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CMAPTER Vi: WOMOLDGICAL ALGEBRA T

$0: CATEGORIES AND TFUNCTORS

() Dhinition: O caleqory € cousishe of

() o dam & cbgicks , deuoked obi &

(2) peirwise digjoink Mds o morphiswg  denckd  Howy, (AE) , for toeny ordered pair of obgicks (A,‘B)
(3) upositiows Homyp (AB) x Howg (B,C) —» Houy (A,C), dewsted (L,9) — g},

o ol Ha Qo\\ou\lwi condibiows ave. Aakishied :

) for toey dogick A, Huse oish o \A_m)_\}a worphism. 1, € Howy (AA) suck ol
Pla=f drall fetbomyg (AB) ond lig=g for all gedlomg (CA).

(5) amociakivity o cowposhion holds ishucver possible . if Pc Home (ATE),

¢ Howe (BC) ad he Houwe (C)D), o Ligd) = (hg) L.

LB.L)/Rtuo.rk'- () Hout(AfED is vu1u.iw.c\ + be o Ad. Nolke doh ‘-B\ut(A,‘B) oy
be. wf"&

(b) Tor fechom, (A/B) we wnk $:A—B, alfough. the demads o Howe (A;B)
kto.-a not be Waps .

(c.> e it\e.u)d*va NO\?\I\SSWL. Iy € Howep (AA) s Wi que. -

(6.5) Examples: (a) T=adn: T obgich aw sh , worphisus ese fuuckions , aud He
Coupositiow. is He  usuol cowposition. of hunctions .

(8) C=vings: Objich ar Vingh ; wmorplisin o homoworphisis of. Vingh | Coupositiow
is e wiwal Co\ufosi'kcu, o honchiown .

(c) €= goups: Obgids axe Growps, worphisun ave \\ouomr‘:\u'sm ol groups
Coufos'\hou, is e usual Cowfosf'h'ou, a_f_ ‘?\md{ow;.‘

(d) C=top: Obgch one “'b?cb%pn.\ Apawas, Werphisks s Cowhinuows funchiows
an.Pos'\Hou, is Y wual cownposifow. of Funehiony
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(c) €=A-wmod: A a commutokive V\'uﬁ e idgu.l-('\-}, oL}ic_h are A —wodules, IMorPLL'sw.:
ave A -liwear Wops, Gwposition. is He Cowmpesition of funchiows.

(64) Dinition: Lok T and ® b cakegories. O covaviawh huuchor F:€ —= D is a
funckon hakis ying -

() Y Aechj& Haw FAcohid

() Y $:A—B is a worphism iw € Huw FP:FA —FB is acwmophizue i O,
© % ADEEC e meqhions W B, Han F(gh)= Fg PR

(d) For breny Aeo\oj‘t C FOY = gy

(L) Tie fowalizakow dunctor: A a ring (commutakive wit \> ; S€A a wulhplicakive
ad. F: A-wod — ST'A-wod is delined 57: $ Mis aw A-wodule , Hen

FM=S'"™ oaud if : M—N s an A-linar wap Haw Fyp=Sly: STM— N
is He induwd STA-Kwar Mo .

[64) Debinition: Lt € aud O be calegorien . O cowdravariawl fuuctor Fi e —a P is
o MOV\_ MJ{S?ZJM%
(a.) 1[. Aé.oLj t,‘\'\uu, FAeol,j$

) ¥ {:A—B s a Wwvfk\'sm_ m €, ¥ FLFE—FA is a \MorFkism. i D.

© 3 A5B 0 ae mophisma i &, Hew F(34) = FP Fy

(d) Tor Loy Acobi® : F(l)=lg,.

EXG».P‘U; o{; owbravarank  Junclows : 1.
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3\: THE FuncTer HoM

’ﬁrou.zpw\- Hus rechow : A is o commutabive h'u% with iém}iha, M,N,.. ae A-modules
and Mops  are A -liwear.

(‘--V)'Qe}{uiﬁou_-. T Ak o A-limar Mogs ‘Frnu_ Mo N is denckd \:\/-.
-“omA (M,N) = 18- M— N 2 is A—\inuu—-}

(6.9) Remark: Homy (M,N) is aw. A-module under Hhe operakions:

Fr £,4¢ Howy (M)N),ae A, meM . ($4q)(w) = L)+ glw) aud (af)(w)= a(fmw) .
P A is o voncommukive ving , Howy (M N) is aw okedion qroup, buk) i qeural
not aw. A-wodule .

(6.9) Dfiuition: Lk «: N—+ N' and [:M—am' be A-limar wops o A-woduler.
(q,) « induas an  A-linar Ma.F-. Hou(M}a)= My umA (M,N)-—» How.A (MJN')

debimd by o (§)= x-f.

(b)) B indues an A-lior Wap: Hou([s)N>=|3“; How, (M, N) ——-rHow.A(M,N>
defad by P(g) = g

(¢.16) Rewark: (a.) Olnw'owsly, H-ouA (M, idy) =(idy ) = iAHDu,(H)N) . For A-luar wops
N, L N, <& Ny we have Hodk: (a00) 0 = %5, K,y . Tiis shows Hal-

dor a %xccl A —wodule M, How, (M,-) is & voriasd- Punclor  $rome Mo
Galegory o} A-wodulen o he codegory of A —wodides .

(b) Siuulfarl7, for o fixed A-wodule N : How (idyy,N) = (dp)* = vd How (M, N)
ad for A-limar waps M, Eo M, P (pep Y LR R T,
Howp (—, N) is o owhovedamt duchor $roue Hha Cokegory o A-wodules iwko
e Cokw of A-wodules.
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(6.0) Theowm : (Lefh exackuess o How) Lo 0 —s N' 14 N 224 N ad
Py Ba

M — M — M" —5 D be exack Mquanus c{_ A -~wodules. Thew:
() 00— “vuA (M,N') iy %MA(H,N)—“-‘—': “omA(M,N") is exack for all A-wodules M.
lb) 0 - ‘“““A (MY, N\) -E’-'-——’ ‘“OHLA(H,N) -E'-' 'uomA (H') N) is exoack Yor all A-wodules N.

P (&) 0 is ingickve: Lt £ @ How, (M,N') widle &, (f) = o =O. Sinee «, is
ngichive £ =0.

ey, € ker w0 By omumption €, 8, =0. Ty« ox,, = (404,), =0, =0.

ker v, € imiyy: Lk Jekeru,, . Thus “u(¥)=d..§- =0 aund $(M) € ker o, = iwe, EN .
Thew is an A-liar wap 3 M N wile wef'=f ad fox, (e im(y,)
() I is inickve: Lk fe Homy (M), N) withe RY(R)=PP,=0. Siwu B, is susickve: §=0.
w B € arfr: Siwe Bp=o0 (BeP)s = PuuPax =Cx=0.

ker By < impr o Lk L@ kerpF, Mok, LM N it BRW) = BB, =0

Thun {.Uw.F-.):O amd Awnw i = ker o ¢ 4 lker [S,_) =0. Tais iuf\u'cs ot %
Iackons: BoM T N Teo is an A-linac map:

yl I/‘ VU N W Vo=
M“:\w" 9. M N wibh Uep=f.

Toun  de im (BY).

(L.12) Remark: In guueral , weithor Howy (M, ) wor Howy (=, N) is vighk exact.

Gusider W Wack Aquene o Z-woduder 0— Z 222 FuZpz—o0

whave dln)=2n Jor all e Z amd B is Hhe canomical map .

(@) Lok M= aa. Tha haguonce D> bow (%a,2) 24 vow (%4, 7) £

How, (%2/z,%42) — O is not cxack Alwe How, (2az,2) =0, b

How, (%/2z, %/2z) % ©.

() Lok N2 2. T Aquane O— bouy (%2, 2) B tow, (2,2) %54 tomys (2,2) -0
is not oxock, Awe o is hob Augichue. T ol §:2 22 «*(R) =fx and
Llat)) = $(20) = 24tn) for all ne Z. Thun x*(f) is never Aurgickive and idy ¢ im(<®),
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(L.I’S)'Ef.}\'ni‘\'\'ou: On A-Moau,le. (P is called 'P_r_oy,A-urc. ;,r_ *or logra Aur&t‘c_kw_ A-huar Ma-r
P: M—N oad toesy A-liwar map «:P— N dhoe is an A-lwar wap
x:?—oM Ao thak K-Fx*. 38’__,-p

“».l"l)-rkecnm.: O A-wedude P is Fro&m.\'\\n. if. ond c\dy i} the %\u\c\-nr HNMA(‘P, -) is
txact ol is, Jor ooy exack Mquinc 0— N'Ey N-By N 0 o). A-wodules

Hhe Miuenie 0 — How, (P,NY i ow, (P, N) B, Howy (P,N*) — © is exack.

TP "= Suppose thok Pis projickive and Wb Dt NI ANPLuN'— 4 0 be an
oack Aquance . Sine Howy (F-) is Agt avack , e Mquna O —>Houy (BN) =5
-“MA(P, N> B, Howey (P, N') is mack Lk de “om.A (‘P,N"). Sive P s T"Oy.-c.*ive
Hhee is o g€ Howy (PN) wie Pg=2 and Pu is dugickve .

