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CUHAPTER Vi: GoMEN~MACAULAY "RINGS/MODULES ; “REGULAR “RINGS

S—— —————— mama——— —_—) ————
= . ——————1} — —- e —

§l : ‘REGULAR SEQUENCES

(3.) Definition: le+ A be a ving ond M an A-wodule .

(@) Qu demed acA is dlled M-wgular i am 0 or ol meM—(0).

(9 0 Mquene of dewewns oy, —,a, €A is lled an M—-s_ep‘u_g.gc_n_ L M following.
Gnditiows ore Aakstied.

(1) ayis M-wgular ond for all 2.¢isn Mo dewewr a; is (M - ar.
Uz) M+ .?::-?:H ( /% aJH) MTJ

(8.9.)’Reuar\<-. O perwudakion of o M—seﬁuum Woy ek be aw M—s\u‘u.um.‘ (see "omuuorL)

(8,3) Tzorew.: Lk A be a h'k%_. M an A-wodule aud aj,—,a, €A M—seciumu. Tor
ol yie N~(0), whoe 1¢ign, Hu Aguence. a, —, a0 is aw M—sequince .

Podd: W Abian o show: it a,—,a, is m..i\’\-seﬁmu. aud ve N —(0)Hun a),a,, _, oy
s o M—seqmw . Cowc\H-\‘on,_ (u.) in debiubion. (8.1) is cbviows . The roof. of condihion (u'.>

is L\’ induchon. o v. We firsdt show:

Cai: Lk by, — by A e an M—sequv.u_ omd Wy, —, m,eM witly L,u,+_+L.Lm.,=0.
They for ol 1&ikn: wmie T, by

R4 a: L, induchow. on n. Sine b, Is (‘1/5;" NS MJ> ie.ﬁuom- aud b, c—M/}_—_-"‘"' biM,
Hoe e dewenhy ;&M & Hhalk M, = Zj.,. bM

Tus: D7 bing = 5000 b+ by T b0 = 327 blmgebay) =0.

= W

By induchion h}[»\hsu roall 1¢ign-: M+ b, 0 € ZJ- , biM

This proves He daim.



220

I oder o prove "\'L.. Huorene. we. shous L7 wduckion. on \bé.N-(O) ok o.\\’, Qe Gy 1S
. M-—su‘mu. . o Vel Hee s ho-m\'u% do show. AL v>1, nole Huk-aY is M—miu.\a.\-
Suppese. Hal- b dowe Z<isw and towe we M:

wwWw=adm+ — +a m, e moe M.

'b, induchion h3ro\&esis oV ey, oy is an M-seﬂuu\l.e. ad Huwse are nje M so thak:

- a ¥l .
W=06,""1+ — & Ay iy
v
hus:  amy+ —+ap mi —aW = o M+ —— Wi, — “i(“i‘H“.*' S 0;‘-;"'"2-!)
N ] . . ‘.
= oy (am—ain) + & (m, —aiu)+ —+ap (M -4 n,,_|> ,
=0

By He daim: am-oin, € oM Z.Js,- ajM and Heweloe ain e Z..
Siwe @, —,a, is M- n%c.do.r , N € Z..JS‘QJM and  Hheveforc : WGO‘M*':‘}.:._“Q‘H.
W He %:\\ouiu% we wauk do show : U Ais a focal Neelavan \"iw%, M a.{-'ui.\dy %muolea
A-module., ond 0y, _a,6A ac M-su‘w.uu, , e be ol €S, ! AUrdy) — 1 %) 1S W
M~$e?mu..

(Z.W)'mek and th‘hikon,: b A b o \'(\m%’ Ry — s K vanables ovgr-A, ohd M a.u_ A-—uo:lule.
We consider elewehs o M@, Alx,_ %1 as ‘p\ywuids' i e xg with, oeffiaewn ik M
ad il 57

X c--'
I j &t “)G l Xh %’b h'l-() x' — XA = F("Ir-v "H)

here M(&)é‘M’ We Ad- MOy, —, %l = M@, Ay, x, 1. Obvubu,ly) MCx.,_,xnl
5 am Afx.,_,x.‘:l-woau\c and -F» ol by,—, by,e A Hue is a Adivar map
¢: MO, %] — M b @ (Fix,—x0)) -—-—Wh,—;h)-

(85) Dekiikion: L A be avig and a,—,apeA. sa.:\:s(a.,__,%) and 2L M be
o A-wodue il ITM4M . T Mguene. Q) Qp is called M-quasiregular— i

for oll QGN-(O) +he -?allom‘u.a condihon (x—) s sohshed :

) X Fly,—,xn) € MTx,—,x, ] is a kohma,m‘.ow; ey nowdal 4_4%'«_\) with
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Flay—a0) € TM | o all coepiciewds of F axe iw TM.

(S.L)’R;wox‘kc Condition (&) is ‘"-Ae—FEMAM- aL He orde— °-¥- 4 Aequanc Oy, — n. -

(2.7) lemma: Tor oall \)éN—(O) oudivon (*) is &:‘u.ivdgu- Yo:

() pid F(x.,_,x,.)eﬂfxu_,xn]. s a \\omo%»\cpus 'Po‘)uo\u\'.d o). Ac%m,\) with _‘Ra.,_.,n%=o,
Huw Ho celficiewds o} Flxy,—,x,) ax . TM.

Proef . Obviously , (#) implies (ww). Gonvenely, fb Flx,— ,x.) eMBy,—,xn) ke a homogemeous
polynonial of degee v with Fla, _,a,) € TP M. Thew Hwe is a. howogeneous poly nowial
Glxy, —, %) € MOx;, —, x,] of. Aua'u, S+l wnle T(n..).__,a...):G(a,,___,q.Q. lorile
Gy, —, %n) = Z..:-;. X Gilxy, —, %) vhae Gl —, %) €MDy, —,x,1 o howogaueows
polynomial of degee v for Mitn . Thun T, ) = Flu, ) = i, % Gilo, —, %)
is o howogueoun polynowial of degre 3 Wit F(a), —,a,)=0. By (wx) He
welpcienks o F* o in TM, hene Hu cocfcienls of F are i TM.

(25) Lemma: let A be o Hug Mow A-wodule awd o, —,a, € A aw M-qun.sivu*..\m-
Arquanat. Sek ’I==(o.‘,__,a“)£_A amd fh- ae A be aude Yok TM:a =TM . Thae
%or- all \)éN—lO) : TM:a = I M.

ool by induckow en v. For He induction slp amume Hot TVIMia<TVM aid
led- meM be 2o Hal ame IM. Thw we ITV'M ad we may nle w=Fa, ...,a,,>
Where F (x,—,xu) €MUn, —, ] is @ howogewows polynowial ef degre v-1. Simee
aw = aFlay,—,an) €IVM, He howogeusows polynomial aFlx, —,x) hay coehicients
in TM (by (=)). Wik Flx,—,%) = 2 i1z v LT x5 widhe mye M.
Than o,u(‘-')e'l’ﬂ and L, bumphion. mu)eIH.’BuA—-\La.m MsF(a..,__,a.)eI\’M.

(89) Theowm: Lk A be o ving, M aw A-wodule, and o, aped an M-sequance.
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“Then. - TR W M-qu.:m'mx..la_n

