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CHAPTER Vil: HoMoLoGICAL ALGEBRA W

§): CompLEXES

(7.1) Dehinition: & cow.Fg\i e} A-wodules (C, 'D) is & Aquence. o} A-wodulen and A-livear Waps:

9.
C.! ....-——1C —“'-l--)Ct.__‘C —

Aodhak 99y, =0 dor dll ie Z. 79, is called 4 &“@uﬂ-\'\d L2 AT Colu.';‘gx_rh_ l\omo\o?’. of He
folMka (C. 3) is e AQuance o, A-wodules u'((‘.)=“u—3'/iu3;ﬂ e c“dgs Z, (C> and
boundaxies “B. {C> e Y haquinces & A-wedden Z; (C) ker9; omd BilC)=mdy, .

(7.2) Remark: (a) (C.)3.) is ewack & omd oy iff He(C)=0 Jor all icZ.
(L) In order 4o aveid h%a)wc_ fudices eua af.k.u. s (C '3) dor-:

co.L. . -—»C.“': \ -———»c'~=c:-3——>c“'.-.c. _— ...

wd H(C) for Ha mquae HE(C7)=H_;(C). H(C) is called W cohomology o (€%,97).

(7.2) Deliuikion: (a‘) 'R !_ov?\ﬁs_n, ﬁ C-D—“'P!%- w,: C,—+C! isa Mquina. o} A-linear waps

hi: C; — € a0 Mok udiy, =Wuiy, dor all ez, thakis, Jorall ie Z Hae
o

dl'o.tr(uu.: C"«'H ad > LY Ci
Wi Lw
D,
C'm = C commules .

(b) & Mquena o} werphisms o complexes O — C! "E"C.'i" c!—so "5~"’*_£."
L 0— ¢ Zac, s " —+0 is wxad for all i€Z.

(c) T divck puw C, ©C! o} hon omplexes (€.,2,) aud (€, )) is He complex wide
(C.GC,‘); =C 8C od 3;c~c" - B;eaf-

('I.H)'Remw: kb u,: C, —C! be o morphis o} COB\\.P‘:;(QA , e for ol te Z
ug (2 (C..)) e Z; (C.‘) and u; (‘B;(c_)) € B (C). Thus u, induces a. Atg e of. A-livear
Waps \-\,(u,)-. H(C)— H.(C") lven |o7 u,;(u.)(z-fb‘:) = u(2) +B/, e
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z€ 7;(C.), B, =B (c.) ad B =B lC!).

2 M —s M O

(7.5) Theoem : { Snake Lr.wuc.\ Lo M O,
e 2 e 2 L

0 — N —a N — N
be o commubnbive dingmu W tack voun. Than Yhee is o foug exock Aquena of induced mags:
herd! Fo ker] — ke 1 — ke §' —s cokorf Tt caker 3.
Mowowcr, § @ is ivickve Huw Ao isT§ , § 4 iz dupickve 40 is T

hee 4 s ker s hker e ey

| l l

[}

[

[}

1

hd n'-—-—-oot'
'

]

)

E’t: ’Dio.%n.m_ c\\o,sh\a:

Ml —_— M —

l# 1+ l4 4

0 — N — N X, o\ 2

L’ “\“’-"‘3-' — aher) — okerf!

('I.L)'Emrosﬂion.: Lek- 0-—9C,/ -2-.-—) C_—“‘—-—; C_"~——»0 be an exack A:qw.vn. qg_ cow.f\uces

(o) Tor toery L Heevre is an A—\iumv wap  ( wlled COM&“K% homemov?\nisu)
AL W(Cr) —— e (€) ge by
2B e w2 4B
()) Thew is an tvack Aequence of A-woduler (called fong oxack Asquane of howelogy):
— () H w () 2D (e A n, (@) 28 b ey —
() (Nehuality & &) Lt 0 — |
EL oo oal oo 8

0 — D' — D — D' —a 0

.. Luct—s o0

be o commutative Aio..a.fm ¢ Movr\u'sus o}, cou.le Wik axack rows. Toue e Aiuanm:
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L) e HG) —— H () e g () —— H(e) — -

by 2 lwey 2 lagy 2 Ihagy 2 Lucig)
o Ho (D) — H‘:(D_> > U (oY) —_ W, (DF) —— M, lD_)—-—. ..
Gwuunks oxd hon ok voun.

’?ﬁ’: By He Snake Lewwmo (7.5) Ao commulokive Aio.%m.\m.

0——on —-———*CLH‘—‘—*C&_'-—-——-—)O

1%, 2 % 2 V7L

0O ——n C.A: —— CL — C‘-" —_— D
wHe oxack vours iwduus om  xach M‘iuu\u.z
C;.'/-B.' _..‘.L_E__. Ci/—&- _1-5':_' cil'/ns." ————edp T

bhae B! B, B dencle boundornion. lec\.nsc, gl by Hu Swake lewma, Hee is an induud

exack Mquana. o c.7c.\e.s 60— 2., 2.z, i rAN

T differentials 'b,, (R indue oo commudabive c\m-%xmw. wile exack Youn:
Cx!/s,'; - 2V 8] ST B — ©

TR S 2 |oF

U v,
0 ——> 25.-. o .., —_—2T,

Nok Hiak kerd = W (C) ond cokerdp= By (C) (Lkewise ford] and D). Then (o) and
(b) are aw iwwediole Cousequunce. o} Ha Svoke. lewma , and () is eany to sew.

(77) Definikion: @ Mo?‘;\ism -x_ cour\e;u.s ug: C, — C! is called wull kom-\-ér\‘_c. if Hheoe oxish
“-v"“iw-“'-l- o} A-Vinear Maps s, : C, — C-'

g .
— C,, 2 Cisy ™ ...
— ~————-¢C ---—4-—-—-5C‘_'———9...

 Hale u;:?,;,'_,s;-l-s - . Nelahon : u,~0.Tm MorP\n.sMS 0’. CONP‘C-)G-& U.O'W‘-"‘\’T are.

A=l 4

‘1°No‘1p_t'_c_ , Ue VT, $ou,—v ~0. T Mquance of. maps £ is called homo*_oﬁ.
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“.8)?_mro.\i‘\io\\.: Lk w. v b Mov?hisus o Co\u‘p\e.xcs C.— C.. U u~w; Hew \-\_(u,)-_: H, ().

Prost: A u,~0, we med Yo shote- H,(u.)=o. Lk ze Z.(C.). Thew y; Lz.)-t—’B,;' =
D'I.‘-l-l S‘:LZ) + 54,-/')4, (_l) +3£ = B: . ‘

('M) Exa.wrl_z_g (o) Acou.P\c.x C. is hoaid 4o hove cow‘mckuz \'\DMOv\-n'py T4 I'Jc_~0. Nobice +hal
M o Co\uf\c.x s Uack

(l:) C.: 0 —2Z 22Z —r o
w | i | ol Noke thak H (w)=0 bub u 4 O.
C,’.’ O — Z ~——» 0O

(1.10) Defiuibiou : (a) Q.Oouf\e.x C:...—C,— G ~—0 (" 0—C—l'—... ) i
alled acydic i H(C)=0 (H(C)=0) dor all L40.