" Lo l-\ouﬂ (F,-) be oxact oud Auppose. ok Have ove ven A-liwar wogps

I
M i—o N —3» 0

with B hurgckive . Gusider dha Ahork oxack mquine 0— kefg) oM EaN — 0.
’57 mu.wf\-ion_ Hown’\ (’P,H} -—EL& HouA (%, N) s Slu?'.c:\\'vg . Pis P‘°<\"'~°\"‘""

(‘.lS)’_PlongH\'ou.'. E\rcha "n., A-WIOA\JC. is r\roé.‘.\wc.

Pof: Lb F obe a o A-wodude with basis {e;lier ond cousider o diagranc
of A= liuor was: i

M BN ——0 wille B Auichive .
TFor dny e LT choose an dewewk W;eM wille TS(ML)a-#(e.(). Siue F is $r
Hoo is an A-livor map §: F — M wite gle)=m; VieT. Thew Fzr--‘-.

(‘.l‘)&fﬁikon,: k- 00— M2 M——]—‘—o M" —»0 be am wxach Atquenca o{_
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A-livear Maps ond A-modules . The fellowing ar 2quivalest:

te) Thee is an. A-livear Mep p: M—s M with ya=idy, .
(b)) Thee is o A-limar map 3: M'— M will PF=dyu.
() M= iml)@N fr o subwodule N M.

The Adomodule N e} (<) is isomerphic o M*

T - (o) = <) lek i M — M wilh yu=idy. Pk Neker(y). For meM obvicwly,
m-xy(m)a ker (y) ond M= imle) + N, U ne i) NN Ho w=xlt) for rome teM/
ad yU)=0=yult)=t. Tuws M= im(«) ®N.

() =(a): Define y: M — M by y=&p whe p: im(=)@N — im(«) is e propckion
axd o imlx) —» M is depined by T(on)) =m (siwe M'& (). Thew you=idyy:.

()= (c): Lk T: MM be suck Hhak PI=idys - Pk N=iw (5)F M". Tor weM
dhviownly, m~-SP(x) € ke.v(l’&)-.im(«) ad M=im()+N. U neiu(x)nN Hun nel(E)
b rome te M aud By =0 =RSlE)=t. Hene M=im()@N.

() = (b): Pefine & M'—M ar Jollownt Siuw imfe) = ker (B) and M' = M/ker ()
Ao A-linar wop Blyg: N —M" is an isomorphishe . ld- &= Lé(PIN)—' whave
(N—>M s He  ombedding. Thew [od= idyy.

(L.|7)D=FdH0L: On.  2xock Aquna. 0 — M=aM B M0 s called AM‘ (or
Aplit Qa(__g&f) if e is an A-linear wap & MY'—sM with PS&=id,, . (or
2quivalewdy P Huve is e A-likar wmap y: M—MUE with X’“""‘JH'-)

(L.IY)’E.ofa;iHon.: Every divck Auwumond o} a projictive wodule is profchive .

Roel: lek P be a P\o‘\lc.\iw_ wodule , N,Q =P aukwoduler oud P=NOQ .

Q
(RS

M = 4 Mi—— o0

wie F buqac‘\'\w_ Exlend e Aio.%rn.w.. Yo

Consider o ds'axtrm & A-hwar Maps:
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P lehare r?—»Q is “’h.f!o&f_c.\-\'om and L:Q —s P is Y
. ;r)i w.Le.AAiu%. Nole dhak pei=idg. Sime P is progicice.
s 1t Hee s aw A-liwar Wap a,:'P—-»M it Bg=4p.

M —s Ml 50 Than P-(%o£)=¥°l,r£)=.-f. amd Q is Tvoaic\wc

(L.l‘\)/_!’_vo?_uLk%-. lek P be an A-wodule . The }o\\owiu.% ave quivalent-:
(a) P is fvo‘\inkvz

(B) P is (isomorphic ) o divck swwmwand of a fe wodule .

() E“"‘A’ tyact Mquwa. O — N —> M —4P—s0 is split exack.

'P_vogt-. (c).,b(t,).- Eve\-& wodule is a l\omoumrkn‘c_ i\MQ.%{.. o o e wodule . Gusider on
Qack Mausue O N-—F 93P -0 wi Fa bheo m.;\u\g.‘&y (e.16) P is
isom-f\vlc. o o divedtk Aumwand § F.

(b) =(a): (b5) and (b.18)

(a,)-a»(c): lek O — N-»M—-'s—ov——-bc be aw oxacl- Mquence. . Cousider Heo

J\'WM‘- P
‘y LHP Swe P s fwro&n.c‘-wr_ Hheve is an A-linear

(6.29) Examples: (o) - A= 2/i2. By He Ghinse emaiuder Huovew:

Ax Zfsg ®@ Lfay . P=Zfyy is o projickive A-wodule , bk net o fre

A -wodule -

(8) L A be o Ddekind domain whick s vob foctorial (Jor trample - ZTVE 1),
We will show lader Hhak ey wonzvo (deal of A s progchive . Nole thak an ideol
T o o domadn R is b i aud ouly ip T#0) aud T is pricipal. & wrufackorial
dowatn is wot @ PID. Taa twery howpriucipal idea) T of A is progictive b

hot {—m.
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(6.21) Debivibion: Qn A-wodule E is called l_n*eiv_c. i§ for Loery lhﬁtd-wg_ A —lincar wap

« N-—M od woy A-livar wop 2 N — E Hre is an A-liar wap M E
Lhich, exlends T, Hak is, T= v .

L4

0 — N » M

ré./q_

(b.22) Theoreme: Qe A-wodule E is \uf.d\\n_ \.c ond G\J\, Lg. HOMA (-,E) is exact
q,\-is, {or— Loy wock Aeﬂ\u.hm_ og_ A-wodules O—s M 2, B iw__,0 =y
Mquance. O — Houy (MY, E) How, (M, E) ———5-“01\4A(H' E_)-—-DO is exach,

oo " =" Qadume Hok E i ingickve and Hhot D—wM'2am P

—»M" 2 0 is an
oxack mequine . be wd o showr Hak Howy (M,E) 204 How, (ME) s surpickive
Tis «‘o\\oun ihuuit'ok\\’ %«ow.. Hhe danikeu, bf_ |u‘\,t.c\we.. wodules .
=t Couve\-xo,\7, m?rose.%a\- How, (-,E) s erack aud couside- o diagram.
0 — N == M witle « mgickive .

¥

E

lek N’ = coker («) “Thew Mquonce
DaNSwME N0 s Uxack omc\ b0 is He Aquence :
0 — How, (N,EY B oy (M, E) =5 Howy (N,E) —r 0
Thun  Hawe is o e HDMA(H E) with i*(c')_c‘dxé_.'

(6.23) Rewark: - is cany 4o show- thal Hha divck produck e} imicke Wodules i

impchve . The dinck Auwm ¢ iwickive wodules Moy wob be iwgeckive (b fulle
dived- Mums ave). Twe is o whoating  Huoew which staley Hhat o commutakive
h‘u%A tovHe ideu)%l-z is Noedberiam i and cru\\, if toury divect sum of iyickve.
A-moduley s it\f.gk\&.

(L.D.\\)'E‘_v‘;os{{'oh,: En-ra, divcl Aummand D 4. an lkﬁc.c\\\rc. A-medule E is W«jﬁ-&'-l'\\lt. .

’P&L ld E=DeN , p: E—7D M?Yoyl.d\'on, awd A:D—>E Mtw.leAiu%-
In Toﬁ—icua\ar, pr=idy. Q dl'tuara.m. wndle i%’l’l‘\&t



0— k=4 M ocdends  do He J-'o?om_ O—s k X4 M

$l $d
D D 5
p (M

Swe E s ihﬁv‘-::kw_ -"kucisu.w—afﬁtﬂ—-fE &

lq'vl'k a,o.L = A.{_ Tlu.n. (foa)oo( :lPX)_f_ =¥_ QM.d D is ilb&ig‘-\vc,
(6.15')7"\;0&_.:’5'- an A-wodule E He fo\\owiuﬁ Conditions axe .Qqu(vn,\gu\-:
() E is iuy‘;_kvc.

(b) Ew"ﬁ wack Mquene. 0 — E—p M.y N0 i split cxack

Rood: (a) =+ (L): Lk D+ ELaM—sN-—10 b chack. Sinw E is ingickive Hare is

Q. wap £: M —E rch Hak 0 — E -2 M
id .L‘/4,_ .
E wuwunles. The ).c..quuuz_ b‘;\‘k.
(b) =p (A.): Condider o Ain.%m.u._ O — k2™ wille « ik}io‘"\‘d. .
(*) £
E

e T= EOMAr whoe W] (Qw),-wtw)) lueK]. W is o sudbwodude ff EaM.
Cnsider e A-liwar wmops 't E — T dibiud by «'(c) = (£,0)+W aud "M—T
th 4! (W) = (o,w) + W —DGGTM.« (#) oxlends o Ho diogrow. :
0 — k 24 M
) +1 L

I
E —i—-b T

Claiml: (%) is commutakive .

Pod of AL: For oy mek: o'flwm) = (fw),0) + W~
= (§60),0) — (pua), —w(w)) + W~
= (o,x(u)) +W

= f-‘d(m)

Iz
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Coim 2: «' is il}i;kvc_

Prof f Q.2: Lk ceE Wt ()= (¢,0)+ W= (0,0). Thu. Hhere is an eclemenh wme K with
(,0) = (ftw),-«t(w)) " E@M . Thus x(m)=0. Sine o is ingeckive , m=0 and threfore 2=0.
By omumphon (b) Huw is o map B:T—E with Ped’=idg . Lok q = PB§. The
g« = Pf'x = p'f =f. E is an iuichve A-wodule.