Boeb: by induckon- o n. Tor nal - Fi)eMOx] be a how.o%;neom pelywounial of
degres 3. T FO)= mxY for rome meM™., Suppose. Hhalk- Fla) = wa’e a¥ M.
Siwe. a is M—\tﬂu\m—, m=on dor towe neM,
n-lebn. Suppose thok o) —, ay, is o \"\—C‘unsiwxa.\or Aequan. . Led- Flx,, —, %) &
MGy, —,%w1 be a \\ow(x_nww, polywousial e} degeer v with F(ay,—,ay)=0. We wal-
Yo shaw- by induckiow ow v Hhak He cofhicieds o FOu, — ) axe e TM.
Veo: Tan Flx,—,x)=weM and m= Fla,—ay)=0.
V-l =y Nole Hol lewmwma (87) shoun ok GP)amd (%) dor o bixed Ve N-10). Thus
b, iwducHon k3ro+k:.sis, il H(x,,__)x“)eﬂfxu_ ,%nd i3 @ homWM ?o\7vuouua.\ o}
Je%m_\)—l widle H(O.b._.,a“)éI“M , Pue Mo codbcienls of M oaxe i TM.
Wnle ‘-F(x.,_,x.,)=G(x.,__,x._.)+x._u(x‘,__,,‘,.) whesre G (%), —,%p) €MD, —, %y 1 is
n..l\om?.u.om polywowial of. Auru.\) and Hilx, ., %)eMlx, —,x,1 is \‘lcvo?.\ncow; of
degper. V-l Sime Fla, —,00) =0, Wlay,—,a0) € la,—,a0 ) M : @y . Siuw a0
is M-vequdar, Loy an )M ay = (a),—,an )M and dhus by lewwa (£.9) oud
Hae induckion h\,l:d-hs\'s (on 1) : u(a\,_,o_“)e (ql)_,a.,‘_l)“ﬂ . Sine H»(x,,.__,x.,)
is \\ew?.w.ouh g AQ‘X&I— v-l B\, induckow ‘\3\»\'\5(5. the coefficiews o) “‘(x.,_,‘*n)
ax i IM. u;;w% H(o.‘,__,a,)e(o..,__, q.,_,)"M Hare is o \Aomaz.\u.oub p\ywm’a\
k(x.)._,xn_,)e MOx, —, %0y ] degree v Wil hla), —,ap)= H(ay,—ay) -
Gonsider Hhe \'\D\Mo%om.oub Fo‘yuohulol i MUy, 1 oL Juam_v:

q05) — ) = Gy, xu—y) + an hix, —,%ny).
- Thew %(a,,_,qn_,)= F(a,)._,a,.‘_) =0. ’57 mduchion h}ﬂ»l-hs(s ew n Hu Sequen e

L PR S | M-qun.sf\w.%.lo.r. Thus N C«.”\ae.\.do d q are in TMand 40 ave
Hee e ficienks a.f, G.oud F.

Recadl: M A is a Noctarion h‘u‘)IQ}ﬁA(A) aw ideal in He Jacobsow radical
4 A, ond Ma fuldy queoled A-module, Hew [1 T"M=o.
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(8.10) Thearem.: Lk A be. o Noelevan Y'\M.%)M o “-t'n(\e.\\, opueraled A-wodule and
ap— aye A with T=(a,— a4) < Jrad(A) - T \u\lo\m'k% ave 2quivalewt:

(&) ay—,an is M-regular

(b) oy —, an is M- quasiveqular

?_..;_.3_"37 (3.9) (a) =» (b). “For (\o)=p(a.§ we. will showr:

() o is M—K‘i“‘“" amd

(i) T hquente @y, —, an is M/a.M—K-%-Jax-

T W Sadewesk  dolloun |n7 wduckiow. on. .

() Su.PPose_ +ho)- a,m=0 ¥or some MmeM. The Fo\ynom'aﬂ_ T=mx\.eMG<.,_.,x“-1 is
‘\O\wo%u\mub o} de,%m_ L wille o)) =F(a),—,0n) = oy m=0. By (3w) meTIM, Hal is,
M= oo, aw; for some wWeM. T polynowial Glx),—, xy) =Z\:‘L=. WL X X s
houo%waow. o Auxm_'z. e G (a),—)au)=0. Again E\, (ew) wieTM and My
meT2M, Cow\-\'mu'n% Ve Huis yieds Hhod- me N, o T"M=(0).

(i) Sek- M= MliaM ond L %&L,_,xh)eﬁ[x,_,__,x“l be a \\oman.wm
pelywounial of de%m. v will, :g.(o.“._.,a“) =0. Lok F (%) —,%n) € MU, — %u 1 be a_
bm%ﬂl\-w\\b Po\\,uouu'.ol ox, Ae%«a_ v wiHe Fr o MGy, %) = 3 T
T(&z,_,a.‘) ea M, Aoy Flay,—,a0) = 0w dor some weM, Lk (e™ witle wigy
be manowmol witl, we T'M. Thao Hee is o \\ouo%zmu ’Po\yw.)\wbl
Glxy,—,x0) € MTx,— 01 of degrer. L with Glay,—,a0) = w and F oy, — /o) =
a, Glay, —, n...) €T™™ (sine T is of. c\«‘a-u. \)). The Po\yuom'd, B (), — ,x.\) =

Xi Glxi,—, xy) is hovu.o%o.ueom o} degrec (+ 9.

Gone l: <y

Sne  H(o,—,a0) = a,Glay,—,an) € TVM, by () B coelhicionks of H aud G

o in ITM. Tuis iw.‘:\\'u; Hal w= G(a,,__,a..)eIi“M, o wwhadichon.

Cane2: H=v | | |

F* =F(n,—, x“) - H(x\,_,xn) € MUy, —,xyd s a \\omo%ww: \:o\ynohdoﬂ &_
degrae ¥ Wit F(a1— an) =0. By () e efpicienn of F* are i TM.
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Stne ¥ Wovowual terms o} 'F(;(“._,x.\) de nal- involue %, | i% follown thalk-
Hu coefhiciewks of F are in. TM aud th cocllicienhs o} } are in TH = (a;,— a0,

(8.1) Definibion: lek A be a ving, M am A-modue omd TS A aw ideal. Q Mauinc
& dowews v, —,a,€ T is colld o woximol M-sequona T it

(0) a,—,00 is an M- Sequance

(b) br all beT 4w Mquence. O, —, 0y, b is hok aw M-sequena .

(8.12) Coto\\qn&- b (A, m) be a local Noethenan h'vxﬁ, amd M a %’uﬂd\, qenevaled
A-modue - A ay,—,a,em is o M-osequume 40 is He Arquna gy, V—1 Q)
{0\’ ol e Sh

(8.!3)‘?:“@{« - A ke o Neethavion \-'.u% and M an A—\\LOA\L\&._‘FDr ‘A:LHA, ideal
TgA wmaxwmal M-Set:lun.nce.s L Oash (?cssl'h\7 04_ lma,\e\, o).

led A be o Needkeriaw h'u% amd M a %u.ld7 c}am.rnled A-wodule. We want
do shour thak- Woaximal V\—seﬁumu_s have ‘he Acmme \cua\&-

(8.!4)‘1@; lb A ke a Noclenam h'u%,IE.A ac ideal, and M o {l'm'lds/

quaraked A—wodule wile TM+M . Tor aw inlger neN-(0) e ¥°“oun'\\%

couditiowr are tquivalewk:

(o) Bkl (N,M)<0 for all icn amd all fuilely geweraded A-wodules N with
Suppy (N) € V(T)

(5) Ext} (A%, M)=0 4or all icn.

(c) Thse is o fiwlldy geueroled A-wodule N wity SuﬂA(N)a.V(I-) audl
Exty (N;M) =0 %r all i<n.

4) T cowhauiws s H-sec‘\u-nu. of. Ma‘k n,
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Proed: () =0 (L)--v(c.): Yrivial
(©) =» (4): Suppose hink Aot toery dewewk of T i a zevodwisor o). M. Tiis iuplies ol
Hare s o Pe Qany (M) wille TP Thus Hae is on inpckive wop ¢: Hp—>M
\hich. exlemds  to o nowevo wap @ : R(F)= (H),—+ Mp . T parbicular;
How, (RP),Mp) 40. N is o fuildy qpuevaled A-modue with V() = Supp, (N),
hena. Pe Suppy (N) and Np + 0. By Nakoyama N@k(F) = Np/pn,+ 0 aud
“°‘*k (Ne, k(P), k(P)):}:o For a. noumre Ap-liwar wap T: qu(P)-—-rk(P)
Cousudu— Hhe camposibow. Ny s, Ne, k(F) —+ k(F) —L-’ HP Sinwe 940,
g
e have Halk- Houp, (Np,Mp) = Howy (N,M) 40 and  Hurefore Hom » (N, M) 4O.
Tuis shows Hhok P Hom (NM) =0t He is on M-vgquiox demewk $eT.
We poaed by induckion on m. Ib nwl,we ax dow. Trn>l Lk 2T be an

—maﬁJm- demenk omd Ad- M, = M/s.M The txact hequana O—» M—"'—’H-—vM — 0
yields o low} xack- hequance. :

0 — Bow, (N)M) —» Homy (NM)— Howy (N,M)) — By (N, M) —> . . ..

