e is an mpickive A—wodule
hence. Zaxye S ET Wit v= (Fx)c). She € is Mcm by (16,3%)(a}, (<)

A= EndA(c_) Apecialias Yo an isomorphism A Ewdg (Y ) Buk
Endg (Y c)= Homg (ET ET) = Houx(E,E)""-(-’:;_) A7 dare () Jollows by
(7.89) and (@) by (10.23). Thun A= A" and val.



196

(10.37) shows dhat Exf‘;t(-—,w‘,‘) i3 o onbravanaut funclor on the Cahama, oL (Bn. qun)
CM-wodules @ dimersion t and defues @ duolihy on Hhis calegory ;, i packcular,

How, (—,w,) is @ cwhavoriawd kot unctor on e cak%on& o MCM A-wodules and
defiwss o dudity on dhis cakeqory. Also, (10.3¢) and (10.37) show thak among CH-vings ,
Gerenslein R ave %achly Hose rings Jor which How, (-,A) i a conlravariawt
ack furclor ond o duolihy on M cokam-a, ® MCM A-wodules ; iw parkculary

over o Rocal %omstr.\k ving  fwery McM A-wodule is vellexive (iLe. the natural
wop M —s How, (Homy (M, A), A) is an isow.ovP\\'sMy

Recal: A (A,M,k) is o foca) Nocthewas \'iu.g, ond M a {uu.\e.\\, %me.mlu] A—moc\u.le.)
M}...(H):Jiuk (k@AN> e minimal  wudber of %zhe.\va}o\-.x o M.

(lO.SQ’Zvorasinoa,: Leh (A,m,k> be o lowl CM-\'{ua, ol dimevsion. d Wil o camonical
module Wy -

(0-) led M be o CM A-wodule of_ diwmension. +; e /‘—(Ex{t-t(ﬂ,w*\)-—rlﬂ)
ond T (Bt (M, 0)) = pelM).
(L) wy is o Jaddhhd A-wodule wile a(0) =v(A) and r(wa)=l.

M: (&) As i e )fvoo:[. R (lo.:'a'l) we can. reduie o e cane Where diw A =0.

Thaw Wy EEAUQ)-rE ond Ly (\D.?.Z) How.,jﬂ,E)::H' ond M":"'\OMA(\-\OMA(_\’\,E),E>
EM. By (642) Joc (M) = How, (R, Howy (M,E)) & How, (k@,M,E) and

(M) = £, (ko M) = (M) . By (0.22) v(H) = r(M)) = (M) .

(b) By (lo.37) Eudy (qu) = A omd wy A fadhbd. T vt dllows fouc (o) wilc M=A

(lo.‘.s'!)'m.pmu.: leb A b o loc) CH—Hu% With. o Comowical wodule w, and ’PeSPq_(A)_
Thu Ap hon o canowical wodule omd Wa, & (wa)p-

M:Tﬂ; coudi¥ous a:'. (co.‘s‘?)(é) are preserved undex lowlizakion .
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(040 lwuma: Leb (A,m,k) be o local CHM—ving o} dimension d and d o 4iuildy generaled
A-wmodule. Tk followin% ave L?u.ivdeul-c

(@ C is o canowical module of A

(b) pi(w,C©)= &g dor all <.

P By (166) pilnC) = diny Bxkg (k,C) and Ly (218) ¢ is MCH i and only
M) =0 fr (<d and H(w,c) +0. I this care k-(c.)-_-/;d(u, ). Moreovess
wdin, C <4 b and only it iuj'é\'w.AC sd whide & tquivalent- do Jui(m,C) =0
dor L3 d by (10,12) .

(to) Theorom . Let A be a loal CH-v{na, ond C o %‘uik\\l %n.wa\m\ A -wodule . The
{ollom’ma s, u(uivo,\c.u)e-:

() C = w,

(]) M (PO =8igyp dor all o and all Pe Spee (A)

() ek T be o miviwal ivgchve A-rechdion of <. Thw T= DFE, (¥%), W
P ruus  over ol prime ideols o &4%2..;.1; for ol L3>0.

Trosd: (a)ems (b): By (0.39) Cxuw, i oud ouly it Cp = wa, 4or all Pe Spec(A) -
By Uo.q-O) s is tquvaled- to (PAPnCP>=XCc\\'w.AP= carb = Mm (R C) .
(b)a=s(c): Use (7.68)

(t0.48) Proposibion: leb A be o local CH-ving and C o huildy generald A-wodule.
(@) Lk x be @ S Meguante o A and . T Cxuw, i} and ou-\\, o
Sx)e = WA/ -

() € Twa i aud oy if Txop,

o : (@) Homeworl
() By (199) Bkq (MR,0) = BEdky (S, Q) @, K. Tl Ji(R,8) = puc lin,©) and
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He omerbiow  follows \a\’ (lo4o).

(lo.‘fb)—mcm:m: e\ @: A—DB b o loal howomm‘al\\lsm, e@_ Local CM—V\'n%A Ao thal-
Bis a %{u.i.\d\, qenevakd A-wodule and ek g= dimA ~diww®. U A has a
camouical module, Hhur bo does B and wy & ExkX (B, w,).