(6:20) Remark: The module T dogether Wit Hhe maps o' aund (n'u,%._fvw{_ . lb.zs')) is
called He  pushoud- of Hhe c‘f&%rm

|<~—'-(-—+M
+ 4
E£.

(6.2'1)—5_:2&-. For aw A-modue E He ?o“om'n% ouditious aw ﬂ.qu'wa.\u)r-.

(o,) E is lh.aa.c"wt

(v) Ewa A -linear map 2T —E , whae TCA is an ideal, odads o o A-liurar
l\mf a'A—-’E.

’Pﬁ_afs (e) = (b): ivial

(b) =>(a): Swppose o is Yvew o diagram 00— N ™M
;JE' wheve 0 is iwpickive .

he Moy Qrsume. that- NeM is a submodule . Gomsider Hha Ack:

W= 1N g) | NeN'eM o submedide, g': N'3E o A-linar map with ') =1 1.

WM+ sue (Nf)e M. Dfiue o parhial srder ow NC l"l’

(N',g')sl.N",g")H N'e N' and ¢'|yi=¢'.

L onder 4o show Hhadk T s 'lwdud—'wc\7 ordeed A ':K:{(N;,a;)ﬁ;‘-: be o dhaiw

e W T N= LN s o sbwedule d M. T wap 32N — E wibe

) =qi(w) ueN; s well depiwed. Thun (N §)e N is an upper bownd of K.

By Zoru's lemma Hee is o wmanimal elewmewk (Noygo)e T . I Ny = M we axe done.

A NotM lh me M-N, ond wnsider T =jacAlawe MY . Obviously, T is an

ideal o A. Define A:-T—E b\, Ala) = 3,(auﬁ). Ais o A-liwar map. By
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amuwphion (B) b exbonds b o A-livear wop L:A—E. L N = Ny +Au aud

debue g N, — E \o\, % (u,+am)=3,(u°)+n.&.'(l) bor oll weeN and aeh.

Claim: g, is Wwell defined
ol of O: Suppose Mo+ oW = wl+alm Jor some Mg nle Ny and a,aleA . T

Mo—ng = (- wme N, and a-aeT. Tun o (Mo-ug) = §o (=) m) = hla'-a) =(a'-a) &'01)
Hewer Gluo)~golne) = ' L'(1) —a A1) and foln) + a W () = golwg )+’ LI(1) .

g 5 a el defiued A-liwar wop whidh whads Go Tharlore (N,)q,)€ ¥ aud

(N.,%.) $ (N.,a.), o cowhadichon . Tuis buplien Hat Np=M,

(b.28) Example: By (6.27) @ is an iwichve Z-module - I guuval it is wok Ao casy 4o
nk doww e dewenlsy e_?,u\, uw.ch, A-wodwle . T o loler Acchiow. we will Ahow-
Hak oy A-wodue M is a Adbuodide o ow iyicdive A-wodue E.
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$2: THE TENSOR PRoDucT

(b.29) Tepiuiion: Lok A be o vimg; M,N, and T A-wodudes . & wop ¢ : MxN—»T is called
A-bilimar if

(@) For all meM Hu Wwop A, : N—T definad by Auln) = (w,w) is A-linear

(b) For ot keN Ha wap 4 ,: M — T defined L7 N (W)= ¢ luyu) is A-luear

(6.30) Defruition: Lk M and N be A-woduler. 0 kuser ch\uc\- & M aud N ower A is ai
A -wodule MQAN ‘\'oﬂn.wu.r wite o A-bilivear mop T MxN ——p M, N such thak for-
lvoa A- bilikear Wap : MxN —» T fvo\u_ MxN iwho sowe A-wodule T Here is a
uique A -lwor wap x: MgN — T with «eT =y, Hhakis, H dingran

MxN —= M@, N
¢ T

CDM HM.L‘-CS .

(6.&)'_&9'»55*1'03: Lk M and N be A-wmoduler. I} H dmsor product of M aud N sver A
wish i is uwnique wp o soworphism .

Prood: Lk (M@N, T:MxN — Mo N) and (MEN,T: MxN — MEN) be two
Jeusor Fvodu,c_\.s wite biliwar wmops T aud T . Tiew Have is moc.\-&a oue A-Wwasr wap
x: M@, N — HgAN with &or=T aund eqmr_uy oue. A -linear map

e MEN — Mg N Witk KT =T. Thusy K owoT =T awnd -c.:i.%-? iucplyiung Hhal
Ha followmﬁ diagrass : MxN M&N oaud MxN —F— MEN

T} “"/?M T id

Meg,N M&.N Ko

owwmule . 'Ey Lmi&iu.nkess: Kool = 1d Men Wd ad<id

lb.‘sz)'ruwnw_: U M oamd N are A-—modu.leA, +Hie dexsor PmAud- of_. M ard N ser A exisk .
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Poof: Lk AN b B he A-module wite basis MxN and Lk Ug AYND L Mg
Mubmodule lobich is quieroled by all demeds of H fonu
(wtud,w) = (w,w) ~ (', w)
(CHET ENTRS BTN
(am,n) —a(w,w)
(w,an) ~a(m,m) b m,weM, nw'eN, aud acA.
v T ke Ho cowposition of wmaps: MxN et AN S AN g ¢ Waps
(w,w) o Ko basis demens (w,n) of AMEN) and 3 is N cavouical map owlo Hu
quokiewd  wodule .
Haim: (Amx“)/u)‘t) s H densor prduck of M and N ower AL
Prod of cA: Obvicusly, T is A-bilincar.
Lk T be aw A-wodule omd ¢: MxN —T ow A-bilivear wap. Consl'Ach'v\% Y
on o wap frow He Ad MxN ko Hu A-module T we cam exlend ¢ wniquely
o o A-linar wab X AMXN)Y LT Sike ¢ is A-biiwar, WEker(Z), ad
e Is @ Wi qua A-linaxr- Wop o : AN /s ade dake M A\'tu-krn.m,:

MxN A T
<4 L Tw
AleN) _____‘D____’ Al xN)/u_ ®
—

(039) Remark: (2) We wn Y following mobwkion: MayN<= A" and men: = (mn)
for demcws meM aud ne N,
(k) For all wm,w'eM mweN, ad acA: (m+w YO = man + wan
Mm@ (wsn') = MOw + man!
(aw) On = wolan)= a(uen) -
() Every dlemewr of M@N is of +he form
Z.;‘ o (mi®ny) = puiply (aimi)@n; = b2y M.‘G(Mi>

e, M;eM) e N and aj€ A
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(b3%) Exawple:  (2/2) ®, (%/2)=0

Progf: For all 9€ @/2 Hae is an neZ-(0) with wq=0 aud for all q€ /2 and all
me Z-(0) Hae is o '@z wih mg'=q. Rr a,be /2 L we Z —(0) wH. wa=0
od U b'e@/z wile wl=b Tew ab=asmb) = (wa)@b' =0el' =0,

leb My, —, Me be A-wodues. Tnslead o} Marking witle A= bilivar waps we cow stad-
with A-wulh lineaxr waps @:Myx — x My —» T (Huse are waps wlich ave A-linar
" Loeny 'oo..ﬁoue,‘) Ve Prm-\ag 4, (6.3I><w.d (6.32.) com be aAi'u\eA o.c.con—diu%\\, ‘o
Ao otislene and uhic‘un.u.w; c‘_ Ho 'wdd - Yewsor Fmdud" M ® —® M, . Nolke Hal)
M® —&M, is queraded by all poducts W@ — ®w - wheve wie™M; bor 1¢ g v

This is Aumwarized e e proposition. :

(6:55) Proposition: Lok M,,— M, ke A-wodules . Thee oxish o peir (T;T) cousistiug of

o Ahodule T and o A-udhilivar wap T Mix —xM, —T witic e folowsineg
property. For foesy A-wodule N aud for touy A -k fwar Wap q: Myx—xM,. —» N
Hure is o thique A-liwar wap o T N auch Hhak woz= . Mocover, il (T2) aud
(Ti") ove Hwo pairs witle s ?"’P“"\"&»M Ne s a wAique isoworphis w

VT =T wille yer =2,

(6.36) Proposition: Lk MNP be A-wodwler. T ar wmique isoworphisis :

(&) M&N = Ng,M wik wen — nawm

(b) (HQAN)Q‘? x M&A(N@A’P) S MNP wi (wew)pp — mo(uep)— wanep
() A@AM EM i eBwm — am

Proof :  Howe worke

(b.37) Proposition: Lk M, ieT, and N be A-wedules. Thew -
( ® Mi) &, N = @1 (Mid, W)

46
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Procl: T map ¢ (OM) xN — @ (M;0N) with g ( (M)ier> ™) = (wi®n)iex
is A-bilinear. Thua N is an A -liwar wop «: (OBMNYON —r @ (M 8N)
with  ®((W)ew) = (wiewn) .
Q:mcm.\), b Qoery 1€T Hoe is o A-biliwar wap ArJ-xMJ'xN —+(®H{)®N dabiwed
b, ~|-1'(x,u)= (M;,)@VL. Wlow W;=0 for 4‘_1,]' omd wi=x. Thus for toery (€T Hhose is
o A-lwar wap PBi:Mj@N —s (®HHBN with Fi‘(xan) =) en whoe wy=0
for £#g ond wy=x. By He wnivenal properky o} Hhe divech suuwe Huve is aw A-liwar
map - @(H;eN} — L@H;}@N with P((m;@n.}ga> = (M)icz B The waps ¥ and P
Qe iwvenie Yo tack olber o Hie Guerokow . T “’F“‘*ewim) and Pox=id@uyen -
(6.38) Debiwhiow: Lk A and B ke nngp oud Pa houciuphy Ack-. P is called o (AB) -bimodule
if Pis aw A-wmodule oand a B-module and Ha oo wodule shuctures ave Cowpalki ble.
i e H\owiu% ruse : for all peP,aecA omd be® : alpk) = (ap)b.