Extl™ (,M) — B (NM) — Bk (N, M) —> -
Taws Exbiy (N,M) =0 fr all i<n-l. By imduckow hypotlusiz T contains aw
M,-teqular Auquane of Junglee n—\.
(d)=la): ek £, 1, €T be an M-sequunce and leb N be a finlely gereraled A-wodule
with  Supp, (N) € V(T). We Wak do shour by induckon. ow n hak Extly (N,M) =0 for
all '<n. Cousider +he ovack Mquane. 0 —+ M HoM— M=MWgy—ro0. By
lefb exachuess  He muence. 0 — Hone, (N,M) e, Hom, (N, M) is oxack aud d.is
wulhplicaXiow L\, §,. Sinw $,6T< vod (ann, (N)) and N Fiilely qeneraled IrN=D
bor rome veN. Thuy § Homy (N,M) =0 and,sine §, is ingeckive | Hom, (NM)=0.
We. know Ly wmduckion k\,p&lus\'; Hhal E\d:" (N, M)-o for all c<n-1. This fuplics
Hal- for all (<n e Aquence 0 —¢ Bt (N, M) 2 ExtS(N,M) s exact , whae
* is Mulhplwa.\-\ou, \a\, 2, C'oufmk E,d:';\(N,M) b\, u.sm% o myAw:_ vesolubion
4 M: 0dpM-—2Q — -.. —Q—... . Sina § ' N=0 br rome re N,
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i+ foloun  thak {rﬂo\uA(N,QJ> 0 and Hurelore 47 Ext’, alN, M)sO Sina w is Vigekive
Ex*l:le M) =0 {ot— all d<n.

(R.IS) Coro\\a.nzz Ll A be oo Nocthenan rng, TcA an ideal , and M a Q—{uﬂd\’ %p.ue.m‘\«l

A-wodule wifle TM+M. A o), 0, €T is o wmaximal M-sequence in T | Hhn
Ext} (M, M) +0

ool . Firsk- wole Hhak- by (8.1) Howp (A, M)+0 i n=0. Tor 0<isn Ak M= M/(u.,_,a')l
ke wad- 4o showr L\l mduchow on n-i Hhak Ex “":(A/:: M) #o0. Suppose. +thal-
Ext “"“ (4=, MH,) +0 aud comsider o track Sequant.: 0 —>M, =¥

L—-—-—) H '—-’Hli-l‘——’o
Thvs \Iu:Hs o \ou% xock heguence. :

— E;d:""“' (A/I M. ) — E‘{_n—-t-—l (A/I Mt-u) — E,._t'l—L(Aé:‘ M- ) N B4 L(%'ML)
Nole *hak by (2.14) Exty ™™ (42, M) =0 and Hhak-x is B mwomap. Thus
6(%::.—&-‘(“/1,!‘1.:‘_‘)’5 EX‘EAH'((A/I,M{_> ond the stahbament follow; .

(816 Tuorem: Lok AT, oud M be an in (815). T Lnglh. of o waximal M-sequunc
w L s luAePadew\- o}, He chove of MRQUeNCL. . w Mm.\ar, H IAM%\—LVL.
o} o moxiwal M-sequence s glvaw by
Ed:i(“/:\:,ﬂ‘) = f © i icn
' $0 f (=n

(3.7) Debinbion: lek A be o Neclhenom ring, TSA o ideal, and M a finclely

?v\mld A-wodula undle TM4 M.

(a) JeFKLI(M) = T-deplte 4 M = grude (TM) = gode T on M = waximal lingl
o} a M-sequona in T. Y TM=M we s deplp (M)=to

(k) gude T = grode (T,A)

(c) qude M = Grode asn(M)

(d) % (A m.) is local Heew A_ef\—LM = Aefa“’\, M.
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§2: DEPTH

(8.l8)11rorosikon.: Lt A bk o Noetunasm h’w&,IQA om ‘deal and Ma {m\d\, %U\c.\o.\d A-wod uli
(o) deplr M = win}i | Exty (A M) % 0]
(B) grode M =win i) Bty (M, A) 07

Troof: () Y TM+M, Hu amerdion fllews by (816). 4 TM=M, Joe B (A2,1M)=0 i} and
ondy i Exty (M, M), = Bt o APy, M) =0 for all Pe Spac(A). U TP, N T M, =Mp
and by Nakeyamwa. M, =0, ‘r. T¢P, o To=Ap. Tawn Exty (ALM)=0 frallc -

(5) By (31)  grode M = dephug iy A = wind L] Bt (,A) =0T

(8.19) Gorollasy: Lek- A be o lowl Nochierion ring with veaidue $eld & and M a Ky
quurakd A-wodule. Thun dep M= min i | Extly b, M)*o0Y.

(8.20) Tsorem: Leb (A w k) be o lowal Noetierion ving , M and N vionzeo ?»'ml\e.\\l Quaraled
A-woduler. Than. Btz (NM)=0 for all {<dephf M—dine N.

Prod : by uduckion. on rodiwN. Y r=0, Hun SuppalN)=ym] , sine. N+0. The
oerhien follows by (84). b r>0 pidk o Nlhakion of N: N=Ng2N,2 — 2 N, =0
the Nifng, = A/PJ' Jor rome Te Spec(A).
Claim: Seb S=deplt M and suppose Hhak (%) Bkl (Nitjpy,M)=0 Jor all ‘< s-r and
ol {=0,— n=l. Then Exka(N,M)=0 for all i<sr
P daim: be Ahowr b\, ma, induchion ow | Hhal ) lw_Flws Ec\:A(NJ,M) (o)
bor ol (¢s—v. 'B\’ Wmfkon_(*) bor f=w- E')d:* (Naa, M) Bty RET M) (o}
dor ol {<sv. Tor He induckon Mep y=b (-1 consider Huw ovoch Mqueta :
O— Nj —s Njoy —> Nia/N; — 0, which yidds o ﬂ:ua, wract Autuuu.l
— Bk (Ni-/g M) —e Exk (N M) — Bkl (N, M) —.
By () Ext,‘(ul../uuu) =0 ond by induckon hypotlusis EchA(NMM) ~o.



Suppose now- thal He sholemerd holds for ol Pulely qeueraled A-wiodules of diweusion ¢ v-)
ad le- N ke o Huldy generoled A-wodule o dimension v Sine dime (Ni-1/n;) & dwN=v
by He dain ¥ remaivy do shows thok Bkl (4, M) =0 for all (<sv and ol PeSpecla)
with e\iu(A/P)zr. Tor sude @ P - ke m-P omd omsider to xad- sequan @
0 — &p Ly M —p APaxA —+ 0. Sine din (‘YP+xA) & | L) ind uchow \n\anWusis
Exty, (APrxa, M) =0 for all (<s-r+l. Tonsider Jor i< s+ M lowg, xack- Mequanic.:
— Bt (’{P‘H‘A‘M) —_ E,‘{;g‘(ﬁ./?,u) I Ex{"ALA/P,H) —s Ex‘c‘;‘ (Afeaxa M) —

.

1] 0

T wmulkiplicakiow \:7 x is ow isowmorphisw ond E)chi(NP)M‘)é:xEx‘cL("YP) M),
S{hW—‘E**&(NP' M) is a %’uﬂch %r.ne.mka A-wodule , \:»7 Nokm,owm_ Ex‘\:i(*/ﬂﬂ):O.

(8 2.\) (.ovo\\cma,: lr A be o lowal Nectharion \ﬁv\%, Ma %\uﬁ\e\\’ %q.he.\-o.\-cd A-wodule \ and
Pe Oy, (V\) . Thew ACM(A/P) ZA@F‘&, M.

Prosh: Suppose ok Pe QMALM) wible A\'u(A/p> <c\¢\,¥&_ M. By (K.zo) -\-‘DMA(A/P’H>.=D)
o cowhrodichon .

(8.22) Fropoeition : Lk A be o NecHuran ving, TcAou ideal, and OaM' M40
aw txack sequina o} *iuf.\-e_\\l opveraled A-wodules . Thaw:

(a) depy M > min ) dephiy M, depht MY]

(B) depg M' > wiv {depWr M deplip MV 1]

1) dopr MY > wein ) depp M depkl MI-1

Pod: (8) and Mo long oxock Mquene for By (4%, —) -
(8-23)-“"_“;‘&“_‘2 (Qualamder—Pucknbeuw. Qomu)m) L A be a lowl Neelheron \r-iu% ond

M0 a 2-.‘@\:)\’ Wm\d A—\uoéule_ witle Pmsc\\'u M<iso . Thew
Poié‘uﬂ +c\c‘>\-9-._M = Ae?\'a. A .
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Prod: by induckion ow jrofdim M.
Y projdin M=0, Do M is projckive, heme fro and M= AT Thuy dephe M= deMo A by (2.18).
Y progdime M=l ) Hun Heove is o txack Mquie 00— AT 3y A' M 0 Witk sl
omd ol ewhries of ¢ ave i W, He woximal ideal of AL S k= Am. The mop
B Bl (he): Bk (k,A8) — Bt (k, AY)
Bk, (k,A) QA £t (k,A) &A™

IS simgly “AExk“(k,k) 6p , whide is evo sine all entnes of ¢ ax T W oamd mEt, (k,A)=0
By M \ou% tvack Awquenc for Ex\:;(k,_) and (8.l8) we obluw ok Ae?\-&M.—_AaP\&A—I
siwe S3i.