() & proychue snclubion o o wodule M is am acyclic complex T, witle B progickive
wodulen for toery L foguher witle aw isowovphisu Hy (RY=M (o squivalenHy:

- H KM -0 is wack and P, is projckive for all Y.
() Qn ingickive wolubion o a wodule M is ow or.a:.\ic Cow.F\ex T with T \ué:.c\-wc
wodulen for fuery & togaler Witk on |'sow>rfkisu, H(T)EM (or tquivaledly:

0 M —T° T —3 .-, is exack omd T' s iuicHive for all & ).

(').\l)?e_\mrk: Ew.ra, wmodule han a on‘&;\"\vc. omd am lw&w\we_ venolution. .

(7.12) Proposikion: (a) Lk €, : ... —> €, —=+ G —0 and C:... — C/—>C(—> O be
Cwplexes  whare € are progichve wodules for oll L omd C,' is ocydic . Thew for tweny A-liucar
wap @: H, (C) — H,(C!) Heve is a mr‘:\/\isw... qf. complexes U, C, — C. wiHe

H,(u.} =¢. Morover, u, is unique up o houwkoﬂ.

(b> kb C: 0—-C*—C'—» ... ond Ch: O— C''— s ... be.(o\MF\c.xes

Wheee C* s Qx;a‘.h'c oand C“: are lt\ild'w:. wodulea afor' all £. Thew {cv-lmr& A-Lwar map
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$: H"(C')—-v H‘(C") -\Mu:_ is a \Mor‘a\;isvu.. c{. mw.f\ms w: C— & we H'(u.)-—.tp,
Moreover, u’ is u.\u'ﬁw. uf-k hcmk‘_,\,.

Pred (=) Exisknee: e conshruck w; iuJuc.\-'\\vd\’. Tor L=0, we hawe:

G —— H,(c)
U, S N L¢ g an be Qifled Ho an A-livear map uy C—>C,
< w(e) rwa T s Mugckive and G, is o progickive wodule .
For the iduchion alep omtuwe thak u,, — up have bun construcled. s yields @
Comwutahive. A\‘a?m: Ceny Bim C: N C.,

l“’f. o l ue,
’ ’D:' Y ’
c: _ ., 5 C.

Al £ Lo |

whee Hhe boktow voie- is aack (for £=0 Ak u =g Ho(C) —= H,(Q)) . T
u; “u(a"d_') e \»l{,“tr,r'lb,:) < ’Qrz = \M?u_l . Sin C‘-,*,_| is Prox'.c.kuf_, we Wam ‘QA.Q“- e

4
map w9y o o A-livear wap Wiy, Cipy — Cipy wite D, Uppy = Uidg, .

Uniqueess: We show +hak if u, is a worphisw of. cow‘:\c.xe.s (withe e properbien D£(¢))
Wile Hy(w) =0, o u,~0. We will conshruck Yo \\o\uolo?\l maps S; iuAvc\ive.\y.

T i=0, sive H(w)=0 we have imu,c iwd): €,
[
r
c‘ ’D, CI

Swe G is Pro&c.a\wc.,u,m be -Q;P-«l to 5: G, —C) witle ug=9/s,. For He
induckon A\er amsume  Hhak Sy —s ¢ o bean. conshucled.

Cop —r,cy 2o, X g
bt | / L / by
Clp —2y ¢ M. ol 2, ol
Then ?43:-1 (uiy = 5"34.}:) 9 l (34.+| S¢ )Q“_' i “u, (“‘i"'sé-l-ai)oiﬂ = 3‘;’”!1 “:)H-I

\_

Thus  im (ugy, = 8¢ *ﬂ) < ku’au_, = im 'c)‘-ﬂ_, wheve e fost lqu.ahé—a, followr Ae L+1>0 and
c! s acyclic . Siuw Ciyy is pogichve e axish on A-linear mop Siy: Cu_l——-;C
s Hak Uy, - 5.9 1—)'

A VAl = Yoy A.+-l

2
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(L) SRIPR L’ siuclar N%Am“\

(1.1) (oml\u\a: leb C omd €' be Pmk;“k"“ (inlir.\-ivc) venolubiowy of a wodule ™M —n\e.u_ "Hte\e. oxisk
worr\u'Sms a;_ Cow.Plcxcs WweC— omd v: C'—C Wil ur~id omd wu ~id.

('i.l‘i)‘g_.&{_ui_koi:, b M be aw A-wodule. ,

(@) % M har o finile progickve. reolution. 0 —F, —...— F—>0, Hun M is said b
howe ke projeckive dimension . In. His ore Hhe Awallest possible w is called o
projichive  dimeusion of. M. Notakion : projdimy, M = projdine M.

(b) L' M han o fuke iu-&z}:.\-ivc vyaclukon 0 —I,— ... —» L,—0, thaw M is said o
have Hudle fwyickive dimension . Ju His cane Hae swollest pessible v is called W
ingickve diwension f M. Nelahion: iujding M= iujdin M.

(7.15) Debiwition: (a) O free verolubion o) a wodule M is a projickive vesolubon. F of M
H B b for dll <. |

(k) Let (A,w.) be o Noctleran Lowal n'ua, and M a v?-\'u.(.\ely qeuerated A-wodule .
Q winimal e reolubion g M is & Jr roolukion (F,2) o M with T a
fuile A-wodule for all  oud My, € mF: dor ey -

(116) Remark: Lek (A,m) be o NocHurian local vug awd M {nw\le.l)' generaled A-wodule. .
By (h68) M has o wikimal b vesoliion .

(7.17)/_&0ro_8i_ﬁol.z Let- (A,m) ke a Noctherian local vug, M a fule A—wodule ond F,

o winimal e serolubiow of M. Tiew

(@) F s Wigue Up & isom,-rhn‘sm.

(6) I T is o progekive woluion of M, the F is isommflu'c do o direct
Auwmmond  of. T .
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Posf: o) Follown Jrom (b).

(L) By (7.13) Hee ax wov?h\‘sms o} r.owf\e.x» v,:E—T. ad w:B—F 2 ok

WO, ~ide . Wrle u =wu. We claiw thok u, is an isoworphiswm. Siuw u,~idg , for
ol : u = idc‘. +0y 5, + 5, 9. Sime F is a winimal verolubon | im(3py s+ s Pi) S wmF.
Thun o= imou;+m o and \»7 Nn.ko.\’ma.'.s lewmma. Fp = imu; - Tuuy ug: Ff —+F; s
purgchive. and  henee o isow.ovf\m'sm.'TEis fuplies Hhak- Wi+ T —s Ry is surgickive 4o oll ¢

Mwﬁww\mﬁ is a.dim\-bumucm.éog.-}h mmf\c&’P.

Ll M be an A-wodule. Tw e *o“owiu% we dencle \o\l EA(H)e-r- E(H) Ao (ua(c.“vc_
hat (emoclope) of M (6.29).

(7.18) Delinition: QU minimal pckive wodlubion. of o wodwe M is aw iu.&&c_\—i\:_ yeroluwhon
(E',?') Lr_ E°=—-E(M) G-I\A Eic-l = ‘E(coke.rfbf'—').