(39) Proposition: lek A and B be tiugs , M o A-wodule, P as (A[B) -biwodule , and
N o B-wedule . Thew:

(o.) M®A’P is Ma\-u.m.\\y e B-wodule .

(]) PO N is wohurally aw A-wodule .

(&) (MeP)8g N = M@, (Pe N).

P+ Howe work

(bto)Remark: leb @¢:A — B be o howoworphisi o} tugs and N o B-wodule . N has
e A-wodue  shuchure by warichow. o} Awmlaw: frall ae A and ne N defiue an=la)n.
N is aw (AB)-biwodule and B cam be cousidewd an. A-wmodule. U Mis o A-wmodule
consider He A-module My = BE,M. My is & B-modue wa ALMW-...% dediuition:
For bUeB and MeM sd b(Hew) = (bb)@w. My is cbhaind fow M by exlension
4 salart o base change.
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(es1) Remark and Pefiuition: L q: M/'—3 M and 4: N'-—= N be A-livear wmaps of- A-wmodules
The map B MIxN! — M@y N detimd by Blw!n') = @)@ y(w') is A-bilinear. Thus
Hoe s o umique A-liear mop qo4: M@ N — M N with ¢oywaw)=
¢w)o4) . Y ¢ M'—> M ad ¢ M— M ae A-liwar maps and if N is aw
A-wodule Hou  (¢0¢,)@idy = (¢, @idy)e (,® cAN). Siwifardy | if 4 NY— N aud
4 N'— N are A-liwar aud M s e A-wodule , Hun \'G\H®H-.°‘P,_>=(l'dna‘h)("‘lue‘h)
This shown : for o fixed A-wodude M He is o Govanauk funclor M@, — how Y
akgory o A-modules ko Ho cadegory of A-modules defiuad by: for Ne ofy (A-mod)
(M&, ) (N)= ME N oud Hor 4: N'—3 N A-linaar (Mg, ~) ()= idy@yp. Siwilardy,
fr oo fved N, —O, N s o covariawk duckor  fome e calegory. o) A-woduwles iuko He
Onlukor% ol A-wodules . — &N is dejivad by - (—Q*N)(H)_—. M@, N for Heokj(A-uo&)
and {vr g: M M Aclinar : (-GANBLT) = LfeidN-

(6.42) Theorem : (a.djeiwl- '-somarrh-‘sm.) b M,N,P be A-moduler. Thew Hare is aw
isomerphism : MA(HQA N,"P) 2 How, (M, Hom, (N,’P)) i

Troep: Lk Bilin, (MxN,P) = @i MxN — P g A-bilinar | . Bilin, (MxN,P) is aw A-wodule
whick s isomerphic 4o How, (M@, N;PY. Thun it Aubfices do showr Hhak 4 A-wodules
Bilin, (MxN;P) oud Howy (M, Howy (N;PY) ave isomovphic . Define:

$ - Bilin, (MxN,P)

Hom., (M, Howe, (NP))
y — @\p): M—— Hom, (NF)
m—— $lg)(m)= ¢lm-): N—s P
n— lu,n).
S ¢ is A= bilinor, ly)(m) is A-liveor. Verly Heak Q(y) and § aw A-linear. Guercly,
define:  F Homy, (M, Howy (NPY) ———— TBilin, (MxN,P)
y — I(X)’ MxN — P
(m, ) — ym)(n)

Tly) is A-bilivear and t is A-livear. B amd % aw iwversc o tach oler, thak s,
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Yoo g, od Pet~idy,,, .

(6.‘!3) Remork: Theorem (b.‘i?.) is park o} o larger theowem. whicl sholes thak He fuuclon

~-®, N ond Homy (N, =) ave on od joid- poir. i pardicular, if x: M'—3 M is aw A-luear

wop, Mo the d\'o.acn.m,-_ ""‘OMA (M@A N,?) =5 “ouA(H, HouA(N"P))
d (KQl’d)"’ 1 «"

HomA LH'@ANn 'p) = \-bu:A(M', ““‘A (N,P‘))

Cwmutes  (Proed : Hom.wor\().

(699) Lewa: Lot M Xs v By mu b Mequence. o A—wodules - Y- for all A-modules N

He requance  Howy (MY)N) L Houwey (M,N) L Houty (ML N) is exack | Huw. Ha Acquence
M 2y M By M is ook,

Pl : Suppuse. ok Hou (4, NY) 24 Hou, (M,N) Z Hom, (M) is exack dor all N.
() L N=M". Thu O = kp* (idyn) = idyy © Pos = Roat . Mene im(e) < ker((S) -
() I owder to showr ker(P) Siln) pur N=Mime) ond &b 9: M—p™Vini) be Ho
couomical Wiap - Sine ®*(v)= Vel = 0 Hax. is aw A-livear wap u-‘-,H"—-r“Viu(.z) wi-He
Br(=) = p=x: ML, M

v i /r

M/iu(d.)
Thwn imfe) = ker (V) = ker (e p) 2 ker (B).

(L.HS)Tkwnszug Junclor -, N is vighi- exact , Hokis, il M'—aM—a MY —3 0 is an
xoct Acquanie . A-wodules , Hhew He Mguence

Mg, N — Mg, N — M'®, N—+ 0
is exact

M: For ey A-wodule P 4o Mquence :
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O — Howm, (M*, Houy (N,P)) — Howy (M, Houy (N;P)) —> Homy (M, How o (N, P)

is exack. Thus by (642) and (L.43) Hhe Aguence

0 —» How, (H'@, N,P) — Homy (M&N,P) — Hew, (M'e,N,P)

is oxack for tveny A-module P. By (6.44) MBL,N — Ma, N —s M'@N—> 0 is txact.

(bHe) Grollary: Lk T 2A ke aw ideal and M am A—wodule . Thw
(M), M = Mian,

Pod: Gusider He wxack Mguina 0T b A —> Ao —+0 . Teusoring with M yiclds
o oxack requine  Te, M oM, ARM — (YY), M — 0 whidh caw be exlended Yo
o commutalive dio.%«m wil, xack vown:
I M Leh, A M — (Mr)gM — ©
L0 s @y
O TM — M — Mgy — O
Whae § is definad by :S'(o.@u)co.m.. ¢ is oblaiued fowe the A -kilivear wap
T (M) xM — Mm wide -c(a,m>=m.‘ruub ¢(Tem)=Tm aud ¢ is
Aurgickive . £ is alse a Aurtichive wap and Aquares © amd @ o comwmutakive .

By diagraw c.\mbm.% ¢ is o isowophism .

(L.H?)M: X 0=2M —HM_—H -0 is an ack mquena of A-wodules omd N
is o A-wodwle | in Geweral Hee Aquue. 00— Mg, N —p M@ N —r Mg N — O s
ned- axack. Exo.wf\e.; Cousider Hhe Mquance, :
o) 0 — 2 <+ 2 —s 2/32 — O
WRoe o(n)=2n is e wulbplicakion by 2. (%) is exack, bu-
LY =

0= 2g(Z4y) — 28, (%2) — (%42) @, (Z22) — 0O

is not wack Alng 20&_(7/!?)2'2/2.1 ‘a-u.d void is e O-map .

(6.48)"27*{\.;4—&01: Q. A-wodule N is called %\A_A—MA it %or— all exact Aquanus o
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A-woduen O—M'—M  Ho Arg uence O-—-DH’@AN —» M@, N is Uxact.

(649) Poposition:  Lek {Nilicr be & Mk o} A-modules. T following  axe equivalew-:
(o.) O N; it flab v A

(L) Forall (e : Ny & o+ ooe A

?r_o_ef.: Rl 1”‘-,](&1 and {Mijier Qe Ads of A-wedulen amd ‘H-_,:-. M';—*M,;S aw A-liwear mags
Hew Huve is @ unique A~linear wap @.f.i: @H:-——b ®Mm; wille (@.L ("",j):(“‘{(“‘i))-
Mowover, ®4; & iwgckive it aud oul7 g dois inichive. for all €T .
Tor awn A-linar wap T: MM we obbain by (6:37) a commutakive dicgram. :

(@{.a: N.‘,) ®AM’ i_df_., (@ieer) ®, M

¥ | l =
(sd
Bier (N;’&AH') 6-21:) @{e]: (Ni® M)

Whee e verkical aviown ave sowerplisus . The top line is yckive if and euly if Ha
botou. lina. is . Twis proves e 'fm?osi-\iou,.