E pojdine M> 2, e is an xock sequne 0 4N -— AT—3M — 0 witle projdin N =
projdime. M —1. By induchon hypothesis , deghe N =Ac‘>\r9..A—Pro‘\'A\'m.. N < depe A Thus

ij (8.22) c\r.P\E., M= depll N—|  omd we ore dome.

(2.2)Remort: U A s a Noclhevan h'n% omd M a %‘uf.‘d\, guueroled A-wodule -\-hgu_,L\,
(2.18), We_ M« pm“'d\'u M.

(8.25) Definthow: lek A Ln‘ o. Noctherian ving, TeA o idea ,ond M a -?;'m,'\dy %’,he.mu A-wodule
(a) Mis called pefech i} grade M= projdiue M (= M40 and projdimM<ao) .
() T is called perfeck i A is perfeck o8 am A-module .

(2.20) Lewma: L+ A be a Noethern ar n'u%"IC_-A an ideal, and M a &-.'\{\U\’ %o,ue.\-u.\u‘ A-wodule .
¥ T cousiskh o} 2vo divison f M thae TP dor sowme Pe Ass(M).

M: Obv(otu»\y, M%0. SI.H(,g, L‘J’QE»LM s He Ad- b:?_ Zevodivisors ag_ M. Thws Tc kl{at;(u) .
Sinwe Baa (M) is Jinike, the shlemewr follow.

(Z.Zﬂmpsikouz Lek- A be oo Nectheriom h'n% s I,'}EA iAeﬂ];,anA M a %u\kl\, %ﬂ.hdn.u A-module .
(o) depiy M = win | deh M, | PeVT)]
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(b) depltr M = deple = M
lc.) c\ar\-&,:n? M= Min.ic\c‘,u._tﬂ’ Ag.rl&_a M}
(A) i a=za, -0, is an H-Su‘u.mu_ iu,'I,'\'\w\.. Agf“‘_I/‘&) H/(&)M,%M/(&)H= leate M —w..

Podl: (a) Sine TH=M i} and ovly i M, =0 for all PeV(T) by Nokoyamas lemwo. , we moy
atume TMEM. "¢" s dear by (8.1), Tu odder %o prowe ‘2" lek 4y, 00 be an Moveguder
sequni of wosimal lenge i L. By (3.28) TEP for some Pe Omy (Wiay,—an)™).

T P e O»AP LMP/(&)MP) amd a),—,a, fow o womimal MP—R?JN— sequence
conkaived :“’*PP ond -“\n.ufo\g, Auf\&, HP"‘“‘A?‘Q"IM'

(b) and () follow from (o) sine V(E@)=V(IT) and V(Tn})= VIT)vV(Y).

(d) follows from. (8.1).

(2.28) Debiwikion: Lk A be o loal Nechurion riug omd M o inilely quueroled A-wodule.
(a) M is called Ghen -Macouloy (CM) if M=0 e if depe M = dim M.

(b) M is colled moximal Colan~ Macaulgny (McM) it deplh M=diw A (&+ M40 M
oud diwe M =dim A).

() A is called o Gokew-Macaulay ang if A is CM as wmodule ower ihalf .

(2.29) Tiegom: Lek A be o local Nocklarian ring and M o Bialely guneraled A-wodule..
(@) I M is o CM-wodule , W for ol Pe oy (M): dine Ap = diwe M = depl M.
In ‘n\-\—\'c.u\o.r) M hos wo mbedded prwe. ideals.

(b)) L o —jarem be an M-scquenee and M'= Mla,—a)M. Thew M is CHM i
ond oWy if M' is CM.

(c) UM is CM and 'PeSF.c(A).-\'\M» e Ap-w.u:\ule. Mg s CM, i par\\hu.\o.v-)
i Mp 40, Han  depll, (M) = AWAPL"‘Q-

Prood: (o) diwe M = sup | din(p) ] Pe Oa (M) > il  dine (Ap) | Pe Daa (M)} %g.2) depl® M .
(t) Siwe oll waximal M-sequenies have Hu some fmghe dephte M= depMi M -



231

By (t44) we hwowr i aem and @ 4P for all winimol primes PeSupp(M) N dim (Man)<
dime M-1. Tuis implies thak din M!' € diwM-r aud Huefore dime M! < depfle M. By
(82) diwM'> deplh M' ond M' s CM.

() b PeSpe(n) wit Mp#0. Then am(M)cP and dive My > depMe My, > el M.
ke show by induckon ow depiy, M dhok- dime My = deph M.

Y deph M =0 Huw P is cowdaimed G M sk of zevodivisoms of M aud Y is

o priwe Qe QM‘,LH} wide PecQ (82!.) Sinca MP+0, ’PeSuﬂ:(H) and Hae is e
prwe Q'e (M) witle Q'SP M is CM aud by () M hay vo ombedded priwe idecls.
Thun Q'=P=Q € Omp(M) aud P is winimal Tw Supp(M). Henw dim Mp=0.

Y deph M40, leh aeP be an Movegulor dewewd and puk M'=Mam . “BylL)
M'is o CM-wodule wille dephep, M'= depit )M ~1. Noke dhak My 40 . By induction
hypoHusis  diwwe M, = dephhp M = deph, M=l awd by (444) dine M), = din Mp - || sinee
o is vegular ow M. Thus dine My, = deptl M.

(3-30)!4—{:-(50&.: lei- A be o Necthernom h'ha. A is called Ca\enoma, if fcr- ol prime ideals

P, Qe Spec(A) with PeQ all sakurabed raius of prme ideals PsPg —cPsQ haw e
Some \cuﬁw\_.

(8:31) Remark: (a) Nﬂ.%a.\'o. wshruded w1856 He hint hon-cao.\moma, Neclharian hing. .
(b) RaHilf. shourcd 1972 tak o bl NeckRuvam dowain A is Lolcuoma, i and owly f
P o+ dim A = diw A for all Pe Speclhy).

(8.32) Rbkion: Lok (Am) be o local Noetharian. Wng witl dive A <n. Blemeuls o,,_,a,em
arc colled o byplew of poramclers (SoP) if I:(o.,,_.,a.,,) is aw ideal of defiuikion of
A, that-is, if vad(T)=m. Elemads by, bem ax cled patof o syl of
porowmclers of A il tave we domends by, boew so ok b, __ L, & a SoP.

Nole hak in o lowal Noclerai \n'u.a, /;\AA\;M of parawmelery o.lwma»s exist.
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(8.33) Theorew: Leb (A ) be o lowd Neelurian CHM-vug .
() For demenhy oy a,ew Ha (:o\\ow'\'u.% ae 2quivelewt-:
) o, —a is @« n.%,do.r Sequence .

() Mo, —a)=C dor ol igier

(i) Loy — ar) =

(V) &y, —,ar is park o o splew of poramelers of A .
(5) For on ideal ToA e following deolds:

() T - depthr A

(k) LT +dine Ar = din A

((,) A s co.k.ucuxa,

&o&: (@) Ey=(ic): S oy, —,ay is \-u%.\lo.\—, Qg is \-z%,u\o.\— ow. A/(cq, —a) ond
iy 4 P dor all Pe s (May, —jaiy) - Iw particudar, ayy is hol wloined in any
Winiwmal priwe ideal of (a,,._,q;> omd M(q.,..,q.,.,)g b-(ay, —,0)+ ). T parhicudas

Q\L(o..)__,a.;)zi,. By kndlls geuralied principal ideal Huowew. /U—(o..,__,a.;)gi., hem
M-(ay, — )y =xfor all l&cer

(&) 2 (i) Hrivial

()= (iv): P dimA=r, we ove done . Suppose thal- diwe A=r. Sinw. (a,—ar) &
Wnld b\, v p,\wem, L\, Krult's, %zv\.u-a\\'uA ?rinc.\'?ul ideo) Huorewe e woxiwal
ideal W s wok o wwiwal plwa idea)  ove (a,—ar). P on elemewr oy em
which is wob cowbained in any winiwal prime ideol v (ag,—ar) - Then
U-(a..,__,q,,..0=r—+\. Guhuue ke Vhis.