(719) Rewark: Lk M ke an A-wodule . Thew ™M han o winiwmal injictive vesolukion .

Siwular Yo ('7.\'7) sue com Ahowr:

('1.7.0)'Eopo.sikbm le- M be anw A-wodule and E’ o winiwal it«a;a\-;' e vedolubion of M.
(@) E is wnique up o isomor‘;\nisu_'.

(L) YT is an IM?A-;\:. ~renolukion aQ_M Hu E® s l'so\uorP\m'c, + a direcl-
Auwwmand a;f_ T,
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§2: DERIVED TuNCToRS

(7.20) Detinition: O dunclor (cowkrovariomt hunctor) F: A-wod —» B-wod is addikive if for any
hoo A-wodules M and M' | Mo inducd wop  Howg (M, M) — Howy (F(M) ,:F(M'n‘)) |
(Howy (M,MY) — Howy (F(11)  F(n)), Mr«:k»dy) is & howoworphism o abeliau groups.

(7.22) Exomples : Lok N be on A-wodue omd TCA aw ideal.

(6) F=- @, N: A-mod — A-mod givew by FM)=M@, N and F)= §@,idy is an
addibive funclor whide is vight- txack. Fis txack i ond ouly if N is ok,

(b) ¥ = How, (N,_): A-mod —> A-mod gien by F (M) = How, (N, M) and Fif) =
Houk (N,}) is o odditive {-u.ndor- lich is M- exock. T is exact if oud oul\' i
N is projichive.

() F = Houy (=, N): A-mod —> A-wod given by FM)=Howy (M,N) aud F(})=
Howyg ($,N) is o addikve coubravariomt funclor whidy is L oxack. Td is oxack-
if ond ouly if- N is iugickive.

) F=T1 : A-wod —» A-wed Fiven by "F(.H)zr;'r(“‘\) and _F({-):- \_'I(-f-) is
o odditive functor whick is At emact |

b F: A-mod — B-mod be an addibive functor. Tor o complex (C.,3-) oL A-wmodules
W- F(C) be Mo complex o B-modulen with F(C); =F(c;) aud DV =F(2).
Sine F is oddikive , (F(C,) '3?7«;)> is o cowplex. For o worphism. el complexes

u: Co—C & F(u): F(C)—TF(C) be gvew. by F(u); =F(u;). Tuis isa
morphisue of couplexes. ek b, v, be worphisus o owpleres Ao Yok u,~ v, Hew

Flu) ~F(v) sive F is additive. Lo parkicular, ift Mo cowplex C, has a Cou.’crm'_\-iu%,
kow\o\o‘:\, y Y 2 does F(C.).

TFor ey A-wodwle M fix o poichve aecludion By .. Dabive L FH) = H; (’F(PH.)).
b ¢:M— ™M be aw A-livear wap. By (7.12) Hhere is o wmorphiswe o} complexes
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u,: By — TRy wibe Wy (w) =¢. Define L Fly) : LiF) — L F() by LL—F('{)-H;(F(u.)\).
Tis is well defined Ainw if v is onobher morPldsw._ o} cou‘p\wgs it R Lv) g, than

by (1.13) w~vy. Tuus Flu) v Flw) oud \97 (7.8) Wi (F(u)) = K (F(s)). One. tasily
ckecks Hhok L;F: A-wod —» B-wod are oddibive %vmd-or\

(7.23) Defuihion: The hunchors LiF e called Jeft devied Tunclom of. F

(7.24) Tehiuihion: Two fuwdon F,G: A-wod —» B-wod ax no._)m_rg.)_\y uivalent , F= G, i
for facry A-wodule M Heve is o isohorP\nisu_ +-H:'F(M) s G(M) A0 ok dor toery
{e“o\u,,‘(?‘l,ﬂ') Ha ?ollowiu.% Jiaxxm commules:
Fm) I, am)
F&)

Ty S

L ey

G(M') (siuilo.rly dor wonhavaviawt- {’udoﬁ)

Br ey A-wodule M fix some obur progickive wesolubion. _/P; aud wse Huse "’DA“»\\M../‘: F

(7.25) ’&w\aosiko!,: L F = ti F

Prog} : Tor Loery A-module M by (113) Hheve ove \MorP‘nisws of. Gowplexes u.: | —7® and

v.;'PH.——?'PH. wmHe uxI‘«-iJA amd ‘\ru'\al'clp

Wenw F(u) Flo)vidggy ond
F(R)Flu) ~idpge,y. By (1.8) u; (FL) R (Fo)) = id and Wi (Fn)) B (Flu) = id

and £y = Hi(Fu)): LiF(M) = L F(M) is o isoworphisw. of B-wodules.

Lk ¢: M— M be aw Alimear Wap. usm% (712) and (7.8) again. one shows +hal
4’\& de:

L: F(n) L W /l:,: F(#)
A
LF) 1 LiF(y)

L, F(m') e, t;_ F(n) Commules .

(1 ZB)TmPosJ\ou. (0.) A Pis o Pm}u:.\\w_ wodule Huw \-L.F(P) =0 490? all (>0
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(L) UM ha flk projickive.  dimension. Hhew L;_F(H) =0 for all L)P\-ojliw.. M.

) Y 0=+ Ky—TF — ... T —M—0 is aw 2xack Mquena wi&.."j- F""J""d"“’"
(K is called o wlle syzyqy module) Hhen LiF(M) = L;_.J-'(k,) for all ivun.

() A F is xack e L F=0 4or oll iy0.

(€ ¥ F is righl exack thu LF=F

Poof: (€) Lk Ry —— T -0 b a pojchive vescludiow. of Ky . Thew

.. — T, —T, — R, — -- —>TPF—0 is a profickve  waclubion e M. T
ntolemank- follows frow ke defiuition of L;F.

(d) L-F: ... P —F —0 k a projeckive voolukion. o a wodule M, Thaw
T—TFH —=+M—0 is mack. Sine F is Mgl xack , FR) — F(R) — FM)— 0 is
oack. Thur F(H) ¥ H(F(P)) = L FM). W is 2any 4o ser thak Hiis isoworphisue i
hatural .

(1.27) Lowma.: (Horeshoe Lewma)) L 0 M Eam X ami 40 be aw exack Aquena,
of A-wodules and L T and B be propchve veolukions s M and M!. Thec Huve
wisk om txock Aquence of Werphisws o). cowplexes 0 — P! 2P 2P0

so that- T s o pregeckive vesolubiow o M awd “oLu.)=cf and H,(v.)—_-'\p.

’Pﬂf_: Gousider He A\'o.nrn.w., wite exact columus:

(o] O

i l

K/ K

! L

3 R
v IR

o]
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Vefue T =R'@R" and leb T: K —+M b He A-livear wap with 'rr\?°=cf1r'm
Tlpu omy Ufhng e Ho wop ™' (Auch a Wfking oxishy siue T, is projickve and 4 is.
Am-&ickvc-‘). leb u: R'—F ad uv: B —RY be e cononicol Wops . The. dt’cuam.m:

6 — % =243 29 R'—r o0

T, 2 v 2 v

6 — M £, M F, M, 0
is commutabive wily exack vows. By He Swoke lewwma (1.8) w is Aungickive. and
U, omd v, wduwe om-  rack hui\u.uu._ (0] ——-»K,'—i!——» k.=k=.r-trr)—ﬁ'-!—> K!' —O.
Cowhuue.