(L.S'o)'%ro\\o;a: Bvery, projictive wodule is ok, Jn ‘nﬂ-\'c.u\ar, Quoery e wodwle. is {lad-

’P_m_[_: Sime A is a Yo+ A-wodule \:7 (6.%) Loery {m_ A -wodwe is Yok, Sinw
pofichive. wiodudes ave diveck Awmmands of- frec wodudes Hay are Yak- by (6249) -

05) Theoem: Lk A be o ving , ScA a mulliplicakive Ak, oud M aw A-wmedule . Thew:
(S'A) e, M = S7'M,

The. isouorr\m'sw. is watum) i W ?o\\ouﬁn% Aemse: T M —s M G ae A-lincar wap
Heo He d\'n.%n.m,-.

g
(Q"A) ®, M! _ﬁt‘_l:" (S"A)@A |

=1 b=
A

STwy! —_— R T | ommules .
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P The A- bilinear Wap «: TTAXM — M with «(¥s, m) = “Ws induus an A-linear
map ¢:STA)GLM —+ STM Wil ¢ (‘-/s)&u> = W5 . Gowoealy, debine

4 STM > (STAB M by A (M) =(K)em. Ap s well debined . I W5 ="V in STH
How Here is an cewent eSS wille tsm! = ts'm . Ty, () dwm = (Yess) @+s'm =
(Vess) ® tsw/ = (Us)om'. A4 is A-lncar aud o\aviouly @orp = idg-iy . Tor aw

demet () om €eS'A)Y @, M : 4o ((“/s)em) =4 (*s) = ()@ am = (%h)ou.

Sina 4og is Hu ic\ud"*\a ou W Quuarotors of (S"A>®AH vt Lollows Hak- o= idgia gy -

W is coany To check thak He isowowhisw is nokural .

(6.52) Remavke: The isomorphisi  (SA) @M =S'M & (L.s1) s dso SA-likear.

(b.53) (‘ovo\\u-\a: et A be a ﬁhﬁ, ond ScA o wultiphicabive At Thew SHA is Mot as an
A-module..

Frod: b O M — M —sH' —30 be an ok mquunce. of A-wodules. By (1.36) He
Aquma 0 — 7'M —» STM 2 SIMY 40 is exact. By (b.st) s MQuance. is

hahurally isomerphic t 0 —H(STA) & M! —(STA)GH — (STA)OM" —+ O ohicl has
4o be orack Yoo. Thun S'A is Dok

(L.S‘t)&psikou: W’ N ond L oave Yo+ A-wodulen e Ney L is o flab A-wodule .

Proof: ek T: M M be aw injickive A-livear wop of A-modules. Thue ToN: MeN +MaN
is inpchive sine Nis Plak oud (coN)ol: (HeN)pL — (MeN)OL is ligchive Aince Lis
fiak. By (6.3) Te(NeL): M'a(NoL) —+ Me(NeL) is ingickive .

((-.Ss)"ﬁmm-. let N be a A—wmodule . The g-e\\ewiu.% oudihous ave u]uivo,le\d-:
(@) A Acquunce of A-wodules M'EoM T, is exack if and oy if W Miuence
N @, M’ 1o, Ne M o8, N@, MY is exact.



Isg

(B) Nis Yok o A and Jor oll me m-Spec(A): N/un=o0.
(c.) N is %.\d— vor A aud whunever- Ns~H=O %“' on A—Modu.lc, M tn M=0.
(d) N is Mok owr A amd whwever 16% =0 Jor aw A-liwar wap AMl—3 ™M New h=0.

T_rp_g‘. (a) =>(L)-. OLvioub\7) N is {lob over A, For me M-Spcc_(A) onside Hhe exack Aeq uene

0w —A— Am—0. Twn O—+ Nowm —bNgA — Ne(‘\/m)——&-o is exach.
A N/un = No(Mu) =0 Hen 0 — Nomw —b NBA —1 0 is txack and by (o)

0 —+m—A—>0 is Qamc,\—, o muhnA\'c\\‘ou,.

(b)=(d): l&- M be o nonzro A-module and xe M- (6. T amn(x) 4 A and He
Abwodule AxeM s isow.ar‘;kic Y Alawn(x). Lek amn(x) € w. 4or o maximal ideal

W A. Cousider e Dtack requance Ax —» Am—2 6 . Tusw NeAx — N& (Ym)— 0
is txack. By omuwmphon. N ()= N/uN<+0 iwplying thak- NoAx +0. By flobuess
f N Ha Mquue O —+N@Ax — N@M is tact. MHenw N&M40.

(c) = (d): Leb- h: M'— M be aw A-liwor wop 4o ok Nek: NeM'—s NoM is Ha
20 wmap. Witle U= in (L) o wap do facon e M UBS M e «() < utw)
for ol weM wd B He tmbedding o} U iwko M. is Aurgickoe while B s iudckive
aud h=Po. T Nok = (Nop)(Naod) ond by the flakuens of N Hhe map Nep is
ijickve and N@K is Aurgickive . Siwa Noh=0 it follown thak N@a =0 awnd Huave fore.
NeU=0. T Uco and h=o.

(J) —v(a): T ‘QJM 0‘. N iluPh‘ob He Siommd divichion. "y ¥,

WRE VLI JEVES SV a- Mquence it N@Hl__‘.;.i'_;NsH-lg-a'-iNﬁﬂ" exact.

Pk U= imlf) aud V=kee(q) Twen \® (g}) = Ne (3}) = (Neg) (No}) =0 aund by
Mu‘:“oh.(d)z ﬁ'#:O ond -Hw«.fwc Ue V.

Consider o txack Aquence O U—s V— Yy —0 whd ruduces o xack
Aquuae 0 — NoU — NaVv — Na (Vu) — ©. By He flakuon o} N

N@le\leiu({)=im(Na¥) amd NeV = N®\a=r(g)-—-ker(N33§. Sine. NolU=NeV

Hhee wap NeVv —b No(A)— © is Hhe uro wap. Thus V— Y is Ho 2o
MO.P and N=V.
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(L.s(.) TDehuikion . Qu A-wodule N is called %A_L_-‘_hfgl\l Nok ower A il N Achshion owe of He
b\uivdwl—- wondibions o  Twarewm (6.55’)-

(6.5'1) ELMLP\E_ (q,) Evg_na %vu_ A —wodule s %n%hedhl dlak over A .
() Tie A-wmodule @y, py P & o ity Pk A-wodule .
€) @ is & $lob Z-wodule , b @ is wot foith bully Hak over Z..

(L.58) Remark: L+ §: A— B  ond g:A—C b Wowo morphisms of vingh - T
A-wodule D:‘B@AC s oo Commulative \r\'v«% uwnder Yo hua.\-\-\":\\'co.\'\'ou.,-‘
1. . Y N o . Lo~
(%_- blecb)(%. bJ®CJ> LZ’J; h,b‘]®c_,cJ
Tue  camonical mops B—>BOC wit b— bel awd C— B C with c+— \ec
ore howowm-r\\_ism of. iugh oud B,C is o (B -C)- bralgebra. .
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§3: WoM AwD TENSOR Product

(5'59) Kewmork omd %o.uplLs_ k- A be a commukoli ve A\a.%qam_ Lok I'Je,mhl}-) ScA a
wulbplicative Aubid , awd M aud N A-weduler. There is oo Commutakive diagrawe of

A -wmedules - HouA (M,N) = “oms..A(S"M, S"N)
<}
57 ( Homy (1, NY) f

Whee L= Ly sy 0 Hom (M;N) — Homgy (S7H,87N) debid by o (2)= S and

(> S7'(Houwy (M,N)) — Homg_,, (57, STN) debinad by ¢ (#/5) = & s79.

Exwlol:.: le A= Z od S:A—(o)=2—(o).

() ¥ M=@ od N=Z Haw uoml(a,z)=o, bu- HosuQ(Q’Q)::'Q+ 0. This

shoun Hak p way ok be iugtchive .

(v) % M=N=@/z dhu \'Aa/z_e Houl(a/llm/z) ond n, "Ja./z_#o for all ne Z.-—L0>.
T ST (Hom, (@z2,2/2)) 4 0. Sive S(2/2)=0 ue have ak

Howy (S7(0/2), S/ (H2)) =0 ond ¢ moy nok be ipckive .

(b-w)?_c?-\hikou,: e A be a \r\'u.% ond M onw A-wodue. M is called ‘F\_M_&_‘_&‘\, Pm&g.h\e_
or o Pk P\w.u}n}iou. i Hee s aw txact Aequemce A" A" s M0 for

some inkeqes wmne N.

(‘.bl)'Rr.um'k: la) A M is aw A -wodule of %\'u'.\c. fm\a’riou. dhew M is &h{.\dy %ﬁ-\\c.ro.\d .
(B) at A is o Noelenayn \'iv\% louz %—iw;\vc.\7 %.m.vn.\d A-wodlde is ax_ *—-’u{k P\m\n:\-ion.
() A Pis o %iwl\:.\\/ genevaled projickive A-wodule then P is of Giwle prese wbakion. .

Proof: Thewe is an wueN and o Aurx;.c,“\n_, A-lnear wap ¢: A"—P. Siwe P & Fvo&w‘wt
At x PO he-r(wp) ond ku-(.«p)'s Ap . Thus Huwe i a /aurgfckw, wop b A“———bkc«—(ip)
and an tkack Aeguance : A" — A P 0.



Isy

(667) Thovem: Lot M be aw A-module of fuile presembokion, S<A o wulkiplicakive Aubad-, oud
N ac A-wodule . Tie wap ¢: S7'(How, (M,N)) — Homg. i, (S71H,S7IN) witle ¢ (F4)= (V&) STF
is an isoworphisw. of STA-wodules.