(W) =i): W s%u.; Yo show thak ony SoP »g_ A is n,vux.&m—- Sequavice e Fvuy,?_
is by duckion sw n=dim A. leb a, . be an SOP of A Siwe A is CM,
by (£.29) tey priwe dead PeOwm(A) is o wiwwol prwe (dea) of A and

din Afp = diw A Jor ol PeQua(A). Siwe a+P)—, 0,+P is o SOP of. A for-
al Pe oo (A), o, 4¢P Jor all PelOm(A) and a, is maulm— ow A. S+ Al Al A
By (8.29) A' is o lowl Nelewan CM-ving unth diw A'= n-1. Marover;
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a to A, ap+aA is o SoP ef Al By induchon M\’Powu.si.s, ot A, an+a, A s
o mau.\ox sequanc  of. Al
(8) () Suppose. ht L=v. Then Hhewe ave clewenbs o, —,ar €T with hbla,—a) =v Byla)
He Aquane @y, — @y is veqular omd dplp A2 AT ar Lk PcA be o priwe ideal wile
T2P aud AkPav By (8.29) Ap is o CM-ving and depth A = dephh A, =dimAp=v.
Siue depthg A § dephep, A Hhe sholemewk Jollown. ,

1) Lk S=1PeSpec (M) | TP wiwimal] be He Ad- of all prime ideads which ave winimal
wer T. By defiuition:

AT =i § WP 1PesT amd dim(42) = sup ] dim (Ap)| PesT.

Qoim: For all PeSpec(A): diw A = diwe A +W-P.

T of daim: Sok diwA=w omd Ur-Pe dmbp=v By(8.29) Ap is oo CM-vug and
dv.r\-?\, APede.Fl'R,P A &iun.AP:v-. Ll a), _,a,&P be o waxiwdl N‘a»».\e.\" Sequeu
P Than Aoy, —ap) is CM—ving o dimeusion n-v. Byla) bt P=r= ld-(a.,._,a,—)
ond P is o wmiwimal prwe over (a,,—ar). Tws Pe Qss (M ay,—,an) and by (8.29)(a)
diw. (A/p) = din ( M a,, —an)) =h-r

In order do fimish W proed of (il) lekPeS witle P = LT Thn din (A1) >

diw (AP) amd M-I+ dim(AT) » WP+ dinc (Ap) = dimw A. Now b Qe S be suck
thol dim (Ax) =dime (4R). T T € 2-Q and AT +dim (Ac) <

e +din e = diw A . Thw M-T +dim () = diwa A,

(€) Gonsider pawe. idedds PcQ o A. Sine Ag is a. CM-ving, by(b) dim Ay =
LePag + dim (Wp)g . Nol Hhak dim Ag = 4hQ, JAPAG = AP, and diw (%), =
N—(S/p) Twis shouws +hal JJ—(“VP) =M-Q-44P Gmsider an inlermedioke prine
ideal © PeWe@. Thor W-(BW)= Q- AW and LA (We) =hi-W - L4-P.

Thws M- (FP)= Q- 2k-P = Nr-(o/w) + U—(W/P> omd A s Ca\euara,.

(2:3%) Deinibion: lek A be a Necheriawn ving-
(a) Qu ideal T A is colled unmixed I for all Pelss() -P= b1 .
() The unmixedness theowus, holds for Mo ving A il Jor svery ideal T=(a;,—,ar) S A




234
withe WeIov is unamixed.

(8.35)’“:uark: (o) le- A ke a Nochherion ring ond I-—.(o.‘,__,o...)Q_A o ideal wrHe
B-Tevr T is umwixed if ond oa\y $ T hoa no 2wbedded primes.
(b) '57(8.1‘13 He mro ideal (0) mw a local C-H-—V‘iu% A is unmixed -

(8.:2b) Depiwibion: lek A be o Noethanomw ving omnd M o ?&ui\dy generaled A-wmodule .
() Ais o CLM,—MQLOLJQ:A, v% Ay s CM Jor all mew-Spec(N) -
(b) Mis o C’oh.u-—Mo.cm.Jo% wmodule § M, is CM (ova-AM> bor- all me m-Spec(A).

(837) Theorem: b A be o Neelherian \r\'u%. A is CM § and ouly it e Wnwieduess
Heoem holds for A.

Proof : "™ Lk A be o CM-ving aud T=(ar,—,a) S A on ided with WI=v For
ol Pe Qs (A/T) Ha ving Ap is CM and a),—,a, is an AP-—sequmu_ by (8.33).
By (€29) He deal Tp=(a;,—,ar) Ay har o embedded priwme  ideals. “Tus P is
wminiwol oves T and MP=v- T

‘=" Suppese ok e wnmixedwss Huown holds for A amd lek PeSpec (A). e
claiwe Hhok Ap is o CH-HK%. Suppese M-P=r auwd ld o), — 0, &P Witk
Mr(a, —jai) = for 1gicr By dhe unmixcdwss Huoew. all Pe Q%(Mq,—,a,;))
Rave 21-\-3&1' L. This mplies +Hhalk- @y, is o NZD of HMa,, —,a,) aud o), —, a\

s a reqular Aequence i AP' Thus dim AL = AP =v =depthl A, and A, is CM.

(8.38) Theorew : leb- A be o CM-viug. The rol\,uomiol v{u% ATy, —,xnd ﬂeiui\d7
wany variades ocves A s o CH-—Hua.

”I_’_ro_,g, We ouly wed o Showr Jhok He ?olynow.ia.\ ving ATx] iw owe vaxialde is CM.
leb P AGA be a prime. ideal amd wm=PnA ‘s codracton e A The n'na,
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Alxl, is o localizabon ef A, [x1 amd we Moy QMuime ok A is o Sl CH-h'h%
with, waximol ideol w. amd ok PcAlxl is o prime ideal wille PnA=w . W daiw
ok AGIp is CM. Suppose dim A=n owd b q,—,a,em be o vegulax-
Sequanu we AL Sike A&]P is 4lak- over A a0, is dso a vuzdm—- stquenie
W ACx_]P , W porkieular, A':P"e" Atxll, >n.

lone: P=wc AGQ, Hw dime ATkl p=n and AG,, is M.

Z.cane: Pem ACK]. Seb- K =AM and nole ok AGI/wAGA = KTx]. Ty P = TAGS]
is @ prucipal idea) Gueraled by @ wonic ivieducible polynouial L. Lk Le AT be

@ wowic polynouwal wnith 2w AGO ""Z‘ Siue £ is mowic, §is Wux«Qar on.

AEﬂ/la,,_,qﬂ) & (A/(a.”__,a“)) [x]. Hene de.r\%,(A&]l,» 2 = dive (A&]PB ,
AB(]P is o CM-h'u.a,.

(8.3Q)(ovo\|o.ra'. - A be a CM"““-% and B an A—a.\az.\;\-a. o:?_ Q—lm\-e,-\'\a.‘ae.—rhu.’ﬁ
is o Oalcv\avz, viua,.
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§3: REGULAR RiNGS

(S.Ho)'_D_e,F\'ui-\-iou: et (A,Iu,k) be a lotal Neelheviow \'im&. A is called Yt_?._\gr i dmA= Jatm) =
c\iuk ("/m).

(8.4) Exomples: ld- A be o local Nockhevian. ving .
(o) ¥ dimA=0,Hu A is \tanlwr- it ond ouly it A& a feld.
(b) U dwmA=l, Ha Ais rgdar i ond edy i A is a DVR.

(8:42) Theows. (Tale): Lt (A, m,k) be o lowal NocHiriow ving oud pew anw demenk sude
Hhak (p) is o priwe ideal of Luald— ouc . Thw A s a dowaiu.

Prop: e B show Hhak- for Lsry dlemenk e A-(6) Hase is an denent ale A-(p) aud an
iuk?,r re N o tol o=pal. Siuw A is local Noctheriam VDNlP") =(0) and Hure is
o re N wille ae(p") omd a.4(P"+"). Thaw a=p"a! for some a'e A-(p).

Ned- le- a,be A-(0) , o, ble A-(p) amd rse™ witlh a=po' and b=psh' . Thu

ob = p" albl. Sinw (p) is o priwe ideal ; o' b'd(p) amd W is a Winiwol priwe

Weal QSA Wit U4 Q. S rip) =1, (P)EQ ond ab=p™ ol ¢ Q. Thus ab +0.