{7.28) Theorew:  Leb 0—M T oM M0 be an trock Aquene of A-modules. Thew

Here 3 a |on% Oxack Aegquence
LFey 220 Lme) 25 LRy S L, Ry —

—— L E(M) — LF(M) — LF(M")— 0

‘PL"!-'-’B) (7.27) Hheve is am. oxack Mguence o, mot?\isws o} Cowplexes

0O — P X, p X ,P L0

Wwher PP P ae propchive vowlubous of MM, M*, and “‘Lu,)a 9, '“'ob".)=‘|- Tor

al L Hu Aquna. O —» ®' yp X, e » 0 is sphit exack Aiwe T is projickee.
o © > F(RYy TR TR D, F(RY) 0 & exack

0 —» f(ﬂ‘) '-f(ﬂ.) T(ﬁ) -‘F('D.)l —_F_—(Ey) o)

is aw oxoch Aquene of worphisms o} omplexern. By (T.6) Heoe is o an% oxact
Au]un.uu. q_ \'\o\uolo“‘. |

e W (F(RYy) LD

H: (F(RY) KlF) H: (F(RY)) &8, Hioy (FRYN)—> - ..
e B (F(ED) — H (F(R) =0
The amarton. follows Prow Hhe depiuition. of He fmclon L F

('1.7.1)’Rmuk-. -+ b n‘31u- exask. Thw toery axack Mquenc O— M —M 3 M'_, 0
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iuc\u.a.s Q. lDK% wxack /\u‘uuu_:
- L FMY) — LIF(H) — LlF(H") —-'-'F(H') ——bT(H) —F(M") —o0.

('1.30)11\&0&%: Lk 0 —s3p ™! —‘—'——r M I SR S - O
W2 ly 20 L
0 — N » N - NY — ©

be o commulohve c\l'o.%;cu«. o} A-linear Waps with. ek vows . Thew
coo — LFMHY) — L;F(H) — L;F(P\") TSN L, FM) —— ...
ey 72 lurgy 20 lurgy 7 | LeFg)

L LE(N) s LFN) —— LN R L RN —

B o cemmulakive Aiq.cro,\u_ with xack voun .

Prood: The vesudd follows rome ('I.L)(c) , P hu.\u\-n]ﬂ-} of the )o\\%uoc.\- Arquance. o} hawo\ou'
one we have show Ha fol\owiu.%:

l‘!.SI) lewma.: Lok 0O — P 2 ,p LN PY — 0

g | : IER
0 — a 2.9 L @ - o0
be Morrhis\us o} mmf,\e.x» it rack vows a0 thak R P,PY Q,',Q.,Q," ave. proyickive
rachudionn of M, M,M',N'NN' and H morphisms. u, v;,4!, 6", x,,y, induc e maps
e - Thee Hoe oxish o morphisue o wuplexes g.: R —» Q, induciug ¥
» Hak Hue above d\'u?n.u_ Commules,

’PL*: ke conshuck %;_ induo\ht.\r . To Jl«"\'h!. ‘}m“’" "““2{ assume T "K,QK", Q= Q: QQ::‘
ond ek~ W, W, %o, Y, ave Y alural vubeddings aud - progctious.
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R T, S A
vl A
' , n 3o & .
§ — 4 ——
1‘1 . w ¥ 1?
t. L v € J!
YL NV VIR, & PR

VA |/

N' —&s N 2 N
lmle 1;-:1\"
17— s yeb o be delerwsnd. Nole Hok- e two vechaugles ou. Wuu Yop commule

alwady. We have Yo delrmive 2 10 thok T = P ¥ hove Hhak- T §Uo = Tho§! = ET'g/

GAJ XTHO = X’(f'ﬂ":—. Erl.,rlg C'c's.l MJ 4*&".’0& 7.'9",%, = X'TI’IPJ -ﬁu‘; T?o‘a*“ﬂ' l'# GMJ

oy if Tg)pe =¥T|pn which Means €£T/f +1g,' = ¥p,or tquivaledy, et'f = pp-tg).

(Nele Hhat g¢'= 30}19" ) Sinw B' i prepehive it follown Hhal suce an § exish ip

iln.(x,, t&) ln_(:t . "1:;0
‘.‘,-' l X‘P-fg:
Qb 25 im(er’) — ©

But PEP= ¥'tp=ytrt ='c"8,” =/.._-£-3°" and /u(yp—tg;')xo. Heuee im.(x,;—-l:go")s ker/;.g
im(e) = in(eT’) , whae Hu Jant &'u.du’{z Jollows fronc. Hhu Aur}ich‘vﬂ} o ' Gnhinue

(nHe Ha Aamc cu-ag.m:wi-) Ly nﬂwu_ﬁ, MM, MY N, N,N" L) ker 7', ker T, ker T ker <!,
kcr‘l:, kerT? ek.

(7.32) Remark : Theoresm. (‘7.30) ond ik procf  also showr Hhak He Maps A conshruched i Hhe
procl. o (7.2€) awe delowined by Hu '.md-‘m_.‘wq_ 0—MIEMIIH' 30 wd do
hot JM ow O—P i, —‘-"—-t"E"———ro.

Tor Locry A-wodule M %ix aw Cwi.c,kvg. renolution. T . Lk F: A~mod — B—mod  be aw
addhve huclor. Debiue ’R“"'F(H) - “iLT-:(I,',\). Lk g: M—3 M be an A-Kunear wap

By (742) Hhere iz o worphisw of Comfle.xe.s L, — T, with H(w) = . Do

18y

B and “:*‘Clag . ’Da‘-.w,_ %o:—ﬁaﬁlaﬁ. ____,Qo..-_Q:QQ: By %‘:g(% ;:Ir) where
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REF(g) : REF(M) — RIF(M) by REF(9) = HE(FW)) . By (T12) and (7.8) , REF(g) is well
defind . REF: A-mod —s B-wod ave addibive hunclors. One com shour an n (7.25) Hak
Hay are iu\urudud— of e chois of infichve vesclubious .

(7.33) Dbinikion: The funclors RF ore called wghd- devived uuclons of. F

(78¢) Tusrewe: (a) Y E is on ingickive wodule Hhan RF(E)=0 whuever (>0.
(b)) A M hon fuwle iwichive dimension thew RF(M)=0 for all {>ingdine ™
&) O —M—>T°— ... —T"__,
REF(M) = REFF(L) dor all isn.

(d) I F is Lpb oxock Hew R°F =F.