Prod. I M=A* s o {-\’uikly qcraled e A-wodule , Hhew HNow, (A%, N)Z N™, Thus
S (Howy (A% N)) & STN") = (STIN)' 2 Howg,, ((STA)", 57'N) = Howg, (™M, S7N).
For aw w‘a\-»o;.a A-wodule M of Kuile pesatation. L A™ _—y A" M —0 be exack.
Te *o\lowiua JCa%rw with oxack roun is omwmutative :
0 — S (Mom, (M,N)) —— S7'(Homy (A, N)) —— S7(dom, (A™,N))
¢l e { < = |
0 — Vow, (S"H,S"N) — Hous_,A(S”A",N)) —— Howg,, (STAM, N

¢ is am isow.o-rlnism.

n

(L.Lb)'&wa.rk: P Mis a %‘wik\) %e.umlu\ A-wodulc @ is I'waic\iug. bud- not ueu.ssam'l\, suq'td-(w_.

U,,H) Gm\\m\a: Lk P ke an A-wodule e% *-'u'k Pmuh:\-ion.?is 'f\-oan.cl-.w_ \I.MAG\..\Y L
P is o propctive Ay, —wodule for ol M€ Wi~ Spec (A) .

Prof: " " There is an A-module Q ruch thal POR = A% for rome neWN. Sine He
feusor product Comcmules Wit diveck Auwn for oll me w-Spec(A) 1 Pu ®Q, = (AL)"
P is o on&éc\—iw_ A, — wodule .
“lh My M0 ke o ock Aquene o) A-wodules. The Aquenc
How (P, M) AN How (PH) — K — 0 is exack whae K= coker (i) - W Lave +o show-
ol K=6. For all we k- Spec. (A) By is o ?'Oav.'c_\'i\:g_ A,‘—\uodu.\c. and
Hour, (B, My) —* Hom, (R, ML) —>0 s exack. By (es2):
Hom, (T, M) —> HouAm(P.“M'.,) — O
¥ | > > |
How, (P, M), — How, (Pmi),



Is®

Tais showrn Yk K, =0 *or all mem—SPu.(A) ond \>74-\u. \oco]—%\okol T“‘“\’\" K=0,

(6.65) Proposition: lek A be aving and S A a wulkiplicaive AubAdk- Tor A—wodules M oud N
Hee ore walural '\sowv?kswa!

SiMg,N) = (STM)B N = M@, (SIN) = (STM) @, (S7N) & (57M) @y (S7N) .

4

Pod: STMEN) = STA G (Me,N) = (STAG M) BN = (STM)@,N

n

(MQAN)QS-'A T Mg, (Ne, s'A) = Mg, (SN)
= S7A g, (STAR, (M, N)) = S7Ae, (M@, (S7'NY) = (S'M)®) (s-*u)
T ((37m) ®@c-ip su} ® N = (S"M) @, (S7N).

lG.L(,)'_P_ron'kow; leb @: A—3B b a howoworphis w. o¥. vingd amd M a Yok A-wodule .
MEeB s a {ar B-wodule.

Prof: I} 0 — N' — N iz aw orack Acquence. of. B-modules , Hhaw
0 — (Mg, B)@ N'= Mg, N' — (Mg B)a N = Mg, N is adk.

(6.(.7) (‘mo“o.na: Leb M be aw A-module . M is $lak oves A il oud uuly WE M, is .Ucd-
over A, dor all mem-S?u,(A‘).

M""" By (6bb) M, = M@, Ay is Yok over Ay, .

-‘=.‘- b 0 —» N'ﬁ—)N bg am. exack A‘ﬂm“‘ gt_ A-W\dede.s. \uH-L_ K= hu'(‘f%H)

He rguame 0 — K — Nam 22N NeM s Zack. Thus dor all w€ m— Spec (A)

goH
0 —s K, — (N'eH), gem (NeM),, is xock -
=}l < I =

‘fm‘N‘L
N:«®A~Mn = Ny®,, M,

Sime My is A, <ok He waop 4, ® M, is ‘wickve . Ste He A\'turuu_ is commtative
(yoM),, is igchve ond Ky =0 Jor oll wme wm—Spec (R) .
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((.L!)"Emfaosikon: Leb (A,W\,K) be o local ving ond Ma Q«'u.(\e.k, %n.ue_m.\u\ A-wmodule T Huve
is an nelN ad o surgickve A-lineor mop @1 A% — M it \u:\-(cf)C_uA"-

Prood: Lek dimy, ("‘/um)=u_ and leb %), —,xpeH 20 thak x+mM, _ x,+mM is o basis
0:‘. e K-wchor APou_ H/M.H. —By Nokn.s’c\mo_ M= Ax,+ +Axn_‘be‘-'.u4_ Y: A —a ™
by ¢lei)=x¢ have €, e, is Hu Ataudard basis o A% T induced wap

qok: Alggk — MK is muyckive wibl dimy (Ao, K) = din, (M@ K)=n Tius
¢oK is an iSomthisM. and kg,\—(.f)g w A"

(l..k‘]) G:m“ou—a: Lk (A, WL) b o lowl v{uﬁ. E\.-r_rz ‘Q—\M"d\, ?-Mera\v.é fm&u_\w:_ A-wodule P
is %ru.

Proo. Consider aw ook Mauenter (%) O —s N — AEL,P—o Wil N = ker(y) € mA".
Sinw. P is progickive. A"E NOP. Siuw (w) is split exack for toery A-wodule M 4l
Mguae. O —p N@M — A“@AM — P, M ——:_0 \s enoct. ju Far\—.‘c.u.\o.r, for
K= Am e Mquima. 0 — NfwN — AYuAn T Vp —r0 s exact . Sina

NemA™ § is an ‘Lsomov-r\ﬁsm_ and N/mN=0. Nis a %u.ik.\\, guuerohed A—module
and E) NOka.\’MQ. N=o0.

(6.70) Remark: Kaplansky showrd  Hhak- twery profichive Wodule sves alocal ving is eea .

Consider Ha commutative

l
dl’&ﬁ,mw_ of A-morlm\?: ond  A-maps K' _ﬁ_., K —E-'——b K
with  ewxock voun and ¥ i L4
Colwns : 0 — M X, M By
¥ g
N' -5-"—> N
!



lo

(b.')l) lewma: Tue A-linear Wmf o« i K above A\'o.:xm.m_ is iu.t}.c.\-ivc_.

’Plbf: by A\'w%m.m chws\'u.%-. Let xe N! Wity a"(x)=0. Thew Hiere is ayeM b 9'y)=x.
“Tuws %-ﬁ(\,)= " a‘(\,) = oc"(x)=o and «(y)e ke_r(aya%m({_).'l_km is an dewmewr zeK
e o) =ay) omd {'R(z)=PHe)=Pu(y)=0. Sime P is ingickive R'(z)=0 and
Hoe is o demewr we K undle aL‘(u>=z - Thew x¥.'(w)= {_o«.'(..,) = (@) = aly). Siuw
X is ihaic.kug £'("’)=\I aud dumee x= %'(\I)g 3'.{.'(«-&):0.

(0.72) Theovem: let F be a Jlab A-module and O —H/' 2 1M — L F—»0 on wxach Sequance
e;_ A-woduler . Tor ol A-wodwen N Lu‘u.um_ O——)H'QAN’EB, M@ N —+Fg,N —* O is

woct.

Pl « We Mud toshow ol xoN: M@N — MgN is iwickve . Gonsider an exack Aquence.
O-—-K—aP— N—30 wi Pa \:’mxlr_\'iuc A-wodule . ]k-f“\""\'c—h-\“-":? is A—-&.\d—.
This yiedds o commutalive diouam.u_ witle Uxack voun omd colwmus -

]
l
M'gK — MoK — Fak — ©
\! ! ¢
0 —» MpP — MoP —3 FgP —» ©
J ¢ i
Mo N :ﬁ—r M&N —a F@gN — ©
! i $
0 o 0

By (67) «x@N s inaichw_.

((.VS)ZmFosﬂ-icu: Let (A,M, ‘() lx. a local V\'n% ,H al. A—Mo&u.le. of, Q-isu'.\g, Pvue.u.‘-u)n'ou.,
oamd N a +\M-\d‘, Md A—\ubddc. 1t :r,: N—M is aw A-linear Maf tnHe



let

$ek: NN — Wum an isomerplism How ker($) is ?.'wilds, quueraled A~wodule .

Proo: oK o isomorfkn'slu. l'w.fliv.s Hhok M= im({) +mM aund 67 Nakoyoma. M= iw(f),
} s dunichve . By osumphon. theve are inleges wm ne ™ oaud an exack Mguence
A" Lo A e M 0. Gusider Hu diagram - A
LA
Ns-f—-' M — D
Siwe A¥ i pogdckve Hoe s aw A-luar map g AT N with p=14g-
Claim: ker (J) = tn(gon) (whide fmplin Heab ker(f) is Fullely quaraled.

’%—_"xg‘-—ﬁ“mﬁv\% wie K \,ie\ds ways - A'g K 22K Ne K "‘:k s M@ K
~— F.K = A

Bek is surgctve and fek is an I'SOMLOFP\M'SM._“&% q@K is Mcrgickive. By Nakoyawa.

g is Mwgickve. Sive. 0= P = $gw ue obtain thak im(gee)C ker(}). Lok xeN with
$)=0 and R ye A" Wil 44)= x - Tww F(\’)z.f.a(y) =-<f.l.x)=o aud e s o ze A%
with K(2)=y- Thn x=gqG4)= (qee) ()€ i (gox) -

(L.W) Comllo.nd-. Let- (A,M,K) be a lowal n'\ua ond M a ok A-wodule o fiwite FM\-}\&.