LR.%)Comllo.n&-. et (A w,k) ke o ol NocHurian ving twhvicle is. ok o dowmain. E““%
principol priwe ideal of A s wiwimal.

(3:44) Thaovem: Q. reqular \ocol nng (A, wm,k) is o dowmain.

Pro: by induchon on dim A, Jf dim Ao, Maw A is o leld. Assume dimA=n
ad l- B, B be the wminimal prwe. ideals of. A.

Caiw: P A s not a domain then mewm*uP o uvF-.

B doim: Lok xem-mZand x,, _,x, €m Ao thak X+WME Ko rwh Ryt (s A
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basis . M k-vechor spaw Mz Thus i M) e waximal idead M) is generaled
by %), —, xa+ (). By (44 () dim Aoy 2 n-l. W x4 P tor ol l&isr, e
dime ) Sn-l aud henae dim Aoy =n-l. Tn. Hhis care A is o regulox Aoca)
vng oud o domoi by induckion Wypetusis. This implies Hhak (X)S A is a privcipal
prwe ideal o Awiglh- oue. By (8u42), A is o dowoiu, o contradickion. Thus x€F;
for Aowe l¢isr omd Hhe daiwe follows.
Thus i A is vob o domain. Y wmewruPBu...uB-. IL m % (o) , by Nakayawa.
mdmt and WSF o someleler Buk Huw diwA =0, a wonboadickion.

(8.45) Theovewt : Lek- (A,w«,k) be o local Noeluvion ring. and %, x-ewWm o Winimal
Splem o} querators of m. The follawing ove squivalewt:

(o) A s reqular ;

(b) t kCzi,—,2¢] be He ko\\,wo\m,o.\ viug . r vanobles ouu-k T hiowowmerphisue
o} Nugh k(z)) —j2edl — Fw (A) = @ W/ min dehined Ly @lz) =x;+moe Wiz is

bi jickive .

oo} : (B)=p(a): Leb Syp=2feklz,—, 27| L homogemous of degrac n§ be M e-veckor
hpase of  howogumeous pelynowmials of degree . AL ¢ is bigickive 'S'“ = MY mw ay
k-veckor Apauss - Twun £ (“‘/m"“)—— ("t‘_‘_‘.“) and ¢ (!an) Z. £ ("“/wufl)==
=.=("*:_""") . R, (A/m“) s o polynomial e} degres = (in n) and -\-hue.ko\-e.

dim A = = diwy ("M/mz),

()= (5): Nole. Hak ¢ is ahuos Surgickive and Twerly) is o homoqeneows ideal

sina @ is o howmoguueous worphism. Thusy T = @pen T, whae T, S,

Suppose. T4 (0) omd leb ueTy with u0. T for all n2d: us, , T,

and Q,,("‘"’/m““)g,QA(Su/I") (rEry- (s ln Y (Ten- 1) and (ren=hel

-1 r—y
Qve \;o\yuouu'ols e n ool de%m;, v~ whe He sawme Mma, Cu.%ae.vd- “This im.PIfe_e.
Hok- 4 (""/M“H) is a polynowual v w ef Auam. sv=—2. Thw dimASr @
Conhodn)now
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(8.4¢) Froposition: Lek (A, mk) ke a regulor low Ving . Every min'mal syslem. o] gumevalors of wm
15 o \-c%ulcur Sequanc. .

Prof - by induckion ow n=diwe A, I w=0, e A is o dild. U nt, ok m= (g, —, xu).
Sine A s o domain, X, is o vegulor dewek- of AL Then diwe Aogy =n-l and Vi)
s o regulor lowl ¥iug of diwmension n-l. By induckion hypollusic x+x), —, xy+(x)
is a veqular sequence o Alenyy .

(8.‘!'7) Co\-o“oma: E\r.r%b 'f.anlw— {ocal ﬁua is &M—Hafmu\ma,.

(8.48) Proposition: Lk (A, m,k) be local Necharion Ming oud x), —,xpEW o regular
sequame. o A with W=(x),—, %p) . Then.

(@) A is o K%M.\o.r local \riu%.

(B) %, —, %y is o wiuiwmal systew o} querniors of m.

Pof . Sine n> edim A = diwy (Wwz) 2 dim A > c\e.‘p\-&_ A=n.

(8.49) Tehinition: lek (A jwk) be o lowl Noetheriow viu%d»d Xy, —,*n € M o reguar
Sequenie & AL %,— %, is called o requd ar §‘j§i¢ﬂ- o} pamwelen (RsoP) i m=(x),—,xn).

(8.%‘0)%«*: O focal Noelhenow h'u,& A has on RSoP aquul\, i Ais vegulor

(8.5\) Cﬂql_l_g,‘-z-. Leb- (A k) be a regulor \ocal ring and %), —,%-EM. T &ollw;n.} ave.
Lquivalewt-:

(@) Xy, —,%y are port- of om RSeP.

(B) x+wm* —, xp+m® e Wz are h’mﬂy iuAc.Pe.udc.w\- over k.

(<) A/(x‘,__,x.-) is a \-c?Jo.v- lecal viug wite  diw A/(x.,-,x.—) = dmA —r



Proo . (a)a=p (b): dmivial.
Seb Tm(x,—,xr) ond B= . Bis o lowal Nectedan ving with wosimal ideal
My = "M/x. Gnsider He track sequna. o) R-ueclor spates:

0 — Hxom> — "mr — M S Moz — 0.
Leb- 5= diw, (T/rame). Siwe A is wegular , n= dim, (W) =dim A and by
oxactwss . dimy (MB/mg) = n-s.
() = (): (b) imphies Hak s=v omd Hurelore edim B = dimy ("Bwi) = n-w
Sinee. A s vegular, A is a CM—m.% ond by (8.33): d.'m(%)=dmA—uI.
Sivw T <r, ddwB2v-r and B is vua;do.r
(= (b): diw B = 2dim® =n-r implis +hak diwy (T/zaw=)=v. The sequince
X +Wh —, %t is Wworly  independenk over k.

(8-91)Tkmm= ek (Ayw,k) be o vegdar local rug ond T A an \'c\u.\-Th._rv'm%
Mr is vglar i ond oWy ik T is gewerdled by park o an RSOF..

Prod: "e=": by (2.57)
' Suppese ok AT s vegular, Lok x), —,xgem so thak x+T, — %+ T is
on- RsoP of A/x. Jn particulor, m = (x,—,x)+L. Lk y,, —,¥r €T so thak
Ye+rmY ——, Ye+m® is o basis of ME+T /e 2 T/ram= Fom the txach sequance A
R ~veclor spous : O — WMAT e — W2 — M —+ 0 we oblain thak

¥ — X5, Y1, — Ve 0 o RSOP of AL Lek F=(y,—,y )ST. By (&57) A3 is
o vegular lowl nug wite diw Ay =5 =diw Hx. Sinw A/x s o domein , T=T.

Howological descriphon of eqular lotal nugs
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(8.53)lemma: Lk (A,mk) be o local Noetherion hngs ond M a fiuilkly qeuercked A-module.

5“-‘;‘305: Hok- (F'.,?.\) s a wmiwmal e veslukion e_{_ M. Th
lo,> J!'mk-ﬁr‘f(ﬂ, k) = vomk F:  Jdor oll ¢
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(1) projdine M = supdi | B (MK) 0T € projdim k.

P Tk nole Hhak (F0) 5 o Minimal Jra vesolukion of M i i) ey Fy is o
Fuildy cpuevaded ber A-module | i) U(E) S Fy for ol >0, and i) B/, = WM,
() Becomre o} condibion (i) , the boundory mops of Hu complex (Rok .ak) ae dll
0. Thun Tor T (M,K) = B (Fok) = Fiok. T dimcsion & W k-vedor spoie
Fok is He vauk of .

(%) dolows row (o).

(S.SW)TWKM-. Let (A,\u,k) be a local Noethenon h'n%,) Ma %uu\e\\’ %ﬁ\ne.m\et\ A-wodule,
and xew. m M-»c«x.da\- dement . Then projdive M + 1 = ijdim.(”/xn) :

Prooh: The axock sequumie O —s M 2 M —s Mxm —+ 0 induus o long wxack Sequane:
Tori (kM) 2o Tory (e, M) — Tor ™ (k, M) — Tor*(k, M) s Tor e, M)—s ...