L* —>0 is txack it TS inpickive Hhen

(7.35) Tiworew: () leb O — M! 4 oMM o be an wxack Aquance of A-wodules
Thae Have is o Ioka vxact Aeguena. :

0 — R°F(H") —R° F(M) —> ’R’F(H") _— '

- —o RO 2 REFon) B Rip ) RER rippy

(b) T Qou% wxack Aquume of (o) is wahura] .

k- F. A-wod —>Bomod be ow addibive cowkravariont fuckor, Tor ey A-module M

fix o progckive reselubion F,. and aw ingckive wesoludion Ty . Diine REF(M)= \-\‘(F‘(F:,.))
LLFM) = H; (F(T,)), aud for an. A-huear map ¢: M—s Mt define ’R"'F(lr):'R;F(H')-*R"F(M)
and LiF(g): LiF (M) —» L;F(M) in Hhe obvious uroy. RF and L;F awe addibive cowtavariaut
funclors whose definitions do uok depend ow He doins o projickive ; igichive. vesslubions
T funchors RF are colled gl devived funclors ard L;F b devived funclors of. F.

(V.u)_ﬁeom: LA F be me addihve cowlavaviantr Sunclor
(@) U P is o projchve wodue Hhan REF(P)=0 kor all {0
(b) UM hara 4\\“1; fvoae.dwc_ dimexsiow 'R‘IF(H)r-O for Qi (» -Projc\iu M



{3

() Y Ky ¥s an ube A\:Lm wodule. o M Huw 'RiF(H)=R""*F(K“) for all {>n.
) % F is LY xack Hue ROFaF.
() ¥ o—nI Mt iy 40 is aw txacd hguence e Hewe is a lou% exack
Aquenc:
0 —RF(MY) — RF(M) — RF1) — . o .
e REF O 2 Rirpey KD riper) B

REF(M) — ...
This \oua axack Mguance s watural .
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§3: ToR AND ExT

(1.3) 'g,__f;_g_;%;‘ leb N be aw A-wmodule.
() Torl (=,N) = Li (— 8, W)

() Torl (N,-) = Li (N®,-)

&) Exty (=,N) =RéHom, (-, N)

() Ext (N,=) =R Homy (N,-)

Tor?(-,N) ond "Er‘-A(N,_) axe additive fumctors. Siuee _QAN:.NQA_)Tor:‘(_,N)zth(N,..).
Tord (..,N)"—"_OAN ) Mre —® N is vighrexack Mowouer, _ﬁr? (-N)P)=0 it P
projickive and Ly0.

(7-38)Thc.om: W o0— N’—‘f—v M :——-*M"——PO IS am oxack Aquuna o there is a \ona,

ack  Aguune
Tor: Lo, N Tov; 4,N &
o (Y O o (Y D T (Y 2 T, (HON) — -

e, — T&-.(M",N) —>MgN — MgN — M'gN —> ©

Fartherwore His mauane. is wadural .

B (N,-) is on additve funclor ati(N,_) = Romp(N,2) (sine Wow, (N,2) is Qgp-em.*f),
ad Exty (N,-)(X) =0 i} T is ingickive oud iv0.

Exti(—,N) & an oddibive cowtravariawt funchor, Bxt (—,N) = How, (-,N) (sina Hom, (-, N)
s b sact), and Bty (o,N)(P)=0 it P is projdive ad 050

(139 Tuotem:  O—+ M —sM—H"— 206 is an txack Aquance , Huw theve ase.
Iou% ok sequances.

(&) © — How (N, H') — How (N, M) ——-*\-\ou.(N,H“)—-—* E:d:‘(N,MA') — s

() O —> Hom (MY N) —> How (M, N) — Fow (M, N) —'——*Ex‘t'(ﬂ",N>-—-b e
Furthermore. Huse sequemas are nahoral .
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e Aywbols Tort (M:,N)'cum\ Exti(ﬂ,N) ove el dehined due do the \‘a\lowiu% fack-:

(740) Theorew: (o) Tor (—, N) (M) == Torf (M, _)(N)
(b) Extl (—,N)(M) = Exth (M,2)(N)

Frock: Ue only prove (b) | Hee proet Q.(a.) is simtlor
Gusider o projickive enclidion. P, o4 M and an iegickive verolubion. T of N and write
B — P — K, —* M —30 oamd O—a N —3 T T — T ..

NSNS N7 N

X L‘
AN 7
. N, g 0/ \o/' \,0
The Sequenus O— K —F, —M —20 and O—aN—T° _,I'—30 “‘D%c“nc.r- wite

(‘1.3‘\) \,idd a  wuwutaive dimrwu__ wile wact voun amd  coluwus :

0 o )
i d !

0 — How (M,N) — How(M,T*) = Hom. (M,L') — Ext!(M,~)(N) — Ext'(M, )(x") =0
! l {

0 —+ How (F,N) — How (BT —r How(%,L') —= o©
! ! '

o —b um(k,u\) —>  How (K,T*) E_, Howe (K,L') — Ex’c‘(K,_‘)(N) —» 0
! , { i

Ext'(=,N) (M) 0 Eut'(-, L) (M)
| l
Ext'(N)(R)=0 0

By He Suake Lewwa (1.5) , wher x = BEct'(~,N) (M), wheean by Hha firsh vous- of Ho
dingrome  Cokera & Exk'(M,_)(N). Thus Ext'(,N)(M) & Ext'(M,)(N) ond we moy
wrte Ext'(M)N) for Hhis wodule.

I Hhe obove dingmm we also hove WP =iy and Hoclore kery & wker B whide
Ghoes. : (*) Ext'(M,L) = Bd'(K,,N)
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Lk i>]. Thew  Ext’ (-,N)(M) % Ext' (-, N) (K;i-) by (7.36)(c)
E Ex!:'(Ki_,,N)
= Bt (K, L) e .. o= B0 by ()
= Ext' (M, ) (L)

¥ Ext*(M,-) (N) by (7.3)c).

(i) Roposition: Lk M be. i A-module. and nyo o positive inkeger, Tho foMowsiug ave. squivalent-
(«) projdime M ¢n

(B) Every n-Ho syzyq wodue of M is pojckive.

() Extg (MN)=0 Jforall i>u and avery A-wodule N,

(d) Ext™ (M, N) =0  for tweny A-wiodule N.

Rosb: () = (@): clear
(o.) »d (r.) : ('7.36)(5)
()= (9): lear

“) "‘P(L): L Ky be an n-¥ Suzy 9y f M. By (W.&)(c) , Ex{:‘A(Ry.,N)S Ext‘:(H)N)=O.
Sinee Ext‘A (K.,N) =20 for Loy A-wodue N, Ho lov«% wack Aegquana ('7.3‘?>(a.) shows
Hhar Ha %undur HotuA(K“,_) is wxack, Thus K is projeckive .

(7:42) Propesitiow: Lek M be an A-wodule and wyo a positive inleger. e go\lowiuam:. f.aim',vdew\--.",
() igdim M < n

() Y 0-M—T°—y ...
Pew L s ingechive .

() Bxth (N,M)=0 for all i>w oud every A~ wodule N.
(d) Extg™ (NM)=0 for avery A-wmodule N.

(e) Ext,™ (AYx,M) =0 for oy A-ideal T.

—a TS I*— 20 s anm oxech Aequance. wible T \‘u.xl,c\ivc_.

Prood : (€) = (b): By (7o) Ext) (ML) = Ext " (H,M) =0 for Loary ideal T .
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Thua \,7,(7.3‘1)&),,.,4& sqmu_ ’AouA(A,L") -—-—'-\'\ou‘k(I,L")—-——'Extk(AAc,L“‘)-:D is exac-
for toesy ideal TSA. By (6.27) I* is iwgckive .