Mis .

'PLm‘_: By (6.48) Here is an oach Aaguance U INUNE SN VRN N-—Juru)g
m A This iu«.P\iua Hak He K-liwar Wap fok: AlgK —I Ma kK is aw isomerplisu
of K- vecdor Apaus. By (b.‘lz) Ha mquanie. 0 —s NeK %k Ak ¥, mgk —ro is

viack. Tawn NK = N/w.N:O,"E»y (k.'?s) N=ku-(.f.) is ‘?\'u&.\e_ly %uu_ra\-ed and
B\, Nokw,o-uo. N=0. M s Q«‘_

(475) Corollary - Lk (A m,K) be o NecHuriaw foa) ving ond M o fuilely goneraled
A-iodule . T %ououn'\uz are univde.u.—\-:

(@) M is hreo.



2

LL\ M i Prorﬁc}i\rc.
(M is far

(6776) Tuorew : Ll A be o rug ond P aw A-wodule . T fo\\om‘uﬁ aw. fquivalewt-:
(a) Pis Bulldy quoraled and projickive .
() Pis o fude proewtakion ad flok.
(c)'P is of f-'\u',k ‘omd—o.kou_ and der all w\eh-SPec.(A)—\-\u_A“—-hodule.'Pw is {-m_

Prod} : (;)q.(b): By (¢.50) and (c.01)

(b) = (): By bare change Ty =P, Ay is @ Plak A -wodde. Siuw Py is o Ay module
o Fule powdotion by (674) Py is @ da A, —wodule.

()= )= By (b.b4),
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§4. MoRE ON INJECTIVE MoDulLES§

Recall Theorem (‘-.2‘7): Qe A-wmedde E is \'uy'.d—'\vc i and on\7 i l-vu\& A -liveaxr wap g:'[-—-lE
whee T A an ided |, txlewds Yo aw A-livear Waop : A —E. Qe this Mchon we wad

?

+ show Hok Loesy A-module M is isowor?\u'c_ 4+ a subwodule of_ an iwpctive A-wodule.
In order +h shor His we use (6.1’7) 4o charackrize iwgchve wodules over PID's.

(L.'I'I)'E.Fui\-{ov.z let M ke am A-module aud meM aeA . wmis divisible Lyo. if m=aw

for sowe w'eM TThe A-wmodue M i clled divisible if Lery we M is divisible by Loery.
houzero divisor ae A (51, Aq.

(L78)Example: Q@ is o divisible Z-module .
((v.'?‘i)?mrcs\kou.‘- E“’"i wgichve A-wedule E is dinsible .

’P-_mg-. Lk meE and aecA a vonzero diviser o—t_ A."Dc.'-.‘m-_ ' (¢§—+E L7 .'_(u>=.xm.
Sime o is o NZD & A, 2 is o well debived A -linear Waop Wil da)=w . By (l..'z.‘7>
P wleds 4o an A-fivear wop $:A—FE . Y gl)=n Hun gla) = an = P(a)=m.

(L.Ro)’_P_vgrosikoh: ek A be o PLD and M aw A-wodule The ?»o“ouiu% ave tquivalent :
() M is divisible .

(b) M is iu*ic}ivt..

’_Pgog_: (a)=e(b): L TSA be aw ideal amd §: T—*M a A-linear waop . ke have. Yo shour-
ok § wlends + am A-fincor map g: A—n. I T=(0) Hhere is V\o\'\m\'uﬁ +e show.
B T=()+(0) b §)=m. Sivw M is divisible and acA is a NZD of A Neve is an

neM with wm=an . T, A-linear Wop q:A—M with q(1)=n oxlends §.
(B) =p(e): By (em9) .
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(631) Lemma: (a) Every quokiewt of o divisible wodule is divisible .
(k) Every divct Aummond of o divisibe wodule i3 divisible.
(<) Bvey diveck product of divisible wodulen is divisible .

(d) Eveny divck Auw of  divisible wiodules is divisible .

Trugb - Homerwork

(‘.32)’&5rosi-"\'ou,: E\n.na \'h]ic\-i\n_ Z-wodwe M can be ombedded iwlo om \'uaic\ivg_ Z-wodule .

’Pv_m_%_-, Whle M= F/s whewe F= @icr 2 s @ %m. Z-wodle . Thew F=®yex 2 €
Bier B=E ond E is a divisible Z-module . S is a. Z-subwodule of E wile
M=F/s ¢ B/ Ef s divisible and Hhun wptckive \o\l (6. 80) -

(L.Sa) lewma: Leb D ke o divisible Z-wodule amd A o Yiu%. Thew Hom 4 (A.D) is
Qe iu.r‘r_\m‘vc. A-wodule .

Poof: Homz (A,D) is s A-wodule wder Hhe opevakion: (ad))=flox) for all a,xe A
ad {e Hom, (A,D). _

We have 4o show: For lnuz idead TS A and Loesy A ~linar wap q:I—-b\-\o\Ml(A,D>
¢ odewds do aw Aliwear wop ¢: A —P Howy (A, D). 4 induus & wap q: T—»D
dfiwd by qla) =Le@1(1L). g is o howomorphisw o} 2-wodules ond g txlends
o Z-liver wop §= A— D, Defiwe ¢ A — Hom, (AD) by ¢la): A—D

is Hu wap defind by Lgl)](x) = g lox) for all a,xe A. Tor ey aeA Ha map
gla) is o hououmr\\isw. f gowps ond § s Well defiued . TH i tany o Au thad- ¢

is  Z-livear.

Caiw i: ¢ is A-linear

R A L obxeA. Then ¢lak) (x}:E((a\g‘)x‘)=§‘(b(o.x»=g(b)(u) amd

¢lb) lax) =[‘\-§(bﬂ(x) L\, defiuition of e A-wodule Atuchure ow Homy (A, D). T



ey

tlab) = a.g(ln\).

Qaiwm 2: ¢ oxiwds ¢.

Pzl aeT aud xe A . Thew ¢a)x)= Flox) = glax) = [«f(ax‘)](lA> Mue axeT .
“Thee Cq(&xﬂ(lA) = [xy(a)] ()= ‘.f(l)(x) B\I definikion of He A-wodule Atuchiee on
How, (A, D). Thun  @Qla) =¢(a) for all ael .

(6.84) Theorewe : - A be o Wug and M an A-module. M cow be ewbedded iwdo ingickve
A-wodule.

Proof : Cousider M os a Z-wodule. By (6.82) Hew & o divisile Z-module D and aw ingickive
2- fivsar wap €:M—D. Sinw How, (A,-) is AW txack Hhew is on iugchive Z-livear
Mop €, : Hom , (A,M) —> How , (AD) witk £,(f)= 4. By defiuition of Ha
A-wodule  Muchore ow Homy (A,Z) for all a,xeA: g, (a})(x) =(eo(ad))(x) = € Llax) =
(ep)ax) = & (#)lax) = a (£x{£))(x) . Thus en(ad) = a(exls)) and &, is A-livear.

Every A-livear Wap 9: A—M is dso Z-lincor. Thus How,, (A M) < How , (A, M)

By (6.82) Howy (A,D) is aw ingickive A-module. Sinw M = Wow, (A,M) we obtain

Ho tubedding: M & Homy (AM) < How, (A,H) Z24 Hom, (A,D).

I He H\ouiu% e wouk to show Hhak for twery A-module M M is o Amallesk
Iu;}..d-wg A-wodule wshich cowtaims M.

(6.35) Depiuition: Qu orenbial xbeusion o aw A-wodule M is an A -wodule E which
owkaiurn M sucle 4hak for Aouy  MOMZETS subwodule NSE Hu inketecon NnM4 0.
Y, in o.AAH{on., MFE Hew E is called a proper emenkial wxlewsion o M.

(¢.%) _EM‘:_\;_ @ is a proper maewhal exlension of Z.

(¢.87) Theorem: On A-module M is ingictive. if and ouly if M has no proper susenhial exlensions.
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Proof.: = Suppose. thak M is impictive awd Lk M SE be aw tmenbial exlension of ™.
By (6.25) Hhere is on A-module NSE with MeN=E. Thn E=M.

L]
@“:

S"PP°“ Hak- M dar vo proper tumewbial Udlensions . Lok B be aw iwgickive A-module
Wl M cE. Gousider Hae Ad:

N =]INEE | N a subwodule and NnM=o'i.
Sine. lo)e U, M@, HC is porkially ordesed by inclusion aud sy choiw i HC hor
we upper bouwd i NC. Tuus Zond's lewma opplics omd v is o waxiwal Aubwodule
NocE wile MnNo=0. T cowposition of A-liwar waps: g=mi: M v o By,
is ingchive aud we woy cousider M an an A-subwoduwle of E/Ng.
daim: M= E/N, is an Smewhial exlension .
Rl Every houzers Aubmodule NCE/N, is imo.%,_ of a Aubwodule NSE with NogN.
15) e Mo.x\'w.dil—a of - No : NNnM 40 awd thun MnN=+*O.

Sue M s wo proper Vucntal exleusiouns, @ is durgchve omd M= B/, . This

imphies  Hhak- E= MaN,. Sine MANy=0 we have Hhak E=MeN;. By (&.2¢) Awery
divect Auwmond  ac iwgchive wodue is ingckive .