For all leN Torl (K, M) is onnihilobed by w, Weun mulkiplicabion. by x is Huu zeve wap
ond e Scquane O —*Tor, Uk, M) — o, (k, M) — Tor [k, M)—+ 0O s exack-
or ol &N, Y projdim M= < to, Huw Torpm, (K,WxM)+0 and Tor{ (k, Wxr)=0
Jor ol i>rit, U projdim M=o, Hhor Tor] (k,M) +06 dor all &N and Torf(k, Wir)+0
fr ol (e N.

(8.$S)Covo\\o.ra: Lk (A,mk) be o local Neeleriaw ring, M o fuilely gurevoled A-wmedule ,
owd X, —,Xsem on M-sqquume. Thor projdim M = projdim (Vix, .__,,‘_;,n)—-s.

(3.5'6)(0)0””3: Ld-(A,lu,k) be o \C?Jor' local h'ha, with dimA =n. Thn %\AWI\. A=n.
Podd: Lk x,,—,%x.. be a RsoP of A.'B7 (8.‘”-) Xj)—, Xp IS o h.%mlo.r Sequente of.

A and by [8.55) broidiw k = dine (A/(x“___ ) ) = jc\\'m. A+n =wn. (7.43
Y P P ) pre By
a)dim, A -:suf{ p\rojdiu. M | T an A-\'c\u:l} ond by (2.53) projdim-M ¢ F‘o‘\'chm. k
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for Lrery. %ui\e.\\, %u\cm.kd A—module M. Thus %}Jim. A=n.

(8.57) Proposition: et (A,m, k) be o loal Nechheron wg, Mo Q-.’ui\c.\\, gmerakd A—wodde | and
xem an. element whicle is A-vc%u.lor ond M-\e.%...}ex.‘\"hu.. ?hl'c\imw " MM € projdim, M .

Prop: I projdin M=%, we ax done. I ?\-ojiiu M=n<lre we proued L, induchow on n .
L neo, M s o.tro&u.lwc_ A-woduwle. Sin A is lowl ,Mis -?'m_ and MM is a 4?&4_

Hxa—wodule . T} ny0, comsider an txack sequune 0— N— A" M — 0. Then
prjdive Nanol and , ke NS AT, % is also an N-vegular eement. (ousider Hu {dlowing

exact voun and colomns -

owwutohve AW wnb
[»]

° a
i ¢ i
O—+ N —m AN e M — 0
koo o
O — N —m AV — M — O
Voo ) 4
N — Aar — MYy — 0
! . l
(s 1o}

o
'57 mduchion "\\wo*\u.s(s P“’SAMN:‘ Nin € projdim, N aud Havefove :

pojdiny, , My = projdim,, AN +1 & projdimg N1 = projdimg M.

(X.SR) lemma: Lk A be o Nocdherion Hvs% ond M, M, %s'm',k.\y %mun_\gd A -—wodules wite

projdine (M@M,) =+ <de. Tun P‘°J'°\"“" Mi s v dor K=l,2,

P : Tor Lal,2 QMs\'Aer woct sequanaes: 0 Ki——F ) — ... — R —eM —+0
o ?«'.,i P'Oaid"‘“c A-wodules. The divech sum e{’, e Hwo Sequanus:
0 — K&K _—T, ., @PL"___' — ... /R eF ,— M eM —D

is xock. Sine projdime (M.@H‘)= v, K@K, is a progchve A-wodule. Thus
Ko s o.'Pro*éd"\ve. A—-wodule and projdime M & v |
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(8.5‘])Thwm: Le)- (A,m,k) be a. local Noetheriom h'ma,. A is \ux..\ar i(.mudm\\/,if. &\c\im A<eo.
Mowover, if A is requlas Hun gldine A= dim A

Pod: By (8.5¢) if A is wegulor Huw qldw A<dim AL Suppose Hhod gldimA <t and
pocaed by induckion on. n=dm.k(""/m=-\)=u:\im AL Y n=0 Hanw m=wm=ond by
Nokayoma. W= (0). Ais o %ﬂd. Su.‘,Fo_se. n>0. I toery dement of w-m* is a
zerodivisor of A ther WS w*u vam) ond me Os(A) - Thus deple A=0.

Swe  projdim, k <o, by OQuslander — Buchsbauw. (2.23) projdim k=0 aund k &

o her A-wodule , & conbodichow 4o n>0. TThuy m-m? conlains an A-vegular dement.

L xem-mz be an A—mau\ar dement. T ving B= AkA is lowd Necthedaw

with. woximal ideal Wg="Mia aud tmbedding dimension. dimy ("5/wg) = n-I.
Mowover, diw.® = divc A—l by (hi44) . Y gdim B, Hha 7B is veqular by induckion
"\\ifo%\'s omd  diny (“‘b/ug) = -l = dine B. Tn Hhis care , dim A =n = dim (""‘/w'-)
and A s miu.la.\—

Thua i+ rewmaiua Yo show- thal gdim B <. Thow Hee prosp of (8.53) we. kwow mak-
gdin B = projdimg k. The tack sequane O —+ Wy — B —4k —3O yidd +thal
projdimy k = projdivag (wg) +1 owd i sufhias o show- Hhak projding Ly <40

Nole thak my = ™/xA . By (8.57) projdimy (™/xm) & projdimy m <o and we ved
4o Cowmpaxe. ?\ol'cl\'m.b ('“/xwt) ond ’?\oj&'\ug (‘“/xA).

Claim: my = "xA is o divck summond of the B-wmodule W/xu.

Bedd: Elend % do o winimel syslew el gunerodon %3, %0 o w and Ak

T mx+ (%, —, %) Obvicugy, Ax+T=wm. Lok aeA with ax € AxnT . Then
ox=dx+a, 0+ — +anx, whee fem and aje A. Sine WG KW %y i
's @ basis o) e k-vedor spore. "/ we have thok acem. and AxnT=wmx.
Taus Wy = "hA = *A+TAAE TAxnT = T/mx. Gousider e B-Vuneor Wmog:

@ Tam © *Afxm — Wiw  defrmd by ¢(a,b)=ath. Obvioudy, ¢ is swrgictive.
Morover, (pla+xm, brxm) =0Od=b a+bexm=TrnAxed a,be xm . ¢ is ingickive .

Thua my="xA s o diveck sumwmond & Wixm. "By (8.5%) projdimy (mg) < e
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(846) Gowllaxy: Lek (A, m,k) be o wgular lowl rug oud PeSpec (A). Thun A, is o
vequlor local hu.a,

M; Lel Pe Spec(A) ond k(P)=(A}/P)p= AP/'p#\f,. ke have 4o show- Hat gldin A=
Ma.'mAP k(P)<s. Sinw projdimy (AP) <o Hae is am. wxack sequine of A-wodues
O =By — ... B —HNp—0 whue T is a progickive A-wodule for dll ¢.
\oa\\\'z.in% abP yidds on oxack Sequance of A,—wmodulen:

0 =), -:- —* (R),—k(P)—> O. Sinw (%), ote progckive. Ap-mwodules,
e amerviow follours.

(!.(-l)?e{dwihou.: QA NocHunan Hn% A is called v_e%_w\_a\: i AP s a.m&do.r local ring.
for ot e S?cr_(A).

(8-62) Remark: lek A be o NocHeriaw ring.

(@) A s vegular il aud only i Ap s rguler for cll we w-Spec (A) -

(6) Y A s o domain of dimension one Hun A is veqular i and only i Ais
@ Tedekiud dowoun .

(!.63)_“':0“'. Leb 9: (A,m,k) —_— (‘B,u,k’) be a Qa.&.fdl\, :?Joa\- Hov?\nism °£. local Neelherian
h'u%A. “Thew:

(0-) YL DB is R?Jar, o is A, 7
(8) ¥ A and B/wk ax v:%u.lcu-,‘b is mx..\ca— and dimw® = dim A + dim. B/wD .