(143) Gorollary: Lek- A be o ving , Huw

sup} ijc\\'u M| Mauw A—Moddez‘ = swp{P\rojA\'w. M | T oo A—(o\enﬂ:

sup iwdiwe M I M aw A-wodule § = supdw | Bxt} (M,N)40 for some A-—wodules M N,
Tis (ot meassarily fiwik) wuwber is called -t global diwension. o). A, demcled q\diua A,

(’l.'l‘l) E_X&_.N.F\LS (a.) Rld Ais o dedd Haw %\J\'M.A =0.
(L) B A is a Tedekind dowmain Hue %\A\'w. A=\ (sine tvery ideal is Proaic.hvc.).
() gt ( Zfyy) = t=  (Home work)

('1.‘!5)"2:‘?\%_.;»\_; (@) O flak wsclukiow o} o woduke M is an acyclic cowplex F, uwithe ok
wodules Fi for all & dogelier with aw isomorphism o (R )2 ™.

(V) Twe ok diweusion. o M, Bdin, M = fidine M, is He winimal lengte of o IPYS
vesolukow. e} M.

~ (14) Propesition: (@) I F is @ Yok A-wodule, o Torf (FN) =0 for all i>0 and
all A-wodulen N.

(]) % F is o ok roclukion of M, Haw Tord (M,N)= B (R @y N) dorallc.

ook () Y Fis Yok Hoe He hnclor Fe, — is exack s Toe} (F-) = Li(Fg, -)=0
whenever L0 b\, (n.ze)(d)_ |

(k) By induckion on 02 I} £20 Han Mo doiwe olds siuw —@\N & vigt 2mack-

Wnte O— K, — K —M-—0 aud E; ... — F —>F —» O, shide is a flod
vclukion. of K;. Leb ¢=1. By Hu loug oxack sequne (13€), ous han aw exack
sequ. Tor} (F,N)=0 — Tor" (M, N) —> K, g, N —> T, @, N. Hena

Tor (M,N) = ke (KON — F0N) < ker ( FoN/ i (Ron)—* B eN) = H (R, N).
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g i>), Hew by (7.28) ‘rsrf‘(M,N) = Tord (K, N)YS W (E.@AN) = H; (EQAN> .

(7.47) Roposition.: The ‘fc“o(.sih.a e tquivalewh— for o iu\ga,.,— no:

(o) fidive M <

() § 0 —+Ke—+F — ... —FR—+M—20 is an Mact sequina with F} flat,
Haw Ko is flok.

(c) Tor?(M,N)=O for all ipw and very. A-wodule N.

() Torf, (M,N) =0 for tery A-mwodule N.

(€) Tor fuy (M, Ax) =0 for feery A-ideal T

Progf - (@) =2 (c): follows from (T46)-

(&)= (B): By (14 T (Kp, M) = Torh, (M, A4) for toery A-ideal T. Thew
0T —A— Az —0 yidds ow Oxack sequunce 0O —TeKn— AR, K, FK, .
Thun for toesy ideal T . T, Ky~ TK, via tha wakural map. Ky is flak by a
Howe work Fm\a\m.

(7-“¥)Thcpm: Led A be q_h'n%, ScA a Mu.ll-i‘p\\'co:\-ive subAek, omd M, N A~ MQA\A&- hem:
(«) "'Sr;s..A (s'm, s~ N) x S"T’or:(M,N)

(b) U Ais Necheviaw. and M is uildy quueraled. S™Ekl (M,N) 2 Ext)y (57M, 5¥N) .

Proe}: (L) By induckion on i I i=0 Hac by (6.67) S'How, (M,N) 2 Homgy, (M, $7N) .
For (y0, consider +he md-&alwmu (o) —*K‘—‘”‘}_.i-*"'c-—‘- o, —M— O

Whoe He F: ave %ui.lrd\, t}aum.\d P A—wodulen amd K=herd. WHe L=iwd we have
Wach Aequanies O —-K-—F_ —L—0 ad O—L—F, .  —+F—M—0,
Sina A is Nectheriaw , W modules K ond L ae fuildy gueraled. be have o long oxach
Sequince: O —» How, (L, N) —2 Vom, (Fiy,N) — Hom, (K, N) — Ext;(L,N) — 0

and Herefore B (L, N) = acker (Homy (Fiy, N) —» Hom, (K,N)) . Sinw localization is

exack: 51 (Exct), (1,N)) = S™ coker (Houy (Fi_,,N) — Hom, (K,N))
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= coker 8™ How, (Fey, N) — S Hom-A(K;N“

= oher (How g, (S7F,, SIN) — Homg,, (57K, s-'N\) by (6.61)

USI'\«% He Zack Sequance. 00— SAK —3 S, — ST — 0 e Aw thak the lant wmedule
is isoworphic o Extg., (871, 57INY). Thus STExE) (L,N) & BExtl,, (s7L, SN) .

By (1), Ext), ($7M,SN)= Bxty, (S7L, S7N) = STELN) = STES (M, N).
(@) Follows b7 a stwiflar arau.mctd-.

(749) Grallary : Leh- A be a NeeMunaw ning .

(o) Hdim, M = supl Hdine, M, | me m—Spec A |

(b) projdim, M = supl ?“"la‘“"A..._M‘“\ me wm-Spe AT il M s {-n'wL\d\, quierated .
(c.) l'njdiw,AM = S""f’)l ih{diuAu Mo | wma \M.-S\:ec.A-ﬁ

(d) gldim A = sup gldrue Ay, | W ew -Spec A

P Use (748), (047), (1,11), (T.42), (1.43).
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§4: MINIMAL RESOLUTIONS

O Lo teselubion o a wodule M s a projective resolubion. F ol M witle K fee dor all O,
Lek (A,u) be oo Noctherian lowdl Fing ad M o {-.‘m'\dx, %mu—o.l—d A-wodule . A

wumiwal free resoluton b M is @ ber vesoludion (F_,’D.) o M with T *iu\'k_\7 %:Mc_\ra&d
and M, €W E Jor all L.

(7.50) Remarks amd Trhiwibion: Lk (A,m) be a Neethernw local h'u%, amd M a Q\'u\'\dy
%ekemld A-wodue. The Canliua\ﬂ‘& o{. Lr_va, winiwal %&nc.rn}iu%, Ad— e*_M s Y Aawe,

and is denoled by )A.(M). called Hu winimal nuwber 5‘_ gewarodors of. M. By Nokoyawma,
}._(M) = d\'uA/” ( M/W\.H).

(7.51) Poposibion: leb (A, w) be o Noetherion local ving and M a &'u;k\y gueroked A-wodule .
Tan:

(@) M har o minimal e vesdubion ¥

(B) F is unique up o isomorphism .

() AT iz a progekive rosolution of M, e F, iz isomorphic do o divect swmmand of P,

Tk (2) Lok by= o) and sk e A% Map 5 =@p Aci ocko M. The hemel o} His
map is contained i W | sine olerwise ¢ would codain. an dement Z'_:-:, oie; with
;e A-m=A" fr some L aud M) <b,, o contradickion . Guhivue RKke ok,

(b) Bliows from. (c).