(6.81) Theovews: Lo+ E be aw A-Modud:., M<cE a b\aL\MOJuJe..TW. ?o\\own'na, condiHoun
Ove lquLvdeuA—--.

() E is o waximal wmenkial exlension. of M, Hhal is, Vo poper xleusion. of. E. is ax
whekiod  xlension of M.

(B) E is ingichve ond E s on todhal exlension of M.

(<) E is ingickive ond Hae is ho proper ingickve Aubmodule E') E with MCE'E.

Moweover, for oy A-module M o A-wodule E 2xish Ac Hhol- conditious (a), (b)
or(c) arc Aakised.

Proo} : (a) = (b): By (b.87) i+ suffices 4o show- thak E has no proper avenkiol teleusionn.
Suppew. thal- ESF is an swodiol ixlension of E aud Lk NSF be o wouzuoo

subwmodule . Ng= NnE is a nouzere Aubwmodule o E. Thun NynM# 0 and Hherefore
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NnM+0.F is an oacukial edewsion of M. By Ha \Moogiuo.lil-a fE: E=F

(b)=(c): Swppose. thak E'€E is aw iugichive subwodule with McE'. By (6.25)
Hhore is o Aubwodule E'SE itk E=E'@E" Thew E"nM=0 oud thoefore. E'=0
ad E =E'.

(c) =»(a): Consider Hu rak-:

M ={N<E| N a subwodule, MSN, aud N is on ossenhial exlension of M.

Siwe Meht, N4 ¢, and T is porkiolly emdend by inclusiow. ek YC=iN.|; < Nt
be o chain i T and pub N = Uper Ni. N is o subwodule of E withe Me N,
L Ue N, ke a vonzaro Aubwodule - Then Hher is aw e T with WnN;+0. Siwa N,
is on tweukal exkusion of M. (UNND)AMH$ 0 and Ng is o tmewkiol exhension of. M.
By Zw's lewwa W lan o woximal dewment E!.

Clajw: E' is o moximal tmewkiol exteusion of M.

Bopd: leb N be o A-module with M CE'EN ro Hhath N is o omenbiol exlension
ol M. kx.Lm,a,dio.%.m; O—sE'——&..N

toe

Wwhare ¢ is He Wmcdusiow of E'iwo E. Sikwe E is mau;.lwc. , Hare is o A-linear wap
¢:N —E with @l =4. Swe N is on omenhial axbusiow of M, N is aw ouenkial
txlewsiow of, B U dar (¢) $0, Huw dur(g) nE'4 0 oud £ fails fobe iupekive .
Thoun hr(g)=0 oud N EP(N) SE is aw vwenbial exlension of M. By W
moximality of E': @(N)=E' ond E' is oo wmoximal omudial adension of M.

By (¢) =(b) E' is aw ingickive A-wodule. By(c) E=<E'.

I erde o shouwr He txislne o} 0w A-module E wite properkies (a), (b),(c),
B-E ke an inckve A-wodule wie M B T prosf (&) =(a) Ahown ek E
Cowloiwy o Waximal veukial xkusion. E of M.

(G.SQ)BGFM,HOW! leb M be an. A-wodule. Qe A-wodule E Hiak M"\S"‘KA oue. GL
He equivalent couditionn of (6.8¢) is called e ingickive bl of M.
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T followning propesition. shows thak He iwyickve hall is wnique up +o isowerphism .

“ﬂo)’?_vorosikow. Lk M be aw A-wodule owd E o Iuan.c."wc hull &g, ™.
() Lk D ke an iwyichve A-wodule with MeD. I L:M—D is Y LubeAdiug,
o Hure is aw iwpchve A-liwar wap §: E— D with ¢), =<

(b) U E' is onolur fupickve dudt of M Hew Hoe is an isomsrphisw. §: E —E/

’&y‘_: (a.) Cousider Ha d\'o.cr-au-. O— M —E

By Mo iwichvily of D Hocis ow A-limar wap g E— D with ¢ =<0 L
Aerlq) +0 Haw dur(g)nM+ 0 Aine E is ow tewkial exlension of M . Tiua
h(ﬂ=o and ¢ is iwpchve.

() Y E' is amother ingchve hull of M, byle) Hun is aw iugckive A-liar wap
¢:E — E wibt ¢, =d,. T imly) is an iwdckive sbwodule of E/ with
Mg im(e). ’By (e.88) E’=iu(np> ond ¢ is am l'sow.arr\m'.sw.-
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§5. THE TorRsioN Funcror T

(L.‘Il)le*(ui‘\ioh.: Ll A ke a h'u.% , L&A an iawd, and M a A—wodule . The rd-
ri(“) o=, UMGN (0:"]:”)
is colled He T-iomsion e M.

(‘.92.)%\“0.\‘\0. '}(H) is +he ek 0‘. oll elewenhs ﬂf. M which. ove Mufkﬁtﬂd Ly Aowme. power
ol M. Obviowly, (0:,T)c (0:,1*)E .... € (0:yIM) S .. is an iucreosing choiw o}

Subwodules of M whicl, is sbakickery if M is Noctheviam. Iwn amy case, I (M) is a
subwodule o M.

(6,:32) Defiuition: & covariowd Junctor F: A-mod —» A-mod Jrow e Caleqary o}
A-wodulesr iwko iheld is called A-lipear if e Map Hone, (M,N) -ib:'-’»"‘ HomA(FM)FN)
definad by &y, (£) =FL is A-livear for ol A-modules M aud N. Thakis, for

al $.9:M —» N oud oll aeA: F(p1g)=Ff+Fq amd Flap)=aF}.

(G.QH)ZmPsihou,: l;(_) is a tovanomt A- liwor APu_v\c_\-or' {ao»..-\L.Co.h.canr“ o A-wodules
inde iHg.

Proof. U LM N s o A-linear wop of A-modules Huww L (TL(M)) & T (N). Lo
TUE) be e robickion of 4 - rg(g.)=!;|r.:m>: M) — T(N). I g: N— L

is omoler A-linar mop Huw obviowsly, 11 (q¥)= ‘}‘3)\}”')' Horcove.r,'[';:(u‘dn)_-:&)&m“
R(-) & o wadad juclor drow A-wod iwe thetp. This 2ony Yo veify Fhak (=)

i A~linar,

(4.95) Roposition: Lo A be o NecHunaw ring ond T,32A ideals - Thew :
(o) For all A-moduer M: TZ (T} (M) = P::a,-}(”)

) Te(=)= (=) ik ond caly if vod (L) = v () .
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Preed: (o) 2”2 Lok xelp (G (M) . Thew xell (M) and T"x =0 for rome re ™. Tius
‘& x=0 aud T x=0 dor rowe v, se™ \‘\MP\\’iK% +hok (I-r‘a)Hs =0.Thus xell . (M )

Tty
2" xel}fa (M) P (T+P"x =0 Yor Mowe re™ . Jn parkieular; Tx =0 = <.

Thun  xe (T (1 (M)).

() =" T (Arad(3)) = T (Yrmd (3)) = Aiad (1) - Tiun TErod (7). Siuiarty, J<rod (z)

PR md(l')=md(‘3) iwplics thak T"C ] for some ne ™. Thuy \3(M)£—.T’I(H)
*0?' Lxrn A-wodule M. SI'M'LGX\\’, l}(ﬂ) < Pa_(ﬂ>

[b.‘iL)EoPosiHon: The T—orsion unctor R(-) s L txack.

Puef : Lot 0L P mtiNn o be am- txack Aquance of A-modules. We hase Yo dhow-
Tar 0 — B0) B0, 10y BB 1 (M) s mack. Obvicusly, Totf) is ingickive and

P EF)=12(3F)=0. F remoius 4o showr Hhak ker (TL(g)) < im(IE(R)).
leb xe kcr(‘}(%)).Tm g(x)..o amd theve is am. yeN wile Tx =0, Ld—yeLwi“\..

:l(,)ax. Tor aJl aeI": -.‘.(m,):&x:-_o. Swe § is iu.aidi\,g ay=0 for oll aeX”
Hene ye PI(L) and xe iu(f}({-‘)).

(L.w)’ﬂroygsﬁ_u le- A be o Noctheriaw vug aud M o A -wodule . Then:
(0 X (Te(M)) = (M)

) = (Mm) =0

() U Mis a fnu,k.ly goneraked A —wodule Haw TL(M)=0 if and culy i
T wwhivs o NZD of M (an M-veqular dement) .

Mi (“—)0“’) trivial

() =': A T (M)=0 Hew TP forall Fe QMA(H). Sine QMA(H)‘E a fidle
Ad- we bave T Q. e Oan (n)?' E‘"‘“A dewmenr ae T~ U‘P&QMALH)’p is & NZD on M
=" Y ael is oo NZD o M | Hawe om0 for all me M- (0). Tuus a*m 40

for ol ne N aud meM—(0).
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(698) Remark : Togethar wite Hu Hom—funchors Homp (M,—) and Womy (=, M), and He
fensor huuckor M@, — , H Honion funclor \—;'t(-.> s o fwportont teel i
comumutokive algbra.. Th derived fumclon (Chapler Yit) are the focal cohowology
Jumclors HL (-). Tor a deper undersbonding o} Hase hunclors were Tnueskigadiows
o M (-) are weded. For txample, o bosic vauld Alokes thak (1) s a divd-
bud of adain Wou-fuctors . Tiis yidds ok ik derived funclors HE(-) o
divck Lmch o derived How — hunclors .