Roof: () Suppase Hak- diwB=n. Lé—rM be o -pn'udldy ?nc.m\ee\ A-module ond

O K—FR — ... — K —M—30 on moc.-‘-su‘umu_ wite %'w'.kl)« %a.w_mkd |
bo A-wodules £, Sine B is §lak over At Aquuna:

0Kk, —F e,Bb—.--- — ReB—"MeB—*0 is exack-and LA g

5 e *iut‘,\-dwl pueraled ha B-wedule br oll 0<¢ign-|. Sine B is tcau.\u- od
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diwensionn , K@B s o f B-module . Thua ke, B is a {lob A-wodule. Lo
0 — N'—N be on xoch sequine. of A-wodules. Then O— Nig, (K&, B)— N®, (K&B)
is &xack Sine B is -?aﬂhfu.“) Yok over A He sequame © —pNlg, K —+ NB&LK is
exack and K is o dlok A-wodule . Sinee K is R—\ud-d\’ gueroled and A is focal
K is o fee A-wodule and projdim Mgn. A is a wegular bl hug .
(B) L %, —,xem be aRSOP oL A aud y,,—,y,en with Vi+mB, — B
RSOP of B/ws . Obviowsly, n = (x;,—, %,y —, ¥s)- e claiw 'u"“"' Y XYy — Yy
s a 'B-mzuloa- hequence . Foe 1¢ist 0 — Ny, —,%0) Zim, A/(*.,_,x,,) is
iupickve and siue B is Yok over A © — B, —,%i) 2, Blixiy —,x0) is rack
Henw %, —,x is a B-regular Aquine - For Iges:
’E’/(x.,_,x‘\, Yo—iYj)B = (y'“ﬁ)/bh...m—s, — \,J-_,-a-m‘s)('%/m—s)

and ¥y, %, Y, —Ys IS @ B-veqular seguunce . Thus

dim A +dim Bwp = t+s > Y dimy ()2 dim B> de.F\L‘B>,~\:+s-.
Bis a n?..\ar \ocal ring..

(S.L%)Thmvcu,: lek A be a \r?..\ar ring.. The ?c\)vnohu'o-\ ving AB(“ — il in W
vanabls over A s a \e%u.\o.r Hwa..

’Erggc: We have to showr Hak- AGT is “%‘A“" Lel- QeSFec_(AC-A]) ond set-

=QnA€Spec (A). Sine A —p ACK] 1s dak | He inducd morphishe A, —Alxlg
'S Qm',*k?ully Nak-. Moreovers (At“l/pAG(DQ x k(?)[’x_.lq whee k(F)= (AY?)P.
Sine R(PITN s vegulor Allg s regul ax by (8.63).

ar lowl viugs e foctorial

—_ — —.— —

(8.65) lemma.: Lt A be o domain m% fedd o quokenls k=Q(A), neN an iwkeger, and
TeA on ideadd Wit TOA* XA Tha T is prncipal.
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Proo] . lek €, — e dencle the comomical basis of A" and UL ¢: AGA" ZTeAc ADA-
be aw isomorphisu. C’ons’Je.h'w% ¢ an am A-livear wap bow A™ 4o A™ we wrile
gley = i ajiey witkh ajje A Jor all Ogicu. lek M= (ay) be Mo mokix of ¢
(cousidered on a wop frome A™ do A™') and d=debM = deb(ay) i delerminan .
T MM=MM= 47 whoe M s e odjeid makrix o M ond 7 is He (mid)x(ul)
tc\m\-\‘} maknin . leb Mo be He nxn-wobix oblaiwed howm M by e.\\w.mcénua, Hee
e vour and (B coluwn. T finsd vour o} § s (do,- dyy —, (N"d,) whoe di=det-Myp.
Fom MM= 4] we obloiw Hhak 0 a; | Didi=d and 7, aif (-1)* 'di =0 Jor
1$jsm . Sine @ is iwpckve , @ oxlends do aw. isomorphise ow K™ and d+ 0.
bith b= .7 () de, ,
QU = ¢ (Soine F) diel) = 20, DA gle)) =

C I (R eg) = T (e e = e
awd deT . Sime ¢ is sur&;.dwc. onte TOA™, for all ¢ <jsn e is an .?.ie/\“*'
Wi‘“ﬂ.- 'f(-’.“)ae L}n,\-:_ 41 |r.=o Jkek 'u-h'u\.. CJkEA “or- O$J$VL. QMA

Cok = ("Dk‘\k . The (m—\)x(vn—\) wmaknx C= (CJ'k) defines o A-linear mop A+, g+
it g(e) = )= des and @yleg)= glf) =g for lsjen. Thus

d
MC = ['-,° ]
O ‘_‘

omd det MC=d = detMdet . Thuy debC=l and 4 is am isomorphism. on. A
]“. ‘PDJ“'\CD“Q'\”, *'0| —_— ?—u. is a. LQ—S\‘S 4— A'H.‘- S‘HQ. Q(_{,J)zed *c\— \$J‘s"’) We,
0\>\~m'u..r Mok T = (d).

(2.6L) Defiuition: An A-module M is called shably ha il Hee ax ‘\au;\g\\l guneraled
fo A-wodules Foud F' Wil MOF = F!

(161) Remark: leb M Le a shably B A-modle . Thu
(&) M is *;“;Ld\,' ?Mm\-e—a.
() M is proechve.
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() Thave is am Wack Sequence O— F—aF'—aM—0 wl. Famd ¥’ @.‘wl\e.\\’ %n.w.:m\-t.d
A-wmodules .

(8.68) lewwa.: let M be o «g-'ui\;\\, glme\-old Pv—o&ulwc. A-wodule Md O—=F — ... F—-MC
an Uack Arquance witle %u'.(-dy %tm.mkd %u_A-melesT-:'.Tm, Mis .S‘OL\Y brea .

Prod: We pousd by imduckion onu. I nal, 0—F, —F—IM —0 is oxock and
REFROGM Ane Mis prouchve. Y nyl cousider Hee lmcd-.sec‘unu.s:

O=F, =k  — ... a9 F—K—0 oud 0O K—FE—>+VM—ro.

Sine M is progctive , F; * KOM and K is projickive. By induchion hypollusis K is

AkUY ‘?-m. Thu F*ok o F! o «Fuik.\\, %u\u-o.\cd e A-modules F* and w1/,
Threfore F*OF = FrokoM & FlgM . M is stably b

Nole 4hak oo Noectherion dowmaiw A s foctonal i} and only if wery L...%u- owe
priwe idea) of A s principal .

(8-69) Tucrem: leb- A be o NecHurion domain, "< A o Ad- of prwe clewmenls of A ond

ScA He wmulkiplicahve Au- gamerakd by U, le. S=11{u {ps - et neN eieN, h'e-r‘}.
U ST'A s 40#*0\’\'0) , A s -?oc\-on'o.\ .

Progl: Lok Pe A be @ heigh one prime ideal. W PnSt @ Hew Hure is on alemend pel
witle peP oud /P.-_rA. Y PaS=g consider Hu Mk o} ideds A={pAlpe™ ond
PSsTA=pSTAT. Siuw S'A is faclorial | A4 ¢, and A Gnlains a. maximal
demed- F‘A' it qe\—' wite 7'? Hun p=qt dor some. t& A. Tuws teP wite
PSTA=tSTA=PSTA Tauefore tAC A and pA=tA be M moxiwaliby of pA .
Twis ‘plies Hak q & o uwit in A, o controdichion . Tug, for all qel: q-l-—P.

Lok xeP and seS with sx=py for some yeA. ke sap .. pp with piel. Tho
th for oll l&ign and XGPA._TIZ% fP=|:>A.
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(8.’10)'T-k¢.prcm: A Waulo.r local ﬁn% is dackorial.

Prod: Lk (A k) be o egulor local h'vaa,._rlu. preof is by induchon. on. dimA=n .
X n=o,Ais o didd awd i n=1, A is a discrele vo-\uo:\-iou.,\-in%. Lo~ nyl
and xem—m*, Sina xA is o primedeal (8.57) , x is a prime element- o A,

By (8.69) we haw Yo show Hhak Ay is fackorial. ek PeAy be a prime ideal
o duight one and A A=ANP. Thw P= QA,. Sine A is a veqular focal
H“%J Here is an exack sequnie. O— Fy— .. — K —0Q—0 wHe F
f\\u'k\\, gurevoled her A -modules for all 0¢icn. loclizakion abx yidds Hhat

O—0F , —... — T-;x—+’P——>0 5 an Uxachk Sequanw ‘«ﬁ“‘lﬂ-“ﬁ'x ?‘“&“d‘[

%v.mmkd P Ai-wodules. We cdlaiw ok Pis o progickive A —wmodule. . Buery  prime
ideal We SF-&.(A,‘) responds 4o o prime ideal W= WnA with Wom. Mowover;
Ao ¥ (A and (Ay), is Jaclorial by induckion hypolusic - The hugh ene.
prme ideal P(AS)\y is priucipal , thus projichive. Tuis implies thak-"P is a
proyechive Ay—module . By (8:68) P is stubly e and by (84s)P is principel.