(€) By (112), Here o worphisms o cowplexes v: FL —R, w,: R — F 5o thak

W o ide o Wile wo=ww, We hove doshowr Hhiak u. s as isoworglisw . Sina
weide | for tsey L0 oup = ide. +Un S+ 51, 9. Sinw T is a winimal sesoludion,,
im(9;,, s¢ + s.;_,’D.;) em ¥ ad Feimu; +mF;. Tuus by Nakayama's Lemma_

Fo=imu; amd u;: F; —F s su.raic\-ivc. R hence. an isomor‘;\\isw..
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(7.52) Definition. : \-d-‘(A.'\M) be o MNectheriomw local ring with k=AW and M a ;A?'iu.ik.\y
?.m,m\w\ A-wmodule. b;(M) = CHT Tor % (k, H) is colled Hhe - Beln nuwber M.

(15%) Theows: Lek (A,m) be o Nocludiaw loal ving il k=4 and W o fuilely

qencroled A -wodule. Then b (M) = d\'ka E;d:i (H,k) and for He winiwal beo
A -vesolubion. F of M one has ok rauk F; =L;‘(M).

Proo]: Lk (F,9.) be R winimal e A-wsdukion of M. Tuew wd; cwFy, . Tius
ke =0 and l—\om.‘A (ag,k) =0. Therefore H, ( ko,.F'.)s k&AF, ond H.(HO‘MA(F.,R» =
Howy (FK). lombe 5 = A Thae bo (M) = diwy (Toc] (b, M) = dim Wi (ke F) =

diw, ke, F; =n; aud dinc, Ex{:i(M)k) = dim, HE( HomA(E,k)) ~ diwm, How, (F; k)
= Aiuk “ovu,k (kOAF;',k) =W,

(N5%) Coro“a.ﬂa,: Lk A ke o NocHuron ning and M o '?'-'uild\’ %LY\L\'O-\‘QA A-wodule .
Tun projdime M = Pdim M.

?10‘_! By ('l-'ﬁ) we Mo.a assume thak- A ix local witle vesidue ‘?-n:IA k. 0bvio%\7,

projdive M > fidim M. By (1.47), L{Uﬂa'ﬁrf‘(k) M) =0 dor <> Pdiuc M. Thus L\, ('1.53>.
the winimal fres vesolukion o M hos Lnghh < Hdine M.

(n.s¢) Coro“ux: Let (A,m) be a. NeeWran local ring by residue field k. Thew
’ ?Jiw\. A = ‘ﬁoi&in.Ak = Ndiw, R = iu.jc\\'\ukh.

’Bgo_p: 'By ('I.S‘i) ond (743) it Sufheas %vac_ Yhak for ey %\'uﬂd" %l.hc.vn.\ul
A-module M, ?mjc\iuAM £ fm&AiMAk ond fmjc\im*M \<iuid|‘WLAh. Houme.r,

Tor’ (k,M) =0 for O onjdiw.Ak and Exh‘i(ﬂ,k):c for 1> imjdim, k. Nowr usc
('1.53).



Minimal gr.d-\v:. vesolukions

(7-5¢) Debinition: Qn A-module. M is called indecomposable i M=M,0M, imples M;=0 or M, =0.
Oherunse i is colled &_\-.fcsd,lg

I Hee {o“owt'na, Hhe l'uaic.kw, bl o} an A-module M is devoled Ly ELM) or EA(H)

(7.57) Remark: L+ A be o ring , M on A-wodule., and EcM an injckive Aubmodule . Thew
M=E®F 4or Aome submodule FeM.

Proof . Gousider +Hhe diogrum 0—E M e i s the embedding. Simw E is iupchive,
lid 7
e <t

Hhere is o A-linear map $:M—E with Li=idg. Thaw M=E@kerd,

(7.58) Fopasition: Lk A be o Noctheriaw Wug ond Pe A o priwe ideal .
(a.) E, (A/p) is ihdc.cow.poao.\ak-_.

(l;) Q.h\’ iudcwuposa.b\e. ‘kai:.\-i\-:. A-wodule. is ef He doruc EA(‘VQ) for some Qe SP«.(A)

Roef - (o) Lk N, )N, € E(A/?) be nouzero suLuoéu\:.s. Sine E(A®) is an tssenlial
oxlension. of AP, NnAp=K %0 aud NenAp=K, 0. K, aud K, aw vionzero ideals
of He domain. P, s OF KK, €K nK, = NnN,.

vs

(L) leb N be an ium?osaue_ ingchve A-wodule . Sine A is Nu.“uﬁam,ﬂ&sA(N)#(é.

lb QeOMA(NY ,Hhen A2 SN. Swe N is iigickive thoe is o A—ivear wap
! E(‘/Q) —» N hich axlends zmbeddin% A s N. k:.r(tp):(o) Ana E(NQ}
is an apewhol tddeusion. of. e oud A/ mker(y) =(0). E(MR) is isomorphic o

o Aubmodule & N. By (757): N=E(AQ).

(1.59) Popesition: let A be a. Necthesian nug and PeA o piwe ideal .
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(@) For teemy acA-P mdliplicakion by o induus on ouloworphism ow E[A/p).
(B) Y Qe Spec(A) wille P+Q, Ha E(AMp) ¥ E(Ha)
(©) For oery te E(A/P) Huwe is om neN willl Py =0.

Proof: (o) Lk ¢: E(AP) —» E(Ap) with @(B)=ad be e wulkiplicakion by a. Siva
ker(g)n A/p = (o) , it follows thak ker(4)=(0) and Hurder E(A/p) 2 imly). imlg) i

a iwchive submodule of E(A/P) Wille APS iuly) - Thus E(A/P) = imly) -

(b) I PhQ, Loy elewmewd- 0eP-Q is a vuxdo.r dlemenk- on E(A/Q) buk not- en ELP;IP).
(c) Sine APSE(AP), QanlfP)=1Pi s Qum, (E(MP)) . Leb Qe Oasy (E(AYP)) - Then
N=AQ € E(A/p) and NnAMR £(0). Therfore Qe Om, (A/P) and P=Q. This shouws

Hat 0y (E(AVP)) = {P]. I 3 E(A/P), Hun AT E Ao () is a subwodule

o E(,"VP) and Hus O, (Aann(t)) =1P}. Hena o (§) is P-primary.

('I.Lo)(_P\-_qusl'-\'\'Dl_\,: Ll A be a Nechurianw ﬁu% and QePc A prime ideals. Thaw.:
(@) Ep(M@) is omw Ap-wodule.

(b) Ep (MQ) = Ep (Arlaky).

Poof: () By (7.59) for ey ae A-Pec A-Q mulliglicakion. by a is an. isomorphisi
of Ep(HQ). Thus EA(HQ) is aw Ap—wodule.