TProof: Stk T= kergp. Then AT <3 ® s an ih.\t-&n:.\ exlensicie. and diveAc=diu®.
Swe A & CM L\, (8.3?:) diwe A = LT +dim. A/ and q= dim A -dincA/x =
M-T. ek x =%, — xg€T be an A—rc?..\m— mquence . By (1033) % is a
R?Jm— AMquani ow. Lo ond by (o) Exty (B, o.\AB = “ou,,,“_) (B, LOA/(;)wk).
Mowover, by (lo42) wa/cxyw, = 1O Aca) - ‘Vc_x_) s a CH —ring of dimensiow
Jim.A-ta = dime B. Thun we may rpla A B, Alxy and amuwe ok diwe A=
d=din®. We have to showr ok How 4 (B, w,q is Ho camowical wedule f B.
b ¥y =y, —,¥4 b= o SSP L A Thawy is a SOP of B, Aine ¢ is lowl,
bPule, ond dieB=d. Sike B is CM, y »a reqular Agquane on B . Thus B
S a MCM A-module. By (I0.34) Mown (B,wa) is o MM A-module ond by
(to.33) y is a \w.?u\ar MeGuine.  on Houy (‘B‘w,,)- 15\, UO.‘{Z)(Q) - X% RPN
b showr Hak wgp = How, (B, w,,)@,;f, whoe B = Bry). Sk A= My .
By (10.3) How, (Ba) @ B = Howy (5,0a) @ A = Howg (B@AA , WaBA ) &
Homzr: (B wx) . Thus we moy wpaw AB by ATE and moy amume Hhok
dim A = diwB =0.
kb k, L ke He vaidue felds of A aud B, Taw wa = Ex (k) and we have to
Mo~ Hak Eg (L) & Houy, (B, wA) oa B-woduler. Thew is an oAj’oivJ«- isow.wp\«ism
How,, (M®,B, w,‘) & Houw (M, Homp (B,w4) dor all B-wodules M (cowpare
MHe (642)). Simw wy is aw igckive A-module | ‘HO\M.A(._.IUOA> is exact. Thun
Howg ( ~, Howy L'B,w,\)) is ack amd HomA(‘E,L%) is o iwpchive B-wodule -
Tun Howy, (B,0,) & Ex(2)7. By (10.22) £ (Howy (B,0,))) = 4 (B) ound
L (Egl)7) = v G(Eg(). diw, @ = v £, (B) dy L = v £, (B) . Thun r=l.
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(\OH'*) Coro\lcm*-. Ew.va, me‘;\e\:. local CH-h'na, haa o, conomnical wmodule .
Proof: By (9.40) tery complele lowl vng i3 doctor Kng of a RLR. Use (l0.43).

(1045) Exomples: Leb B be a loal CM-h’ha. |

() Assume BEAML wie A o local %ovc.\ns\du. ring ond T aw. A-ideal of

qrode g . Lt X=x,—, g€ L be an A—-\zﬂ..]er Aquana. - Then Ext¥e,A) =
Howe gy (V) ) = 00

(b) Assume Hak B is Cowf\dn. and contains o hiedd: leb k be o cselhicient kdd
B x,—,% o SoPd B, and lemk A=klx,—,xd €B. Thn A 4 o
pourr hetivs ving amd B is hude over A By (10.47) %E“OMA(B,A).

Lt A be o ving amd Maw A-wodule. e conshuck o ving axdension Ac AnM ol A,
Colled 4o irvial exlension. of A by M an lollows: As aw A-wodule AxM=
ABM oud wulkplicotion is delined by (a,x)u,,\,)=(o.g,m,+gx) for all a,beA
aud X,y€M. Nole ok Mc AnM s an idead wile M*=0 and ArM/ME A

(1046) Torew: L A be o local CM-ving. Than. A han a canouical wodule i and
ou\\’ L A e factor h'u% e o focal %omnskin_ ng -

Proof :"e=": Use (lo.43)

‘=" W is encugh to dhow Hhak B = Axw, is a loal Gorenshein Rng . leb d=dinc A .
Swe AcB & a huile viug oxlemsion ; B is o Nectheriam Wug with dinB=d.
S Wy =0 B and By, & A local | +lu.\n'u%’5 is local . led X =x,—, x4 be
o A-sequume. Thue % is wgular on Wy ond hen o B=Aww, T B i
CM. W remaiws +o showr thak v(B) =1, or tquivalently | \"(-5/(5)'&>=|. Sina.
‘B/(_)_c_)'B = A/(g_c_) »* wN(g) e Moy rgflmu_ A \>\I A/(é\) ond aMume thok diw A =0,
Ju Hhis are wy = E, (k). H remawn o show Hhok w(B)= r(AxE, (k) = 1.



leb  (o,x) e F(B). T dor all bewm : (b,0)(ax) =(ab, bx) =(0,0) and ae J(A)
and xe F(E,(R)). U aso, Hu vvack Aquana A -4 A — )0 iuduses
o ack rquma 0 — Howy, o (Ha), Ep (W) — Homg (A, Elk)) 2
Homy (A, E, (k). By o slwilar orgument ag it proed of (10,43) (woo e
oAjoiw\— iww%isu) How\A/m) (A/(q,)) EA(k» is an ik*ir_\ivc_ A}/(a)—hwc\udc..

Siwe I (Homp s (Ma), By (1)) =k, we have hak Homy ey (Mea), Eo()) ¥ Ey (k)
ond Ha Mquene. 0 — EA/(A_) (k) — E, (k) = E,(k) is exack Moreover,
L (Epseay (R)) = £(Hia)) < £(A) = L(E, (1)) amd mulbiphication. by a. ew Ej (k)
camnot be Hu e wap. Thun Hure is o ye Eu(k) with ay 40 and
(0,¥)(&1x) = (0, 0y) #+ (0,0) , o wuhadickon . Thuws tf(A*EA(\z))’é' 3‘(&“{))
and (A *E, (k) =I.