(b) By (a) - Ma. <. (M), € EA(A/Q) and (Hhe Ap-module) By (AVQ) is an esseubial

fclewsion. of Hu Ap-wodule (AQ)p . W ewmaius Yo show- thak EL(AQ) is iupickive
as om Ap-wmodule. Comsider Y diogrom. o8 A-wodules and Ao-livear wops:

O—-rN——i——-pM

T+l oY

E(Wa)

Siue § and ¢ ave A-liear Hawe is ono A-lincar map h:M— E(A/Q) wite
Rf-:—.a. A is also A,-limear omd E(Ha) is an fwechive  Ap—wodule..
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(b)) Erampe: Lek A be o VR with waximal ideal m=(p), held of quotients k=Q(A),
and vesidue dass fiedd k= A, Then Ex(A)=K and E,(R)= K/A.
Froo: Lk Ta(p) ke i ideal of A and £: T— K/A o A-linear moep. We heed
to exlend § o aw A-likar map g: A— KA. Lk 2" =Tx] for some xe K.
Tefiue g: A — XA by q) = L1, Thus g xknds L and K/A is anm iugchive
A-wodule. Mowowr, k=A/a = FAA C WA U Bek wit [RT140 i WA,

Haw ,3=u/r"— ‘?orsovur. weA* aud ny0. Then P"‘“ E[S] --EF"".FS_‘-:-EF‘K—\ ek and
K/A &5 an tmenkal exleuson of A

(1.62) Lewma: lek A be o Nochherian ring, PeSpec A, and M an A-modue. Thow:
(2) Qs (E(H)) = Qssy (M)
(b) Hom,  (k(P), E(AvP)p) ¥ k(P).

Proot. (o) Sine Qss(M)< Qss(E(M)), i+ sullics fo show- +hak Oss (E(M)) € Qss(M) . Lok

Qe M (EM)) . Thew Heve mish a. submodule NeEm) with N= AQ. Swe EM) is
an omenkial exlension ef M, NnM +0. Thun @4 Om(NnM) < Qrs(N) =1QY - Hena

1@} = Oa (NnM) & Oss(M) .

(b) By (160) E(WP)p =E(Mp) =Ex (R(P)). Thus wwe way veplae A by Ap Yo arsume
thak A is Joal with waximal ideal P=m and vesidue Hed ke A/m. We have do show-
ok How, (k E(R) = k. How, (k,E(R) caw be idewhified with Oy mcElk).
Obvioualy | kQ_O:E(k)m.. Su.Prme. kng:Em)m. Thew the k- veckor space O’s(u)'“-—
Cowlaius o wowlrivial Subspara N wile Npk=0. Bur His is impossible,; Alua
ke E(k) is aw 2ssewhial exlewsion.

(7-"3)-rlrcpm= L+ A be oo Noclheriaw h'u% and E an \'nx'.c_‘ivc. A-wodule. . Thew:

() E &5 a divech sum o} iudecowposalde ingichive A-modules.

(b) For Pe Spec(A), E(MP) appears in His decowposition. i} and ouly if Pe Qm(E).
e w;u!.h’ph‘d% wite whide E(AP) appears is A‘"‘k(r) Ho\v.AP (klP),E,,). Jn pm*l-{admj



e divecd sum Acwm‘;osi\-iou, & E is unique .

Po: (a) Lok M'={S1S a sd-o} indecomposable. imgckve. submodules of E otk . T=@ T}
be. partially ordered by indusion. Y Pe (), haw E(A/P) SE and M4:4. "B\,' Zovu!s
Lewma. [T has o woximal elewend S. Sk E'=@gecT. Sine Ais Noctheriam , Efis
ingichve. (Homework). Twws E=E'©E" by (7.57). I E'=0, we ax doue. W E¥4 0, there
isks Pe OM(EY) and E(A/P)QE" sin EY is iu‘}d-iv; (L.L‘ﬁ-Thus E'n E(A/P)---O.
By (1:58) E(AP) is an l'udc.com.fosab\c iechive submodule of E oud Sg SulEWs) el
Cowtradichiug the woxiwalidy of S |
(b) L E=@Br (T, whoe T40 ae idecowposable. iugckive Aubwodules o} E Thaw
2och. T is of e Jorwe E(4/P) for sowme Pe Spec(A) omd D (E(4p)) =4P] (7.42).
Fnally, Os(E)=Uzes O (T). This shows te Hnt doim.
I orde- Yo show the recond claiwe At~ Pe Qu (E) T Tas

Howy, (k(p),Ep) & Homy (R(P),®riesTp) & @r Howy (k(F),Ty)
sine. k(P) is o fuilly gomeroted A —wodule. (Homework) "By (7.67) k(PF) =
Howy (k(F), E(AP)p). T& wmaius o show- thak Hom, (k(F), E(4/&)p) =0 for
P+Qe Spec(A). I QEP, Hun Qn(A-P) 4 and E(AQ)p=0 by (7.59)(c).
4 QP by (71.57)(a) oy eewek a€P-Q is a N2D ow E(AQ) . Thus uo

Honuro demenk of E(AQ) = E(4Q), is onnihilaked by P. Thus (- PQ,
“om,AP (k(P), E(A/Q)P) =0,

('I.Uf) Dehwibion: O wminimal ilqid-ivc. vesolubion. o o woduwle M is aw iuéid{vc. vesoluhion
(E,9) »0 Hhak E = B, (Z(ED)) 4or all i.

('I.Ls)'&.v_n_oi_k: Leb M be o A-wodule. Thae

() M haa o miwiwal iupctive Meolubion E°

(6) E' & unique up +o isomorphisw .

(T s an iu&ic:\"\\lt resolukiow of M, than E' is isomorphic 4o oo divect summond of T°
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(7,6¢) Tehimibion : Leb A be a Necthewaw ving omd M o %-’uik.\»’ geveroked A—wodule.

For Pe SFGLLA) . }\,"_ (P, M) = dl'm.k(P) EX'ELAP (k(P), MP) is called Y i—‘“\.’ Bass
humber o} M wil. respect Yo P

() Remark: The Bass uumbens F(BH) are %‘uﬁk, as cam. be ten. by Yokivg a
e A-resolukion. F, of k(P) whue ol 7 are dinike.

(748) Tweorem: Leb- A be o Nocthrianw rug and Ma kvu',k_\\l qeweroled A -wodule.

Y E' s a wimimal ingckive A-vesolukion of M Hun E'x ®, E(NP)H(P,H)’
tohere P vuns over Spec(A).

Proof: By (143) we have o show hak diney oy Homp (k(F), Eg) = pi (RM) dor

tery priwe idead Ve Spec (A). Fx Pe Spe(A). Siuw E} is o minimal iwgpckive
Ap—resclukion of My (Howework) | we way teplace A by Ap. Wrle w for He
moximal ideal of A amd k for A/w. Tk sulius to show- Homy (k,ES) = Ext (k,M).
S Exty (kM) = HE(Hom, (%, E7), +his will followr one we have shown ak-
He difjerewtiol on How, (k,E?) is trivial. Nole +hat- Homp (k,E) = C° whewe C

is e subcowplex o} Ef with Cl=0:giwm. W o ZToer Le e
How 9°(ct)=0 for oll L20 if cie;mfa*y Leb xe C° Sina e extension
W' € EC is mmewhal, Huwe is am. ae A with O4 axe m?“" Os wmx=0
i follown thok acA-wm=A* ad xe w7,



